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Methods for Computing and Modifying
the LDV Factors of a Matrix

By Philip E. Gill, Walter Murray and Michael A. Saunders

Abstract. Methods are given for computing the LDV factorization of a matrix B and
modifying the factorization when columns of B are added or deleted. The methods
may be viewed as a means for updating the orthogonal (LQ) factorization of B with-
out the use of square roots. It is also shown how these techniques lead to two nu-
merically stable methods for updating the Cholesky factorization of a matrix follow-
ing the addition or subtraction, respectively, of a matrix of rank one. The first method
turns out to be one given recently by Fletcher and Powell; the second method has
not appeared before.

1. Introduction. Any m x n matrix B of rank m (m < n) has an LQ factoriza-
tion of the form B = [L 0] Q, where L is a nonsingular lower-triangular matrix and Q
is orthogonal (Q7Q = QQT = I). The columns of L and the first m rows of Q are
uniquely defined, apart from sign. Let /;; be the diagonal elements of L and let a diag-
onal matrix D = diag(d,, d,, ..., d,,) be defined by
b

1, i

i=1,2,...,m,
d; =

m+1,...,n.

An LDV factorization of B may then be written in the form B = [L 0]DV, where L
and V are defined in terms of L, Q and D by the equations

[L 0]DY? = [L 0], DY?v=0

The diagonals of L are unity and the rows of V are orthogonal. The following relations
are easily proved:

(1a) vvT =p—1,
(1b) vipy =1,

Henceforth we shall use the notation L for both L and L above, since it will always be
clear from the context whether or not L has a unit diagonal.

In this paper we derive methods for computing the LDV factorization of a matrix
and methods for modifying the factorization when columns are added and deleted. The
resulting methods are described in Sections 3 and 4 and may be applied immediately to
the Simplex method for linear programming. The motive for working with LDV factors
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1052 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

rather than LQ factors is that square roots are eliminated and the amount of computa-
tion and storage is reduced.

In Section 5 we show how these results lead naturally to two methods for com-
puting the Cholesky factors L and D of the matrix LDLT = LDLT + ¢zz7 for some
vector z and scalar g. The method for the case ¢ > O turns out to be one given by
Fletcher and Powell (1973), while the method for the case ¢ < 0 has not appeared be-
fore.

The keynote to this work is the construction of LQ factors for two elementary

1
[ ll)jl and I-qq7

for given vectors p and q, where ligll, = 1. The special structure of these factors is
given in the Appendix. Although the derivation of the recurrence relations involved is
relatively complicated, we emphasize that the recurrence relations themselves are very

matrices of the form

simple.
1.1. Notation. We shall use the notation M = M(p, B, ¥) to denote a special
lower-triangular matrix constructed from the vectors p, g and v according to

0, i<j,
My={v, i=],
By P>
If the diagonal elements of M form the vector e = 1,1, ..., DT we shall write either

M =M(p, B, €) or just M = M(p, B).

The notation ||v]| will always mean the 2-norm |jvll, = (WTv)'/? of a vector v, and
a diagonal matrix D with diagonals d; ({ = 1, 2, ..., n) will be written D =
diag(d,, d,, ... ,d,).

2. LDV Factors. We have defined in Section 1 what will be called a proper LDV
factorization of a general rectangular matrix B. For later use the notion needs to be
generalized in the following way. Suppose that L is unit lower triangular, D is a diag-
onal matrix with positive diagonal elements, and V is a matrix such that

Q) B = [L 0]DV.

If there exist nonsingular diagonal matrices D, and D, such that the matrix Q = D,VD,
is orthogonal (unitary), then we shall call (2) an LDV factorization of B. (In other
words we require that V can be transformed into an orthogonal matrix by simple row
and column scaling.)

We now define (2) to be a proper LDV factorization in the event that

D, =DY? and D, =1,

in which case @ = D'/2V and the relations
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COMPUTING AND MODIFYING LDV FACTORS OF A MATRIX 1053
vwT =D~ ' and VIDV =1

hold as stated in Section 1.

We shall be particularly interested in the case where some of the columns of B
are null. Matrices B of this kind will always arise in such a context that they are expres-
sible in a form LDV such that, corresponding to each Be’. which is null, Lel- = e, Vei =
(8 e]-TVi = ejT and Del- = 0, where e is the jth column of the identity matrix. If D* =
diag(d], df, ..., d}) is defined by

e a0,

! 1, d;=0,

then the relations V¥7 = (D*)~! and V"DV = I hold in place of (1). It should be
emphasized that when several columns of B are null, the LDV factorization is far from
unique; the particular form of the factorization LDV described above will arise in a
natural way in the algorithms we describe.

3. Computing the LDV Factorization of an m x m Matrix B. Let A be a matrix
made up of j columns of B and m —j columns of the zero matrix (initially we shall
not specify any particular ordering of the columns of 4), and assume that the LDV
factorization of A, denoted by 4 = LDV, is known. We shall describe a method for
computing the LDV factors of the matrix A obtained by replacing a zero column of
A by a new column b. This technique leads naturally to a method for computing the
LDV factorization of B since, if B, denotes the zero matrix with factorization B, =
LoDV, where Ly =1, D, =0 and V, = I, the columns of B can be added one by
one to B,.

