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1. Introduction 
 

Low-noise automotive transmissions are required for improving vehicle interior quietness so that gears constructing 
the transmissions must be manufactured at low cost and with stable quality. In response to the requirements, JATCO has 
gear honing as the final process following heat treatment to keep gear accuracies.  
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Fig. 1 Issue in gear-honing-wheel design. The geometries of honing wheels are required to be modified iteratively until 
the finished gears have sufficient gear accuracy. 
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Abstract 
The present paper describes a method for determining geometries of gear-honing wheels used in the final 
process for manufacturing automotive transmission gears. Inappropriate geometries of gear-honing wheels 
could cause large undulations on finished gear-tooth flanks, and the finished gear would be out of the required 
accuracy. In such cases, the geometries of gear-honing wheels are required to be modified iteratively until the 
finished gears have sufficient accuracy. The change in meshing stiffness of a gear-honing wheel and a finished 
gear significantly affects the rotational synchronization. The poor rotation synchronization could cause the 
large undulation on a finished gear-tooth flank, to be different from the target micro geometries. This paper 
presented a geometrical approach that was proposed for a determination method of gear-honing-wheel 
geometries. The method allows the meshing stiffness to be balanced. Gear-honing wheels designed with the 
proposed method induced the desired micro geometries of finished gear-tooth flanks in gear-honing 
experiments. Therefore, the proposed method with the geometrical approach could be useful for the 
determination of gear-honing-wheel geometries.  
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Transmission gears are manufactured in a series of processes consisting of hobbing, heat treatment and honing. The 
accuracy of finished gears greatly depends on the geometries of the honing wheel used in the honing process. 
Inappropriate geometries of honing wheels could cause large undulations on finished gear-tooth flanks, and the finished 
gear would be out of the required accuracy. In such cases, the geometries of honing wheels are required to be modified 
iteratively until the finished gears have sufficient accuracy (Fig. 1).  

The authors reasoned that the cause of this issue is the change in meshing stiffness of a honing wheel and a finished 
gear, significantly affects the rotational synchronization. The poor rotation synchronization could cause the large 
undulation on a finished gear-tooth flank. The change in the number of meshing teeth simultaneously is one of the most 
important factors that influence the meshing stiffness. The number of meshing teeth is changed during the meshing 
progress, it is well known in a transmission gear. Considering the meshing stiffness of the tooth pairs, the meshing 
stiffness is high when a large number of teeth, and the meshing stiffness becomes small when a small number of teeth 
(e.g., JSME Data Book, 1979; Yokoyama and Suzuki, 1998). As described above, due to the meshing stiffness changes 
with the constant period as the meshing progress, the amount of teeth deflection also changes resulting in transmission 
error will be occurred (Kubo and Umezawa, 1977).  

On the other hand, considering the honing process, the meshing condition is repeated while the number of meshing 
teeth changes with the meshing progress between a honing wheel and a target gear. Gear honing is a method of processing 
the left and right tooth flanks with tight meshing. Therefore, when there is a difference in the number of meshing teeth 
on the left and right tooth flanks, the difference in the meshing stiffness of the left and right tooth flanks will be occurred. 
This could cause the difference deflection between the left and right tooth flanks, cause the poor rotational 
synchronization. In other words, the poor rotational synchronization could cause the surface pressure fluctuations on the 
left and right tooth flanks, resulting in the finished tooth flank has large undulation. Based on the above, if the poor 
rotational synchronization can be improved by meshing in the condition that the meshing stiffness between the left and 
right tooth flanks is no difference, the tooth-flank undulations can be improved. In this study, the condition that there is 
no difference in the meshing stiffness between the left and right tooth flanks is called the meshing-stiffness balance, and 
to clarify the method of designing honing-wheel geometries for optimizing the meshing-stiffness balance. 

 Internal gear honing has invented approximately thirty years ago, it has been investigated in previous studies, 
include development of gear honing machine (Ueno et al., 2001), (Schnider, 2009), studies on surface roughness (Metha 
and Rathi, 2013), (Rares and Dana, 2018), gear honing processing conditions (Klocke et al., 2009), (Klocke et al., 2014), 
(Bergs, 2018), (Pascalau et al., 2018) and design of honing wheel (e.g., Gunbara and Takenoshita, 2003). Among these 
studies, Klocke et al. focused on the difference between the total contact line length variation during the honing and the 
total contact line length between the left and right tooth flanks. And reported that the smaller the variation in the total 
contact line length between the left and right tooth flanks, can be more stable the machining. It is mentioned that the 
difference in the total contact line length between the left and right tooth flanks decreases as the diameter of the target 
gear increases (Klocke et al., 2009), (Klocke et al., 2014). However, effect of honing-wheel geometries are not clarified 
against it. On the other hand, in the studies of Gunbara et al., a method of determining the changed shaft angle at every 
tooth flank dressing in order to suppress changes in the micro geometries of the target gear from the new honing wheel 
until the honing-wheel tool life (Gunbara et al., 2000) (Gunbara, 2003) (Gunbara et al., 2003). Other studies investigated 
methods of determining the number of honing wheel teeth and the helix angle in order to increase the number of times 
the honing wheel is dressed until the honing-wheel tool life (Gunbara et al., 2001) (Gunbara and Takenoshita, 2003), but 
these are no design methods that are focused on optimizing the meshing-stiffness balance. 

Therefore, a geometrical approach was applied in this study with the aim of proposing a method of designing honing-
wheel geometries so as to optimize the meshing-stiffness balance. Specifically, a fundamental meshing equation was 
derived for internal gear honing, and the geometrical positional relationship between the tool and the target gear was 
determined. A method was developed for analyzing the tooth-flank micro geometry in internal gear honing in which 
machining proceeds under line-contact meshing of the tool and the target gear in this positional relationship. Then, based 
on this tooth-flank micro geometry analysis method, a honing-wheel-design method was proposed for optimizing the 
meshing-stiffness balance between the honing wheel and the target gear during the honing process. Honing experiments 
were then conducted to validate the design method. In addition, the issue of whether honing-wheel geometries should be 
designed taking into account tooth-flank modifications to be applied to the target gear was also investigated because the 
influence of such modifications was unclear. As a result, a honing-wheel-design method was proposed that suppresses 
tooth-flank undulations, and its validity was verified in honing experiments. 
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2. Fundamental analysis of meshing in internal gear honing 
 

As shown in Fig. 2, internal gear honing is done with an internal honing wheel by meshing the target gear and the 
honing wheel under the application of a center distance 𝑎 and a shaft angle 𝛴 to generate relative sliding of their tooth 
flanks along the tooth profile and along the tooth helix. Gear honing is performed after heat treatment to finish the target-
gear-tooth flank to its desired micro geometry. The target-gear-tooth flank is machined under line-contact meshing of the 
honing wheel and the target gear. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Because the target gear and honing wheel are meshed in this way in internal gear honing by applying a shaft angle, 
it can be regarded as one type of crossed helical gear meshing. However, the calculation equation for crossed helical 
gears is based on point-contact meshing. In addition, complex 3D interference occurs on the target-gear-tooth flank in 
meshing with the internal gear. Because line-contact meshing actually occurs in the honing process, the meshing state 
during honing cannot be calculated accurately with a simple calculation for crossed helical gear meshing.  

