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Abstract. The aim of this paper is to analyze mathematically the method of fundamental
solutions applied to the biharmonic problem. The key idea is to use Almansi-type decom-
position of biharmonic functions, which enables us to represent the biharmonic function
in terms of two harmonic functions. Based on this decomposition, we prove that an ap-
proximate solution exists uniquely and that the approximation error decays exponentially
with respect to the number of the singular points. We finally present results of numerical
experiments, which verify the sharpness of our error estimate.
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1. INTRODUCTION AND MAIN RESULTS

Let 2 be a bounded simply connected region in the plane. We then consider the
following boundary value problem for the biharmonic equation

A%y =0 1in Q,
(1.1) u=f  ond,

ou

5, =9 on 01,

where A% = 9*/0x* + 0 /02%0y? + 0*/0y* is the biharmonic operator in the plane,
Ou/Ov denotes the outward normal derivative of v on 99, and f and g are given
data defined on 9f2.
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It is well-known that for a given biharmonic function u, there exist two holomor-
phic functions ¢ and v in Q such that the following relation holds [9]:

w(X,Y) = p(2) + B(2) + 2(2) + 290(2) = 2R(p(2) + 2 (2)), 2z =X +iV-

In particular, defining v(X,Y) = 2Re(z), a(X,Y) = 2RY(z), and B(X,Y) =
23(z), we have

w(X,Y) =~(X,Y) + Xa(X,Y) + YB(X,Y).

Namely, the above formula implies that any biharmonic function can be decomposed
into three harmonic functions, two of which are conjugate harmonic. Moreover,
Krakowski and Charnes [8], and Bock and Giirlebeck [2] showed that the number of
harmonic functions is indeed equal to 2, that is, for a given biharmonic function u
in Q, there exist harmonic functions p, ¢, P, g, D, g such that the following identities
hold:

(1.2) w(X,Y) = p(X,Y) + (X2 +Y?)qg(X,Y),
(X,Y) + Xq(X.Y),
(X,Y) + Yg(X,Y).

Especially, (1.2) is a decomposition of Almansi type, which was first considered by
Almansi [1]. Therefore, we only have to find suitable approximations of two harmonic
functions. We hereafter consider the case of (1.2) restricted to the case, where €2 is
a disk D, with radius ¢ having the origin as its center.

Based on the Almansi-type decomposition of biharmonic function, the following
scheme for the method of fundamental solutions (MF'S for short) can be obtained [5].
Choose the singular points {yk}f;’:l as yp = Rw*1 1 < k < N, and construct
approximations for p and ¢ as follows:

N
P (a ZQ”Em—yk) ¢ (2) = QLE(x —yw),
k=1

k=1

where E(z) = $7n'log|z| is the fundamental solution of the Laplace operator A,
R > p, and w = exp(2ni/N). Namely, an approximation uN) for the solution u
of (1.1) is given by

N
(1.3) u™ (z Z (QF + |2 QY)E(x — yg).
k=1
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Remark 1.1. In the usual formulation of MF'S, an approximate solution is given
by

N
(1.4) = (QVE(x — yi) + QLF (x — yi)),
k=1

since the function F(z) = 7! |z|? log || is the fundamental solution for the bihar-
monic operator A2, MFS of the form (1.4) has been proposed first by Karageorghis
and Fairweather [4] and used in the subsequent papers [11], [3], but so far there exists
no mathematical result such as the unique existence and the exponential convergence
of approximate solution.

The coefficients {Q}'?}2_, are determined by the collocation method, that is,
taking the collocation points {a:j}é-vzl as ; = ow’~!, and imposing the boundary
conditions

ou)

(1.5) uN () = f(ay), —5, (@) =9(z;), j=L2....N
This type of MFS based on Almansi-type decomposition was investigated by Li
et al. [10] and some mathematical analysis was done. However, they consider the
Trefftz method rather than the collocation method. Thus, the aim of this paper is to
establish mathematical theory of MFS based on Almansi-type decomposition (1.3)
together with the collocation method when € is the disk D, as a first step for
developing mathematical theory in arbitrary region.

