METHOD OF THE GENERATING FUNCTIONAL

G. I. Nazin UDC 519.248.21

This is a survey of the present state of the method of the generating functional
which makes it possible to effectively study distributions of point random measures
on a complete, separable metric space. The principal attention is devoted to the
study of distributions of configurations of infinite systems of statistical phys-
ics — Gibbs distributions.

INTRODUCTION

For a long time classical equilibrium statistical physics was the consumer only of triv-
ial ideas and methods of probability theory. The situation changed in principle when after
the classical works of Onsager [43], Bogolyubov [5], Van Hove [45], Minlos [23], Dobrushin
[12, 14], and Lanford and Ruelle [40] models of infinite systems entered statistical physics.
The rigorous mathematical study of such systems led to the creation of a large class of sub-
stantive probabilistic models whose investigation required the creation of new mathematical
methods or considerable development of those already available. At present methods of study-
ing the mathematical models of statistical physics find ever greater application in prob-
ability theory, thus enriching it. The present survey is devoted to one of them — the method
of the generating functional.

The generating functional (GF) was introduced by Bogolyubov [5] in classical statistical
physics as a generalization of generating functions of discrete random variables. In this
work infinite systems were considered (then formally), and various types of equations for the
GF of such systems were obtained. Mathematical problems of this method were considered in
[7]. The main substantive results were obtained for system of small density. A summary of
these investigations is given in [6].

For a long time the method of the GF was used in statistical physics to obtain exact
and approximation equations of various types for .correlation functions [1, 2]. Such work
continues at present [9, 31]. The regeneration of interest in mathematical problems of the
method of the GF is connected with the active study of the thermodynamic limit transition
(the limit transition to infinite systems). In a series of works [25, 26, 28] mathematical
justification for the method of the GF is given, and the equivalence of this method to the
presently widely used method of random Gibbs fields is proved [27]. The possibilities of
the method of the GF for solving mathematical problems of statistical physics is demonstrated
in [29].

Mathematical development of the method of the GF proceeded in parallel with the "physi-
cal" line of development. The object of the method in probability theory became point random
processes (branching processes, infinitely divisible processes) [17, 35]. A summary of the
development of the method of the GF for point processes is given in [46, 47]; there is also
an extensive bibliography there. Considerable broadening of the range of application of the
method was carried out in [41]. It is interesting that, proceeding from this form of de-
velopment of the method of the GF, it was again introduced into statistical physics in the
works of Ryazanov [33, 34].

Both lines of development of the method of the GF enriched it. The Bogolyubov equation
is the main tool for investigating properties of measures in the method of the GF. Use of
this equation makes it possible to invoke methods of functional analysis to solve traditional
problems of probability theory. It is just this that makes the method of the GF effective.

In this work the method of the GF and its application in statistical physics are de-
scribed. 1In Sec. 1 facts regarding measures on configuration space of systems of point par-
ticles are collected. Here a generally adopted terminology does not always exist, and we have
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taken it upon ourselves to introduce terms which have justified their necessity in probability
theory or statistical physics. Section 2 is devoted to generating functiomals. The defini-
tion and a characterization of GF as well as methods of recovering measures on the basis of
the GF are presented. It should be noted that at present there is no remotely complete dic-
tionary '"'properties of a measure — properties of its GF." 1In Sec. 3 configuration measures
of finite systems of classical equilibrium statistical physics are considered. Here the
Bogolyubov equation is first introduced, and it is proved that it completely characterizes
the GF of the measures in question. Infinite systems of statistical physics are considered
in Sec. 4. Here characteristics of configuration measures of these systems in terms of their
GF are presented. The equivalence of various definitions of Gibbs distributions is proved.
Section 5 is devoted to the problem of equivalence of ensembles in statistical physics and
its solution by the method of the GF. Section 6 is devoted to the characterization of vari-
ous conditions of weakening of correlations (conditions of regularity) in terms of continuous
dependence of the GF on an external field.

There are also other examples of application of the method of the GF for solving specific
problems of statistical physics: construction of various types of expansions of the GF in
terms of parameters introduced into the Bogolyubov equation, the study of symmetry of thermo-
dynamic states, etc. We shall concentrate attention on application of the method of the GF
in equilibrium classical statistical physics, leaving aside its applications in quantum statis-
tical physics and quantum field theory and also in nonequilibrium thermodynamics. A descrip-
tion of the entire range of application of the method of the GF should form the topic of a
separate survey.

The author takes this opportunity to thank R. A. Minlos under the influence of conversa-
tions with whom the author's views on the probabilistic meaning of the GF congealed, S. G.
Krein with whom the author discussed several times the analytic properties of the GF, 0. G.
Smolyanov for numerous discussions on topological aspects of the method of the GF, and co-
workers of the Department of Higher Mathematics of Tyumen University N. S. Kasimov, A. F.
Nyashin, and S. N. Romanyuk who offered considerable help in preparation of the manuscript.

1. Configuration Measures

Phase space of a single particle E is the basic building block for the mathematical model
used both in the theory of stochastic processes and in statistical physics. E is a complete,
separable metric space with the natural o-algebra of Borel sets &, a measure p, and a ring
of bounded sets G,=® . (A more general situation is considered in [41].) ©Points x€E are
interpreted as sites where events can occur; for simplicity an event is understood to mean
finding the particle at the given point. If the state of a particle (event) is not com-
pletely characterized by its position, then a marking space S (or a space of spins as is said
in statistical physics) is further introduced. An event in this case is characterized by an
ordered pair (x, s), and phase space is the direct product E = E x S. Assuming S to be a
metric space (with distance p;), E can be metrized in the standard way,

p ([ sh [x, s]) =p1 (6 %)+ ps (5) ),

where pj is the metric in E. If S is a complete, separable space, then E is also complete
and separable. Moreover, by passing, if necessary, to the topologically equivalent metric
p2(1 + p2)7%, it may be assumed that the marking space is bounded. In this case a set McE
is bounded if and only if its projection Mg={x:(x, s)éM} 1is bounded in E. Thus, the very
important property of boundedness of sets is determined completely by the space of positions
E.

The most used phase spaces in the theory of point processes and statistical physics are
RV (continuous models) and ZV (discrete and lattice models).

We shall consider purely point measures [30] £ on E (by a measure we mean a nonnegative
measure; exceptions will be specially mentioned). We eliminate pathological measures by re-
quiring that £ be bounded on &, and measures with this property we call locally finite. Let
M be the set of integral, locally finite measures on [E, &]. The simplest representative of M
is the Dirac measure §.:VX€® 6.(X)=1, if x6X, and is equal to zero otherwise. All measures
in M are constructed from these simplest measures.

Definition 1.1. A subset XcE 1is called locally finite if it has only finite intersec-
tion with each Y€§, .
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It is obvious that a locally finite set is countable.

LEMMA 1.1 [17]. In order that E€M it is necessary and sufficient that there exist a
locally finite set X,cE and functions ¢;: XN such that

E= | P (X) 8, (1.1
TEXy
Thus, each measure EEM can be thought of as a means of separating out points Xg of the
set E and assigning to each such point a mu1t1p11c1ty ¢:(x) =E({x}) . Another interpretation

of £, adopted not only in statistical physics, is that the measure £ determines the configura-
tion of a system (infinite) of jidentical particles situated at points of X,=suppgq; , wWhereby
@:(¥) is the number of particles at the point x (the occupation number). Measures E€M, for
which 0<<q:<<1, are called simple. Such measures are uniquely characterized by the locally
finite set Xg.

We denote by Cg the set of locally finite subsets of E and by M; the subset of simple
measures in M. It is obvious that there is a one—to—-one correspondence between these sets:

E= ) 6. (1.2)

*EXg

Elements of Cp are naturally called simple, locally finite configurations. The form
(1.2) can be given to relation (1.1) if a more general concept of a configuration is intro-
duced. Using the fact that @ assumes only natural-number values, we rewrite the sum (1.1)
in the form

g= 3 b (1.3)

XX g

where X, is the full "list" of elements of Xg, whereby each element is repeated in the list
as many times as its multiplicity @¢(x). No structure for X, is assumed [this is not needed
for (1.3)]. Thus, X, 1is a system of points in XcCg taken without particular order and with
possible repetitions defined by the function ¢ . We call X, a locally finite configuration,
while supp@ we call the support of the configuration. This definition is a natural general-
ization of a configuration of n particles which are considered a point of the space ET, where-
by in a system of identical particles there is no need to consider the order of their arrange-
ment.

Relation (1.3) establishes a one-to-one correspondence between M and C:* — the set of
locally finite configurations. By historical tradition in statistical physics probabilistic
models are constructed using C;* (or Cg), while in the theory of point processes M is used.
It is natural to use both these realizations, choosing in a specific problem the one which
leads to the simpler solution. Where it causes no confusion we shall identify the measure £
and the configuration corresponding to it.

The value of £(V) for V€&, is interpreted as the number of particles in the configuration
X,, lying in V. For this reason elements of the set M are called counting measures [17].
A structure of a measurable space in M is introduced by means of cylinder sets of the form

Ci={EeM: E(A)=n, Ac&), n=0, 1, 2.... (1.4)

The set CR consists of configurations contalnlng exactly n particles in the set AGE . The
minimal c-algebra generated by all sets CA we denote by . A probability measure P on the
measurable space [M, M| 1is called a configuration measure with phase space E. Together with
the sets (1.4) M also contains sets

Chrere % —={EM: §(A)=ns AESe} ANA=0 (1.5)

Apd,, A;...

generating algebras of cylinder sets. It can be proved in the usual way that a measure P

can be uniquely recovered from its restriction to a system of generators (1.5) [37, 47]. How~
ever, it is not always convenient to define a measure by its restriction to the system (1.5),
since this system is too 'coarse." A finer system of subsets can be constructed as follows.

We denote by M, the minimal o-algebra of subsets of M generated by the system CX with
ACAC®,. A configuration measure P can be uniquely recovered from its restrictions to M.

THEOREM 1.1 [41)]. Let A1, A2,... be an expanding sequence of sets A& AtE and suppose
the probability measures Pk on [M, ﬂnAJ (k =1, 2,...) are such that for m > k the restriction
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of Pp to smAk is consistent (coincides) with Px. Then there exists a measure P on [M, M|,
whose restriction to SJRA; is equal to Pg.