    Therefore, this section explains the derivation of a fundamental meshing equation for internal gear honing based on 
the equation for calculating crossed helical gear meshing and describes the determination of the geometrical positional 
relationship between the honing wheel and the target gear. In section 3, a tooth-flank micro geometry analysis method is 
proposed for internal gear honing performed under line-contact meshing in order to accurately calculate meshing during 
the honing process. 
 

2.1 Derivation of fundamental meshing equation for internal gear honing 
 

Nakata (Nakata, 1949) presented a fundamental meshing equation for non-backlash meshing of two external gears 
having different helix angles on the base circle. However, no equation was presented for meshing with an internal gear. 
Therefore, in this section we will derive a fundamental meshing equation for non-backlash meshing of an internal gear 
and an external gear having different helix angles on the base circle.  

It is assumed here that the internal and external gears share the same normal module 𝑚𝑛 and normal pressure angle 𝛼𝑛. Figure 3 shows the meshing state of the internal and external gears when engaged without any backlash. Based on 
the meshing state in Fig. 3, the meshing calculation proceeds under the condition where the sum of 𝑠𝑤𝑛1 and 𝑠𝑤𝑛2 of both 
gears in the working band is equal to 𝑝𝑤𝑛. In other words, the following equation holds true. 𝑝𝑤𝑛 = 𝑠𝑤𝑛1 + 𝑠𝑤𝑛2 (1) 𝑝𝑤𝑡1 and 𝑝𝑤𝑡2 are calculated with the following equations. 𝑝𝑤𝑡1 = 𝑑𝑏1cos𝛼𝑤𝑡1 𝜋𝑧1 (2) 𝑝𝑤𝑡2 = 𝑑𝑏2cos𝛼𝑤𝑡2 𝜋𝑧2 (3) 

𝛴 

𝑎 

Relative sliding  

Fig. 2  Positional relationship between internal gear honing tool and target gear. The yellow-green shows target gear and 
the brown indicates honing wheel that has internal teeth. A shaft angle 𝛴 and a center distance is indicated as 
notation 𝑎. When the rotational direction of target gear and honing wheel is clockwise, the relative sliding velocity 
vector of target gear during the honing is denoted by arrows in the figure. 
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Here, 𝑑𝑏 is the base circle diameter and 𝑧 is the number of gear teeth. From Fig. 3, 𝑝𝑤𝑡1 and 𝑝𝑤𝑡2 are converted to normal 
pitch values that are geometrically the same as 𝑝𝑤𝑛. From this relationship, the following equation can be derived. 𝑝𝑤𝑛 = 𝑑𝑏1cos𝛼𝑤𝑡1 𝜋𝑧1 cos 𝛽𝑤1 = 𝑑𝑏2cos 𝛼𝑤𝑡2 𝜋𝑧2 cos 𝛽𝑤2 (4) 

From the relationship in Eq. (4), the following equation can be derived. 

𝑑𝑏2cos𝛼𝑤𝑡2 cos 𝛽𝑤2 = 𝑧2𝑧1 𝑑𝑏1cos 𝛼𝑤𝑡1 cos 𝛽𝑤1 (5) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Next, 𝑠𝑤𝑛1 and 𝑠𝑤𝑛2 are calculated with the following equations using the profile shift coefficient 𝑥𝑛 and the transverse 
pressure angle 𝛼𝑡. 𝑠𝑤𝑛1 = (𝜋2+2𝑥𝑛1tan 𝛼𝑛𝑧1 + 𝑖𝑛𝑣𝛼𝑡1 − 𝑖𝑛𝑣𝛼𝑤𝑡1) 𝑑𝑏1cos 𝛼𝑤𝑡1 cos 𝛽𝑤1 (6) 

𝑠𝑤𝑛2 = (𝜋2+2𝑥𝑛2tan 𝛼𝑛𝑧2 − 𝑖𝑛𝑣𝛼𝑡2 + 𝑖𝑛𝑣𝛼𝜔𝑡2) 𝑑𝑏2cos𝛼𝑤𝑡2 cos 𝛽𝑤2 (7) 

 

Substituting Eq. (6) and Eq. (7) into Eq. (1) and reorganizing the expression using the relationship in Eq. (5) makes it 
possible to derive the following equation. −𝑧1(𝑖𝑛𝑣𝛼𝑤𝑡1 − 𝑖𝑛𝑣𝛼𝑡1) + 𝑧2(𝑖𝑛𝑣𝛼𝑤𝑡2 − 𝑖𝑛𝑣𝛼𝑡2) = −2 tan𝛼𝑛 (𝑥𝑛1 + 𝑥𝑛2) (8) 

However, because Eq. (8) has two unknown quantities, 𝛼𝑤𝑡1 and 𝛼𝑤𝑡2, on the left-hand side, the following geometrical 
relationship between the transverse pressure angle and the normal pressure angle 

𝑝𝑤𝑡1 𝑠𝑤𝑡1 𝛼𝑤𝑡1 𝛴 

Working band of external gear 

𝛽𝑤1 

𝛽𝑤2 

Fig. 3 Diagram of meshing condition in internal gear honing. The blue shows working band of external gear that is target 
gear, and the red shows working band of internal gear that is honing wheel. The notation 𝛼𝑤𝑡 is the working 
transverse pressure angle, 𝑠𝑤𝑡 is the transverse tooth thickness in the working band, 𝑝𝑤𝑡 is the transverse pitch in 
the working band, 𝛼𝑤𝑛 is the working normal pressure angle, 𝑝𝑤𝑛 is the normal pitch in the working band, 𝑠𝑤𝑛 is 
the normal tooth thickness in the working band, 𝛽𝑤 is the helix angle in the working band (right-handed helix is 
positive, left-handed helix is negative), 𝛴 is the shaft angle, subscript 1 denotes the external gear and subscript 2 
denotes the internal gear. 
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sin 𝛼𝑤𝑡1 = sin 𝛼𝑤𝑛cos 𝛽𝑏1  (9) sin 𝛼𝑤𝑡2 = sin 𝛼𝑤𝑛cos 𝛽𝑏2  (10) 

is used to create one unknown quantity, 𝛼𝑤𝑛. Substituting Eqs. (9) and (10) into Eq. (8) makes it possible to derive the 
following equation. −𝑧1 {𝑖𝑛𝑣 (sin−1 (sin𝛼𝑤𝑛cos𝛽𝑏1)) − 𝑖𝑛𝑣𝛼𝑡1}  + 𝑧2 {𝑖𝑛𝑣 (sin−1 (sin 𝛼𝑤𝑛cos 𝛽𝑏2)) − 𝑖𝑛𝑣𝛼𝑡2} = −2 tan 𝛼𝑛(𝑥𝑛1 + 𝑥𝑛2) (11) 

This Eq. (11) is referred to as the fundamental meshing equation of internal gear honing. An arbitrary initial value is 
applied to the unknown quantity 𝛼𝑤𝑛 on the left-hand side of the equation and a convergence calculation is performed to 
calculate 𝛼𝑤𝑛 that agrees with the value on the right-hand side. 
 