We are now in a position to state the main theorems of this paper.

Theorem 1.1. An approximate solution uN) for (1.1) of the form (1.3) satisfy-
ing (1.5) exists uniquely if and only if RN — o™ # 1.

Theorem 1.2. Suppose that RY — oV # 1 and R # 1 hold. Also suppose that
the Fourier coefficients { f, }nez and {gn}nez of f and g can be estimated as

[ful, lgn] = O(™)  as n — oo,

where b €10, 1[. Then we have

= u®| o) = O<N2<%)N), b(E)Q .
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The content of this paper is as follows. In Section 2, we prove Theorem 1.1,
which ensures the unique existence of an approximate solution. In Section 3, the
exponential decay of the approximation error, that is, Theorem 1.2 is proved. In
Section 4, we present several results of numerical experiments, which exemplify the
sharpness of our error estimate. We also compare the conventional scheme (1.4)
with the present scheme (1.3) based on Almansi-type decomposition. In Section 5,
we summarize this paper and give some concluding remarks.

2. UNIQUE EXISTENCE

In this section, we establish the unique existence of an approximate solution (™)
for (1.1) of the form (1.3) satisfying (1.5) provided that the singular points {yx}&_,
and the collocation points {x; }j\;l are given as in the previous section. Hereafter,
we identify R? with C, and often write the complex number z as the two-dimensional
vector z = (X1, Xo)" .

Since we can compute the derivatives of E(z — yx) and |z|> E(x — yx) with respect
to X, as

1 Xl_ykl

—E —_ =

8X1 (.1? yk) 2 |£L‘ — yk|2 ’
0 2 2 1 X1 —yr
—(|2]PE(z — yp)) = 2X1 E(z — it LIS
o (7P B — ) = 2X0B(w — ) + el oo TP,

and the derivatives of them with respect to X5 can be computed in a similar way,
the normal derivative of V) at x € € can be computed as follows:

i[ Q (Xl—ym)i()ﬁ)

= 2nfe —yeP \ X2 —wke ) J2] \ Xz
X1 1 X1

rai{zze-w () 5 (%)

Qk ( yk) X2 |J)| 2

" |z (Xl—ykl) 1<X1>H

2n|le — yil? \ Xo —yr2 /||

[ s gt - g + [T ey

2n |z — yg|? 2r |z — yg|?

Mz TTMZ

() e+ ()

2 27 T — Yk

=~
Il

1
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where (-, -) denotes the usual two-dimensional Euclidean inner product. In particular,
at a collocation point z; = ow’ ™!, we have

(N) N I j—1 2 i—1
) -3 (B ) e atfouets -+ En( )]

Therefore, the collocation equations (1.5) are equivalent to the system of 2N linear
equations

GQ = b,

where

Gu G12> 2N x2N
G == S R x )
<G21 Gao

Gu = (E(xj_yk)§ Ji k= 172a"'aN) € RNXN’
Giz = (OE(xj —y); jik =1,2,...,N) = ¢° G € RNV,

1 -1
G21:(_§R(w );jak:1527"'7N)ERNXNa
27 Tj — Yk
0 wi—1
Gz = (20B(w; — o) + 5-0( )i jk=12,..N)
2n \x; — Yk

= 20G11 + 0°Gyy € RV,
) E[RQN, f:(f(xl)af(xQ)a'--;f(a?N))TE[RN,

g=(g(z1),9(x2),...,9(zn))" € RV,

We note that each matrix G, is circulant. Therefore, using the discrete Fourier
transform, these matrices can be diagonalized as follows:

WﬁlGWW = diag( Vw0, Yuvts - - Y, N—1)

where W = (N=1/200=DE=1), 5k — 1,2, ..., N) denotes the discrete Fourier trans-

form, and

N-1
1
=y, wml% loglo— Rw™|,  ma = o®mu,
m=0
N-1 1
You =Y wmlz—n%(m), Yo21 = 20mu + 0%y211-
m=0
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Defining two auxiliary functions ¢; and v, as

N-1 N-1

— —1
pi(z) = > w™E(z— Rw™), hi(z)= ) WQ—K%(%)
m=0 m=0

forl=1,2,...,N, we have

2.1) yu=wo), ma=0’wl0), vou=1i(0), eu=20p1(0)+ 0*1(0).