There is a constructive method of defining measures on M, which is constantly used in
statistical physics. We denote by X (A) the set of finite configurations of co particles in
A€G,. K (A) is a subset of configurations C% with support in A. #(A) can be represented
by a decomposition into nonintersecting sets X,(A) ,

H(N)= U .%‘ (A)y Hm (A)=={cs€H (N): | cy|=m}s (1.6)
m=
where lcyl is the number of particles in configuration ¢, #,(A) consists of one element —
the empty set @. We denote X (£) by ¥ . Let b,:Em—=%, be the mapping annihilating the
order of arrangement of coordinates of points (X;» Xp...» X,)6E™. The mapping by carries the
measurable structure of E® to X, and that of YE™ to %. We denote by B,m the o-algebra
m=0

of measurable sets in #n(A), by B, those in X (A), by ®, those in #,, and by B those in
X. Let p be a measure on E, let py be a measure on Ep, and let

Q=UQ, (.68,n) (1.7)
m=0
be a measurable set in ¥ . We obtain a measure X on [#, B] by setting
1
M@ =, it (67 @m): (1.8)
m=0

whereby A(#) = 1 by definition. The same relation introduces a measure A on X (A) (for QE®,).
In particular,

(am _p@y" —
b (om ()= m M () =erm. (1.9)
Thus, the measures A obtained on X (A) are finite. Assigning to each configuration X, its
part contained in A€®; (it is defined by the restriction of ¢ to A), we obtain a mapping

PACL = H(N).
It is obvious that #(C%)=%,(A), and hence
P! (Ba) =M, (1.10)

i.e., the measurable structures on [M, M\] and [#(A), Ba] are consistent; hence, any measure
on [# (A), Ba] can be carried over to [M, Mp]. The o-algebra My consists of setsof the form
Ce=2;'(Q) (QEiBA). which are called cylinder sets [24]. A rather broad class of measures on

‘1{- (A)s %A] is given by measures which are absolutely continuous with respect to the measure

A. Each such measure op is determined by nonnegative functions AM™ which are integrable on
{op(x1, X25...,%p)} and are symmetric in all arguments,

o0

. O |

OA (Q)=.“ OA (CO) di (CU)=2 i g Ga (xl,. AR xm)drlmv (1 ¢ 11)
Q me=0 ‘

where Q&B,, and the collection of functions {op(xy, X2,...,%xp)} is considered as a function

op(co) on H(\) [this is possible, since agp(xy) are symmetric functions].

Definition 1.2 [44]. The family of nonnegative symmetric functions {0a{Xi Xo ..., Xp)}
(A€8,) is called a system of densities of a distribution if op(x1,...,Xy) are integrable on
A® and satisfy the conditions

Q |
ZF"T%(’A()CD O} xm)dy'm::l’ (1.12)
m=0 ‘
9 !
OA(xl""’ x”l 2 I—l_ R OA(XI""’ Xy Xmy1re e o2 xll+m) dP'n(anll---i xn.‘m) (1.13)
=0 (a\a)”

VAES, such that ADA.
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It is natural to consider a system of densities of a distribution as a system of non-
negative functions op(ce) on ¥ (A). Corresponding to this, conditions (1.12) and (1.13) can
be rewritten in the form

o, (co) dA (cg) =1,
J[S(A) A (Co (co (1.14)
UA(Co)=x{mUA(COUCl)d)‘E(Cl)v (1.15)

where ACA and A—=-—A\A_.

THEOREM 1.2. A system of densities of a distribution defines a system of consistent
probability measures Pp on [M, M.

Proof. According to (1.11) the functions op(co) define measures op on ¥ (A). The measure
op is "carried over™ to M, by the relation

Pu(CHy=o, @)= o, (co) d (co)- (1.16)
Q

Consistency of the measures op determining the consistency of Py follows from (1.13).
Indeed, if AjNA;= , then

[ (31 UA,), Ba, sl =1 (A1) Ba, | X[F (B2), Ba,l,

i.e., the measurable space [# (A,UA,), QSA,UA,] is the product of the measurable spaces [# (Ay),
B,] and [#(Ay), Bl . In exactly the same way the measure As,yas 1is the product of measure
Ap, and Ap,. It is now obvious that the restriction of the measure oy to [¥# (A), Bal C\CA
is defined by the density

sy co= | splcaUc)ara(c), Bi=ANA,
Jf(A.)

which by (1.15) coincideswith the density op(co) defining the measure op (the configuration
in the argument of the function op is broken into two parts: cg with supports in A and ci
with support in Aj).

2. Generating Functionals of Configuration Measures

To simplify notation we shall denote by c¢ locally finite configurations in the space Cg°
By introducing marks for each x in a configuration c€Cg® (for example, the index of a par-
ticle), the configuration c is converted into a set. The usual operations with sets can thus
be extended to configurations c which also considerably simplifies the notation. This was
actually already used in Sec. 1. 1In place of the decomposition (1.3) we now have

E= X8, (2.1)
.rEr:
Where convenient we shall assume a configuration measure to be defined on Cg®. For simplicity
we assume that E = RV. We consider a measure £ as an element of the space of gemneralized

functions %’ . The space of test functions & consists of regular, compactly supported func-
tions [30]. Using the relation of duality between these spaces

05y ={vwaem =] y)%a(x y) dy—%w(x) (2.2)
we write the characteristic functional [1U] of the configuration measure P
Xexp{tw.mdpn—fexp{ xZ@«p(x)]dP(c jHexp{wm}dP(c)
For functions $€% the sum (2.2) is finite.

In analogy with the characteristic functional, for a measure P with an arbitrary phase
space E we consider the functional

B ()= I u(x)aP (). (2.3)
x@e

2863



A functional of this type was first considered by Bogolyubov [5] who introduced for it the
term "generating functional," since the functional (2.3) is the natural generalization of
generating functions of discrete random variables. Later the functional B appeared in works
on random point processes [42, 46, 47] and random measures [41]. We shall call the functional
(2.3) a generating functional of the configuration measure P or, when it causes no confusion,
a generating functional (GF).

We begin the study of a GF with the question of its domain % . The set % should be
large enough that the GF uniquely determines the measure P: coincidence on @ of the genera-
ting functionals of two measures P; and P, implies that the measures P; and P, are identical.
Extension of the domain % , as a rule, simplifies reconstructing properties of the measure
on the basis of properties of its GF (in any case this affords additional possibilities). An
example of this are generating functions of discrete random variables which can be considered
as the analytic continuation to the interior of the unit disk (with center at zero) in the
complex plane of characteristic functions defined only on its boundary. In exactly the same
way extension of the domain of a GF makes it possible to utilize more fully its analytic prop-
erties in investigating the configuration measures it represents.

The set of complex—-valued Borel functions u(x) = 1 + t(x) on E for which the products
IT w =11 (1 + ¢ () = @8 () (2.4)
xEc .\'Ec

converge absolutely Vc6CE we denote by U (E). By (2.4) functions in %(E) define configura-
tions ¢6CE. Absolute convergence of product (2.4) is equivalent to the conditions

Fltx=)1t@d5< + oo,
.rea
i.e., the functions t(x) must be integrable with respect to all measures (M. The set of
functions t with this property we denote by & (E). 1t is obvious that U(E})=14+J (E). Let
J ((E)={teT (E):supp teSy}
be the set of compactly supported functions in & (E). It is easy to show that
J (E)=J ;(E).

Functions in @ (E)=14+7(E) form the basic reservoir from which various domains of GF
are composed. This set can be broadened somewhat by admitting convergence of the product
(2.4) to zero. Further extension of @(E) is possible only by considering specific proper-
ties of the measure P [for example, requiring the existence of functions (2.4) only almost
everywhere on Cg* with respect to the measure P or considering only simple measures in Mi].

The domain of existence of the GF is one of the essential characteristics of a measure
P, since it determines the store of functions of the form (2.4) which are integrable with
respect to the measure P. The broader the domain of existence of the GF, the narrower the
class of measures they determine, and the richer the properties of these measures.

@L;(E) contains the subset
U (E)={u€U; (E):| u (x)| < 1VxEE},
which by (2.4) defines functions on Cs° integrable with respect to any measure P. %2'(E)
contains, in particular, the domain of the characteristic functional. From this it is clear
that it suffices to uniquely determine the configuration measure P on the basis of the GF.

For this purpose a smaller set 9,/ suffices which consists only of nonnegative Borel func-
tions on E:

Y, (E)={ucly (E):0<u (x)< 1, VxEE).
THEOREM 2.1 [41]. 1If for configuration measures P;, P, with phase space E
Bp, (u)=Bp, (u) Vue%{.r (E)s

then P31 = P2.

Proof. For any k pairwise nonintersecting sets Ay oo DES

Uo=0Xa, + OoXa, + - - -+ CaXa, ¥z €Ul s (2.5)
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- &
where 0 < ay,...,0 € 1, xp; are the indicators of the set Aj, and A=EN U A;. Substitution
of uy into (2.4) gives =t

Bp (1) = 2 a”'a”'...akP(C"' ), (2.6)

where CZ::Z: are the cylinder sets (1.5). From the coincidence of the functionals (2.6) of

the two measures P; and P, it obviously follows that
Pifeqii) =P (CLT)

which guarantees that the measures P; and P coincide.

The GF Bp on functions (2.5) defines the generating function of the random vector (& x
(A1), €(B2),...,E(AK)). Indeed, by (1.19)

EA)= Z Xa, (%)-
x@e

The generating function of the vector (£(A1),...,£(Ak)) is the mathematical expectation of
the random variable

k k
HGE(A‘)=HH0TA‘(X). (2.7)

i=1 xGe i=1
For a vector a = (a1,...,0¢) with projections 0 € aj £ 1 the function
by
II a,A‘m (2.8)

i=1

coincides with the function ug of (2.5). Thus, (2.6) defines the generating function of the
vector (£(81),...,5(Ak)) for real aj. Since the coefficients of the expansion (2.6) do not
exceed one, by extending this expression to the interior of the unit polydisk (with center
at zero) of the complex plane Ck, we obtain the generating function

Lpy ooy thpy
BP(AI, . Jk) =B, (1a). (2.9)

The distributions of the vectors (§(A1),...,5£(d;}) are finite-dimensional distributions of
the measure P. They can be recovered on the hasis of the functional Bp

P(Ch )= 1T (n L'"ﬂ"_s (“*“'“’*)o.

..... p
=1 mda”'...da:* Ay ... Ay

This implies that the domain of the functiomal Bp can be restricted to the set of func-
tions (2.5).