2.2 Center distance 
 

The shortest center distance 𝑎 is calculated with the following equation. 𝑎 = 𝑑𝑏22 cos 𝛼𝑤𝑡2 − 𝑑𝑏12 cos𝛼𝑤𝑡1  (12) 

 
2.3 Shaft angle 
 

The shaft angle 𝛴 is calculated with the following equation based on the helix angle in the working band 𝛽𝑤. 𝛴 = 𝛽𝑤1 − 𝛽𝑤2 (13) 

Here, using the geometrical relationship between the helix angle on the base circle 𝛽𝑏 and the working transverse pressure 
angle 𝛼𝑤𝑡, tan 𝛽𝑏1 = cos 𝛼𝑤𝑡1 tan 𝛽𝑤1  (14) tan 𝛽𝑏2 = cos 𝛼𝑤𝑡2 tan 𝛽𝑤2  (15) 

the following equation can be derived. 𝛴 = tan−1 ( tan𝛽𝑏1cos 𝛼𝑤𝑡1) − tan−1 ( tan𝛽𝑏2cos𝛼𝑤𝑡2) (16) 

 
3. Analysis tooth-flank micro geometry in internal gear honing 
 

Next, we will propose a method of analysis the tooth flank in internal gear honing in which machining proceeds 
under line-contact meshing. The aim of this method is to correctly analysis meshing during honing. Tooth-flank 
modification is applied to automotive transmission gears to meet the requirements for strength and noise, vibration and 
harshness (NVH) performance. Methods of analyzing the tooth flank during honing have been studied previously 
(Gunbara, 2004), (Moriwaki et al., 2004), (Gunbara, 2005), but tooth-flank modifications were not taken into account. 
Therefore, the analysis method proposed here has been developed to take into account tooth-flank deviations, i.e., gear 
accuracy represented by tooth profile slope deviation (𝑓Hα), tooth profile form deviation (𝑓fα), tooth helix slope deviation 
(𝑓Hβ), and amount of flank line crowning (𝐶β). It addition, it can also treat tooth flank twist. 
 

3.1 Expression of tooth-flank deviation 
 

The proposed analysis method expresses tooth-flank deviation in terms of an 𝑛th-order polynomial interpolation in 
order to be able to treat complex tooth-flank modification. The following procedure is used to express tooth-flank 
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deviation. 
(1) As shown in Fig. 4, tooth-flank deviation is calculated on grid points based on 𝑓Hα, 𝑓fα, 𝑓Hβ, 𝐶β and amount of flank 
twist of the target gear. 
(2) A polynomial coefficient along the tooth profile is calculated by solving an (𝑛+1) original simultaneous linear 
equation from the leading and trailing grid points (𝑛+1) along the tooth profile, including a certain grid point 𝑖𝑗, where 𝑥 is the theoretical normal length, 𝑦 is the tooth-flank deviation and 𝑘1𝑖𝑗 to 𝑘(𝑛+1)𝑖𝑗 is the polynomial coefficient. This is 
referred to as the tooth-profile interpolation function 𝑆𝑃. Similarly, a polynomial coefficient along the tooth helix is 
calculated by solving an (𝑛+1) original simultaneous linear equation where 𝑥 is the face width position, 𝑦 is the tooth-
flank deviation and ℎ1𝑖𝑗  to ℎ(𝑛+1)𝑖𝑗 is the polynomial coefficient. This is referred to as the tooth-helix interpolation 
function 𝑆𝐿. 
(3) The 𝑛th-order polynomial coefficients along the tooth profile and tooth helix are calculated at all grid points 𝑖𝑗. The 
order and number of grid divisions of a polynomial interpolation are arbitrary, but it is noted that in this study the order 
of the polynomial interpolation was set at 𝑛 = 5 and the number of divisions along both the tooth profile and tooth helix 
was set at 50. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The tooth-profile interpolation function along the tooth profile at grid point 𝑖𝑗, 𝑆𝑃𝑖𝑗, can be expressed as shown 
below using 𝑘1𝑖𝑗 to 𝑘(𝑛+1)𝑖𝑗 as the 𝑛th-order polynomial coefficient. 𝑆𝑃𝑖𝑗 = 𝑘1𝑖𝑗 + 𝑘2𝑖𝑗 (𝑟𝑏tan𝛼𝑎𝑡) +  𝑘3𝑖𝑗(𝑟𝑏tan𝛼𝑎𝑡)2 + ⋯+ 𝑘(𝑛+1)𝑖𝑗(𝑟𝑏tan𝛼𝑎𝑡)𝑛 (17) 

where 𝑟𝑏 is the base circle radius and 𝛼𝑎𝑡 is the transverse pressure angle at an arbitrary radius. 
Next, the tooth-helix interpolation function along the tooth helix at grid point 𝑖𝑗, 𝑆𝐿𝑖𝑗, can be expressed as shown 

below using ℎ1𝑖𝑗  to ℎ(𝑛+1)𝑖𝑗 as the 𝑛th-order polynomial coefficient. 𝑆𝐿𝑖𝑗 = ℎ1𝑖𝑗′ + ℎ2𝑖𝑗𝑤 + ℎ3𝑖𝑗𝑤2 + ⋯+ ℎ(𝑛+1)𝑖𝑗𝑤𝑛 (18) ℎ1𝑖𝑗′ = ℎ1𝑖𝑗 − (ℎ1𝑖𝑗 + ℎ2𝑖𝑗𝑤 + ℎ3𝑖𝑗𝑤2 + ⋯+ ℎ(𝑛+1)𝑖𝑗𝑤𝑛) (19) 

Where 𝑤 is an arbitrary face width position. Substituting Eq. (19) into Eq. (18) yields an apparent zero, but this equation 
cannot be eliminated because it is needed for calculating the tooth flank normal vector in subsection 3.3. The tooth-flank 
deviation 𝜀𝑖𝑗 at grid point 𝑖𝑗 is expressed as 𝜀𝑖𝑗 = 𝑆𝑃𝑖𝑗 + 𝑆𝐿𝑖𝑗 (20) 

It is noted that if 𝑆𝑃𝑖𝑗 or 𝑆𝐿𝑖𝑗 is used, the tooth-flank deviation can also be calculated for an arbitrary radius or face width 
position, not just at a given grid point. 
 

 

 

𝑖 
Tooth-helix 
evaluation range 

Tooth-profile 
evaluation range 

Tip 

Root 

Unit: mm 

𝑗 

Fig. 4 Tooth-flank deviation as seen on grid points. Tooth-profile direction grid point number is indicated as 𝑖, and tooth-
helix direction grid point number is indicated as 𝑗. At the each grid point 𝑖𝑗 have deviation by amount of 𝑓Hα, 𝑓fα, 𝑓Hβ, 𝐶β and amount of flank twist of the target gear. 𝑓Hα and 𝑓fα are given by tooth-profile evaluation range, 𝑓Hβ 
and 𝐶β are given by tooth-helix evaluation range. The amount of flank twist is given by difference of 𝑓Hα at both 
ends of the tooth-helix evaluation range. 
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3.2 Establishment of coordinate systems 
 

Figure 5 shows the right-hand coordinate systems of the target gear and the honing wheel. The coordinate system of the 
target gear is represented by 𝑋1, 𝑌1, 𝑍1 and that of the honing wheel by 𝑋2, 𝑌2, 𝑍2. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
3.2.1 Conversion of target-gear coordinate system to honing-wheel coordinate system 
 

Based on Fig. 2, the following equation is valid for converting the coordinate system of the target gear to that of the 
honing wheel. 

[𝑥2𝑦2𝑧21 ] = [ cos𝛴 0 sin𝛴 00 1 0 𝑎−sin𝛴 0 cos𝛴 00 0 0 1] [𝑥1𝑦1𝑧11 ] (21) 

 
3.2.2 Conversion of honing-wheel coordinate system to target-gear coordinate system 
 

Similarly, the following equation is valid for converting the coordinate system of the honing wheel to that of the 
target gear. 