Consequently, we obtain

WloT — (diag(’moa’huw~~,711,N1) diag(712o,’7121,-~~,712,1v1))
diag(y210, 7211, - - -y y21,8-1)  diag(v220, v221, - - -y Yo2,n—1) )
where —
W = .
(o w)
Using the permutation matrix
P:(61 €eENt+1 €2 Eeny2 ... EN 62]\1),
we have
—177—1 717 : Y1 Y121
P—W GWP:dlag(‘l)o,‘l)l,...,‘l)]v_l), ‘I)l = ( ) s
Your Y22
thus
N-1
det G = [ det ;.
1=0

Therefore, G is nonsingular if and only if ®; are nonsingular. The determinant of ®;
can be computed as

det ®; = yi1722 — T12721 = i(0)(20¢1(0) + 0*i(0)) — 0*pi(0)i(0) = 20p1(0)?.

Hence, G is nonsingular if and only if no ¢;(e) is equal to 0.
In order to see the precise nature of ¢; and 1, the following lemma can be applied.

Lemma 2.1. For all z =rel, r € [0, R[, § € R, we have

1
—log |2 — RV, =0,
() 2n
pilz) =
N VA L
SENT (DY et =1 N -1
in |n|(R) ¢

Also, for all z =re'? r €]0, R[, § € R, we have

L/JI(Z) _ _4_]7\; z:l (g)\*ﬂeme.

nein{o}
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Here and hereafter, m = n always means that m = n (mod N).

Proof. The expression for ¢; can be obtained in the same way as in [7], Lemma 1.
We here prove a formula for ;. We can expand the kernel function as

-1 i0 i0
8%(%) - 9%(reiaiW) - 8%(_ Ri}m 1- re?G/me)
i 6 \n e n
= #(~gim 2(m) ) =R X () o)
-5 2 @

emewfmn.
neZ\{0}

Therefore, we obtain

_ b " inGN_ m(l—n) _ AV A
T dnr Z (R) ¢ mz:ow T dmr z_:l (R) ¢

nen{0}

From this lemma, we have

1 N 1 70\
= —log|o" — RY =-——>» —(5) <0, I=1...,N-1
eole) = 5-logle™ =RV, o) 4ﬂ;|nl(R) =1,

Hence, we can conclude that G is nonsingular if and only if RY — o™ # 1 holds,
which proves Theorem 1.1.

3. ERROR ANALYSIS

In this section, we give an estimate for the approximation error, which shows that
the approximation error decays exponentially with respect to N when the boundary
data f and ¢ are analytic.

3.1. Exact solution for (1.1). We write down the exact solution u for (1.1)
using the Fourier expansion. Since p and ¢ are harmonic in the disk D,, they have
the complex Fourier expansions

p(r, 0) — Zan(g)nlemg, o(r, 9) _ an(g)fﬂeme

ne’z ne’z
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for 0 < r < pand 6 € R. Then the exact solution has the form

u(r7 9) = p(rv 9) + T2Q(rv 9) = Z(a" + 7”2b )(Q)‘nle inf

ne’z

for 0 < r < g and 0 € R. The coefficients {ay, }nez and {by, }nez are determined by
the boundary conditions. From the Dirichlet boundary condition, we have

f(geie) — Z(an+02b ) m9

ne’z

that is,
2n

1 o
an + Qan = 2_]1 f(gele)e_me do = fn
0

Concerning the Neumann boundary condition, since the normal derivative of u can
be computed as

Ju Ou 0]
7T N [“” 3\:{0} e m”ﬂ% i ma] e
= - Zan|n|em0 +0Y  ba(ln| +2)e,
nEZ ne’l
we obtain
an|n|

1 2n . .
+ obp(In| +2) = 2—71/0 g(0e®)e ™ d0 =g,, neZ.

