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ABSTRACT

Ideal MHD restricts both the current and the pressure which can
be stably confined in a Tokamak. A pressure profile optimisation is
carried out for a variety of equilibria, which include JET and INTOR-
like plasmas, in order to obtain the maximum B which can be stably
confined at constant current. The current is limited to a value cor-
responding to a safety factor slightly above 2 at the plasma surface.
A simple scaling law is found that fits well all the cases and which
predicts a linear rise of p with the current.

I. INTRODUCTION

With the large amount of power now available on many Tokamak ex-
periments, the existence of a g limit is no longer only a subject of
theoretical speculation. It is also an experimental fact and a source
of worry for the large expriments now coming into operation and for
the future of the whole Tokamak line. The onset of ideal MHD instabi-
lities growing on the fast Alfvén time scale of the order of microse-
conds could provide such a limit. Resistivity will undoubtly lead to
instabilities before the ideal limit is reached, making maybe such a
limit soft, but the parametric dependence of the ideal limit on geome-
try and physical parameters, such as current and pressure, should then
be reflected in the dependence of the level of turbulence, of the
amplitude of relaxation oscillations, of the size of the deformation
or of the sensitivity to disruptions on these parameters. It might
also manifest itself only as a hard disruptive limit with no precursor
sign, analogously to the axisymmetric instability.



This paper presents a summary of studies carried out specifically
for JET and INTOR, with some additional material on the influence of
the plasma shape and aspect ratio. Also a critical examination of the
limitations inherent in calculations, such as those in which classes
of profiles with a few parameters are chosen for the optimisation, has

been made in order to try to extract conclusions as general as possi-
ble.

II. PLASMA SHAPES, CURRENT AND PRESSURE PROFILES

The shape of the plasma surface is given, in cylindrical coordi-

nates, r,z,/ centered on the axis of the torus, by the parametric
expressions
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where R is the major radius, a the horizontal half-width of the
plasma, E the elongation and y the triangularity. INTOR is defined by
the set of parameters: R/a = 4, E = 1.6, y = 0.3, while the set
R/a = 2.36, E = 1.68, y = 0.3, well represents the JET shape. The
equilibrium requires specification of 2 source terms, which can be the
pressure gradient dp/dy and the toroidal flux function T = By . We
have chosen polynomial expressions for these two arbitrary functions:
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where ¢ is the usual flux function with ¢g = 0 at the plasma surface
and ¢g < 0 at the magnetic axis and where Pp/P, and t are 3 free
parameters. The indices o and s always refer to the magnetic axis and
the plasma surface, respectively. With the three parameters p, ,p, and
t, we can vary the total current I, the safety factor on axis g and
the poloidal B3 = 8nfpds/poI?.
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TII. STABILITY OF "INTOR-LIKE PLASMAS"

By "INTOR-like" plasmas we mean any plasma of aspect ratio 4
having a surface as defined by eq. 1. INTOR itself has a major radius
of 5.2 m and a Tg of 286 Tm. The stability of INTOR equilibria is
investigated numerically with ERATO (Gruber et al., 1981 a), keeping
the current I fixed and varying the two remaining parameters q, and
B = 2[pdv/[B%aV (an alternative choice to BJ) with no conducting
shell around the plasma. Figure 1 shows the results for a series of
ascending currents, from 4.7 MA to 9.4 MA. The limits shown on each
diagram are the ballooning limit B, the Mercier limit on axis M and
the n = 1 free boundary kink-limit. The n = 1 limit is to be under-
stood as a o-stability limit (Goedbloed and Sakanaka, 1974). In the
ERATO code the truncation error associated with the discretisation
leads, for Tokamak profiles, to a destabilisation of the spectrum.
Whenever there is a singular surface within the plasma, the continuous
spectrum extends to the marginal point. The discretisation destabili-
zes the marginal mode and a convergence study to zero mesh size is
needed to verify that it is indeed marginal. We have found that for
these equilibria, the destabilisation of the marginal mode, measured
by the negative contribution Aw? to the eigenvalue, normalized to the
Alfvén transit frequency across the major radius calculated with the
field on axis and a constant density, is of the order of 10 for a
60 x 60 mesh. Rather than doing costly convergence studies for each
point, we have taken the value of the square of the normalized growth-
rate of 10~ as the stability limit. In addition, by looking at the
mode structure we can recognize the destabilized marginally stable
modes which belong to the lower edge of the continuum,