From our remarks in Section 2, the diagonal matrix associated with the factoriza-
tion A = LDV has m —j zero elements and ¥ has m —j columns of the identity matrix.
Let p be the vector such that Lp = b, and p, the first element of p such that p, # 0
and d; = 0. Define

/I=A+besT

(that is, the column b is added into the sth position). The recurrence relations we shall
derive are invalid if p; = 0. However, if B is nonsingular it can be shown that there
exists at least one {p;| > 0 (otherwise the new column is a linear combination of those
that have already been processed). Using the LDV factorization of A4, we have

A = LDV + bel = L(DV + pel).
By definition, the sth row of V is e, giving
(3) A = LD + pelyv.
From Theorem A2 we have that the LDV factorization of D + pesT is of the form

4) D +pel =LDV,

where
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1054 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

e -

1
p,B, 1
p3By  P3B, 1
©) I = P8, p,B, PeBy * 1 ,
Psi1By PoyiBy PoyiBs * PoyyBs 1
PsiaBy PoyaBs PoyaBs = PergBy 0 1
. . . . . - . l
pmﬁ] pmﬁz pmﬁ3 ¢ meS 0 0 * ¢ ¢ 1
| Blpl Bl
- ﬁzpl 1= ﬁzpz 62
—B3p,y —B3p, 1-B;3p, B,
© ¥ . . . e e B,
- ﬂspl - ﬁsp2 - ﬁ_gpa ¢ M * ﬁs ’
0 0 0 . . 1
| 0 0 0 . L « 0 0 1

~ ~ ~

D = diag(d,, d,, ... , d,,)

= diag(d,, dy, .-+ s dg_1, dg dgyqs --- 5 d,),s

and the matrix (D*)!/2V(D*)~1/2 is orthogonal. The vectors d and § are generated
by the following recurrence relations:

(i) define ¢ty = 1;

(ii) fork =1,2,...,5—1 compute the following: if d, = 0,then set v, =0,
otherwise set v, = p/dy, tp =tp_y + VyPpr Ay =diti/ti_ s> B = i/t
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COMPUTING AND MODIFYING LDV FACTORS OF A MATRIX 1055

(iii) define d, = p2/t,_, and B, = 1/p,. N -
Substituting (4) in (3) gives A = LLDVV. From the orthogonality of (D*)!/2V(D*)~1/2
we have
(7) AI;(D+)~1’I7T — (5+)—1.

Now
FTnT = PvvTiT = PO~ 177 = @)1, from (7).

Consequently, if we write Vw=V, D=Dand LL = L, then we have a factorization
of A of the form required.

By adding each column of B in turn and using the results just obtained we can
generate a product form of the factorization (2). As the factorization proceeds, a new
element of the diagonal matrix D becomes nonzero and a new column of L and column
of V are defined. Let D;, V; and L; denote the matrices D, V and I defined at )
which are associated with the matrix made up of j columns of B. Then we have

B=LL, "+ L,D,V, - V,V,,

m-m " m

or B=LDV, if wewrite L=L,L, ***L,, V=V, ***V,V,andD=D,,.

The important feature of the matrices LJ- and V] is that they both can be con-
structed from the pair of vectors p and 8. We shall show in Section 4.1 how their
special form can be exploited to obtain the solution of equations of the form Liy=z
and products of the formy = Viz.

3.1. Stability and Sparseness Considerations. The general algorithm just given
could be numerically unstable if the columns of B were added in random order. Just
as with LU factorization, some “pivoting™ strategy is required to ensure that the new
column at each stage has a sufficiently large pivot element (p, above). A preliminary
ordering of the rows and columns of B would reduce the amount of column inter-
changing required. In the context of linear programming, the preassigned pivot pro-
cedures of Hellerman and Rarick (1971, 1972) would be useful.

In general, the purpose of preassigned pivot procedures is to rearrange the rows
and columns of an arbitrarily sparse matrix before the factorization commences in
order to reduce the subsequent storage requirements. In mathematical terms we seek
permutation matrices P; and P, such that the fill-in during the solution of the equa-
tions P, BP,y = P, b, is less than that during the solution of Bx = b. The solution x
can be obtained from y using x = P, y. One useful rearrangement of B, in view of the
factorization being considered, is to choose P, and P, such that P, BP, is of the form

k

(8) B

L,
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1056 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

This matrix is lower triangular except for the matrix E, defined as a bump. The lower-
triangular matrices L; and L, are known as the forward triangle and backward triangle,
respectively. Hellerman and Rarick (1971 and 1972) have given two algorithms for
determining a further reordering of the matrix B. These algorithms give a matrix P, BP,
as in (8) together with a matrix B which is itself lower triangular save for further bumps
By, By, ..., B; (there may be any number), each of which is lower triangular save for
columns of nonzero elements called spikes. For example, a bump B; could be of the

form
x x
x x
X « x x < Xx
) B]. =
. . x x . .
x X x X
x x X x
e e

with x denoting the nonzero elements. Our example has spikes in the fourth and last
columns.

If we apply the LDV factorization to a matrix which has been obtained by apply-
ing the Hellerman and Rarick scheme to B, then significant savings in fillin are achieved.
In this case, corresponding to a nonspike column, the L;is an elementary matrix and
the V; is an identity matrix with its jth diagonal element replaced by 1 /BI-. The number
of nontrivial ¥}’s is equal to the number of spike columns.

Rather than computing the LDV factors of B directly, there is an alternative strat-
egy which maintains numerical stability and at the same time improves the sparsity of
the factors. It is:

(1) compute a triangular factorization B = LU, using Gaussian elimination with
column interchanges to preserve stability;

(2) use the above algorithm to compute an LDV factorization of U. In this case
it is natural to add the columns of U in order from left to right.

The final result is a factorization of B in the form

B=LU=LL\L,*** LDV, Vp |+ V,.
Note that since U is upper triangular the elements p., |, ..., p,, are zero for each
factor L.