Using the above relations, we can write down {an}nez and {b,}nez explicitly in
terms of the Fourier coefficients of f and g as follows:

n 0 1
on= (14 B 50— Zou bu= e —lals), nez

3.2. Explicit form of the approximate solution. Let G’ = P !GP and
W' = P~'WP, that is,

I I I I
I wl w2l wN-1r

W =|1 I Wt o W2V
I WwN-11 2WN=-by o yWN=DIN=Df
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where I denotes the 2 x 2 identity matrix. Then we have
PT'WTIGWP = (W) '\G'W,
and therefore we have
(3.1) (WHLG'W' = diag(®o, 1, ..., PN_1).
Using these matrices, the linear system G@Q = b can be transformed into
G/Q/ — bl
where , ) .
Q:PiQ:( 11)7 ({7 nggvagj\/’aQ‘]]\/‘) )
b = Pilb = (f(l?l),g(.lﬁl), f(J?Q),g(J)Q), R f(l‘N),g(l‘N))T
We can represent (G')~! explicitly from (3.1) as follows:
(G/)71 = ([(G/)il]k]’; ka] =12,..., N)a

N
1 .
[(G/)il]kj — N E W(kij)(lil)(bl_,ll c [R2><2.
1

If we write the boundary data f and g in the form of Fourier series expansions

— Z fneine, g(geié) — Zgneiné

ne’l ne’z

then the coefficients {Q}'?}Y_, are given as follows:

(Qi) _ i<l g:w(k—j)(l—l)q)—l > > <fn> LG=Dn
Qi N -1

j=1 =1 nez gn
= 3 gt (fn)
ne’z

Therefore, the approximate solution can be written as

WM () = 3@ + [P QI E — ) ZEx—yk | |x|2>( ’;)
k=1 Qk
al f
=S Ba-w) (1 ) L ut e (1)
k=1 ne’z
=Z¢n<x><1 2f2) ® (f)
ne? 9n

% det<I> ’722nfn — Y12ngn + |$|2(—’721nfn + Y11n9n)]-
n
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Thus, we can evaluate the error ||u — u(") | Lo=(q) as

= u ™y = sup fu(re®®) — ™ ()]

o<r<o
0eR
[n| rei‘g
= Ssup Z (an ( Q) n@ (722nfn 712ngn)%>
n

o<r<o
EER ne’l

+7’2Z< (g) ’721nfn+’Y11n9n)¢£eirge))‘
nez n
In (rei?
=z (5 ) - )
(5

0
_ Q ) m9 @n(re ))
+nz€%gn( B + Y12n det @,

T g~ () e s )

nez
o Ean(g () e - )

Since the 1st and 2nd terms are harmonic, and the 3rd and 4th terms are of the form
r2 x harmonic, the above expression can be bounded by

(32) Z(|fn|eln + |gnlean + 0°|falesn + 0%|gnlean),
ne’z

where e, = sup o, (0) and

OeR
Inl) in6 ©n(0e) 0 ino Pn(0e")
— 1 oY jind n\th ) _ m
ann(0) = | (1455 o o2, aa(0) = [~ 50 + e T
In| | in6 onl0e") 1 ©n(0e?)
n — 1 n , n 0 — ‘_ 11 _ n
sn (0) ‘ +2 det @, @n(6) ZQe te det ¢

First, we give global estimates on e;y,.
Lemma 3.1. There exists a positive constant C = C(p, R) such that
€1n, €3n < C(]- + |n|)7 €2n, €4n < C

hold for alln € Z.
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Proof. Using the triangle inequality, each c;,(#) can be bounded as follows:

i on(0e) 0 on(0e?)

n 9 < ]- ‘ 2n ) n 9 < o ‘ n )
1n(0) + 2 V22 det ®,, a2n(0) 2 * e det ®,,
n| n(0e") 1 on(0e")

0 € Bt 0 € Ly, )
asz,(6) 2 + |Y21n det @, ayn(6) % + {7110 det @,

Since Yyun, ¢n, and det ®,, are periodic with respect to n with period N, it suffices
to establish estimates on ej, only for the case when n € Ay := {p € Z; —%N <
<iNL
We first show the estimate of e1,,. Since Yoz, = 209, (0) + 0%¥n(0) and det ®,, =
200n(0)%, we have
¢n(0e)
det @,