In [41] characteristic properties of GF with domain QKJ are found. To formulate the
corresponding theorem we define the set

Uy (E)={uc: (E):supp ucS}=1—U! ., (E) (2.10)
and the operator of first difference A[h]
(A [2]9) (x) =P (x4 £)— P (x), (2.11)

where ¢:X > Y, X, Y are linear spaces.

THEOREM 2.2. In order that a functional B(u) defined on @i,f(E) be the GF of a con-
figuration measure P with phase space E it is necessary and sufficient that

1) for a nondecreasing sequence 4,69} ,(E) converging to one

lim B (1,) = 1. 2.12)
2) Vhy, ..., k€l (E)  and Vugf,(E) such that utht ..+ €U (E)
(A [A] A[Rs] .+ A fhe] B) () > 0= (2.13)
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The domain of the GF can be extended [41] to the set

. % r= {ue% (E) 0 gu<g 1}:)6”/1 re

In this case to the characteristic propertles (2.12) and (2.13) there is added a further one:
for any nonincreasing sequence u,6%,,,(E) converging pointwise to u€ls,r (E)

lim B (u,) =B (). (2.14)

The generating functions (2.9) of finite-dimensional distributions of the random measure
P are constructed on the basis of the GF on %{,,. In order that these functions be obtained
directly from the functionals B, its domain should be extended to U (EYUZ(E) . But this
is little. The method of the generating functional will be effective if it is possible to
use in it the well developed machinery of analytic mappings [36]. A minimal necessary con-
dition for this is that the domain of the GF be a finitely open set of some linear space.
J,(E) 1is a linear space, but in it J/(E)=%/(E)—1 is not finitely open. Considering
these circumstances, we take as the domain of the GF the entire space J,(E) and the GF cor-
responding to this we denote by Bp(t).

Extension of the domain of the GF to Z,(E) restricts the class of random measures for
which Bp(t) exists. Nevertheless, this class is not empty, since it contains, for example,
random measures describing mathematical models of statistical physics. For the sequel we
shall require some concepts and results from the theory of analytic mappings. We present
them here in the form they will be used in the present work. General definitions and results
can be found in the classical monograph [36].

Let X and Y be Banach spaces over the field of complex numbers with norms Il Iy and I 1I,.

Definition 2.1. We call a mapping f:X + Y G-differentiable (Gateaux differentiable) if
Vx, héX the abstract function f(x + ah) of the complex variable a is defined which at the
point a = 0 has the derivative

L f (X oh)aco=07 (x; A). (2.15)

6f (x; h) for fixed x is a linear mapping in h from X to Y called the first variation (the
Gateaux differential).
THEOREM 2.3. A G-differentiable mapping f has variations (differentials)

0”
8" f (x; hyy By, -t ,flu)=m S x+oh 4. .. 4 anhta)a,—0 (2.16)

of all orders which are symmetric, n-linear forms in hi,...,hy G-differentiable with respect
to x for fixed hi,...,hy. A G-differentiable mapping f can be expanded in the Taylor series

Vv !
St B=2 2r &S (xh) (2.17)
which converges Vx, #6X 1in the norm Il ll; of the space Y; here
8 f (x; B)=8"F (%3 by - - o Bu)lny=ne (2.18)

Definition 2.2. A mapping f is called locally bounded if Vxs6X there exists a number
r(xy) > 0, q(xp) > 0 such that If(x)ll; € q(x,) whenever lx — xoll; < r(xy).

Definition 2.3. A G-differentiable and locally bounded mapping f is called an analytic
mapping.

THEOREM 2.4. An analytic mapping f is strongly (Frechet) differentiable and its varia-
tions of n-th order are continuous, n-linear forms, whereby

18 f (3 hus oo s B} || < nlg () ([ Aol - -l B |l ( () 7). (2.19)
For fixed hi,...,hpn, 82f(x, hi,...,hp) is an analytic mapping in x and
S(8°F (x; huy oo oy Ba)y By ) =811 (x5 By ooy B )- (2.20)

THEOREM 2.5. Let {fx(x)} be a sequence of analytic and locally uniformly bounded map-
pings of X into Y. If in some sphere llx — xolly € r there exists the pointwise lim f,(x) (in
k—+oco

the norm of the space Y), then this limit f(x) exists everywhere in X and is an analytic
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mapping, whereby
8°f (x5 By=1im 6" f, (x; h). (2.21)
k—vco

All definitions and formulations of theorems are presented for the space X in precisely
the form they are required. In order to better understand what analytic properties are to
be required of a GF, we consider the class of configuration measures concentrated on the
space M; — simple measures on Z'. A measure concentrated on M; we call a simple configura-
tion measure P.

THEOREM 2.6. The GF Bp of simple configuration measures with phase space ZV are analytic
functionals on L'(ZV).

Proof. For simple measures £ on ZV

flt(x)ldé=xe2 HEIED AT

xGzv

where lltl is the norm of t in the space L'(ZV) of functions absolutely summable on ZV. Thus,
T (@2)=L'(Z") . Since

T e
IT 0+t ()|<e € < e, (2.22)
xGe

by (2.4) a mapping I is defined acting from L'(ZY) into the space of functions on M; (or Cg)
which are integrable with respect to a simple configuration measure P. This explains why
L'(ZV) is taken as the domain of the GF. It follows from (2.22) that

1B, &)= [ (IL£) (c) aP (c) | <exp {1} (2.23)

i.e., the GF is locally bounded on L'(ZV). To prove analyticity of Bp(t) it remains to prove
analyticity in the whole complex plane of the function By(f4ah), V¢ h€L’(Z'). This latter
follows trivially from the fact that the series

oo

IT (14t () +ak(x)= D o X a(x H

x@Ge |ee)=0 x@ce XECN\Co

is majorized by the series
el 2y Jafiel (o) || & ]jlet =exp{|| £ ]|+ [a]]| &[]} .
[eo]=0

The properties of GF of simple configuration measures with phase space ZY serve as a stan-
dard making it possible to distinguish an entire class of measures which should be called
analytic — these are configuration measures with GF analytic on L'(E, p). Since the over-
whelming majority of results in the method of the GF have been obtained for these measures,
we shall concentrate attention just on them. Having in mind applications to statistical
physics, we consider two classes of measures: with phase space ZV (discrete models) and with
phase space RY and Lebesgue measure p (continuous models). Practically all results obtained’
for configuration measures of continuous models carry over automatically to configuration
measures of discrete models. To be specific, we therefore consider configuration measures
with phase space R'.

THEOREM 2.7 [28]. A functional A(t) analytic on L'(RY) has the form

A (t)=i'.sl,ja(x),H ¢ (x))d (%) (2.24)

s=0

where @ (X).=a(xj ..., X)6L™ (R™), £ (x)eL’(R"), d(x); denotes integration with respect to Le-
besgue measure on RVS,

Proof. By Theorem 2.3 A(t) can be represented by the expansion (2.17)

A= 20 S 8A 0 8,
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where 65A(0; t) are continuous (bounded) s-linear forms on L'(RY). For s = 1 8'A(0; t) is a
continuous linear functional on L'(RV) which, as is known, has the form

8'4(0; H)={ a(xt(x)dx,

where a(x)eL”(R"). Let Z,(L', C) be the space of bounded, bilinear forms on L'(RY) x L'(RY).
Using the construction of the tensor product, each bilinear form on Z, (L’ C) can be iden-
tified with a continuous linear functional in Z(L'®L/,C), where L'®L’ is the completion of

L' (R*)®L'(R") in the strong cross norm [19]. Since L’ (Rv)®L’(RV)=L’ (sz) , it follows that
P LBL, C)=Z (L' (R™), C)=L' (R*)*=L"(R™).
From this it follows that each form in %, (L’, C) has integral form. This goes also for
the quadratic form corresponding to it. Thus,

8A (0 )= a (x, y) £ (%)  (4) dxdy.

Similarly, £,(L’,C) — the space of bounded s-linear forms — can be identified with
L®(RVYS), and each s-linear, bounded form on L'(RV) has integral form, whereby for symmetric,
polylinear forms the kernels a(x)g are symmetric functions. The proof of the theorem is com-
plete.

Thus, each functional analytic on L'(RVY) generates ("produces') a collection of functions
{a(x)g}7. 1If the point of the expansion is not zero, then in place of (2.24) we have

attn=35 ot I kx)d . (2.2

Definition 2.4 [28]. The kernel a(t; (x)g) defining the differential of s-th order of a
functional A(t) analytic on L'(RV)

A (¢ h)=[a(t; (0 IL £ (ed d (20, (2.26)

=1

is called the functional derivative of A(t) of s-th order (at the point t) and is written
a(t; (x))=D(x); A()=D(xy, ..., x,) A(¢). (2.27)

We agree to write D(x)oA(f)==A(f). The collection of functional derivatives of a functional
A(t) analytic on L'(RV) can be considered a function D (c)A(f) on the space of finite con-
figurations X . With consideration of this the expansion (2.25) can be written in the form

t+h)_jfzi(co)A(t)H/z(x)dx(co) (2.28)
XGCo
By Theorem 2.4 each functional derlvatlve D(x); A{t) 1is an analytic mapping from L'(RV)
into L®(RYS), and for it there is the expansion

ED(co)A(t—}-h)_lfil)(coUcl)Hh(x)dh(t:x) (2.29)
x€e
The next theorem gives the most important property of analytic configuration measures.

THEOREM 2.8. On each o-algebra M, (A€&;) a configuration measure P with a GF Bp(t)
analytic on L'(RY) is given by the system of the densities

oA (cl)=D(co) B, (—xa) (2.30)
where xj is the indicator of the set A€S,.

Proof. For the proof it suffices to consider the measure P on the generators (1.5) of
the algebra Ma.. On these sets by (2.9) the measure is determined by the restriction of the
GF to functions (2.5). Since

a8 =14 (a—1) ya (%), (2.31)

the functions of (2.5) ug can be written in the form
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&k
e (%) =TT [14 (@i — 1) 1a, ()] (2.32)

l=1

and
&
Bp(ua)=B,,(H[l+(a,—1)XAl]—l), (2.33)
i=1
Computing the derivatives with respect to a4 of this expression, we obtain by (2.9)
P(Cp )= ffb(x)nB (_'XA)H II xa, (%) d (%)a, (2.34)
J=1l=n;j—1

where A CA and A,NA, =@, i#l, ng=0, ﬂ=2 n; which proves that on Ma the measure is given
=y

by the density (2.30). From (2.34) by the nonnegativity of the measure P it follows that
D (e By (—xa) >0, VAES, VCEX. (2.35)

Remark. It is obvious that a configuration measure with phase space RV (and Lebesgue
measure p) whose restriction to M, is given by densities op(Co) is simple. Hence, analytic
configuration measures with phase space RV (and Lebesgue measure p) are simple configuration
measures.