[𝑥1𝑦1𝑧11 ] = [cos𝛴 0 −sin𝛴 00 1 0 −𝑎sin𝛴 0 cos𝛴 00 0 0 1 ] [𝑥2𝑦2𝑧21 ] (22) 

 
3.3 Method of analyzing the honing-wheel-tooth flank from the target-gear-tooth flank 
 

Figure 6 shows the definitions of various parameters that are used in analyzing the honing-wheel-tooth flank micro 
geometry from the target-gear-tooth flank micro geometry. The notation 𝜓𝑏1 in Fig. 6 is calculated with the following 
equation. 𝜓𝑏1 = 𝑠𝑏𝑡1𝑑𝑏1  (23) 

 

𝑋1 

𝑌1 

𝑍1 

𝑍2 𝑋2 

𝑌2 

𝑍2 

 

𝛴 

𝑍1 

𝑋2 𝑋1 

𝑌1, 𝑌2 

𝑋1 𝑋2 

𝑎 

𝑂1 𝑂2 

Fig. 5 Coordinate systems of target gear and honing wheel. The notation 𝑎 is the center distance, 𝛴 is the shaft angle, 
and the directions indicated by the arrows are assumed to be positive (+). The target gear is assumed to rotate 
clockwise. 
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Where 𝑠𝑏𝑡1 is the transverse arc tooth thickness on the base circle and 𝑑𝑏1 is the diameter of the base circle. 
The coordinates are calculated with the following equations, taking into account that the involute origin is offset by 𝑤1𝑡𝑎𝑛𝛽𝑏1/𝑟𝑏1 relative to the 𝑍1 = 0 cross section and also the tooth-flank deviation. Here 𝑤1 is the face width position. 

 

In the case of the right tooth flank: 𝑃𝑥1 = 𝑟𝑎1 cos (𝜃1 − 𝜓𝑏1 + 𝑖𝑛𝑣𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) + (𝑆𝑃1 + 𝑆𝐿1)sin (𝜃1 − 𝜓𝑏1 + tan𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) (24) 𝑃𝑦1 = 𝑟𝑎1 sin (𝜃1 − 𝜓𝑏1 + 𝑖𝑛𝑣𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) − (𝑆𝑃1 + 𝑆𝐿1)cos (𝜃1 − 𝜓𝑏1 + tan𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) (25) 𝑃𝑧1 = 𝑤1 (26) 

In the case of the left tooth flank: 𝑃𝑥1 = 𝑟𝑎1 cos (𝜃1 + 𝜓𝑏1 − 𝑖𝑛𝑣𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) − (𝑆𝑃1 + 𝑆𝐿1)sin (𝜃1 + 𝜓𝑏1 − tan𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) (27) 𝑃𝑦1 = 𝑟𝑎1 sin (𝜃1 + 𝜓𝑏1 − 𝑖𝑛𝑣𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) + (𝑆𝑃1 + 𝑆𝐿1)cos (𝜃1 + 𝜓𝑏1 − tan𝛼𝑎𝑡1 + 𝑤1 tan𝛽𝑏1𝑟𝑏1 ) (28) 𝑃𝑧1 = 𝑤1 (29) 

The radius 𝑟1 of 𝑃1 and 𝑉1⃗⃗  ⃗ are calculated with the following equations. 𝑟1 = √𝑃𝑥12 + 𝑃𝑦12 (30) �⃗� 1 = (𝑉𝑥1,  𝑉𝑦1,  𝑉𝑧1) =  { 𝑟1𝜔1 cos (tan−1 𝑃𝑦1𝑃𝑥1 − 𝜋2) ,  𝑟1𝜔1 sin (tan−1 𝑃𝑦1𝑃𝑥1 − 𝜋2) , 0 } (31) 

The normal vector 𝑉1⃗⃗  ⃗ of 𝑃1 is calculated with the following equation from the outer product and by partial differentiation 
of 𝑃1 by the parameters 𝛼𝑎𝑡1 and 𝑤1. �⃗⃗� 1 = (𝑁𝑥1,  𝑁𝑦1,  𝑁𝑧1) = 𝜕𝑃1𝜕𝛼𝑎𝑡1 × 𝜕𝑃1𝜕𝑤1 = ( 𝜕𝑃𝑦1𝜕𝛼𝑎𝑡1  𝜕𝑃𝑧1𝜕𝑤1 − 𝜕𝑃𝑦1𝜕𝑤1  𝜕𝑃𝑧1𝜕𝛼𝑎𝑡1 , 𝜕𝑃𝑥1𝜕𝑤1  𝜕𝑃𝑧1𝜕𝛼𝑎𝑡1 − 𝜕𝑃𝑥1𝜕𝛼𝑎𝑡1  𝜕𝑃𝑧1𝜕𝑤1 ,  

𝜕𝑃𝑥1𝜕𝛼𝑎𝑡1  𝜕𝑃𝑦1𝜕𝑤1 − 𝜕𝑃𝑥1𝜕𝑤1  𝜕𝑃𝑦1𝜕𝛼𝑎𝑡1) (32) 

The unit normal vector 𝑛1⃗⃗⃗⃗  of 𝑃1 is calculated with the following equation. 

𝑆𝑃1+𝑆𝐿1 �⃗� 1 

𝑌1 

 

𝑋1 

 

𝑟𝑏1 

𝑟𝑎1 

 

𝛲1 

𝜃1 

𝛼𝑎𝑡1 

 
𝑍1 

 

𝑖𝑛𝑣𝛼𝑎𝑡1 

𝛽𝑏1 
𝜀1 
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Left tooth flank 

𝜔1 

𝑂1 

 

𝑟1 

𝛲1P1 

True  

involute 

𝑆𝑃1+𝑆𝐿1 �⃗� 1 
𝑌1 

 

𝑋1 

 

𝑟𝑏1 

𝑟𝑎1 

True  

involute 

𝛲1 

𝜃1 

 

𝛼𝑎𝑡1 𝑍1 

 

𝑖𝑛𝑣𝛼𝑎𝑡1 
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𝜀1 

 

𝜓𝑏1 

Right tooth flank 

𝑂1 

 

𝑟1 

𝛲1 

𝜔1 

Fig. 6 Definitions of various parameters. The notation 𝑟𝑏1 is the base circle radius, 𝛽𝑏1 is the helix angle on the base 
circle (right-handed helix is positive, left-handed helix is negative), at grid point 𝑖𝑗, 𝑟𝑎1 is the radius, 𝛼𝑎𝑡1 is the 
transverse pressure angle on 𝑟𝑎1, 𝑆𝑃1+𝑆𝐿1 indicates the tooth-flank deviation, 𝑃1(𝑃𝑥1, 𝑃𝑦1, 𝑃𝑧1) is an tooth-flank 
coordinate, 𝑟1 is the radius of 𝑃1, 𝑉1⃗⃗  ⃗(𝑉𝑥1, 𝑉𝑦1, 𝑉𝑧1) is the velocity vector of 𝑃1, 𝜓𝑏1 is the half angle of the transverse 
arc tooth thickness on the base circle, 𝜃1 is the tooth thickness center angle from the 𝑋1 axis on the 𝑍1 = 0 cross 
section, and 𝜔1 is the angular velocity (for clockwise rotation). 
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Target gear Honing wheel