2 [¥n(0)] lpn(0e)]
( HEIPNE )I) lon(o)]

When n = 0, we evaluate |¢o(0)|, [¢0(0)], |vo(0el?)| as follows. As for |¢o(0)|, we
know that |¢o(0)| # 0 and

’722n

= st ) - E s s 1= ()
log R + Nlog (1 - (}%)N) —logR as N — oo,

which implies that there exists a positive constant C” such that |pg(g)| = C'N holds.
Next, |¢o(0)| can be bounded in a straightforward way as

oo
0 ”V‘ N (eR™! ‘ o\
= |- L et )l <on(2) .
[ol)l = ‘ 47:9 ;(R) 2ngl—(gR (R)
Finally, concerning |¢o(0el?)|, we have

[eolee®)| = |5 ogl(ee)™ = R¥|| < - max{flog(RY — o™, log(RY + ™)]}.

These estimates lead us to

an® < 1+ (14 ON ()" )max {1, JEELE < 0

When n € A%y \ {0}, we have

=25 (@) <o (3"
Iml In|
o= 2 ()| )
lon (0€'%)] = —%{ _UT}“(%)MQMG %;ﬁ(}%)w — on (o)
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Therefore, we obtain

ap,(0) <1+ @ + (14 C|n]) < C(1 + |n]),

which implies that ey, < C(1+ |n|).
Using the above estimates, we obtain bounds for es,, e3,, and e4,. Hence, we
have the desired global bounds. O

We next give more precise estimates on e, for 0 < n < %N.

Lemma 3.2. There exists a positive constant C = C(p, R) such that

€10, €30 < C<£)N7 e20,e50 < CN™! (E)Na
R R

and

0 N-—2n Cn 0 N—2n
€1n,€3n < Cn(ﬁ) s €2, €an S N—n(ﬁ)

hold for 1 < n < %N with sufficiently large N.

Proof. We first note that if N is sufficiently large then |pg(0)|~! < C/(N|log R|)
holds.

First, we show estimates on e;,,. When n = 0, we have

po(ee”) | _ 12000(0)” — (2000(0) + 0*¥0(0))¢0(0e)]

loio(0)] = |1 — 7220

det @, 20¢0(0)?
_ 12000(0)(vo(0) — wo(ee™)) — ¥ (0)o(ce)]
20¢0(0)*
< lpolo) — wo(ee'?)| | olvo(o)l l¢o(ee™®)]
o (o)l 2 [po(0)l lwolo)|

The previous estimates yield the following bound for the 2nd term:

2 [ho(0)] [#o(ee)| o\
3 Totol Tetan <C(&) -

As for the 1st term, we have

i 1 i
[#0(0) = wolee)| = | 3= log o™ — RY| - 5-log (ee”)™ — RY]|

S R e

=1 =1

‘1
2n

/N
al=
] =
VS
=] IS
~L

Z

/

Q
VS
=] S
N—

2
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Therefore, we obtain

|a10(0)] < C( )N, or e < C(}%)N.

=Vl S

When 1 < n < %Na since Y22n = 299071(9) + 921/171(9) and det (I)n = 29%0,1(9)2’ we
have

n . n eitg
(1 * |_2|)em9 - VQQn%QQ)n)
- Wl(Q)Q [QW"(Q)Q<1 + |£2|)ein0 — (200n(0) + Qan(g))sﬁn(gei")}
= Wl(g)Q [29%(9) (%(9)(1 + |£2|)eme - wn(geia)) - szn(g)wn(gei‘g)]

= ()

The expression () within the brackets can be computed as follows:

-2 E TR

l=n

m| ; - Im|
<[RS @) e )]

m=n

- I — Im]| .
R S )