The n = 1 kink limit above g, = 1 truly appears as a B limit,
although the allowed range of Qo shrinks as gqg = 3 is crossed at a
current of about 7.1 MA. This limit appears to be a hard one as the
growthrate increases rapidely when it is crossed. A series of equili-
bria which all lie on the n = 1 limit for I = 5.9 MA is shown in figq.
2. The q profile does not seem to be a critical parameter at this cur-
rent. Figure 3 shows the poloidal flow associated with an unstable
mode which develops when B exceeds the limit. The parameters for this

case are q0 = 1.35, 8 = 3 % and I = 5.9 M, corresponding to a g which



lies about 1 % above the stability limit. The mode is global and the
normalized growthrate is 0.1, corresponding typically to a growthtime
of a few microseconds for INTOR. Below d = 1, the poloidal flow
looks like an internal kink with strong activity on the q = 2 and
q = 3 surfaces and near the Plasma surface. The limit at d < 1 is
soft and, since internal kinks are weakly growing with normalized
growthrates squared of around 10~ or even lower, to take 10™* as the
stability limit is probably optimistic. This is unimportant as long as
the Mercier criterion provides a higher limit on do.

When the ballooning limit B is crossed, an unstable ballooning
region appears between the axis and the surface, between 0.5 and 0.8
of the total flux. The region below B is in the first region of stabi-
lity. Since on the magnetic axis, both Mercier and the ballooning
criterion coincide, there must be also an unstable ballooning region
near the axis. But near the axis there is little modulation of the
equilibrium quantities and it becomes very difficult to test the bal-
looning criterion because numerical discretisation errors become domi-
nant. We assume that the ballooning 1limit for this region coincides
with the Mercier limit on axis, since Mercier is most stringent there.

We have also looked at higher n free-boundary modes. For the case
of I = 5.9 MA on which we have concentrated most of our effort we have
determined the o-stability limit for n = 2 and n = 4, with the same
value of the normalized growthrate ¢ as for n = 1. In these two cases
a conducting shell was placed at a distance 3a from the plasma in or-
der to be able to work with a version of ERATO (Gruber et al., 1981 b)
which improves the convergence for higher n modes. The result is shown
in fig. 4, together with the n = 1 and B, M limits.

The higher n modes have less stringent requirements for stability
than the n = 1 kink mode but the difference on the limiting p is insi-
gnificant. There does not seem to be any interest in wall stabilizing
the low n modes. The rapidity with which higher n modes become unsta-
ble as the n = 1 stability limit is crossed is also an indication of
the difficulty of trying to improve on this limit. Collecting the
maximum stable values of B for each value of the current I from figure

1 (indicated by +) we see that this limiting B increases, to a good



approximation, linearly with the current (Fig. 5). The small modula-
tion around the straight line appears to be correlated with the cros-
sing of integer q surfaces through the plasma surface; but the stabi-
lity boundaries in fig. 1 have error bars due to the fact that a fini-
te number of equilibria have been generated for each value of the cur—
rent and interpolation had to be done to obtain the curves shown in
fig. 1, so that the dispersion around the straight line may just be an
indication of the accuracy of the optimisation.

The pressure, safety factor and q profiles of the equilibrium
with T = 9.4 MA, gy = 1.26 and 8 = 3.7 % which have the highest sta-
ble B values are shown in fig. 6 (we did not find stable equilibria
beyond I = 9.4), which corresponds to dg = 2.2. The Mercier crite-
rion prevents q, from dropping near the axis and, with more current in
the plasma, q develops deeper minima off axis and Mercier and balloo-
ning criteria become violated there. As usual for Tokamak profiles,
when Mercier is violated, there is also an = 1 free boundary instabi-
lity. The necessity of keeping g above 2 to prevent the n = 1 ins-
tability has been seen in every parametric study published so far.