This strategy has been implemented and tested on some medium-scale linear pro-
grams. The procedure P3 (Hellerman and Rarick (1971)) was used to specify an initial
row and column ordering for B. (In practice only a few additional column interchanges
are then required to ensure stability in the LU factorization.) The recurrence relations
defining the LU factorization of P, BP, imply that fill-in occurs only in the spike col-
umns. For example, the LU factorization of (9) is of the form
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— - - -
X ¢« e .« ] tx X
x x . x
x x X x
x x x x|
x x x x |{ - - - x x
x x - ox x x|f- - - x
- -

The important facts are that

(a) the bulk of the LU factorization is in L, and

(b) U is almost strictly diagonal (except for the spikes).

In practice we find that there is virtually no further fill-in in the spike columns
during the LDV factorization of U. To summarize, this means that for a general sparse
matrix B (of the type encountered in LP) it is possible to compute an orthogonal fac-
torization B = LDV in product form, whose density is only slightly greater than that
of the triangular factorization B = LU. This is a surprising result.

4. Adding and Deleting Columns of B. When combined, the two theorems in this
section show how the LDV factors of a nonsingular square matrix B can be modified
when one column of B is replaced by a new column.

THEOREM 1| (ADDING A COLUMN). Let B be an m x m nonsingular matrix and
let the m x (m + 1) matrix [B O] have a proper LDV factorization [B 0] = [L 0]DV,
where L is unit lower triangular, D = diagd,, d,, ... ,d,,, 1) and Dy s orthogonal.
If a column a is added to B to give the matrix B, then B has a proper LDV factoriza-
tion B = [Ba,] = [L 0]1DV, with

L =LM, D =diagd,, d,,...,d,, o), V="V,

where

o - R N
Lp=a, M=HM(p,B), N="Hp, 7 -p", V=[—pr {13]

and D'1?V is orthogonal. The quantities ch, Bi and af are defined by the following
recurrence relations:

10() define t, = 1;
10(ii) forj=1,2,...,mset
ij = t]'_._l + pf/d,
d; =dft;_,,
Bj = pj/(djtj);
10(iii) define a? = 1/t,,.

(10)

Proof. Adding the column to B gives

— p
(11) B=[B0] +ael =[LO]IDV+Lpel . =[L0O] (DV+[O]e,7,‘,+1),
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1058 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

where p is the solution of Lp = a,. Now D'/2V is orthogonal and the last column of
[B 0] is zero; hence D'/2V is really of the form

0
o[y
v 0o 1y

where Q is the orthogonal matrix in the LQ factorization of B itself. Since d}n/ _";1 =1

this means that erfl V= ez;, +1- Substituting into (11) gives

B=1[L0] <D + [g]e,f,H) v = [L 0)LDPV = [ 01DV,
where we are now using the corollary of Theorem A2 to write down an LDV factoriza-
tion of D + [ﬁ]ef; +1- Using the notation of the corollary of Theorem A2,we have

- . M 0 ~

(a) [L 0] =[LO]L=I[LO] [BT 1] = [LM 0],
so that
(b) L =IM; D=D;
(c) V=0

The structure of 7, M and N and the recurrence relations (10) also follow from the
corollary of Theorem A2. Finally we have

D'/2V = D'2py = (D2 PD~ 12D /?Y),

where both parenthesized quantities are orthogonal matrices. It follows that D'/2V is
orthogonal and the theorem is proved. O

THEOREM 2 (DELETING A COLUMN). Let B be an m x (m + 1) matrix with a
proper LDV factorization B = [L Q) DV, where L is unit lower triangular, D =
diag(d,, d,, ... ,d,,, &3) is positive definite and D*/*V is orthogonal. If B is the
matrix remaining after the rth column a, is deleted from B, then B is nonsingular, and
[B 0} has a proper LDV factorization [B 0) = [L 0])DV, with

J— — ~

L =LM, D=diagd,,d,,...,d,,1), V=0,

’ m 3
where
D ~ o~ . [MT a,f
=DVe,, M=M(p,f), V= r , Il = a permutation matrix
) pr o

and DYV is orthogonal. The quantities d-’ and ﬁi are defined by the following recur-
rence relations:
12(i) define t,, , | = o%/a?;

12Gi) forj=m m—-1,...,1 set

(12) b=ty t+ p,-z/d-,
d; =djt; 1,
Bj =- pj/(djtj+ 1)
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Proof. If 1 is the permutation matrix which interchanges columns r and m + 1
of B, we have the identity

(13) [B 0] = (B —a,eN.

Also, if we compute the rth column of DV as [ap2] = DVe, we have

a, = Be, = [L 0]DVe, = [L 0] [a’; ]

e, = VT[:;],

since VDV = I from (1b). Substituting for a, and e, in (13) gives

[B 0] = [L 0] (D - [”][pT a2]> VL.

5

and

Now from the definition of p and a, we have (|D—1/2 [a” 1= (D172 Ve, |l = 1 since
D'/?y is orthogonal. Hence the conditions of Theorem A4 are satisfied and we can
write down an LDV factorization of D — [apz] [T a,] to give

[B 0] = [L O]LDVvH = [L 0]DV.

Using the notation of Theorem A4, we have

@ Lo=ol-L OI[M . ]=[LA7 o1,
a,p” 0

so that

(b) L=LM, D=D;

() V= Vvi.