I=n

m=n
QN2 1/0 [l |n| 0 |m| ;
16n2§:m(ﬁ) mz_:nﬁ(ﬁ) "
oN? o\ 1 /oy\ml |
i 2(r) ZR)
= m=n
N2 1 11 1 Im| .
(333,) = 98? > m(%) 3 W(%) (eln9 _elm,é)
I=n m=n
oN? 1 oNU+HmIfln| oy o
(33b) + @ lz; W(E) [meHQ _ em€:| )
(Lm)£(n.m)
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The sum (3.3a) can be bounded as follows:
i< 2o ()| & A () e
> S
o (8 -
<A S @) )
<o (B 0 (B E ) <o (3)

where I(n) = {m € Z; m =n, m # n}. The sum (3.3b) is decomposed into 3 parts
as follows:

(3.42) (3.3b):%[(% S fm(%)m(ema_eima)

(3.4Db) + |_iL| (% Py
(3.4c) +lz (é)\ll Z ﬁ<%)ml [%ei"‘) _ eimGH.
€I(n) mel(n)

Each term can be estimated as
NS 1 ONNE™ ino i(tN4n)

sl = () [lmm(f) @ —aev
(B4l = (5 ; tN +n\R (" —e )
1 NN g i(nftN)O}

TN n(R) (™ —e )

@ L@ @]

N
[\

[N +
v S @ S B
Sy E 0 HEE T S @)
) (e [ R C R




P> [<%>“" SOMNEC
>

841 ZEI()I_Q% > tN+n tN+n(||7||ena e(tNWQ)
() (e o)
<> IR CRRCIRR o(C) i
@) @) e

Therefore, we have
[(3.3a)] + [(3.3b)|

2 2 9 9 .
TG e R S et |

Hence, we obtain
o<l i (") e+ 7
WS
<l (s > @
MRS

=<|; uv?'l ) Nn n+"+Nn_n(%)NK%)N "

< Cn(%)NﬁQn,

that is, we have shown that

0 N—2n
€1p = Su Oéne <Cn =
1 paa () <R)

We next show the estimates on es,. By definition, we have

1n0 Qﬁn Qe )

B e
aon(0) = —ge‘"a + 0%¢n(0) ;;'Zpg ‘ =
TL

in6

|on(0)e™ — on (e )|

len (o)
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Thus from [7], Lemma 2, we find the estimate

N C N-2n N
320<CN71(%) y €an S n (E) ) 1<n<?.

N—n

By definition, we have

_[_Inl e pn(0e”)
1

2&)@72“ nln(0)%€™ — 01hn (0)n(0e™)|.
When n = 0, we have

1

30(6) = gz - elvo@)leo(ee) < ()

When 1 < n < %N we have

Inlon(0)?e™ — ot (0)n(0e™)

— [l — [m] .
e

“wr X m@) [geen

2= Tml\R 0
(1,m)#(n,n)
Therefore, we can estimate as,,(0) in the same way as a1, (6):
0 \N—2n o \N—2n
asn(0) < C’n(ﬁ) , or es,< C’n(ﬁ) )
We finally show the estimates on ey,. By definition, we have
which can be bounded as as,,(6), that is,

gino_ Pn(0e”) ’

©n(0)

a®) < CNT(E), ) < 5o (£) L 1<nsT
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We now give the error estimate. Using the symmetry e;, = e;,_,, we have by (3.2)
that

lu = u™ | o) < D (falern + |gnlean + 0% |fulesn + 0%lgnlean)

ne’z
(3.5a) = 2(| folero + |golezo + 0%| foleso + *[goleao)
[N/2]
(3.5b) +2 Z (Ifalern + |gnlezn + 0| falesn + 0*[gnl fan)
n 1OO
(3.5¢) +2 Z (Ifnlern + lgnlezn + 0| falesn + 0%|gnlean).
n=[N/2]+1

The term (3.5a) can be estimated as

o\N
(3.52) < C(E>
and (3.5b) is estimated as
[N/2] N—2n N /2 RA\2\n
n (2 4
(3.5b) < C Z: b n(}—%) < CN(}—%) 3 (b(g) ) .
n=1 n=1
Using .
: j if 7> 1,
Z TP e m if 7 =1,
n=1 1
T~ if0<7<1,

for 7 = b(R/p)? we have

CNBN/2, b(ﬁ)2 > 1,

Y
(3.5b) < CNQ(}%)N, b(%)Q —1,
CN(%)N, b(%)Q <1

Finally, the last term (3.5¢) can be estimated as

(35c)<C Y nb" < CNBN2
n=[N/2]+1

Hence, we have proved Theorem 1.2.
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4. NUMERICAL EXPERIMENTS

We present some results of numerical experiments.

