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In investigating a long-range ordering
in a certain system, it is required to ob-
tain the free energy of the system as a
function of the long-range order parameter
o, which is given by

F(o)=—kT In Z' (o), €))

where Z’(¢) is the partition function in
a sub-I" space designated by the value g.
The thermal-equilibrium value of ¢ is de-
termined by minimizing F(¢) with respect
to. it.

It is easier to calculate the canonical
partition function Z(7) than Z’(¢), where
Z(7y) is given by

Z()=31e"Z (). @
The summation (integration) over ¢ in (2)
is taken over the whole I'-space. The
canonical average of ¢ can be obtained
from (2) as

o=01InZ(y)/oy. 3)

Evaluating (2) by means of the saddle-
point method, we get

Z(p) =e"'Z' (a%) [2r/d? In Z' (a%) /dst?]i12,
4
where the saddle-point ¢! is ‘determined
by the equation
7=—01nZ"(a") /0d". ®)

By substituting (4) into (3) and by mak-
ing use of the relation (5), we can see
that o=o" except for 4 negligible fluctua-

tion term and therefore o' in (5) can be
substituted for ¢. By making use of (1)
and (5) we thus obtain

F(6) =F(0)+4T L"vda , )

where 7 as a function of ¢ is obtained by
solving (3). The minimum condition for
the free energy (6) is expressed as 7=0.

In quantum-mechanical case, Z’(¢) is
expressed as

2" (6) =Tr, exp(—BH) :Zz: {o,ile*H|g, i)
)

where Tr, denotes the diagonal sum in the
subspace designated by the eigenvalue o,
H represents the Hamiltonian of the sys-
tem and 7 denotes the quantum number
composing a complete set of orthogonal
states |o,7) together with the quantum
number ¢. Thus Z(y) defined by (2). can

be rewritten as
Z()=2331>1e"o,ile*H|qg,i)
[ 13
=Tr(e"e 6H), ®

Kramers and Opechowski? have discussed
an expression such as (8) for the ferro-
magnetic system, in which % and ¢ repre-
sent the external magnetic field and the
orthogonal component of the total magneti-
zation parallel to that field, respectively.
In this case in which ¢ commutes with H,
the diagonal sum in (8) can be rewritten
as Tr(e’-#2), In general, it is necessary
to use two or more parameters, gy, ‘-, g,
The antiferromagnetic system is one of
such cases, where ¢; and ¢, are the sub-
lattice magnetizations parallel to the easy
axis. We get in this case

Z (91, m2) =Tr (e"01+M02g=FH )| ©)]

from which the thermal averages of the
sublattice magnetizations are obtained as

0;=01nZ/6y;. (j=1,2).  (10)

Assuming that 79,=—7,=7, we get the re-
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lation (4) for 6=0,—0;, where Z is given by
(8). As ¢ does not commute with H, (8) is
unequal to Tr(e”-4%) in this case. Similar-
ly (9) does not equal to Tr(e"o:*7:02-RH),
The canonical partition function of the
form (9) has already been presented for
antiferromagnetism by Kubo, Obata and
Ohno.?

In the case of a classical system we de-
fine

ZG@) = [+ [dpu--dp,dg,---dg,

xexp[$17(g0) —BH (py, )], (1)

where H(p,, -+, q5) denotes the Hamiltonian
of the system with f degrees of freedom
as a function of f pairs of generalized mo-
menta and coordinates. By taking the func-
tional derivative of (11) we get the aver-
age of the density

o(@=0InZ((@)/o7(). (12)

By assuming %(q)=70(¢) with a given
parameter 7 and a given function ¢(g) of
g, (11) can be rewritten as

2= [ [dpo-dpydas s,

xexply 310 (@) —BH (p1, > a)]. (13)
Usixllg (13), we get

[o@o@dg=0102)/07. (1)

We assume that ¢ (¢) (¢ denoting the space
coordinate) is equal to 1/V’ in a large
number of spots with volume V’ in total
composing a lattice and is equal to 1/V”
in the remaining volume V", where V' + V"
equals the total volume of the system. On
this assumption, (14) reduces to (3), where
o represents the difference between the
densities in the volumes V’ and V”. By
substituting the solution of (3) into (6),
we get the free energy. The finite ¢ as

a solution of (7) corresponds to the solid
phase and the vanishing ¢ to the liquid
phase. In the case that g denotes the solid
angle of the molecular orientation, the finite
and vanishing ¢’s correspond to the ordered
and disordered phases of the system of ori-
ented molecules, respectively.

In this way, the method of symmetry-
breaking potential is applicable to investi-
gation of phase transitions in various sys-
tems. The present authors and Adachi®
have studied the magnetism of the cobalt-
dichalcogenide series Co(S,Se;-,)s, based
on the free energy (6). Our research
group is furthermore studying the melting
phenomena® and orientational phase tran-
sitions of quantal as well as classical rotor
systems (solid hydrogen and liquid crystal
systems) .

Classical thermodynamics does not neces-
sarily supply a principle sufficient for the
quantum-mechanical problem. In this re-
spect the present method sometimes need
be reconsidered. In particular, in the case
of superfluidity, in which the quantized
wave function ¢ corresponds to an order
parameter,” we cannot give the partition
function (8) because we have no complete
set of pairwisely orthogonal eigenfunctions
of ¢. In this connection the overcomplete
set of eigenfunctions of the annihilation
operator for the Boson system® may be
useful. We can only give in this case?

Z(p) =Tr[exp{nd-+7*¢* —BH—p)}],
(15)

where g denotes the chemical potential.

The notion of quantum-statistical ordering
will be needed in order to get a unified
insight into low temperature phenomena,
including various cooperative alignments
of spins.®

The authors would like to appreciate
discussions with our colleagues in Nagoya
University and a valuable comment by Dr.
T. Ogawa of Kyoto University.
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Note added:

For the liquid system an equivalent method
was proposed from a viewpoint of the grand-
canonical ensemble by T. Morita and K. Hiro-
ike [Prog. Theor. Phys. 25 (1961), 537]. The
authors would like to thank Professor Hiroike
who pointed it out.
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