The structure of ¥ and M and the recurrence relations (12) also follow from Theorem
A4. Finally we have

D2y = D'2pv = D2 VD20 2y,
where all parenthesized quantities are orthogonal matrices. It follows that DYV is
orthogonal and the theorem is proved.
Note also that the last row of D'/2V is
el (DY =el  DV2Pvni=el PVl = [pT o]V

=elVTDVN =l =¢l |,

and hence D'/2V is of the form

51/27___[6 ]
1’
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1060 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

where Q is the orthogonal matrix in the LQ factorization of B. O

Theorems 1 and 2 imply that when a column of B is replaced by a new column
we can extend the product form of Section 3 by adding new factors L, , 1, V,,, 11>
L, .2 V.1, and updating D, to become D, ,.
4.1. Use of the Special Matrices M and V. The matrices M = M (p, B) in Theorems

1 and 2 will be used to solve systems of the form
My=z or MTy=1z

Algorithms are given in Saunders (1972) which show that y can be computed using two
multiplication operations for each nonzero element in p. Similarly the matrices Vin
Theorems 1 and 2 will be used to compute products of the form

y=Vz or y="¥Tq,
and it is easy to show that y can again be computed using only two multiplies per non-
zero element in p.

5. Modification of the Cholesky Factors. This section is concerned with the mod-
ification of the Cholesky factors of a symmetric positive-definite matrix A after a rank-
one correction. In mathematical terms, the problem is to compute the Cholesky factors
LDLT such that

(14) IDIT =4 = A + 0zzT = LDLT + ¢z27.

It will be assumed throughout that the elements d; and (7, are positive, which
implies that the matrices A and A are positive definite. We shall scale the vector z
such that the modification (14) is either of the form

(15) LDLT = LDLT + w7,
or
(16) LDLT = LDLT - wT.

Although this scaling requires an additional » divisions and a square root, it minimizes

the probability of overflow/underflow on the occasions when o is large and ||z{| is small.
Since A is positive definite, it can be written in the form 4 = BBT  where B is a

nonsingular m x m matrix. If B has the proper LDV factorization B = LDV, then L

and D are the Cholesky factors of 4. The two methods given in 5.1 and 5.2 for per-

forming the modifications (15) and (16), respectively, are based upon the theorems given

in the appendix for modifying the LDV factorization of B without storing V.
5.1.LDLT = LDLT + w”. We have the identity

a7 A=LD+pp"LT,
where p is the solution of the equations
(18) Lp =v.

We can now apply Lemma A3 to write down the LDLT factors of D + ppT as
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COMPUTING AND MODIFYING LDV FACTORS OF A MATRIX 1061
D + ppT = MDMT,

where M = ]T/i(p, B) and D= diag(gl, cees ch) can be computed using the recurrence
relations

19(i) define ¢, = 1;
19(Gii) forj = 1,2, ..., m set
(19) t;=t;_y +pild,
4 =dtif;,,
ﬁ,‘ = p/'/(djtj)'

Clearly the required Cholesky factors are given by L = LM and D = D. These recur-
rence relations for computing B; and (71 are identical to those given by Fletcher and
Powell (1973) although they have been derived in a different way.

The special structure of the matrix M enables the product LM to be efficiently
computed in terms of the B; using the following forward recurrence relations suggested
by Gill, Golub, Murray and Saunders (1974):

(i) define vV = Lp;
(i) forj=1,2,...,mset
vt =) —pi

rj

(20) r=j+1,...,m

7 i+1)¢°
Ly =1, +ppg+h

The vector v{!) needed to initialize the recurrence relations is known, since (1) =
Lp = v. Also, each of the vectors o) (j=1,2,...,m) can be obtained during the
jth stage of the initial forward substitution (20) since
X m ji—1
vf’)=Zlﬁpi=vr—eripi, r=ij+1,...,m
i=j i=1
We note also that, using the expression for vﬁ" + 1), we can rearrange the equation
for I_ri in the form

Z" =1 + 8,00 —pl,) = (L - pBl,; + Bt
1) = (@/d)l,; + B

This method requires 3m?/2 + O(m) multiplications to completely update the factors,
whereas only m? + O(m) are required using (19) with (20).

Rounding-error analysis of the recurrence relations (19) and (20) and of (19) and
(21) have been carried out by Fletcher and Powell (1973). This analysis shows that
the corresponding rounding errors involve a term with coefficient a;/di and di/rTj , Tespec-
tively. The recurrence relations (19ii) indicate that d; > d; for all j; and, consequently,
the formula (21) should be used to obtain the new factor, since the term d,/d; has a
damping effect on the error. The resulting algorithm has the unsatisfactory feature that
an additional m?/2 multiplications are required. However, Gentleman (1973) has sug-
gested using formula (20) until the ratio Ej/d]- exceeds a certain fixed quantity. It has
been observed in practice that the amount of work for this modified process is still ap-
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1062 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

proximately m? + O(m) since large values of Ei/d]. are only likely to occur on one or
two occasions during a single updating. For example, if d, /d, exceeds the bound, only
m — k additional multiplications are required.

In summary, the algorithm for performing the modification (15) is given by

(i) define ¢y =1, v = p;

(ii) forj=1,2,...,m compute

b=,
— 2

tl =t + p; /d.,

d; = d]-t]-/ti_ 1

5,' f pj/(djtj)1
if d;/d; > 4, then set
T = /1l + B 2 oy
. ) , r=j Y eee, M
v/t = o ~ Py
otherwise set
U£i+l) = USI) —-p!l

ry .

— ; R =j+1,...,m.
_ +1

Ly =1, + Bl >$

52.LDLT = LDLT — wT. In this case, instead of (17) we have
(22) A=LWD-pp")LT,
where p satisfies (18). Consider the quantity a> = 1 — pD~'p. From (22) we have
det(4) = [det(L)] 2det(D - ppT).
Since L is unit lower triangular det(L) = 1, and consequently
det(4) = det(D - ppT) = a2det(D).