The property of the GF of an analytic configuration measure of determining its densities
is characteristic.

THEOREM 2.9 [27]. 1In order that a functional B(t) analytic on L'(RV) be the GF of a
configuration measure P with phase space RV it is necessary and sufficient that the following
conditions be satisfied:

B(0)=1, (2.36)
D(c) B(—xa)>0, VAES, Vc,6%. (2.37)

Proof. The necessity of (2.37) has already been proved. (2.36) follows trivially from
definition (2.3) with consideration of the representation (2.4). Conversely, if conditions
(2.36) and (2.37) are satisfied, then we define the nonnegative functions on X

oa () =D (co) B(—xa)s VAES,, (2.38)

and show that they satisfy the conditions of consistency and normalization (1.14), (1.15),
i.e., they are densities of the distribution

[ on (co) an (o) =}; D(co B(—x,) 1l w, () dh(c)=B @) =1.
H) *Geo

Further, for ACA and A=A\A we have by (2.29)
oa (c) =D (co) B(—xa) =D (cq) B(—Xa+%z)

- j@(COUc.)B<—xA) IL yzdrie) = | oaleaUcy)dh(e)-
X 50 H(B)

By Theorem 1.2 the system of densities of a distribution defines some configuration measure P.
It remains to prove that the measure P and the functional B(t) are connected by the relation

= I+t (x) aP (e). (2.39)
xEc

First of all, it is necessary to prove the existence (P-almost everywhere) and summability
of the function (It)(c) on M. We choose a function t €L’ (R*) (more precisely, a representa-
tive of the corresponding equivalence class) bounded on RV. With each increasing sequence

"ESO(U Ap= Rv) there is associated a particular method of finding (Nlt!l)(c) for which the

partial products are the functions
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wn(c)=Ié[(1+xAn (2)1£ () [)=(CTxa, | £]) (). (2.40)

The functions yp(c) depend only on the part of the configuration c¢ contained in Ap ¥, (c)=
Yu (cNAs). Therefore,

{¥a(c)aP ()= bn (co) dP (cy)
Ce ¥ (Ar) .

a

= et L 04 20,001 (3)1) D (00 B (10 . (0) = B ([ ),

(2.41)

where P denotes the restriction of the measure P to the algebra M, which is given by the
system of densities of the distribution (2.38). As n + =, XAntt + in L'(RY); therefore, by

the continuity of B(t) the right side of (2.41) is bounded uniformly with respect to n. The
existence and integrability of (Iltl(c) [and with it of (Mt)(c)] follows from the theorem of
Levy [18]. Replacing in (2.41) ltl| by t and passing to the limit, we obtain (2.39). Since
the right side in this relation does not depend on the choice of representative t€L’(R') , the
left side also does not depend on it. The relation (2.39) extends to bounded functions t €
L'(RVY) trivially by passing to the limit.

Condition (2.35) is only a weak version of conditions (2.13). The following conditions
are a complete analogue of (2.13).

LEMMA 2.1 [27]. An analytic GF Bp(t) on the set
Yy={teL' (R*):1+¢(x)>0 n. 5. B R"} (2.42)

satisfies the condition

D(co) B, (8) >0, VIEd,, Ve, (2.43)
Proof. VAE®, and f6J,
D(co) B, (xat)= j D (coUcr) B(—xa) IT [xa () (14 £ (XD dA (c1) >0,
.9‘['(A) *@Ges

since nonnegative expressions stand under the integral sign. Letting A >RV, by the analyticity
of functional derivatives we obtain (2.43).

It is obvious that 14;51:YUJ(Rv); nevertheless, &, "occupies little space" in L'(RY).

LEMMA 2.2 [27]. The set J, is nowhere dense in L'(RV).

A proof of the lemma is presented in [27]. Functions on X

p(cl =D (cg) B, (0) (2.44)
have special significance in statistical physics; they are called correlation functions.
There is a connection between the functions p(co) and op(co) [23]. It can be established in

an elementary way in terms of the generating functional Bp(t):

01 (cd =D (€ By (—18) = | D(caUcy) B, 0) (— ed I xa () (21
H(A) xGes

= fo(coucx(—l)'c'HxA (x)dh (e1)s (2.45)
K(B8) xEe1

p (co) =2 (co) B, (0)

= [ Dicouc) By(—xa) [Ixa () dh(e) = [ oa (eoUer) I xa (x) dh (c0)- (2.46)
H (D) x@er X(A) xGer

The mathematical expectations of variables of summation type can be expressed in terms
of the functions p(co) [24]. Let Ynp(X1,...,%Xp) be a symmetric function. We denote by cp the
configuration in which lepyl = n, i.e., cg = {x1,...,%Xp} is a collection of n points x,ER".

We define, formally for the time being, a function on Cg
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P (€)= X Y (ca) (2.47)

€ Ce
and call it the summation function of n-th order.

LEMMA 2.3. Let P be a configuration measure with analytic GF Bp(t). Y, (ca) €L (R™Y)
the functions (2.47) are summable on P and

‘f Y () dP (c) = (n1)! y p (xl, . oy Jg,;), Ya (Kpse o vs X)) & (X)n- (2.48)

Proof. Exactly in the same way as in Theorem 2.9, it suffices to prove that YA€G, the
functions

B (€)= ) n (¢) %4 (€a)

c,Ce

are integrable, where X,(cp) is the indicator of AP,

[ @aP @)= [ 4 @0 (@) dh (o)
ALY

= 2 nl (’]7!—11)| S Y (K13 eees Xn) Xan (X1300e9 Xn) Oa (KXyseens Xm)d (x)"'
m>n AT . .

=.;ll_lsp(xu--., )C,,) \p,.(xp..., x,,)'X,A’l(xn---y xn)d(xn)’

and (2.48) is obtained from this by passing to the limit A »- RY. With this the general study
of properties of GF is completed. In the following sections solution of some problems of
statistical physics by the method of GF will be demonstrated. From a general point of view
this reveals the possibilities of the method in specific applications.

3. Gibbs Grand Canonical Ensemble

The simplest model of a physical system in equilibrium with the surrounding medium is
a system of identical point particles occupying a bounded region ACRY, and capable of ex-—
changing energy and particles with the medium. A mathematical model of such a system is the
probability space [#, B,P,] , where A€&;, and the measure Pp is given by a density pp(c) with
respect to the measure A in X (A)

pa(c)=87'2 exp{—PH (c)}xa (c), (3.1)

where XA(C)==IIXA(X) , and xp is the indicator of A; thus, the measure Pp is concentrated on
*ge

H(A). The quantity B > 0 is inversely proportional to the temperature and characterizes the

intensity of the thermal interaction of the system with the medium. The intensity of material

interaction (the transport of energy by particles) is characterized by the activity z > 0.

The Hamiltonian H(c) is determined by the potentials of the external field ¢;(x) and the bi-

nary interaction ¢z (x)

H@e=20 0+ X ®y(x—y) (3.2)
xEc {x.y}Cc

where $1 and 92 are measurable, essentially lower semibounded functions on RY, and ¢2 is an
even function

D, (x)=D, (— x)- (3.3)

Values assumed by the potentials on a set of measure zero are inconsequential for the density
palc); therefore, potentials differingon a set of measure zero are identified.

oo

By | 2Flexp(—BH (e} dr(c) — 3, 21 § exp{—BH (x)a}d () (3.4)
H - .

n=0 Al

is the statistical sum. A sufficient condition on the Hamiltonian ensuring its existence
VA€@,, is the stability condition: Hb>0 such that

H(c)> —b|c]| (a.e. in K). (3.5)
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The measure Pp defined by the density (3.1) is called the Gibbs grand canonical distri-
bution, while the mathematical model [#,%3, P,] is called the Gibbs grand canonical ensemble
(GCE). The measure Pp can be considered defined on [M,®M] by the system of densities of the
distribution

o4 (c)=2D(c) Ba (—xa) (3.6)
constructed on the basis of the GF
Baty= | TL (14 () pa () dr (o). (3.7)
K(4) xge

For stable Hamiltonians analyticity of the functional (3.7) on L'(RY) is easily established.
From the set of configuration measures on [M, M] the Gibbs distribution is distinguished by
the equation which its GF satisfies. We require additionally that VB>0,

exp{—Ppd; (x)} — 1= f (%)L (R")NL" (RY). (3.8)
A binary potential with this property we call regular.

LEMMA 3.1 [25]. The GF of GCE with stable Hamiltonian H and regular binary potential
¢, satisfies the Bogolyubov equation

D (x) Ba (t) =24 (x) Ba ¢+ f [x] ¢+ 1)), (3.9)

where
25 (x) =1, (x) z exp {—PD, (x)} (3.10)

and f[x](y) = £(x — y). The Bogolyubov equation is characteristic for the GF of GCE. To
establish this some of its simplest properties are required. We rewrite (3.9) in a somewhat
more general form for some functional A(t)

D(x)A(t)y=z(x) A(t+ fx](t+ 1), (3.11)
where
Z(EL™ (R, f(x)=f (—xeL' (R')NL" (R"). (3.12)

(3.12) constitutes minimal conditions on the (generally speaking, complex-valued) functions
z(x) and f{(x} in order that Eq. (3.11) be meaningful; z and f are parameters of Eq. (3.11).
The Bogolyubov equation (3.11) is an equation with shifted argument, and the shift £[x](t + 1)
depends on t. For this equation there is only the one additional condition

A(0)=1 (3.13)
— the normalization condition. This "point" condition can single out a unique solution of
Eq. (3.11) if the latter is considered on the entire space L'(RY). In this case solutions

of the equation must be analytic functionals on L'(RV), since they have a Frechet derivative
on L'(RV). A natural class of functionals is thus distinguished which contains solutions of
the Bogolyubov equation — functionals analytic on L'(RY). We denote it by .

LEMMA 3.2 [27]. Each solution A€3# of the Bogolyubov equation satisfies the relation
A()=A (x,2), (3.14)

where xp is the indicator of A = suppz(x).