Module mm 2.41 ←
Pressure angle deg. 18.5 ←

Helix angle deg. 31.0 (LH) 40.86(LH)

Number of teeth - 23 97

Tip diameter mm 73.2 308.4

Root diameter mm 58.72 322.4

Profile shift coeff. - 0.35 -1.27

Face width mm 35.9 50

Shaft angle deg. 10.00

�⃗� 1 = (𝑛𝑥1,  𝑛𝑦1,  𝑛𝑧1) = ( 𝑁𝑥1 √𝑁𝑥1 2+𝑁𝑦1 2+𝑁𝑧1 2 , 𝑁𝑦1 √𝑁𝑥1 2+𝑁𝑦1 2+𝑁𝑧1 2 , 𝑁𝑧1 √𝑁𝑥1 2+𝑁𝑦1 2+𝑁𝑧1 2) (33) 

Here, in Eq. (21), 𝑃1 is converted to 𝑃2 in the honing-wheel coordinate system. The radius 𝑟2 and velocity vector 𝑉2⃗⃗  ⃗ of 𝑃2 are calculated with the following equations where 𝜔2 is the angular velocity, 𝑧1 is the number of dressing gear teeth 
and 𝑧2 is the number of honing-wheel teeth. 

𝑟2 = √𝑃𝑥22 + 𝑃𝑦22 (34) 𝜔2 = 𝜔1 𝑧1𝑧2 (35) 

The velocity vector 𝑉2⃗⃗  ⃗ of 𝑃2 is calculated with the following equation. �⃗� 2 = (𝑉𝑥2,  𝑉𝑦2,  𝑉𝑧2) =  { 𝑟2𝜔2 cos (tan−1 𝑃𝑦2𝑃𝑥2 − 𝜋2) , 𝑟2𝜔2 sin (tan−1 𝑃𝑦2𝑃𝑥2 − 𝜋2) , 0 } (36) 

Next, 𝑉2⃗⃗  ⃗ is converted to the target gear coordinate system in the following equation and expressed as �⃗� 2′
. 

�⃗� 2′ = (𝑉𝑥2′,  𝑉𝑦2′,  𝑉𝑧2′) =  (𝑉𝑥2cos𝛴, 𝑉𝑦2,  𝑉𝑥2sin𝛴 ) (37) 

The honing-wheel-tooth-flank coordinate 𝑃2 that corresponds to 𝑃1 has an origin angle of 𝜃1 where the internal product 

of the unit normal vector 𝑛1⃗⃗⃗⃗  and the relative velocity vector �⃗� 1 − �⃗� 2′ is zero. In other words, 

�⃗� 1 ∙ (�⃗� 1 − �⃗� 2′) = {𝑛𝑥1 (�⃗� 𝑥1 − �⃗� 𝑥2′) + 𝑛𝑦1 (�⃗� 𝑦1 − �⃗� 𝑦2′) + 𝑛𝑧1 (�⃗� 𝑧1 − �⃗� 𝑧2′)} = 0 (38) 𝜃1 is calculated with a convergence calculation that satisfies the condition above. If the honing-wheel-tooth-flank 
coordinates 𝑃2 are calculated for all the corresponding 𝑃1 grid points using Eqs. (24) to (38), the honing-wheel-tooth 
flank corresponding to the target-gear-tooth flank can be analyzed. Especially, important point is that the tooth flank in 
internal gear honing in which machining proceeds under line-contact meshing can be analyzed by using calculated 𝜃1. 
 

3.5 Analysis example 
 

This subsection presents an example of an analysis that was performed with the foregoing analysis method, assuming 
a secondary reduction gear of a CVT used on midsized vehicles and no tooth-flank modification of the target gear. Table 
1 shows the specifications of the target gear and the honing wheel. 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 presents contour diagrams showing the 𝜃1 on the grid points of the right and left tooth flanks. This figure 
enables an analysis of the position of the line of contact appearing on the right and left tooth flanks during honing that 

Table 1 Specifications of target gear and honing wheel 

𝛼𝑛 𝛽 𝑧 𝑑𝑎 𝑑𝑓 𝑥𝑛 𝐵 

𝑚𝑛 

𝛴 
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corresponds to the rotation of the target gear. In this analysis example, it is seen that honing begins from the bottom and 
tooth root side of the right tooth flank and then after clockwise rotation of 7.86 deg. (= 126.77 – 118.91 deg.) honing 
begins from the bottom and tooth tip side of the left tooth flank. This rotation angle difference is referred to as the meshing 
phase difference between the right and left tooth flanks. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Moreover, the total contact ratio during honing can be calculated by using the 𝜃1. In other words, the maximum 
value of 𝜃1 is the 𝜃1𝑠𝑡𝑎𝑟𝑡 that is meshing start angle with the honing wheel, and the minimum value is the 𝜃1𝑒𝑛𝑑 that is 
meshing end angle with the honing wheel. The total contact ratio 𝜀𝛾1 can be calculated with the following equation. 𝜀𝛾1 = 𝜃1𝑠𝑡𝑎𝑟𝑡−𝜃1𝑒𝑛𝑑2𝜋𝑧1  (39) 

 
4. Proposed honing-wheel-design method 
 

Large tooth-flank undulations that occur during honing can make it impossible to obtain the required target gear 
accuracy. There are times when the honing wheel must be repeatedly designed and prototyped before the required wheel 
quality can be satisfied. It was observed that changing the profile shift coefficient at such times had an effect on improving 
tooth-flank undulations. 
    Soukedani reported that surface pressure fluctuations occur if the meshing-stiffness balance is not suitable, with the 
result that the finished tooth flank is not uniform. This occurs in the shaving process in meshing between the target gear 
and the shaving cutter when there is a difference in the number of teeth of the right and left tooth flanks that mesh 
simultaneously (Soukedani, 1989). As a solution to this problem, he showed that meshing phase differences between the 
right and left tooth flanks can be eliminated by using the profile shift coefficient to adjust the working pressure angle.  

    Based on that finding, we reasoned that the finished tooth flank is not uniform and that undulations also occur in 
the honing process when the meshing-stiffness balance between the honing wheel and the target gear is not suitable.  

    However, Soukedani’s analysis method is based on a meshing calculation for point-contact of crossed helical gears, 
which proceeds normal to the helix angle on the base circle. Accordingly, it cannot accurately analyze differences in the 
number of meshing teeth of the right and left tooth flanks in the honing process, which has a line of contact inconsistent 
with the helix angle on the base circle.  

    Therefore, we applied the proposed analysis method to investigate a method of designing a profile shift coefficient 
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𝜃1 

𝜃1𝑒𝑛𝑑𝐿 (53.23 deg.) 

𝜃1𝑠𝑡𝑎𝑟𝑡𝐿 (118.91 deg.) 
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𝜃1𝑒𝑛𝑑𝑅 (61.09 deg.) 

Fig. 7 Position of line of contact of right and left tooth flanks of target gear. The horizontal axis shows the normal length 
and the vertical axis indicates the face width position. The notation 𝜃1𝑠𝑡𝑎𝑟𝑡 is rotation angle of meshing start, 𝜃1𝑒𝑛𝑑 
is rotation angle of meshing end, and subscript R denotes the right tooth flank and subscript L denotes the left 
tooth flank. The contour color shows the rotation angle, and the direction of the arrows indicates the direction of 
movement of the line of contact. 
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for optimizing the meshing-stiffness balance by eliminating the difference in the number of meshing teeth of the right 
and left tooth flanks of the honing wheel and target gear that engage simultaneously in the honing process.  
 