Since by assumption 4 is positive definite, det(4) > 0 and o is positive. This
implies that we can apply Lemma A4 to give the factorization D - ppT =MDMT, using
the recurrence relations:

(i) define ¢,,,, = a%;

(i) forj=mm-—1,...,1 set

- 2 3 _ _
4 =tivy T pjld;, dp=diy [t B = - bl )

Since the elements of the vector § are computed in the order §,,, B—1>---5 B>
it is convenient to compute the product LM using the backward recurrence relations:
forf=mm-1,...,1 set

(N =
v]'] _p]a
I; =1 + oty .
, ) y  r=j R
(23) o) = Ut D ¢ pil,;

In this case there is no need to consider an alternative recurrence relation for I_,j
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since, as mentioned earlier in 5.1, the error involved using a recurrence relation of the
form (23) is multiplied by the factor Ei/di and Ei < d, for all j.

Unlike the recurrence relations for adding a rank-one matrix, the formation of
L cannot take place during the computation of the vectors p and § since all of p must
be known before the recurrence relations for § can commence. For this reason the com-
putation of the modified factors requires 3m2/2 + O(m) multiplications. It is a feature
of this method that, provided a® > 0, the modified matrix is positive definite regardless
of any rounding errors made.

The final algorithm to perform the modification (16) is thus as follows:

(i) Solve the equations Lp = v and define ¢,,, , =1 -pTD~'p; if t,i1 SO
set ¢, ,, =€, where e (> 0) is the machine precision;

(i) forj=mm—-1,...,1 set

—_ 2

4 =ty +0j/d;,

d; =d,-t,.+1/t-,

ﬁj = 'P,'/(djtj+1),

N —

U]- _p],

=1y + gD

. , , r=j+1,...,m.
USI) =v$]+1) +pll

rj
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Appendix. Here we give the lemmas and theorems referred to earlier which develop
the special structure of the following matrices:

(a) the product P of certain sequences of elementary orthogonal matrices which
reduce an n-vector z to a multiple of the unit vector e, , thus:

Pz = zlle,

withP=P, P, _, -+ PP and P=P P, -+ P, _,P,_,, where each Pi is a plane

-2 n
rotation;

(b) the LQ factors of matrices of the form
/4
[ ] e 1-aa”  @@r=n;
(c) the LDV factors of matrices of the form

D _
[ Il)] and D-qq7 (ID~'?%qll=1)

where D is a positive-definite diagonal matrix;
(d) the Cholesky factors of matrices of the form

D+ ppT and D-ppT.

LEMMA Al. Let z be an n-vector and P an orthogonal matrix such that
(1 Pz =|izlle,,.
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In particular, let P be the product of plane rotations
2) P=P,_, PP,

where each P/ is a symmetric orthogonal matrix of the form

8 7
1
P = ~¢ 5 (row j).
1
1
| $; ciJ

Equation (1) holds if the elements c; and s; are such that

L N
5 Gl1Pi—1 Pj

where
(3b) p]2 = p]'2——1 + z]'z,
(3¢0) G = Pj_l/P,',

forj=1,2,...,n—1. (Whenj=1 we define p, = z,,.) If the last component of z
is nonzero, P can be formed into the matrix

Y1 0,2,
0524 T2 0,2,
032, 032, 73 032,

0n_12 Op_122 ot Tn-1 Op_12n

On2y 0p2y e onzn—l OpZy

where the elements 0; and v; are defined by the recurrence relations
44) forj=1,2,...,n—1define
“@ 0;= Sj/p,'_la V=T
4(ii) define o, = 1/p,_, (=1/llzl).
[Note: We require z, # 0, but in general there may be z; = 0 forj <n. For suchj

we define P] =1, 0; = 0, = 1, so the jth row and column of P will be unit vectors.
Without loss of generality we may assume z, # 0.]
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Proof. We shall define

i
r;
P=P, P, PP = )
pY |
and the partial product -
PPy v 22 PPy =0y
The first ¢ rows of Q, are unaffected by subsequent rotations P, , ..., P,_,
and so we can write _ -
r{
i
: T
(5) Qt = et+l
T
en—l
T
RO
Using Eq. (1), the vector @,z = v, is of the form
(6) v,T=(0,...,0,zt+1,...,zn_l,pt),
and since Q, is orthogonal
@) z= QtTv,.
Substituting (5) and (6) into (7), we have
BN [0 ]
z, 0
Zepr | T | Zeaa | T P4,
Zp—1 Zpn—1
i z, | | 0 ]
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giving

Zl 22 zZ V4
q,T=(;,;,...,l,o,...,o,—").
t t pt pt

At the (¢ + 1)th stage, Q, is premultiplied by P, giving the row pf +1 as a linear com-
bination of the two rows

,0,...,0,1,0,...,0,0)

(22 % 00..0%)
pt’pt,.--,pt”""’ ’pt'

Thus
r _ (%1541 %3541 2851+ ZnSt+1
pt+]— pt s pt L] pt ,_Ct+1,0,..., pt s
and if we define o,,, =s,,,/p, and v, ; = — ¢, ,, we have the required result. O

THEOREM Al (LQ FACTORIZATION OF AN ELEMENTARY MATRIX). Let A be a

matrix of the form
~_ |1 a}_ ql,r
A_[ 1]=1m+1+[0]em+1’

where q is an m-vector. The matrix A has the LQ factorization A= a, where L is a
special lower-triangular matrix and a is an orthogonal matrix of the form

Z_ M a_ ﬁ g
ol al —aq” af

Both M and N are special lower-triangular matrices defined by
M=Mqg,o0,8), N=No,-q,1=M"'=MT-0q",

where the vectors o, v, 8 and the scalar « are generated by the following recurrence

relations:
8(i) define py = 1;
8(Gii) forj=1,2,...,mset
p} =pl, +a},
®) 0= ‘I,'/(Pipi_l),
Y =~ 0j-1/Ps
8 =1/