Proof. We represent ¢€L’(R") in the form

t(x) =1, (%) ¢ (x)+ (1 =2, (X)) () =1t2 () + £, (%)-

For a solution A(t) of Eq. (3.11) we have
1

A=Ati+t)=At)+ [ [ D(x) A(ti+aty) t, () dxda= A ()= A (3,1),
1]

since by (3.11) D(x)A(t)~=z(x), and 2 (x)(l—x,(x)) £ (x}=0.
LEMMA 3.3. If A=suppz(x)é&;, then the general solution of the Bogolyubov equation is

Aan=4, | I g+7@—mIlz@d41e)are), (3.15)

J{“(A) {.r,y} Ce xgGe
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if it belongs to 46 and only the trivial solution A = 0 otherwise; Aps = const.

Proof. Successively computing the functional derivatives in (3.11), we obtain

Die)At)=1I 2 (%) IL (4 f(x—1) A ¢+ F [€] (¢ + 1)), (3.16)
xCe {r.rpCe
where
f[cl(y>=IEI (L4 f(x—y)—1. (3.17)

By Lemma 3.2

D(e) Al—xe) =1Lz () IL(1+ £ (x—1)) A (—xa),
x@e {x._u}
whereby A(—xp) is defined, since by hypothesis y.6L'(R')}. Thus, all derivatives of the func-—
tional A(t) at one point have been found. On the basis of them it remains to construct the
series (3.15). The constant Ag is obviously equal to A(—xp). If the series (3.15) does not
define an analytic functional on L'(RVY), then there remains only the one trivial solution
which obviously exists, since Eq. (3.11) is linear and homogeneous.

If we substitute f and z defined by (3.8) and (3.10), respectively, into (3.15), then
the functional A(t) hereby obtained differs from Bp(t) — the GF of the GCE — only by a factor.

THEOREM 3.1. The Bogolyubov equation with parameters z of (3.10) and f of (3.8), where
1 and ¢2 are defined by (3.2) — a stable Hamiltonian, ®; is a regular binary potential, and
A€@y , has a unique solution satisfying the normalization condition (3.13).

Proof. By the estimate (3.5) the series (3.15) converges V{€L’(R'). It remains to nor-
malize it:

A(0)=1=A, [ exp(—BH (c)}dh (c)= AZa.

For real z(x) and f£(x) £ # 0, and the constant Ag¢ is uniquely determined: Ay = EZI. If this
is satisfied the functional (3.15) coincides with the GF of the GCE.

The next result is a corollary of Lemma 3.1 and Theorem 3.1.

THEOREM 3.2. A configuration measure with phase space RY is a Gibbs distribution with
stable potential and regular binary potential if and only if its GF satisfies the Bogolyubov
equation.

The Bogolyubov equation together with the normalization condition (3.13) distinguishes
the GF of the GCE from the class of analytic functionals and hence can be set as the founda-
tion for statistical physics. Equilibrium classical statistical physics hereby acquires the
canonical form of a physical theory: the basic equation whose solutions determine the states
of the physical system is introduced axiomatically. In this case the generating functional
is converted from a convenient auxiliary device into a characteristic of the state of the
system. We shall treat GF in just this way. We shall demonstrate advantages of this formu-
lation of statistical mechanics in the next section.

4. Gibbs Distributions of Infinite Systems

Although Gibbs GCE are defined VA€®, the behavior of real systems is described by en~
sembles for which AcR® is "sufficiently large"”; this is the macroscopic condition of sys-—
tems of statistical physics. In correspondence with this an analysis must be made of the
asymptotic (for A expanding to all of RV) properties of Gibbs distributions. The GCE in-
duces a measure Pp on [M, M]. This makes it possible to construct a limit Gibbs distribution
P (PA >~ P as A + RY) which approximates the properties of the GCE for large A [23]. The
limiting procedure used to find the limit Gibbs distribution — the thermodynamic limiting
procedure (TLP) is the mathematically precisely formulated macroscopic condition for systems
studied in statistical physics. Consideration of TLP in the method of GF leads to the prob-
lem of characterizing convergence of configuration measures in terms of convergence of their
GF. In order to formulate the fundamental theorem in this direction, we introduce the follow-
ing definition.
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Definition 4.1 [47]. A sequence of configuration measures P, with phase space E is
called convergent in distribution to a measure P if it converges to P on the system of gen-
erators Czl"'gk of the algebra of cylinder sets in M.

1eoo

In other words, P, converges in distribution to P if the sequence of distributions of the
vectors (£(A1),.-.,E(A)) induced by the measures P, converges to the distribution induced by
the measure P.

THEOREM 4.1 [46, 47]. A sequence of configuration measures P, converges in dlStrlbUtlon
to a measure P if and only if the sequence of GF Bpn(u) converges pointwise to Bp(u) on <%1, x

(E).

Proof. 1If B, (u)—B, (z) Yu€ll,, (E) , then the generating functions Bp, (uy) of the vectors

(E(B1) ... ,E(8)) defined by (2.6) converge to Bp(ua) This is sufficient for convergence of
the corresponding distributions. Conversely, convergence of the distributions of the vectors
(E(81),...,8(Ak)) implies convergence of the GF Bp,(u) to Bp(u) on simple functions uE%L,(E)-

For an arbitrary uE%f,(E) there exist two monotone sequence up € u < u& approximating it
from above and below. By (2.13) for any m, n we have

By, (tm)< B, (u) < By, (un')- .1
Hence for n + =«
B (u,,,) llmB ( ) lim Bp (u) < B (um ).
Il—>o°
It remains to use the monotone convergence theorem.

.ng .
For those phase spaces for which the system of cylinder sets CA1--- K is the class de-
fining convergence [4], convergence of the configuration measures in distribution is equiva-
lent to weak convergence of these measures. This is the situation with the phase space RV
or ZV.

THEOREM 4.2. For weak convergence of measures Py with phase space RY or ZV to a measure
P, it is necessary and sufficient that the GF Bp,(u) converge to the GF B,(u) Yueu! ,

This theorem is a simple corollary of Theorem 4.1 and the theorem on coincidence of con-
vergence in distribution and weak convergence of measures on R® proved in [4].

The problem of characterizing relative compact sets of configuration measures in terms
of properties of the GF corresponding to them has not been solved. For analytic measures we
shall present an effective sufficient criterion for relative compactness. With a view to
further applications, we consider this criterion in the space of 4 of analytic functionals
on L'(RY). Weak convergence of measures leads to pointwise convergence of their GF; in 6
we therefore introduce the topology of pointwise convergence (we call it weak convergence).

LEMMA 4.1. A weakly closed, locally uniformly bounded set #,=d is weakly compact.

Proof. By Theorem 2.4 local uniform boundedness of My implies local uniform bounded-
ness of the generating functionals A€3; , and this, in turn, implies equicontinuity of 6.
By the second theorem of Ascoli [38] the weak topology in e coincides with the topology
of pointwise convergence on a dense set in L'(RV). Since L'(RY) is separable, this topology
is metrizable. By Theorem 2.5 56, is closed in the space of functionals continuous on L' X
(RV) with the weak topology, and it is compact in it by the third Ascoli theorem [38].

We denote by #,C# the set of generating functionals, i.e., functionals satisfying
conditions (2.36), (2.37). The next lemma distinguishes compact sets in this set.

LEMMA 4.2. Let =3 be a closed, locally uniformly bounded set. Then &,,,=,NHo
is compact.

The definition of compactness of a set of configuration measures in terms of compactness
in g4 has the advantage that it preserves the property of analyticity of a measure for the
limit points of these sets. The criterion of compactness formulated in Lemma 4,2 is sufficient
to prove the existence of a limit Gibbs distribution. To clarify characteristic properties
of these distributions it is necessary to further study the Bogolyubov equation (3.11).

LEMMA 4.3. Let An(t) be a sequence of solutions of the Bogolyubov equation with param-—
eters (zy, fn). If A,66, and converges weakly to A, zp * z in the weak-* topology of
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L®(RY), fn > £ in L'(RY), and U ll, < a < +=, then A is a solution of the Bogolyubov equation
with parameters (z, f).

To prove the lemma it is necessary to write the Bogolyubov equation for A, and pass to
the limit in it. On the left side this 1s possible by Theorem 2.5, while on the right it is
possible by the equicontinuity of functiomals in &, and convergence in L'(RY) of the argu-
ment of the functional

lt+falx] (4 1)— (t4-F[x] (241) >0 VxER".

Remark. The assertion of Lemma 4.3 remains in force if 4, is replaced by Hpe-. In
this case also A& p..

THEOREM 4.3. Suppose ¢; and ¢, define a stable Hamiltonian, ¢2 is regular, and for given
z, B there exists po such that the GF of the GCE B,(l)€3,,VAE&,. Then for the given z, B
there exists at least one limit Gibbs distribution whose GF satisfies the Bogolyubov equation
with parameters

z(x)=zexp{—PD; (x)} [ (x)=exp{—pD,(x)}—1 (4.2)

Proof. From the stability condition it follows that lzlle and Iflle, are definite. On
the basis of an increasing sequence A,8, such that |JA,—RY we construct a set of GF of
the GCE Bp,(t) (with the given z, B). By hypothesis this set is relatively compact. It re-
mains to select from it a convergence subsequence. By Lemma 4.3 its limit B{(t) will satisfy
the Bogolyubov equation with parameters (z, f) of (4.2), since Ba,p (t) satisfies the Bogolyubov
equation (3.9), and ZAn(X) = xAn(x)z(x) + z(x) as n > .

The condition of Theorem 4.3 encompasses the broadest class of interactions with a regu-
lar, binary potential for which infinite models were considered in classical statistical phys-
ics (it includes the class of potentials investigated in [12, 14, 22, 28, 44]). Of course,
this is a condition difficult to verify and its description in terms of other concepts ad-
mitting effective vtilization is a current problem. Theorems 3.2 and 4.3 make it possible
to formulate the following definition.

Definition 4.2. A Gibbs distribution with parameters (z, f) is a configuration measure
with phase space RV (or ZV) whose GF satisfies the Bogolyubov equation with parameters (z, f).

Among solutions of the Bogolyubov equation the GF of Gibbs distributions are distin-
guished by the following property.