In order to gain some information on the effects of plasma shape
we have varied E and y in an unsystematic way, repeating each time the
optimisation procedure. The Br g stability diagrams have the same
appearance in all cases. The results are also shown in fig. 5. Fewer
equilibria have been used so that the results are not as dense, in the
Bsdy plane, as for the INTOR shape and the inaccuracy is thus larger
than for these cases, although certainly not as large as suggested by
the spread of the points around the linear INTOR fit. It is neverthe—
less surprising that the additional points cluster so close to a sin-
gle straight line. It implies that for the same current, the limiting
B is the same. But the maximum current which can be carried before the
same difficulty arises as in INTOR when dg drops below 2 depends on
the configuration. But this maximum current increases with increasing
elongation and triangularity so that higher B can effectively be ob-—
tained with higher triangularity and elongation.



IV. STABILITY OF JET

The optimisation has been repeated for the conditions of JET, in
the so-called regime of extended performance, with Tg = 105 Tm and
R = 2.96 m. The current planned for extended performance is 4.8 MA and
the results are shown in fig. 7 for this current. The curves labeled
with an asterisk are the stability limits with a shell tight against
the plasma boundary while the others are with no shell. The same c-1li-
mit as in INTOR has been taken in all cases.

All the comments made about the INTOR results apply to the JET
case. The calculation has been repeated for different values of the
current. Two stability limits are shown in fig. 8. The first (indica-
ted by .) which is the limit obtained by considering the Mercier 1i-
mit. It turns out to be also the optimum for stability to the n = 1
mode. The second limit, (indicated by A), which is more stringent than
the first, is given by the requirement that all n be stable. The A for
I = 4.8 MA corresponds to the intersection of the n = 1 and B limits
in fig., 7. We have not verified in all cases that all intermediate n
modes are indeed stable at this limit, assuming the behaviour shown in
figs. 4 and 7 is general.

At high current the difference between the 2 limits becomes im-
portant in contrast to INTOR which has a larger aspect ratio. This
difference reflects the limitation of the polynomial expression used.
With more free parameters the pressure profile could be easily adjus-
ted by a redistribution of the pressure gradient from the narrow bal-
looning unstable region to the rest of the plasma, thus pushing the
ballooning limit up to the n = 1 kink limit. There is a maximum value
for the current, corresponding again to dg of the order of 2.3,
beyond which we not longer find stability to kink and ballooning mo~
des. We have not succeeded in following the drop of the stability 1i-
mit from its maximum value. The profiles corresponding to the highest
B fully stable equilibrium are shown in fig. 9. In Tokamaks, the vio-
lation of the Mercier criterium is always associated with global ins-
tabilities. This prevents q; from decreasing, not only on axis but
also at the off-axis minima, and it seems there is no room for putting
more current in the plasma. Already at 12 MA it is not possible with
the profiles chosen to have full stability.



DISCUSSION OF THE RESULTS

The picture which emerges from these case studies is simple. The
n = 1 free-boundary stability imposes a limit on 8. The highest B is
reached when q; is near the Mercier limit on axis, slightly above 1.
This limiting B increases with the current until the q profile becomes
flat over most of the plasma and gg reaches about 2. Figure 10 shows
that the results for JET, INTOR (standard case) and an intermediate
case with an aspect ratio of 3 with the same shape as INTOR (E = 1.6,
Y = 0.3) can be described by a single linear relationship between gA
and Iy = ug IA2/TS, where A = R/a is the aspect ratio:

For a given I, the INTOR results show a weak dependence, if any,
of B(I) on the plasma shape or elongation. The other points on the
INTOR diagram (fig. 5) would also cluster around the same line, making
the results even more surprising. If this law is extrapolated to a
circular shape and large aspect ratio it can be rewritten as

Bpmax ~ 0-14 Aqg,

where qgg is the safety factor at the plasma surface. A relation of
the same type has been frequently conjectured (Kerner et al. r 1981},
without the dependence on qg, in the form Bpmax = A/2. The two
limits coincide at gg ~ 3.5.