8(iii) define a = 1/p,,.
Proof (of Theorem Al). The LQ factors of A could be computed directly from

the relation
~ I ~ ~
AgT = [ ‘i]QT =T,
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where @ is a product of plane rotations designed to eliminate the elements of ¢ one by
one. However, we show now that a may instead be constructed as a product of plane
rotations such that

~ —q| _ -q
) Q[1]=Pm"'P2P1[1]=‘°em+1’
with
(10) w=(q"q + ',

(It turns out that this method is slightly more efficient, and it allows us to use Lemma
Al to develop the structure of @' ) Let L be partitioned in the form

~ | M
7 =

and suppose that in place of (9) and (10) we have

o[-} oo

Multiplying the relation LQ = A by [7,7] gives

ie.

L2 ]-00

Since M must be nonsingular this gives w = 0, aww = 1 and w? = qTq + 1.
We have thus proved that Egs. (9) and (10) are true.
From Lemma Al we can therefore say that a =P, -+ P,P,; is of the form

where
@0 N=N (0, — q, ) is a special lower-triangular matrix;
(i) the quantities ¢, 7y and « are obtained from the recurrence relations (3) and
(4) by replacing z, 0 and n by [, 9], [J] and m + 1, respectively;
(iii) in particular,

S iy AT

which is consistent with the use of a in L above.

Using (3) to eliminate ¢; and s; in (4) Tnow giz/fs the recurrence relations (8) for
generating o, v and «, and the structure of Q and NV is determined.

It remains to determine the structure of L and M. From the equation 4 = LQ
it follows immediately that MN = I, and hence the diagonals of M are the reciprocals
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of those of N, i.. 117 = 1/7, = ;. Next, the equatlon AQT =7 readxly gives the re-
lation M = NT + qoT, and from the structure of N it follows that M = q;0; fori >j,
and hence M is the special lower-triangular matrix M @q., o0, 8). Fmally, the equation
AQT =T also gives y = o, which completes the structure of L. The theorem is now

proved. [ '
THEOREM A2 (LDV FACTORIZATION OF AN ELEMENTARY MATRIX). Let A be a

matrix of the form
A =D+ pel,
where p is an m-vector such that p; # 0 and D = diag(d,, d,, ... ,d,,) withd =0

andd 20forj=1,2, »$=1,s+1,...,m. If pgis the first element of p such
that | psl >0andd, = 0, then A has an LDV factorization A = LDV where

- -

1
pzﬁl 1
p3By  P3b, 1
L=|p8 P, P o 1 ’

Psr1By PoyiBy  PepiBs © 0 0 DgyiBs 1
PsyaBy PsiaBy  PsyaBs  © 0 ¢ DyaBy 0 1

. . . . . . . . 1

meﬁl pmﬁ2 pmﬁ3 * * ¢ pmﬂs 0 0 ° * 1

1-p:B, B,
— 8,7 1 -p,B, B,
— B3p, —B3p, 1Dy By
V = * ﬁ -1 *
_ﬁspl _6sp2 _ﬁsp3 e ﬁs
0 0 0 . o e 1
0 0 0 0 1
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~

D = diag(d,, dy, ..., d,) = diagd,, d, ... ,ds_;, dy dyyys - s dpy)

> Ys—12 >“m

and the matrix (5 +)1/ 2 V(D"’)_l/ 2 is orthogonal. The vectors d and § are generated by
the following recurrence relations:

11(i) define t, = 1;
1) fork=1,2,...,s — 1 compute the following:

if d,, = 0 then set v, = 0 otherwise set v, = p, /d,,

(11) Ly =ty Py,
dy = dity/ty_y»
B = viltys

11(iii) define d, = p?/t,_, and B, = 1/p,.

Proof. We shall prove this theorem in two stages. Firstly, we shall assume that
d, is the only zero element of D and then consider the case where other d]. are zero
(together with their associated p;)-

Consider the matrix A; made up of the first s rows and columns of 4. If 4 is
partitioned as

D, p(l) T
A= P, )
p?) D,
then A can be written as
D, p“ 1 7] [D? 7 q pl/2
A, = =
pg | P gL 1 1
7
= O A DH 2,
[ P
where
I ¢ D,
(12) A, = , D} = and q =D7!/?p.
1 1

~ ~

From Theorem Al we know that 4 s has the orthogonal factorization A s =L0
where I s and as are constructed from the quantities ¢, 0, ¥, § and « as shown. Let

s

us define

d;=dp}, B =0;/(®;d}'"),
(13) 0, =,/5,=1/67, A= diag6y,8,,...,8,_;, ),
and e = (1,1, ..., 1)7. Using the notation of Theorem Al, we now have
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I 1
A, = [ , }D:)‘”st:)l” = [ , ](D:)‘”Z;és(v:)‘”,
§ S

where
I 1 M@, 0, 8)
D;I-)l/2zs - D;)1/2
P, L P of o
(3. 8, €) 7 ] 1
= (D;)I/ZA =[:(D;~)1/2A ,
(14a) | P87 1 Py Py
and
[~
N(o,—q,7) o
QS(D:)1/2 = (D:)llz
~aqT «
I NG, -pD,0) B I
= ADH'? = ADHIV.
(140) P, ()P0 1, P,
ad 5

Combining (14a) and (14b) gives A, = LDV, where

M N 8
Z = s I’) = 1
2 - (—)p‘”T 1/py
Ps
and
1 1
D =@H*a})'/? = A’D}
2
(15) p? Ps

= diag(d,82,d,82, ... ,d,_,82 |, p2a?).