THEOREM 4.4. A solution A(t) of the Bogolyubov equation with parameters (z, f) definmes
the GF of a Gibbs distribution if and only if

A()>0, vied,. (4.3)

Proof. 1If A(t) is the GF of a Gibbs distribution, then by definition of the GF (2.39)
and of the set % (2.42) A(t) 2 0. To prove positivity of A(t) on 9, we suppose otherwise:
Ht€F 1, for which A(ty) = 0. We choose a function %63, of constant sign such that |Ylle<<-oo.-
Then for a real variable o such that O<<o<|[Yll«”!, we have —a|$|€F,. By definition (2.39) of
GF we have

0<A(fg—alb|(ft+ D)) <A()=0 Yag0, [ ¢]] 4.4)

Now A(fy—a|P|(f+1)) for fixed t and ¢ is an entire function of the complex variable
a. It follows from (4.4) that it is identically equal to zero. In particular, at the point
a =1 (ora =-—1)

At (tot1)) =0. (4.5)

By means of the representation y = Y+ + Y-, where Y > 0, y~ € 0 and their supports do not
intersect, this equality extends to Vy€7,1L°(R") . From the Bogolyubov equation we obtain the
system (3.16) which shows that 2D (c)A(%)=0, since £[c](y) defined by (3.17) belong to Tl
L¥(RY). Vanishing of A together with all its derivatives obviously contradicts the normal-
ization condition (2.36). Conversely, suppose A(t) is a solution of the Bogolyubov equation.
From the system (3.16) and condition (4.3) it then follows that

D (Co) A (l‘A) >0 VfE.’yl and (:06.75',

i.e., A is a GF. We fix a function f and the normalized solution of the Bogolyubov equation
with a given function z we denote by A(t; z).
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LEMMA 4.4. Suppose for YeL'(R)NL (R*) A(¥p;2)5=0. Then
A{+9(E+1)2)1A(Y; 2)= At (14 9) 2). (4.6)

Proof. By direct substitution into the Bogolyubov equation it is easy to see that for
given YA(t + ¢(t + 1); z) satisfies the Bogolyubov equation with parameters (1 + vz, f.
Normalizing this functional, we arrive at (4.6). The property (4.6) of solutions of the
Bogolyubov equation is called the property of multiplicity. This name is connected with the
fact that

A(E+9E+1) 2)=A (9 2) A (6 (1) 2). (4.7)

For fixed f, z we consider the parametric set A(t + Y(t + 1); z). We demonstrate the
fundamental importance of the multiplicative property for simple lattice systems.

LEMMA 4.5. The set of GF of limit Gibbs distributions with parameters (3.12) of simple
lattice systems lies in the closure of the set A(t; (1 + Y)zg, where VeI,

Proof. By the estimate (2.23) this set is locally uniformly bounded and hence relativelv
compact. For all z such that suppzcsuppz; there exists a sequence Y, such that (| + Ynlzo »
z in the weak-* topology of the space L®(ZV). By the relative compactness of the set A(t;

(1 + ¥)zo), from the sequence A(t; (1 + Pp)zg) it is possible to extract a convergent subse-
quence. On the basis of Lemma 4.3 its limit is A(t; z), i.e., it satisfies the Bogolyubov
equation with parameters (z, f). In particular, in this manner it is possible to construct
the GF of the GCE of finite systems A(f;z,) Acsupp2,. In the closure of the last set lie che
GF of limit Gibbs distributions.

We note that actually somewhat more has been proved: in the closure of A(t; (1 + y¢)zg)
lie the GF of limit Gibbs distributions with parameters (z, f) where z is such that supp z <
suppzo. If suppzo = ZY, then all limit Gibbs distributions with given function £ can be re-
covered from one solution of the Bogolyubov equation with parameters (zg, £). A characteriza-
tion of Gibbs distributions is possible in terms of the canonical form of the conditional
probabilities. This approach forms the basis for the definition of the Gibbs distributions
of Dobrushin [12, 14] and is most popular at present.

Let P be a configuration measure with phase space RY. Each configuration ¢ of Crv can
be represented in the form (co, c¢), where co=cnA, A€S), ceCy, A=R'\A, and can define a
conditional probability PA(-[c) (relative to the measure P) under the condition that CECX
is fixed.

Definition 4.3. A configuration measure P with phase space RV is called a Gibbs distri-
bution if VAE®, and any configuration ¢€Cy outside A the conditional probability Pp(-]|c)
is given by the density

pa (col ) =E3" (c) 2151 exp {—BH (cor )} X, (20) 4.8)
relative to a measure in % (A) , where
H (e, )= H (c)+ 3, By (x—y), (4.9)
ps
Ea(c)= f zlcolexp {— BH (cq, €)} dM (co)- (4.10)
H(8)

Thus, for a Gibbs distribution the conditional probability is determined by the Gibbs
distribution of the GCE in A. The configuration of particles c outside A creates an external
field. This configuration is called the boundary conditions. The same idea regarding the
canonical form of conditional probabilities can be expressed in a somewhat different form [40]
by using conditional mathematical expectations.

Definition 4.4. A configuration measure P is called a Gibbs distribution if it satis-
fies the Dobrushin—Lanford—Ruelle (D-L—R) equation

fe@ar = { d“”°’§ P (coU ) 2! exp{—PBH (co)-+ H (co, )} dP (c), (4.11)
RV H () ry

where @ (¢)- is an arbitrary function on Crv which is summable with respect to P and H(co, ¢)
is defined by (4.9).
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The equivalence of both definitions is obvious. From the viewpoint of Definition 4,3,
finding Gibbs distributions is a rather traditional problem of probability theory: recovery
of the distribution on the basis of a given collection of conditional probabilities. Having
proved equivalence of Definitions 4.3 and 4.2, we shall demonstrate the usefulness of the
method of the GF for solving such problems of probability theory.

It is convenient to compare Definitions 4.2 and 4.4. We note, first of all, that exis-
tence (P-almost everywhere) and summability of the functions

exp{—PBH (co, e)}=11 (14 £ [eo] ) (4.12)
vEe

are contained in the conditions on the measure P (f[co](y) defined in (3.17). Since feL’ (R")N
L®(RY), it is natural to assume that all functions of the form

IL 120, teL (R (4.13)
xgGe
are integrable with respect to a measure P satisfying the D-L—R equation. Exactly the same
sort of considerations — the necessity of writing the Bogolyubov equation characterizing Gibbs
distributions — dictates the choice of L'(RY) as the domain of the GF. Thus, comparison of
the D-L-R and Bogolyubov equations should be carried out for the class of analytic measures.
The class of measures on which Eq. (4.11) is considered can be extended if the requirement
of positivity of the measures is abandoned [44]. Such an extension is also possible in the
method of the generating functional. The densities op(co) defined by an analytic, normalized
[condition (3.11)] functional A(t),

Oa (o) =D (cy) A (—%u) (4.14)

in analogy to the densities (2.38) satisfy the conditions of consistency (1.15) and normali-
zation (1.16). Hence, they define some measure on CRV (not necessarily positive) [11].

Equations (4.11) and (3.11) are thus considered on the class of measures generated by
analytic functions A€#. A distinguishing feature of such measures is that the class of func
tions integrable with respect to such measures contains functions of the form (4.13). More-
over, the measure is completely determined by the integrals of these functions. Considering
this circumstance, in (4.11) we set @(c)=I[I(1+¢(x)), and after elementary transformations we

XGC
obtain an equation equivalent to Eq. (4.11)
Ay= [ arie) TL (142 () 20l exp{—BH (o} A (£ +  [ea)) (14 8) (1 —x) — 1), (4.15)
H(B) XGCo
where
A@Q)=JIL(1+¢(x)dP (o) (4.16)
x@c

is the functional in 3¢ defining the measure P.

THEOREM 4.5 [27]. TFor parameters (z, f) satisfying condition (3.12) Egqs. (4.15) and
(3.11) on 46 are equivalent.

Proof. If A satisfies (3.11), then it also satisfies the system (3.16). Replacement on
the right side of (4.15) of A of a complex argument according to (3.16) by the derivative
D(co)A((1+1) (1—ys)—1) converts (4.15) into an identity. Conversely, suppose that A satis-
fies Eq. (4.15). Differentiating (4.15) at the point t — xp(1 + t), we obtain

%a () D (x) A (E—xa (1 + ) =xa (¥) 2 (x) A (1 + F [x]) (14 2) (1 —xa) — 1) (4.17)

If we remove the functions Xp(x), then Eq. (4.17) is precisely the Bogolyubov equation (3.11)
written at the point t — xap(t + 1). It is easy to show that a functional not satisfying
(4.17) does also not satisfy the Bogolyubov equation (for the details see [27]). The equiv-
alence of Definitions 4.2 and 4.4 reveals additional properties of measures defined by posi-
tive solutions [those satisfying condition (4.3)] of the Bogolyubov equation. The next result
gives a characteristic of the set of positive solutions of the Bogolyubov equation.

LEMMA 4.6 [27]. For given (z, f) the set of positive solutions of the Bogolyubov equa-
tion lying in the compact set o 1is closed and convex.
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Since positive solutions define the GF of Gibbs distributions, Lemma 4.6 characterizes
the set of Gibbs distributions with given parameters (z, f).

5. Equivalence of Ensembles

In addition to the GCE, in statistical physics the Gibbs canonical ensemble CE is con-
sidered; this is the probability space [#, B, P{V)], where A€, , the measure PAN is given by

a density pé )(c) relative to the measure X in X,

M (©=Q' (N, A, v)exp{—PBH (c)}xa (c) (5.1)
if lcl = N and pA(N)(c)==O otherwise. The Hamiltomian H(c) is defined by (3.2), v(x) =
exp {—Re¢.(x)},

Q(N, A, ) =i§ exp{—BH (c)} xa (¢) dhw () (5.2)

N

is the configuration integral, and

A (Q) = (N) iy (05" () (5.3)

is the restriction of the measure A to Xy, Qw€B,v. The Gibbs CE describes the state of a

system with a fixed number of particles N. The measure PéN) is called the canonical Gibbs
distribution. Just as the grand canonical distribution, it may be assumed given on [M, ]
by a system of distribution densities

o (e =D (co) ZL) (—Aa)s (5.4)
constructed on the basis of its GF
2z (t)= [ T](1+1 (x) P (©) M (). (5.5)
A xge
Here we have used the traditional notation [5] for the GF of a CE & . It is easy to see
that the GF ngv’ﬁ) of the CE is the ratio of the configuration integrals Q(N, 4, v) of a
system in a given external field ¢; and in one changed by A%, = —B~ 1ln 1+ t(x))
ZWH=Q(N, A, (1-+8)a)/Q(N, 4, 2). (5.6)
For regular potentials ®, LN (f) satisfies the recursion relations [5]
—1, A,
D (x) EP) () =va () LT 200 (¢ 4 7 16 (¢4 1), (5.7)

VA = XAV and xp is the indicator of AcR* . We call (5.7) the Bogolyubov equation of the CE.
The relation (5.7) differs in an essential way from the Bogolyubov equation which the GF of

a GCE satisfies. It is natural to suppose that after the TLP the GF of the CE will also sat-—
isfy the Bogolyubov equation. For systems with a solid core this is proved in [8]; for lat-
tice systems it is proved in [21]. Here we present constructions for continuous systems which
are somewhat more general than those in [8]. Consideration of the TLP inm a CE requires more
stringent conditions on the binary potential.