Within the framework of ideal MHD and without introducing non
linear saturation mechanisms or non-axisymmetric modifications to the
equilibrium, there are 3 directions which could be pursued to improve

the g limit: changes in the current and pressure profiles, and wall
stabilisation.

At low current, as seen in figs 1 and 7, the current profile,
which essentially controls the g profile, does not influence the n = 1
limit unless one reaches values of g, < 1. The current profile can

only be of importance at the highest current. When dg approaches 2,
a drop of oo below 1 could lead to a gain in B, provided the Mercier-



ballooning modes and the internal kink do not appear. Imposing that
the pressure gradient vanishes in a region around the axis would remo-
ve all ballooning modes there and according to the results of Bussac
et al. (1975), would also suppress the internal kink, at least for
nearly circular cross-section and large aspect ratio plasmas. The bal-
looning criterion will limit this shift of the pressure gradient to
the outer region where it is most dangerous. We do not have yet enough

data to quote an estimate of the size of the improvement, if there is
any.

The pressure profile is an important factor. It is precisely the
introduction of the extra term P, in the expression (1) for the pres-
sure gradient that has led to a large improvement over the B wvalues
quoted by Todd et al. (1979). The calculations reported in (Todd et
al., 1979; Charlton et al., 1982; Bernard et al., 1980; Kerner et al.,
1981) were all made by varying the current or q profiles and fixing
the pressure gradient to be either proportional to the current or to
have a simple analytic form. Optimisation of the pressure profile has
only been done for the ballooning stability. It is probable that some
improvement over the B limit quoted can still be achieved by proper
tailoring of the profile, but we have not succeeded in identifying a
specific feature of the pressure profile which has a definite influ-
ence on the n = 1 free boundary stability,

Wall stabilisation is a recipe to avoid low-n instabilities. But
its effectiveness has to be assessed for each device so that it is not
possible to draw general conclusions. For example, in the present con-
ceptual design of INTOR, with its segmented structure, it is highly
doubtful that even n = 1 could be wall stabilized. JET has a conti-
nuous wall which will be effective on the fast time scale. The example
of the axisymmetric instability shows that passive stabilisation on
the fast time scale does not imply long term stability. The RFP is an
example which shows just the opposite behaviour, since it is MHD un-
stable without the wall and yet is stable on the slow time scale, but
the poor confinement observed so far maybe an indication of the price
to be paid for purely passive stabilisation.
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CAPTIONS

The stable region of INTOR at increasing values of the
plasma current I. The parameters are R/a=4, E=1.6,vy =
0.3. M = Mercier limit on axis, B = ballooning limit. The
curve labeled 10™* is the n = 1 free~-boundary c-stability
limit,

Profiles of the pressure p, safety factor q and current
density j for 3 INTOR equilibria marginally stable to n =
1. I = 5.9 MA. The pressure is normalized to the magnetic
pressure on axis. The scale of j is arbitrary., The radial
coordinate R is normalized to 1 at the magnetic axis.

Unstable global n = 1 mode. The singular surfaces q = 2, 3
and 4 are visible because of the peaked shear velocity on
them. g, = 1.35, I =5.9 M7, g = 3 %.

Dependence of the free-boundary co-stability limit as func-
tion of n.

Dependence of the maximum B on the plasma current I for
INTOR and INTOR-like plasmas. The straight line is a fit
through the INTOR values only.

Stable INTOR equilibrium with the highest beta.

The free-boundary and rigid boundary stability limits of
JET extended performance. Stability is below and to the
right of each curve.

Dependence of g8 limit on I for JET.

Profiles of the fully stable JET equilibrium with I = 9.6
MA and B = 5.5 %.

Dependence of the limiting A given by the n = 1 free boun-
dary mode on normalized current Iy = uOIA?/Tg.
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