4.1. Q: disk. We first consider the case where Q is a disk D, with ¢ = 1. We
adopt the following polynomials as the boundary conditions:

(4.1) F@) =t —ab (@ = (@1.22)"), gla) = 4}, —ad)" - v.

Then it can be easily checked that u(z) = x{ — 273 is the exact solution for (1.1). We
choose R equal to 2, and the result is depicted in Figure 1.

—10L
usual MFS

_19L
Almansi MFS
—14}

160 10 20 30 40 50 60
Figure 1. Numerical experiment with boundary data f and g given by (4.1), and the pa-
rameter R = 2. The upper blue colored line and the lower orange colored line
represent numerical solutions obtained by the conventional scheme (1.4) and the
present scheme (1.3), respectively. The slope of the hypotenuse of the red colored
triangle represents the theoretical order of convergence.

In Figures 1 and 2, the horizontal and vertical axes represent N and the common
logarithms of errors, respectively. It can be observed that our error estimate grasps
the behavior of the approximation error very well. Moreover, it can be found that the
order of convergence for the present scheme is higher than that for the conventional
scheme, which causes a difference in accuracy. It is expected that a backward error
analysis will play an important role in investigating the cause of this phenomenon.
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4.2. Q: interior simply connected region surrounded by polynomial
curve. We next consider the case where the boundary I' is given by a polynomial
curve ¥, ,.({|z| = 1}), where [ =4, r = 8, and ¥, , is defined as

l
z
U (2) =2+ o

which is a conformal mapping in D ,_ Tt Since MFS and DSM, which is a variant of
MEFS, for a potential problem in a Jordan region have been studied mathematically
in [6], [12] and so on, it is natural to expect that theoretical error analysis could
be done for the present scheme similarly. Therefore, we here present a numerical
experiment for the case where € is the interior simply connected region surrounded
by a polynomial curve, and verify numerically that the same error estimate could
be obtained. The singular points {y;};_, and the collocation points {z;}}_, are
arranged by
yr = Uy g(RWF 1Y), k=1,2,...,N,
{:cj =U,usw™), j=1,2,...,N,

where R is taken to be equal to 1.2. The boundary conditions are given by (4.1).
The result of the numerical experiment is depicted in Figure 2.

2

Almansi MFS

100 20 40 60 80 100 120
Figure 2. Numerical experiment with boundary data f and g given by (4.1), and the pa-
rameter R = 1.2. The upper blue colored line and the lower orange colored line
represent numerical solutions obtained by the conventional scheme (1.4) and the
present scheme (1.3), respectively. The slope of the hypotenuse of the red colored
triangle represents the expected order of convergence.
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We can again observe in this situation that the accuracy of the approximate solu-
tion by the present scheme is better than that by the conventional scheme. Moreover,
its convergence rate is what we can expect from the theoretical analysis of MF'S and
DSM in [6], [12]. Therefore, it should be expected that the theoretical convergence
analysis could be done in the case where € is bounded by a regular analytic Jordan

curve.

5. CONCLUDING REMARKS

In this paper, we have considered a typical boundary value problem for the bihar-
monic equation, and its approximate solution by MFS based on the Almansi-type
decomposition of the biharmonic function. As a result, we have proved that ap-
proximate solution actually exists uniquely except for at most one value of IV, and
the approximation error decays exponentially with respect to N. Numerical results
support our error analysis.