Definition 5.1. A binary potential ¢, belongs to the class (Az_3, By) if there exist
constants C > 0, vy > v, U < dy; < d2 < + © such that the condition

By | @y (x) | <C x|V, [x]>dy, (5.8)
is satisfied as well as one of the conditions

Ay D ()= Clx], | x|<dy, (5.9)
or

Ay®@;(x)=+4 o0, |x|<d,. (5. 10)

The class of such potentials is defined in [15]. For CE the correlation functions pA )Qﬁ
are defined in the standard way:

oM (€)= (c) 2 (0).

We denote by |Al the Lebesgue measure of the set A€®), p;- is the largest density p = Nial~-2
in a system of solid spheres.
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LEMMA 5.1. The correlation functions of CE pgN)(c) for systems with potentials of the
type (As—3, B2) satisfy for sufficiently large |Al the estimates

pV) (c) < ald (5.11)

uniformly with respect to p = NIAI™! and B belonging to any closed, finite subregion S lying
inside the region B > 0, p < po (for systems without solid core pg = +»).

_ For systems with solid core Lemma 5.1 is proved in [8]; o > 0 contained in the estimate
(5.11) is determined constructively. We denote by

zZM=NQ(N—1, A, 2)Q'(N, A, v) (5.12)

the activity in the CE. The estimates (5.11) show that the set of GF of CE {Z,™} 1is weakly
compact in 6. This solves the question of existence of thermodynamic limits of functionals
of CE. In the Bogolyubov equation (5.7) it is possible to carry out the TLP (first setting
v = 1, of course) by precisely the scheme considered in Sec. 4. However, in order that the
limit functional satisfy the Bogolyubov equation it is necessary that

(Ne=1) (f) = (Ve) (5.13)
i 251 (0= lin (00
for those sequences of pairs (Mg, &) for which both limits exist and Ngl4g!™' + p. Condition
(5.13) can be written in a different, equivalent form. In correspondence with the definition
of the GF (5.5) and the activity (5.12) we have

2 enel” )=z (#)2{", (5.14)
where z(N) () = NQ(N — 1, A, 1 + t)/Q(N, A, 1T + t) is the activity of the system in the field
@, (x)=—p In(1+ ¢ (x)), (5.15)

of course, under the condition 1 + t(x) > 0. Thus, in place of (5.13) we can write

(V) (Np)
li_tr:ozAkk (t)lekk =1. (5.16)

This forces us to turn to the study of thermodynamic quantities of systems in the field (5.15).
We first specify the set from which t(x) is to be taken so that (5.15) is meaningful. We
denote by CY(RP) the subspace of functions {(x)€L’(R') satisfying the inequality

[¢(x)|<b(l+]x)7" ae.in R
where b > 0, y > v. We introduce for #6C,(R") the norm

[l lly=-ess sup (14| x| 2 (x)]. (5.17)

Obviously, the topology introduced in CY(RV) by the norm (5.17) is stronger than the topology
induced from L'(RV), since

(5.18)

eh<itlh § (14| x)Vdx=a] ¢|

For potentials (Az_3, B2) in [15] existence is proved of the limit of the specific free
energy

e

lim  [A[*nQ (N, &)=g (. B)- (5.19)

N—+o NiA[~t+>p
This makes it possible to prove the following lemma.

LEMMA 5.2. For systems with potentials (A2-3, B2) the specific free emergy and activity
do not depend on an external field of the form

D, (x)=—PpIn(14£(x)); tES,CCy (R%), 6>0, (5.20)
where S§ is the ball of radius & > 0 with center at zero defined by the norm (5.17).

The means of finding 8 is indicated in the course of the proof of the lemma. The proof
of the first part of the lemma is based on representing the specific free energy in the field
(5.20) in the form

[AFIQ(N, A, 14+ £)=|A[ InQ (N, A)+| A In 2L (). (5.21)
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Because of estimates (5.11), the set cfﬂ“(t» is locally uniformly bounded and hence equi-
continuous. Equicontinuity of this family together with the normalization condition S?y”(0)==l
demonstrate that 2" (f) is uniformly bounded away from zero in some neighborhood of the point
t £ 0. Passage to the limit in (5.21) gives

g b )= lim JA'InQ(N, A, 1+¢)=g(p, B).

N-rco, NIA[~'+p

This proves the first part of the lemma.
The proof of the second part of the lemma is based on using the relations

dg(P,B)}

lim zg")=z=exp{—— dp

Noveo NIAL twp
obtained in the work [15]. The theorem on equivalence of ensembles is proved on the basis
of Lemmas 5.1 and 5.2.

THEOREM 5.1. TFor systems with potentials (Aj-3, By) from each sequence S?Zf(ﬁ of GF

of CE, where Ak is a chain of expanding, measurable, bounded sets such that UA,==.Rv and
limN.|Ax["'=p, it is possible to extract a weakly convergent subsequence in 4 whose limit
point satisfies the Bogolyubov equation.

For systems with potentials (A2-3, By) by Lemma 5.1 the GF of CE lie in the compact set
#,. Let S?Xzﬂ(t) be a subsequence converging weakly to & (f) . Each of its terms satisfies

the Bogolyubov equation
D () LY ()= 2P ya () LY (4 F [x](E+ 1). (5.22)
By refining the sequence S?XZV(H, if necessary, we can arrange that together with it the

sequence S?ng—”(t) also converges. Let £ (f) be its limit. By Lemma 5.2 on Sg

2 (t)=lim sz’};Zk’ (£)=lim. z’g“;k—” (t) =2 (¢),

h—o0

since S?g:”(ﬂ/S?XZV*)(ﬂ-+I on Ss. &, % are analytic functionals on L'(RY). We consider

their restrictions to Cy(RV) with norm (5.17). Since this norm is stronger than the norm
induced from L'(RY), & and & are analytic (in the norm I "Y) on CY(RV). However, by
coinciding on Sg, they thus coincide on all of CY(RV), and, since CY(RV) is dense in L'(RV),
they coincide on L'(RV), i.e., =% . To complete the proof it remains to use Lemma 4.3 and
pass to the limit in Eq. (5.22).

We have thus established that for the distinguished class of potentials the limit func-
tionals of both ensembles satisfy the same equation (3.11) (with a consistent choice of the
activity z), and in this sense the ensembles are equivalent. By Theorem 4.4 the equivalence
of ensembles just proved means essentially that the thermodynamic limits of GF of CE define
Gibbs measures. Complete equivalence of the Gibbs ensembles, i.e., coincidence of the limit
functionals of both ensembles, holds for those pairs (z, B) and pairs (p, B) corresponding to
them for which the Bogolyubov equation has a unique solution satisfying the normalization
condition Z£(0)=1. We encounter this situation, for example, for small z (or p).

6. Stability of Gibbs Distributions

Distinguishing parameters (z, f) for which there exists a unique Gibbs distribution is
an important problem closely related to the problem of phase transitions in statistical phys-
ics. As Lemma 4.6 shows, the structure of the set of Gibbs distributions for fixed (z, f)
is rather simple: it is a convex set which is completely characterized by its extremal points.
These points are interpreted in statistical physics as states corresponding to the pure phases.
It is assumeda priori that such states are relatively stable under weak perturbations of the
system, for example, by an external field. From the viewpcint of probability theory the ex-
tremal points of the set of Gibbs distributions for given (z, f) must possess special proper-
ties of regularity. Thus, in principle there must be a connection between these two means
of characterizing Gibbs distributions. It will be the purpose of this section to explicitly
establish this connection for simple lattice systems.

At the beginning of the section a criterion for uniqueness of the Gibbs distribution
of simple lattice systems is established: continuous dependence of the GF on the external
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field. This criterion is a standard for the connection of the stability of a Gibbs distri-
bution with the condition of its regularity. After considering various regularity conditions
it is established that for Gibbs distributions only two are essential: the condition of ex-
ternal uniform regularity and the condition of regularity which correspond to two forms of
stability of Gibbs distributions.

The phase space for lattice systems is ZY. A lattice system whose Gibbs distributions
are concentrated on simple configurations is called a simple lattice system. As is evident
from the system (3.16), simple lattice systems are characterized by the condition f(0) = —1.

The uniqueness criterion for simple lattice systems is based on the property of multi-
plicativity (4.6) which we present here for convenience, changing only the notation for the
functional A to &

ZE;1+9))=2L (49 (E+1); 2)1Z (4; 2), Ve (6.1)

Z(l; 2) 1is a positive, normalized solution of the Bogolyubov equation — the GF of the Gibbs
distribution for given (z, f). 1In all further considerations f is fixed and is not indicated
in the notation. For infinite systems the parameter z is defined in analogy to (3.10):

z (x)=exp {—PD (x)}- (6.2)
Replacing it by (1 + Y)z corresponds to replacing the potential of the external field by
Ay = —p In (1 + § (x))- (6.3)

For statistical physics it is important to know the dependence of the Gibbs distribution
on the parameters (z, £). In the region of the parameters (z, f) where the Bogolyubov equa-
tion has a unique, normalized, positive solution, the dependence of the generating functional
% on these parameters is determined "automatically." Where unique solvability of the equa-
tion does not hold, a special, physically justified procedure is needed to distinguish in-
dividual single-valued branches determining the change of state of the system as the param-
eterz (z,f) vary. The multiplicative condition (6.1) makes it possible to construct for
each state a branch determining its variation under the action of the external field. We
emphasize that the branch (6.1) is constructed independently of whether there exists one or
several [for given (z, f)] solutions of the Bogolyubov equation.

Construction of the branch (6.1) can also be justified on the TLP. Let S?(t;zAD be

a sequence of GF of the Gibbs GCE converging weakly to & (¢f;2) . As a solution of the Bogol-
yubov equation (3.11), S?(t;zAQ satisfies the multiplicative condition

Z(t (140 2a,) =2 (E+9(L+2); 28, )/ 2L (9 2a,)- (6.4)

Passing to the limit, in (6.4) on the left we obtain the functional determining the state with
parameters (1 + y)z, £, while on the right we obtain precisely the right side of (6.1) which
corroborates the correctness of the interpretation of the multiplicative condition.