Equations (14b) and (15) also give the orthogonal matrix as as

I
g, = ADH 2Py = D Dy 2.
Py
We can now simplify the expressions for (7]-, B; and 6; in (13). From the defini-
tions of p;, 0;, 8; and g; in (8) and (12) we have

2 2 2 — 52 2/9 .
p; =pj_y tai =pj_, +p]./d.,

g — 2 _ 2/.2 .
dj_d,‘/7j = jpj/P,'_l,
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B; = 7,/d 12 = q;/(p}d}1?) = pl(p?d));
6; =77 =p}_,I0} =} —p}/d)Ip} =1-p}/(pjd) =1-p}p;.

From 8(iii) we also have a? = l/pg_l. Since all these expressions require p].2 rather
than p;, we can define ¢; = pl.2 and avoid the computation of all square roots.

If we now consider the factorization of the complete matrix D + peST , we must
have

L D v
A= ,
Y I D, I

where Y is a matrix to be determined. If the factors of the last expression are multi-
plied out and right- and left-hand sides are equated, we have p(z)esT = YDV, where esT
is the last row of the sth-order identity matrix. Multiplying both sides by (D;' T
and noting that IA/(DS+ )~! PT = D=1, since D'/? V(D: ) 172 j5 orthogonal, we have

pPel(DF)~ 19T = YDV(DF)~ VT =

Consequently, since

eT(DF) ! = eT and eTPT = lEiT pi]

1
Y = p(z) [ﬁT p_]'
s

If we define B, = 1/p,, this completes the proof in the case where d]. >0forj=1,
2,...,s—Ls+1,....,m

If A has k rows and columns equal to zero (that is d; = 0 corresponding to
p; = 0), we can apply the method just described to the matrix of m — k remaining
rows and columns and regard the LDV factors so obtained as being of order m by in-
serting suitable rows and columns of the identity matrix. This gives the recurrence
relations (11). O

COROLLARY. Let A be a matrix of the form

'
p D, p
A=D+| lef, = ,
0 1

where p is an m-vector and

we have

D,
D = diag(d,, d,, ... ,d,,, 1) = ,

3 m?
1

with D, positive definite. The matrix A has an LDV factorization A = LDV where

| M o 3 ) N B

L= , D=diagd,, d,,....d,, %), V= ,
T _ T
g1 p- 1
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and the matrix DY12VD=1/2 s orthogonal. Both M and N are special lower-triangular
matrices defined by

M=Mp B, N=N@ -p 0)=M"-ppT,

where the vectors d , B, 0 and the scalar o® are generated by the following recurrence

relations:
16(i) define ty = 1;
16(i) forj=1,2,...,mset
t;=1t_, +p}/d,
(16) 4y =djtilt;_,,
ﬁj = P,'/(ditj),
0;=1-pf;

16(iii) define a* = 1/t,,. O
LEMMA A2. Let z be an n-vector and P an orthogonal matrix such that
(17) Pz = |zlle,,.

In particular, let P be the product of plane rotations P = PP, * ++ P, _, where each
P; is the form given in Lemma Al. Equation (17) holds if the element ¢; and s; de-
fining P; are such that

i G 1P Pj
where
— 2 — —
(18) P} =ply t2i, G =piale, s =20

forj=n—-1,n-2,...,1. (Whenj=n—1 wedefine p, =z,.) If the last com-
ponent of z is nonzero, P can be formed into the matrix

r —-—
71 0,2, Oy23 : 012y
72 0223 . . . . - ozzn
s e e . 042,
P = . - . Y . £

7n—2 On—zzn—l 0n—2zn
7n—1 Un—lzn

0,2, 0,2, 0,23 * * * ° 0,2,_1 0,2

=3 -

where the elements 0; and v; are defined by the recurrence relations

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




COMPUTING AND MODIFYING LDV FACTORS OF A MATRIX 1073

19G) forj=n—-1,n-2,...,1define
(19) 09; = s,'/p,'+ 1 TG
19(ii) define o, = 1/p, (= 1/lizl)).
[Note: As in Lemma Al, we require z,, # 0; but if z; = 0 for j < n, we define Pj =],
0; = 0, Y = 1]
Proof. This lemma is proved in a similar way to Lemma Al. O
THEOREM A3 (LQ FACTORIZATION OF AN ELEMENTARY MATRIX). Let A be an
(m + 1) x (m + 1) matrix of the form 4= I, .4 - G47T, where § = [2], with c a
scalar (o« # 0) and |IGli = 1. The matrix A has the LQ factorization A=L a , where L
is a special lower-triangular matrix and a is an orthogonal matrix of the form
M N MT oo
I = , 0=
ac” 0O 97 a
The matrix M = M (q, 0, ) is a special lower-triangular matrix with the vectors o and
v defined by the following recurrence relations:

20() define p,,,, =
20(ii) forj=mm-—1,...,1 set

(20) p} =pha +al,
0; = qf/(pf+ 1pj);
1= P,‘+1/p,"

Proof. We shall obtain the LQ factorization of A by construction. Let 6 be the
orthogonal matrix é =P,P, -+ P_ constructed as in Lemma A2 such that

1) 07 = ldlle, 4 =epyy-

Replacing z, 0and n by [Z], [a ] and m + 1, respectively, we see from Lemma
A2 that Q may be partitioned in the form

AT a0
@ = s
O+ qu Om+1%
where M = Jl’\/f(q 0, y). From 19(ii) we have o,,,; = 1/ll4ll = 1, and using (18) to
eliminate ¢; and s; from (19) gives the recurrence relations stated in (20).
To obtam T we use Eq. (21) and the fact that Q is orthogonal. Thus