We note that Almansi-type decomposition also holds for polyharmonic functions,
therefore, our approach in this paper can be applied to boundary value problems for
the polyharmonic equations. Possible directions of future research are the following.
The first topic is to extend the results in this paper to general Jordan regions.
Numerical results in Section 4 strongly suggest that a theoretical error estimate
such as [6], [12] also holds for the present scheme. The second topic is to compute
numerically the stream function for the Stokes flow. Since the stream function for
the Stokes flow satisfies the biharmonic equation, there is a possibility to apply the
present scheme to investigating various aspects of the Stokes fluid.

References

[1] E.Almansi: Sullintegrazione dell’equazione differentiale A" = 0. Annali di Mat. (3) 2
(1897), 1-51. (In Italian.)
[2] S. Bock, K. Giirlebeck: On a spatial generalization of the Kolosov-Muskhelishvili formu-

lae. Math. Methods Appl. Sci. 32 (2009), 223-240. MR]

[3] A. Karageorghis: The method of fundamental solutions for elliptic problems in circular

domains with mixed boundary conditions. Numer. Algorithms 68 (2015), 185-211. MR

[4] A. Karageorghis, G. Fairweather: The method of fundamental solutions for the numerical

solution of the biharmonic equation. J. Comput. Phys. 69 (1987), 434-459. MR

[5] A. Karageorghis, G. Fairweather: The Almansi method of fundamental solutions for solv-
ing biharmonic problems. Int. J. Numer. Methods Eng. 26 (1988), 1665-1682.
[6] M. Katsurada: A mathematical study of the charge simulation method by use of periph-
eral conformal mappings. Mem. Inst. Sci. Tech. Meiji Univ. 35 (1998), 195-212.
[7] M. Katsurada, H. Okamoto: A mathematical study of the charge simulation method. I.
J. Fac. Sci., Univ. Tokyo, Sect. I A 35 (1988), 507-518. zbl MR
[8] M. Krakowski, A. Charnes: Stokes’ Paradox and Biharmonic Flows. Report 37, Carnegie
Institute of Technology, Department of Mathematics, Pittsburgh, 1953.


http://www.emis.de/cgi-bin/JFM-item?30.0331.03
http://dx.doi.org/10.1007/bf02419286
https://zbmath.org/?q=an:1151.74308
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2478914
http://dx.doi.org/10.1002/mma.1033
https://zbmath.org/?q=an:1308.65210
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3296706
http://dx.doi.org/10.1007/s11075-014-9900-6
https://zbmath.org/?q=an:0618.65108
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0888063
http://dx.doi.org/10.1016/0021-9991(87)90176-8
https://zbmath.org/?q=an:0639.65066
http://dx.doi.org/10.1002/nme.1620260714
https://zbmath.org/?q=an:0662.65100
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0965011

[9] W.E. Langlois, M. O. Deville: Slow Viscous Flow. Springer, Cham, 2014. MR

[10] Z.-C. Li, M.-G. Lee, J. Y. Chiang, Y. P. Liu: The Trefftz method using fundamental so-
lutions for biharmonic equations. J. Comput. Appl. Math. 235 (2011), 4350-4367. IMR]

[11] A. Poullikkas, A. Karageorghis, G. Georgiou: Methods of fundamental solutions for har-
monic and biharmonic boundary value problems. Comput. Mech. 21 (1998), 416-423. IMR]

[12] K. Sakakibara: Analysis of the dipole simulation method for two-dimensional Dirichlet
problems in Jordan regions with analytic boundaries. BIT 56 (2016), 1369-1400. IMR]

Author’s address: Koya Sakakibara, Graduate School of Mathematical Sciences, The
University of Tokyo, 3-8-1 Komaba Meguro-ku Tokyo 153-8914, Japan, e-mail: ksakaki®@
ms.u-tokyo.ac.jp.

317


https://zbmath.org/?q=an:1302.76003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3186274
http://dx.doi.org/10.1007/978-3-319-03835-3
https://zbmath.org/?q=an:1222.65131
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2802010
http://dx.doi.org/10.1016/j.cam.2011.03.024
https://zbmath.org/?q=an:0913.65104
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1628005
http://dx.doi.org/10.1007/s004660050320
https://zbmath.org/?q=an:06667568
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3576615
http://dx.doi.org/10.1007/s10543-016-0605-1