4.1 Difference in number of meshing teeth of right and left tooth flanks 
 

The total contact ratio 𝜀𝛾1 calculated with Eq. (39) is divided between the integer 𝑛 and the decimal 𝑠. In this process, 
from the 𝜃1𝑠𝑡𝑎𝑟𝑡 to the 𝜃1𝑒𝑛𝑑 meshing of 𝑛 teeth occurs 𝑛 times and meshing of 𝑛+1 teeth occurs 𝑛+1 times. Letting 𝜑𝑛+1 𝑡𝑒𝑒𝑡h represent the rolling angle of 𝑛+1 teeth and 𝜑𝑛 𝑡𝑒𝑒𝑡h represent that of 𝑛 teeth, the respective values can be calculated 
with the following equations. 𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ = 𝑠 2𝜋𝑧1  (40) 𝜑𝑛 𝑡𝑒𝑒𝑡ℎ = 2𝜋𝑧1 − 𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ ≡ 2𝜋𝑧1 (1 − 𝑠) (41) 

An example is calculated here for the specifications in Table 1. Using the analysis method explained in section 3, 
the meshing start angle and meshing end angle of the right tooth flank are found to be 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 = 126.77 deg. and 𝜃1𝑒𝑛𝑑𝑅 
= 61.09 deg, respectively. Accordingly, 𝜀𝛾1𝑅 is calculated with Eq. (39) to be 4.2. 𝜑5 𝑡𝑒𝑒𝑡h𝑅 and 𝜑4 𝑡𝑒𝑒𝑡h𝑅 are calculated with 
Eqs. (40) and (41) to be 3.07 deg. and 12.58 deg., respectively. The meshing phase difference between the right and left 
tooth flanks is calculated to be 7.86 deg. (= 126.77 – 118.91 deg.). The analysis values will be the same for the right and 
left tooth flanks in the case of no tooth-flank modification and in the case where the same tooth-flank modification is 
applied to both tooth flanks. In contrast, in cases where the tooth-flank modification differs between the right and left 
tooth flanks, the analysis values will not be the same for both tooth flanks. In this analysis example here, it was assumed 
that the tooth flanks were not modified. The periodic diagram of the number of meshing teeth shown in Fig. 8 was created 
by calculating the number of meshing teeth in a given period based on the aforementioned analysis values. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Based on Fig. 8, the number of meshing teeth of the right tooth flank at an arbitrary 𝜃1𝑅 can be calculated as shown 
below. 𝜑 = (𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅) 𝑧12𝜋 (42) 

Letting 𝑚 represent the integer part of 𝜑, 
In case of ≤ 0: |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅) − 𝑚 2𝜋𝑧1 | ≤ 𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ        … n+1 teeth mesh (43) 

Fig. 8 Periodic diagram of the number of meshing teeth. The brown and black line show periodic diagram of the number 
of meshing teeth of the both left and right tooth flank, number of meshing teeth is repeated 4 teeth and 5 teeth 
with the meshing phase difference (7.86 deg.) between the right and left tooth flanks. 
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𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ < |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅) − 𝑚 2𝜋𝑧1 | ≤ 2𝜋𝑧1     … n teeth mesh (44) 

In case of > 0: |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅) − 𝑚 2𝜋𝑧1 | ≤ 𝜑𝑛 𝑡𝑒𝑒𝑡ℎ          … n teeth mesh (45) 𝜑𝑛 𝑡𝑒𝑒𝑡ℎ < |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅) − 𝑚 2𝜋𝑧1 | ≤ 2𝜋𝑧1       … n+1 teeth mesh (46) 

Similarly, the number of meshing teeth of the left tooth flank can be calculated for an arbitrary 𝜃1𝐿 by changing 𝜃1𝑅 
to 𝜃1𝐿 in Eqs. (42) to (46) and converting 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 to the 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿 of the left tooth flank.  

Next, a method is explained for calculating the difference in the number of meshing teeth of the right and left tooth 
flanks during honing. Equations (42) to (46) are revised as shown below in order to calculate the number of meshing 
teeth of the left tooth flank at an arbitrary 𝜃1𝑅 in the interval from the start to the end of meshing of the right tooth flank. 𝜑 = (𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿) 𝑧12𝜋 (47) 

In case of ≤ 0: |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿) − 𝑚 2𝜋𝑧1 | ≤ 𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ      … n+1 teeth mesh (48) 𝜑𝑛+1 𝑡𝑒𝑒𝑡ℎ < |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿) − 𝑚 2𝜋𝑧1 | ≤ 2𝜋𝑧1      … n teeth mesh (49) 

In case of > 0: |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿) − 𝑚 2𝜋𝑧1 | ≤  𝜑𝑛 𝑡𝑒𝑒𝑡ℎ            … n teeth mesh (50) 𝜑𝑛 𝑡𝑒𝑒𝑡ℎ < |(𝜃1𝑅 − 𝜃1𝑠𝑡𝑎𝑟𝑡𝐿) − 𝑚 2𝜋𝑧1 | ≤ 2𝜋𝑧1         … n+1 teeth mesh (51) 

Using the specifications in Table 1, the change in the number of meshing teeth of the right and left tooth flanks in 
the interval from the start to the end of meshing was calculated with Eqs. (42) to (46) for the right tooth flank and with 
Eqs. (47) to (51) for the left tooth flank, and the results are shown in Fig. 9. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The difference in the number of meshing teeth of the right tooth flank during honing can be calculated by 
synthesizing the change in the number of meshing teeth of the right and left tooth flanks in Fig. 9. The results are shown 
in Fig. 10. 

Tip Tip Root Root 

Ri
gh

t f
la

nk
 

Le
ft 

fla
nk

 

Fa
ce

 w
id

th
 

Fa
ce

 w
id

th
 

Top 

Bot. 

4 teeth 

5 teeth 

Fig. 9 Change in the number of meshing teeth of right and left tooth flanks in the interval from the start to the end of 
meshing. The horizontal axis shows the normal length and the vertical axis indicates the face width position. The 
yellow-green shows the section of 4 teeth meshing, and the yellow indicates the section of 5 teeth meshing. 
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An analysis of the results in Fig. 10 reveals the possibility that a convex undulation might occur at the position of a 
difference in the number of meshing teeth of +1 and that a concave undulation might occur at the position of a difference 
of -1. The difference in the number of meshing teeth of the right and left tooth flanks in the interval from the start to the 
end of meshing of the left tooth flank can be calculated by changing 𝜃1𝑅 to 𝜃1𝐿 in Eqs. (42) to (46) and synthesizing the 
change in the number of meshing teeth of the right and left tooth flanks. 
 

4.2 Profile shift coefficient for zero meshing phase difference between right and left tooth flanks 
 

The design method proposed above was used to calculate a profile shift coefficient for obtaining zero meshing phase 
difference between the right and left tooth flanks. The method explained in subsection 4.1 was used to perform a 
convergence calculation to find the profile shift coefficient at which the minimum difference in the number of meshing 
teeth was obtained. That value was defined as the profile shift coefficient for zero meshing phase difference between the 
right and left tooth flanks. 