The multiplicative condition defines a mapping F:9,—3 . Stability of the Gibbs distri-
bution with GF £ (# 2) 1s naturally treated as continuity of F with a suitable choice of
topologies in J1 and 6 . In 4 we introduce the weak topology tf and in J; the weak-%
topology T4 induced from L®(RV). This choice of topology is also motivated by topological prop-
erties of the Bogolyubov equation (see Lemma 4.3).

LEMMA 6.1. The Gibbs distribution of a simple lattice system for given (z, f) is unique
if and only if there exists at least one positive solution 2(# z) of the Bogolyubov equa-
tion which defines by (6.1) a mapping F:(¥), 1,)—>(#, 1) sequentially continuous at zero.

Proof. Necessity. Let Z(f;2) be the GF of the unique Gibbs distribution, and suppose
91mu;:67_fhe sequence Z(f; (14+Pa)2) constructed on the basis of (6.1) is relatively compact.
By Lemma 4.3 all its convergent subsequences have the same limit Z{({; 2) — the unique Gibbs
distribution (for given z, f). Thus, Z(f{; (1+¢.)2) converges, and the mapping F is sequen-
tially continuous at zero.

Sufficiency. The mapping F constructed on the basis of the GF Z(f; 2), can be extended
to the set Ja={P:v=ys—1, A€&y} with preservation of continuity at those points where there
is continuity. For this it suffices to choose a sequence Y + xp — 1, and the sequence of
functionals £ (f; (1 +v.)2) corresponding to it converges, since (1 + yy)z > zp, whereby the
Bogolyubov equation has a unique (normalized) solution. This suffices to construct the ex-
tension [16] (we recall that the space , for simple lattice systems is metrizable). Suppose
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there exist two Gibbs distributions Z,(f 2), Za(fi 2) which both generate a mapping F con-
tinuous at zero. On the set J, constructed on the basis of them the extensions coincide.

We choose Ya, =0 ¥»,€T4 ; then
L\ (b z2a,)=Za(t; 2a,)

Because of the continuity of both mappings, the limiting procedure n + « gives &, (t; z) =L (f;
z), i.e., the GF &, and %£; coincide.

Gibbs distributions can be characterized by regularity conditions of various types [12].
Let P be a simple configuration measure with phase space ZV. The landing of particles in a
region V€@, (&, consists in this case of finite subsets of ZV) we call an event. Each such
event A is identified with a system of subsets of V. If ccV, then {c} is an elementary
event. In this terminology %, is the algebra of events. The measure P induces a probability
distribution Pr on [V, 8:]. In correspondence with the notation of Sec. 1, Cy =P, 1(4) 1is a
cylinder set. Thus,

pr(A)=p(c(})-_-2 Py (c), (6.5)
cGA
where Py(c) is the probability of elementary events.

Let Ve€S, and VNV =2 . We denote by d(V, V) the distance between V and V. We set
YV, V)= |Pr (A/B)—Pr (A)], (6.6)

sup
AEBy, BEDy Pr(BI>C

where the probability in (6.6) is computed by means of the measure P. vy(V, \~/) is a nonsym-
metric function whose first argument is associated with the algebra of events By, and the
second with the algebra of conditions ;.

Definition 6.1. A distribution P possesses the property of external uniform regularity
if ¥Ve@,

YV, V)<9v (d(V, V), (6.7)
where @y (d)—+0 as d > « for fixed V.

Definition 6.2. The distribution P possesses the property of interior uniform regularity

if YVES,

YV, V)< @V, V), (6.8)

where Yy(d) > 0 as d > = for fixed 6
Definition 6.3. A distribution P possesses the property of regularity if VVe®,

8§(V, V)= sup |Pr(ANB)—Pt(A)Pr(B)| <M (d(V,V)), (6.9)
AG%V,BE%.‘;
where Ay(d) - 0 as d »~ = for fixed V. For simplicity we shall consider Gibbs distributions
of systems without an external field and with localized repulsion, i.e., f(x) = —1 only for
x = 0.

LEMMA 6.2. For simple Gibbs distributions of systems without an external field and with
localized repulsion VV €&, and VA&,

Pr(A)>eV>0, (6.10)
Proof. By definition (6.5)

Pr(A)>min Py (c)=min D (c) L (—1x,)=
eCV eCV
=min 2 exp{—BH (L (14 f [e]) (1 —x,) — ) =2, >0.

Here £ is the GF of the Gibbs distribution. At the last step we used system (3.16) and
Theorem 4.4.

THEOREM 6.1 [20]. For the Gibbs distribution of simple lattice systems satisfying the
conditions of Lemma 6.2 1) the property of external uniform regularity implies the property

(6.11)
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of interior uniform regularity; 2) the property of internal uniform regularity is equivalent
to the property of regularity.

As shown in [12], the property of external uniform regularity is equivalent to unique-
ness of the Gibbs distribution; it is therefore natural to compare it with the conditiom of
stability used in Lemma 6.1. To prove the equivalence of these conditions we first carry out
the following constructions. We set

P, 5 (c|c)=Ps ({c}/{c)),
where ccVe®, ccVeS, and VNV =2 , and we define

YWV, V)= sup |P,5(cle)—Pv ()] (6.12)
cCV,eCV
Obviously,
Pr(ANB)=2 P, 3(c|8) Py (©) (6.13)
cEA
risl]
LEMMA 6.3. VYVES, V€8, such that VAV =g
YWV, V)<v(V, V) <2y (V, V). (6.14)

The conditional probability Pv,v(c|6) for Gibbs distributions can be expressed in terms
of the GF [22]

Py i (ele)=Pr (e} {e) /Pt (ie) = D (c U Q) L (—xy 5)1 D (6) Z (—ap)=2" exp{—BH (e, o)}

XZ (1=t P I+ leUe) = )IZ (1 —x) {4+ f )= D) =D L (=% (1 =) 1+ 7D 2. (6.15)

We have successively used definition (2.30), the system of equations (3.16), and the
multiplicative condition (6.1). H(c, c) is defined by (4.9) and f[c] by (3.17), so that the
equality (1+f[cUC])=(1+f{c])(1+f[€]) can be verified trivially. The dependence of the GF &
on z is indicated in the notation only at the last step. Using (6.15), we write yo(V, V),

Yo(V, V) =sup | D (€) L (— 1,3 (1 — %) (1 + £ [c]) 2) =D (€) L (— %35 2) |- (6.16)

This expression shows that external uniform regularity of a Gibbs distribution is connected
with continuous dependence of the GF on the external field created by the boundary condition
c. A rigorous proof of this requires two technical lemmas whose proofs we omit (see, for
example, [20, 22]). The GF of simple lattice systems lie in the subspace .36, defined by
the conditions

D(c)A(0) =0,
if ¢ is not a simple finite configuration; . is weakly compact.
LEMMA 6.4. The weak topology on . can be defined by the system of seminorms: for
VES,

gv(A)=sup|D(c) A(—xy) | (6.17)
cCV

As should be the case, the weak topology on 46, 1is metrizable. We consider the mapping
F constructed according to (6.1) on the set f[c], where ¢ are all possible finite configura-
tions. We denote this set by J,. Obviously, J,cdh.

LEMMA 6.5. If £(0) = —1, then the sequence f [cy) = 0 in the topology T4 if and only if

minlxl—»oo
xEc

i.e., the configurations cp "go out" to infinity.

THEOREM 6.2. The Gibbs distribution of a simple lattice system with localized repulsion
possesses the property of external uniform regularity if and only if the mapping F: (7, )~
(#..7) defined by (6.1) is continuous at zero.

Proof. By the estimates (6.14) y(V, \}) in Definition 6.1 can be replaced by ys(V, V).
If F: (9, v) —>(%#. 1), then by definition of the seminorms (6.17) and yo it immediately
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follows that F is continuous at zero. Conversely, if F is continuous at zero, then yo(V, G)
tends to zero as the configuration c departs, since by Lemma 6.4 in this case —x§ + f[c] (1 —
xy) » 0.

Continuity at zero of the mapping F considered omly on J; suffices for uniqueness of the
Gibbs distribution, since points of the set Js are limit points of the set 7,

uite different topologies on J, and #, are required in order to express the propert
g f ¢ P y
of regularity of a Gibbs distribution in terms of continuity of the mapping F. We define

YVES,, VeSS, VNV =y

&V, V)= sup Ps (cle)—Py(0)]. (6.18)
0 CCV-BE%F E%B V.V( l 14
LEMMA 6.6. VVES, VeS, VNV =g,

2Wley 8y (V, V) <8(V, V) <8y (V, V)2V, (6.19)

The proof of the lemma is similar to the proof of Lemma 6.3. The form of &o(V, V) "sug-
gests" the choice of topology on #,. We denote by L the linear space (subspace) of func-

tionals in 6, satisfying the condition: for any expanding sequence A,CZ%, U A,=2Z' and
- - =1
V1680 ANV.= 2, ’

lim sup D(c) A{—7xy )|=0.
n»mBE%? Z%B Vn (6-20)
Sets of the form
Us=A¢+L (6.21)

form a basis for a topology on #, which we denote by ty,. GF in L define measures on |M, M|,
concentrated "mainly" on cylinder sets with bases containing zero, since by (6.20) the varia-
Eion of the measure constructed from A and restricted to the measurable space [C;ygkv], where

V = ZV\V, tends to zero for expanding V. Measures constructed on the basis of two function-
als whose difference belongs to L differ from one another only "locally."

Finally, in J, we introduce the trivial topology t.={&, I;} . After these constructions
the next result becomes obvious.

THEOREM 6.3. A Gibbs distribution possesses the property of regularity if and only if
the mapping F: (9y, Ta)—> (. TL) constructed according to (6.1) is continuous at zero.

The continuity of F defined in Theorems 6.2 and 6.3 expresses essentially different forms
of stability of the physical system. Continuity defined by the pair (t%, T) expresses, so to
speak, the property of "elasticity'" of the system: perturbations by a weak field leave no
trace in the system after they are removed. Continuity defined by the pair (t,, TL) expresses
the property of stability connected with localization of the effect on the system of a weak
external field (the field created by a finite number of particles). By choosing other pairs
of topologies, infinitely many versions of stability conditions can be obtained. Distinguish-
ing among them the physically significant ones is a current problem of statistical physics.
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