A=4070 =,,, -4i"N0T0 = @7 - gel, . )0
M 0 ~ e o d
—qem+1 Q =LQ,

acT 0

as required. [

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




1074 PHILIP E. GILL, WALTER MURRAY AND MICHAEL A. SAUNDERS

THEOREM A4 (LDV FACTORIZATION OF AN ELEMENTARY MATRIX). Let A bea
matrix of the form
14
A=D- T a],
@,

where p is an m-vector, o, and &, are nonzero scalars,

D = diagd,, d,, ... ,d,,, @?) = ,

s “m>
1/2[a ] 2
1

The matrix A has an LDV factorization A = LDV where
I'm o] o B M7

22) L= , D=diagld,,d,,...,d,,1), V= ,
a,87 0] pT a

and
2
o
=pTD{'p+—2 = 1.
2
o

and the matrix DV2 VD112 js orthogonal. The matrix M= M(p, B) is a special lower-
triangular matrix and the vectors d, and  are generated by the following recurrence

relations:
23(i) definet,, ., = a3fa?; \
23@i) fori=mm-1,...,1 set
(23) 8 =tiyy + P7/d;, ’
d; = djt;
B; = —p;l@;t; ). ]

Proof. The matrix to be factorized can be written as
p ~
A=D- [pT (!2] =Dl/2(1m+1 _qq‘T)DIIZ =Dl/2ADl/2,
)
where

q ~
(24 q=D7'%p, a=a,a,, é=[ ] A=1I,,,-4".

a
The requirement p"Dy 'p + a%/ai= 1 ensures that ¢7q + o = IIQIE =1 ; and hence
we know from Theorem A3 that A has the orthogonal factorization 4 = LQ, where
L and 5 are constructed from the quantities g, g, y and a as shown. Let us define

— 71/2 3 — 52 —
8;=djl*y, d;=8}, f;=0s,
A = diag8,,8,,...,8,,, 1), e=(,1,...,D7.

sYm>

(25)
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Using the notation of Theorem A3 we now have

A4 = Dl/2ZDl/2 — (D1/2ZX§D1/2),

where
(D2 o |IM@,0,v) 0O M@, 0,8) 0
Dl/2z - =
L oy ao” 0 a,a07 0
Mp,8,0) 0
= A=1LA
(26a)
| @” 0
and
1l~4(q, 0,7 oo D%/z A?(p, 0, 8)T o, a0
@’Dl/2 = =
T T
q a a p a,a
(26b) ! !
ﬁ(p’ B’ e)T a2B ~
=A = AV.
pT o,

Combining (26a) and (26b) gives 4 = LDV where L and V are the matrices defined in
(22), and

D = A? = diag(s?, 62, ... ,82,1) = diagd,, d,, ..., d,,, 1).

b m 3
Equation (26b) also gives the orthogonal matrix a as
0 = AVD~'/? = p'12yp-112,
as required.
Using the definitions of p;, 0}, v; and g; in (20) and (24), we can now simplify
the expressions for El and f; in (25) as follows:
T e a2 =402 2.
d; =dpy; =dipj,\[pj
— 1/2y  _ 2 12y = _ 2
ﬁi = Uj/(')’,dj/ )= ‘Ij/(p,'+ 1d,' )= P,'/(Pj+1dj)~
From 20(i) we also have pfn = o? = a%/af. Finally, as in Theorem A2, we define
t; = pj2 to avoid the computation of square roots. The recurrence relations (23) now
follow and the theorem is proved. O
LEMMA A3 (CHOLESKY FACTORS OF D, + ppT). If p is an m-vector and D, =
diag(d,, d,, ... ,d,,) where d; > 0, the Cholesky factorization of D, + ppT is
(27a) D, +pp" = MD,MT,
where
D, = diag@,, dy, ..., d,,), M =M@, p),

with
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(27b) MD,B = p,
(27¢) BTD,B =1 ~-a%>0.

The quantities (7]., Bj and o? are given by the recurrence relations (12).
Proof. Using the notation and results of Theorem A2,we can write down the
LDV factorization

D, p L
(28) = LDV.
1
If
Dl D2
D= , D= ,  Q=D2pp-1/2,
1 o?

then the matrix O is orthogonal. Post-multiplying (28) by D~ /2 gives

Di/z )4

and since QT = I we have

Di? pl[D1/? ] m (b, MT B
=LDLT = .
T 1 g 1 o? 1

D, +pT p MD,MT  MD,B
T 1 BTD,MT 7D, + o?
and relations (27) follow immediately. O
LeEMMA A4 (CHOLESKY FACTORS OF D, - ppT). If p is an m-vector, D, =

diag(d,, d,, ... ,d,,) whered;, > 0and o® = 1 ~ pTD]1p > 0, the Cholesky factor-
ization of D, — ppT is

Hence

(292) D, - ppT = 1l7~2}l7T,
where
D, = diagd,. d,,...,d,), M=Mp,p),
with
(29b) MD,8 =-p,
(29¢) BTD,p = 1/a® -1 >0.

The quantities ‘71 and (3; are defined by the recurrence relations (23), with 23(i) replaced
by t,, ., = o>

Proof. Using the notation and results of Theorem A4, we have o = ag /a"l’ and
the LDV factorization
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~

D, p L M D, [M" «,p
- [pT @) =LDV (=LDLT) =
o? a, a7 0 HLp' o,
Hence
D, - w? - a,p ﬁDzﬂ T a21l~{D2[3
—a,pT o -dl a,87D,MT a2pD,p

and relations (29) follow immediately. [J
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