Figure 11 shows the difference in the number of meshing teeth of the right and left tooth flanks obtained by using 
the profile shift coefficient (𝑥𝑛 = 0.53) for zero meshing phase difference calculated with the proposed design method 
based on the specifications in Table 1. 
 

 

 

 

 

 

 

 

 

 

The results in Fig. 11 indicate that there was no change in the number of meshing teeth from the start to the end of 
meshing. It is noted that initial dressing is performed in the honing process for the purpose of truing a new honing wheel 
after changing wheels. It is important to design the honing-wheel geometries so that after the completion of the initial 
dressing a new wheel will have the desired profile shift coefficient for zero meshing phase difference between the right 
and left tooth flanks. 

In the shaving process it is impossible to maintain a condition of zero meshing phase difference between the right 
and left tooth flanks from the time a new shaving cutter is installed until it is discarded. That is because the working 
pressure angle changes every time the cutting edges of the shaving cutter are resharpened, even if the process has been 
designed for zero meshing phase difference between the right and left tooth flanks. In contrast, the general practice in the 
honing process is to adjust the shaft angle so that the working pressure angle does not change every time the honing 
wheel is dressed. Consequently, a condition of zero meshing phase difference between the right and left tooth flanks can 
be maintained from the installation of a new honing wheel until it is discarded. Therefore, it is assumed that the idea of 

Difference in number of meshing teeth 0 
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Difference in number of meshing teeth -1 Root 

Tip 
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Fig. 11 Condition of zero meshing phase difference between right and left tooth flanks. 

Root 

Tip 

Face width 

Top Bot. 

Fig. 10 Difference in the number of meshing teeth of right and left tooth flanks. The horizontal axis shows the face width 
position and the vertical axis indicates the normal length. The yellow-green shows difference in number of 
meshing teeth 0, and the yellow indicates difference in number of meshing teeth +1, and light-blue means difference in number of meshing teeth -1. The direction of the arrows indicates the direction of movement of the 
line of contact. 
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Diff. Diff.

(μm) (μm) (μm) (μm) (deg.) (deg.) (deg.) (deg.) (%)

0 Base 0 0 0 0 126.77 61.09 65.68 - -
1 10 ↑ ↑ ↑ 126.97 61.05 65.92 0.24 1.51
2 20 ↑ ↑ ↑ 127.17 61.01 66.16 0.48 3.06
3 30 ↑ ↑ ↑ 127.36 60.98 66.38 0.70 4.47
4 0 4 0 0 127.29 61.19 66.10 0.42 2.70
5 ↑ 8 ↑ ↑ 127.82 61.30 66.52 0.84 5.36
6 ↑ 12 ↑ ↑ 128.35 61.40 66.95 1.27 8.14
7 0 0 10 0 126.78 61.07 65.72 0.04 0.24
8 ↑ ↑ 20 ↑ 126.77 61.05 65.73 0.05 0.30
9 ↑ ↑ 30 ↑ 126.79 61.02 65.77 0.09 0.59
10 0 0 0 4 126.79 61.02 65.77 0.09 0.59
11 ↑ ↑ ↑ 8 126.81 61.02 65.79 0.11 0.68
12 ↑ ↑ ↑ 12 126.81 60.98 65.82 0.14 0.92

No.
Analysis

Purpose

designing a honing wheel with a profile shift coefficient for zero meshing phase difference between the right and left 
tooth flanks is an effective approach. 
 

4.3 Influence of tooth-flank modification 
 

Tooth-flank modification is applied to automotive transmission gears to satisfy requirements for strength and NVH 
performance. There are times when the modification applied to the right and left tooth flanks differs because of 
differences in their respective performance requirements. Owing to these circumstances, it is necessary to make clear 
beforehand the influence that tooth-flank modification has on the 𝜃1, when designing the profile shift coefficient for zero 
meshing phase difference between the right and left tooth flanks. 

Therefore, in order to confirm the influence of tooth-flank modification, the proposed design method was used to 
run an analysis for various amounts of tooth-flank modification using the specifications in Table 1. The analysis 
conditions (amounts of tooth-flank modification) and analysis results are shown in Table 2. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this analysis, in addition to the 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 and the 𝜃1𝑒𝑛𝑑𝑅, the 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 - 𝜃1𝑒𝑛𝑑𝑅 and without any tooth-flank modification 
were defined as reference values. The latter results are shown in Fig. 12. If the ratio was 50%, it means that the phase 
differed by half a pitch. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The results clearly indicate that modification along the tooth profile had a large effect on the 𝜃1, whereas 
modification along the tooth helix had a small effect. There were cases of modification where the tooth tip relief was 
adopted in range of 30 to 40 μm and that effect in particular cannot be ignored. It was also observed that in cases where 
the tooth-flank modification differed between the right and left tooth flanks, the effect might be doubled.  

Table 2 Analysis conditions (tooth-flank modification amounts) and analysis results 𝜃1𝑒𝑛𝑑𝑅 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 𝜃1𝑠𝑡𝑎𝑟𝑡𝑅 - 𝜃1𝑒𝑛𝑑𝑅 

Effect of 𝑓Hα 

Effect of 𝑓fα 

Effect of 𝑓Hβ 

Effect of 𝐶β 

𝑓Hα 𝑓fα 𝑓Hβ 𝐶β 

𝑓H𝛼 𝑓fα 𝑓Hβ 𝐶β 

Fig. 12 Effect of tooth-flank modification on 𝜃1. The difference (Diff., deg.) from these values was calculated for various 
amounts of tooth-flank modification (table 2) and also the ratio of the difference (Diff., %) was calculated 
relative to one pitch (= 2𝜋/𝑧1). 
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Wheel rotational speed rpm 500

Wheel rotaional direction - Only CW

Amount of traverse stroke mm ± 3

Traverse feed rate mm/min 300

Total feed amout mm 0.15

Feed amount / 1 stroke mm 0.005

Amount of tooth flank stock removal of normal direction mm 0.04

Target

 gear

Honing

wheel A

Honing

wheel B

Module mm 2.71 ← ←
Pressure angle deg. 17.2 ← ←

Helix angle deg. 28.0  (RH) 38.11 (RH) 37.77 (RH)

Number of teeth - 17 83 ←
Tip diameter mm 60.7 278.879 286.229

Root diameter mm 47.049 289.611 297.771

Profile shift coeff. - 0.3 0.340 -1.45

Face width mm 23 35 ←
Shaft angle deg. -10.00

The results made it clear that the profile shift coefficient for zero meshing phase difference between the right and 
left tooth flanks should be designed by taking into account tooth-flank modification applied to automotive transmission 
gears along the tooth profile. 
 

4.4 Validation based on honing experiments 
 

Honing experiments were conducted to verify the validity of the proposed honing-wheel-design method. The target 
gear used in the experiments was the secondary reduction gear of a CVT with an auxiliary transmission for use on mini-
vehicles and small vehicles (Nomura et al., 2011). A cross-sectional view of the CVT is shown in Fig. 13 along with the 
target gear. Table 3 shows the specifications of the target gear and two honing wheels. In this experiments, dressing gear 
had same specifications of target gear. Table 4 shows the honing machining conditions. The honing wheel was adapted 
commonly used vitrified bond type, in recent years for gear honing. About target gear before honing, not only adjusted 
OBD after heat treatment that the target amount of tooth flank stock removal of normal direction was 0.04 mm but also 
adjusted tooth-flank deviation after heat treatment for target tooth-flank modification after honing. 
 
 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Honing wheel A was designed with a profile shift coefficient for zero meshing phase difference between the right and 
left tooth flanks. Honing wheel B was designed with a profile shift coefficient for a half-pitch meshing phase difference 
between the right and left tooth flanks. The tooth-flank modification applied to the target gear was aimed at achieving 𝑓Hα = 0 μm, 𝑓fα = 3 μm, 𝑓Hβ = 0 μm, and 𝐶β = 3 μm for both the right and left tooth flanks (Fig. 14). The honing experiments 
were conducted using an asynchronous honing machine. 
 

 

 

 

 

Fig. 13 CVT cross-sectional view 

 and target gear. 

Target gear 
 (Reduction gear) 

Table 3 Specifications of target gear and honing wheels 

𝛼𝑛 𝛽 𝑧 𝑑𝑎 𝑑𝑓 𝑥𝑛 𝐵 

𝑚𝑛 

𝛴 

Table 4 Honing machining conditions 
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Figure 15 shows the difference in the number of meshing teeth of the right and left tooth flanks during honing with 
honing wheels A and B. It is seen in the figure that there was no difference in the number of meshing teeth and zero 
meshing phase difference between the right and left tooth flanks when honing with honing wheel A. For honing with 
honing wheel B, it is seen that differences in the number of meshing teeth occurred at half pitches. In addition, because 
of the left and right tooth flanks have the same tooth-flank modification in this study, the difference in the number of 
meshing teeth of the right and left tooth flanks were the same of the right and left tooth flanks. Notes that top and bottom 
end are reversed for the left tooth flank. 
 

 

 

 

 

 

 

 

 

 

 

 

Based on Fig. 15, Fig. 16 shows estimated tooth profile and tooth helix micro geometries after honing and 
superimposed with the results in Fig. 15. With honing wheel A can expect without tooth-flank undulations and obtaining 
aimed tooth flank modification. With honing wheel B is estimated that convex undulations and concave undulations 
occurred in both the tooth-profile and tooth-helix micro geometry at a position of +1 (red circle) and at a position of -1 
(blue circle) in the difference in the number of meshing teeth, respectively. 
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Fig. 15 Difference in number of meshing teeth of right and left tooth flanks during honing with honing wheel A and B. 
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Fig. 14 Tooth-flank modification applied to the target gear for both the right and left tooth flanks.  
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Fig. 16 Estimated tooth profile and tooth helix micro geometries after honing. Shown on the left side of the figure is the 
estimated tooth-profile and tooth-helix micro geometries with honing wheel A, indicated on the right side of the 
figure is estimated the tooth-profile and tooth-helix micro geometries with honing wheel B. 
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Figure 17 presents the honing experiment results obtained with honing wheel A. These results are the first 
measurement data after dressing and because the difference in the number of meshing teeth of the right and left tooth 
flanks are the same for all teeth, the one tooth is shown. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For honing wheel A that eliminated the difference in the number of meshing teeth and achieved zero meshing 
difference between the right and left tooth flanks, the results indicate that no undulations occurred in either the tooth- 
profile micro geometry or the tooth-helix micro geometry. As the results of amount of tooth-flank modification after 
honing, it was confirmed that at middle position of right tooth flank showed 𝑓Hα = -1 μm, 𝑓fα = 2 μm, 𝑓Hβ = -1 μm, 𝐶β = 
2 μm and at middle position of left tooth flank showed 𝑓Hα = -2 μm, 𝑓fα = 3 μm, 𝑓Hβ = 2 μm, 𝐶β = 3 μm, and almost the 
aimed tooth-flank modification was obtained. With after dressing, N = 40 target gears were honed continuously, but no 
undulation occurred and good results were obtained. This confirmed that the expected results were obtained. 

Next, the honing experiment results obtained with honing wheel B are shown in Fig. 18. These results are the first 
measurement data after dressing. With after dressing, N = 5 target gears were honed continuously and the results occurred 
undulation as same as the No.1 gear. Therefore the continuous honing was finished at N = 5. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The results indicate that convex undulations and concave undulations occurred in both the tooth-profile micro 
geometry and tooth-helix micro geometry at a position of +1 and at a position of -1 in the difference in the number of 
meshing teeth, respectively.  

These honing experiment results confirmed that designing the honing wheel with a profile shift coefficient for 
optimizing the meshing-stiffness balance, i.e., for obtaining zero meshing phase difference between the right and left 
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Fig. 17 Honing experiment results obtained with honing wheel A. The left side figure shows the measured tooth-profile 
and tooth-helix micro geometries of the right tooth flank, and the right side figure indicates the measured tooth-
profile and tooth-helix micro geometries of the left tooth flank. These micro geometries aligned with the 
measurement position of gear accuracy and superimposed with the results in Fig. 15. 

Fig. 18 Honing experiment results obtained with honing wheel B. The figure is configured similar to Fig. 17. The red 
line show the position of the contact line of the left and right tooth flanks at a certain rotation angle 𝜃1 = 105.7 
deg. At this position, the right tooth flank has -1 and the left tooth flank has +1 in the difference in the number 
of meshing teeth. 
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tooth flanks, effectively suppressed tooth-flank undulations, thereby validating the proposed design method. In addition, 
the results also verified the validity of the analysis method explained in section 3. 

Therefore, now we have adapted this proposal method in honing process for finishing CVT gears in mass production 
and we have obtained that tooth-flank undulations have been improved as expected. However, it has been observed that 
depending on the applied gear geometries, the micro geometries of the target gear show early changes (the value of 𝑓fα 
increased) after dressing. This result causes shorter dressing interval, then shorter service life of a honing wheel. 

Consequently, it is necessary to identify the cause of the early changes in micro geometries and develop an improved 
method for determining geometries of honing wheels to realize superior honing process in mass production. 
 

5. Conclusions 
 

The present study showed how the meshing-stiffness balance affects micro geometries of finished gear-tooth flanks 
in honing. The key to determining geometries of honing wheels is to maintain a balance in the meshing stiffness. Honing- 
wheels balancing the meshing stiffness enable the accuracy of finished gears to be stable. The present paper introduced 
a geometrical approach in which the mesh stiffness is balanced, and the approach constitutes a new method for 
determining geometries of honing wheels. The results of this study are summarized below:  

(1) A calculation method was proposed, and it is a useful tool for determining geometries of a gear pair under keeping 
the meshing-stiffness balance. 

(2) Honing experiments were conducted to assess the validity of the proposed calculation method. In the experiments, 
some pairs of a honing wheel and a finished gear maintain the meshing-stiffness balance, and the others do not. 
Both pairs induced the finished tooth forms as calculated. These results show the validity of the calculation method. 

(3) A honing wheel that has a proper tooth-profile modification showed positive effects on the meshing-stiffness 
balance. Such a modification would also be a useful tool for determining geometries of honing wheels.  

 

Using the proposed method, we have designed honing wheels for finishing CVT reduction gears in mass production. 
As a result, tooth-flank undulations have been improved as expected. This shows the validity of the proposed method. 
However, some honing wheels changed their tooth forms faster than expected. The change rate could depend on finished-
gear geometries. This means the service life of a honing wheel becomes short and could pose a serious problem in mass 
production. Therefore, we should determine factors in the higher rate to develop an improved method for determining 
geometries of honing wheels. 
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