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Abstract: The influence of a wide temperature range in the
glass transition region of a shape memory polymer (SMP)
matrix on micro-buckling of the fiber reinforcements in
shape memory polymer composites (SMPC) under large
bending deformation is described. Analytical expressions
to estimate the strain energy, neutral strain surface, criti-
cal buckling surface and half wavelength of the buckled
fibers in the SMPC are presented based on the minimum
energy method. This study considers the reinforced fibers
as three-dimensional elastic bodies and the matrix as a tem-
perature stimulated flat plate. A comprehensive study was
performed to understand the dynamic temperature behav-
ior of the micro-buckled fibers and corresponding results
were validated by previous works in the literature. The ef-
fects of fiber volume fraction and thickness of the SMPC
plates on the half wavelength are also discussed along with
the simultaneous influence of temperature on the parame-
ters computed in the minimum energy analysis.

Keywords: fiber micro-buckling, shape memory polymer
composites, minimum energy method, fiber filled compos-
ites, bending

1 Introduction

Shape memory polymers (SMP) are a category of materials
sensitive to stimuli of either heat, electricity, magnetism,
moisture or their combinations that regain their original
shape after deformation [1-3]. SMPs have the salient fea-
tures of improved shape retention, recovery strain, resis-
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tance to harsh environments and low weight [4-6]. Due
to these noticeable qualities, SMPs are widely used in the
aviation, space technology, biotechnology, electronics and
textile industries [7-11]. Moreover, incorporation of the re-
inforcements in the shape memory polymer composites
(SMPC) can significantly enhance the mechanical proper-
ties of SMP without adversely affecting the shape memory
property and recovery strain of the matrix [12, 13].

SMPC structures utilize the softness of the SMP matrix
above its glass transition temperature (T¢) to permit high
flexural or tensile deformation devoid of permanent plas-
ticity or failure. The deformation can be maintained even
after cooling of the deformed structure and removing the
external loads with the sample subsequently regaining its
original structure when heated above Ty [6, 14]. The charac-
teristics of high flexural deformation of SMPC material with-
out permanent distortion is because of the micro-buckling
of the fibers in the soft SMP matrix at elevated temperature
without fiber rupture, with the SMPC and fibers regaining
their original shape when heated. This is in contrast with
the general assumption of fiber buckling and kinking as a
potential reason for polymer composite failure [15-17]. The
phenomenon of micro-buckling of fibers in the SMP matrix
is useful in a diverse range of applications, such as flexible
sensors and actuators in electronics, deployable structures
in aerospace and microtubes in living tissues [18—20].

The behavior of fiber buckling in composites, to our
knowledge, was first studied by Rosen [21], in which he pre-
sented two-dimensional buckling patterns of the sinusoidal
extension mode in composites with low fibers volume frac-
tion and the sinusoidal shearing mode in the case of high
volume fraction. Fiber buckling, as one way of instability,
has been studied at various magnifications. Rudykh and
deBotton [22] investigated the macroscopic fiber deforma-
tion in composites under high bending force, followed by
similar studies under finite strain by Agoras et al. [23] and
Michel et al. [24]. Slesarenko and Rudykh [25] performed the
transitional study, relating microscopic and macroscopic
studies in fiber composites. Guynn et al. [26, 27] performed
the parametric study of micro-buckling origin in compos-
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ite laminates which aimed to understand micro-buckling
of SMPC plates in the glass transition region under finite
strain through the energy method. Campbell and Maji [28]
estimated the half wavelength of micro-buckling for fibers
in normal polymer composites through the minimum en-
ergy method, with the results indicating a reduction of the
critical stresses for the beginning of micro-buckling with
the increase in fiber volume fraction. Francis et al. [29] pre-
sented the micro-buckling parameters of elastic memory
composites (EMC) under bending. Lan et al. [30] performed
similar work, along with an experimental interpretation
of the micro-buckling of carbon fibers in EMC. Zhang et
al. [31, 32] performed an analytical investigation of EMC
and functionally graded plates through an energy method
considering the carbon fibers as linearly elastic 3D solids.

Numerous works are available which discuss the post
buckling behavior of fibers in composite plates. In these re-
ports, the fiber is generally considered as a one dimensional
beam [28-30] or two dimensional plates [33]. Moreover, all
the reports focus on the micro-buckling of the fibers with
the assumption of a constant temperature environment
above the matrix Tg. Even in the works concentrating on
the SMPC, the micro-buckling parameters are estimated pri-
marily for temperatures above the glass transition region of
the SMP matrix [29—-32]. This may result in only a partial in-
terpretation of the effect of dynamic modulus variation on
the micro-buckling of the reinforcing fibers in SMPC, due
to the effect of the change of temperature on the properties
of the SMP in its glass transition region.

As indicated by the above review of available literature,
this work is believed to be an initial attempt to study the
influence of changes in temperature in the glass transition
region of the SMP matrix on the micro-buckling of carbon
fibers, when SMPC plates are subjected to high deflection
under pure bending with the ends of the bent plates be-
ing free and the bending force applied to the center of the
rectangular plates. In addition, an analytical study was
performed to estimate the fiber micro-buckling parameters
with the fiber assumed to be a linearly elastic, 3D solid,

considering its size effect on the shear strain of the matrix.

The effect of fiber volume fraction and plate thickness on
the micro-buckling behavior of the SMPC under dynamic
temperature variation was also considered in the current
study.

The paper is organized as follows: Section 1, above,
presents a brief introduction about fiber micro-buckling
based on a brief literature survey. Section 2 discusses the
mathematical formulation of strains and strain energy gen-
erated during the micro-buckling phenomenon in SMPC
with its temperature governed material properties. Section
3 presents the expressions of critical buckling surface posi-
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tion, neutral surface position and half wavelength of the
buckled fibers with respect to temperature. In section 4, the
results of calculations of the critical buckling surface posi-
tion, neutral surface position and half wavelength of the
buckled fibers with respect to temperature are described
and compared with the results of Zhang et al. [31] Section 5
presents the conclusions based on the findings of our study.

2 Mathematical modelling

Correlations are presented to calculate the micro-buckling
parameters of SMPC plates under high strain bending for
a wide range of temperature near Tg. To achieve this ini-
tially the basic equations governing the micro-buckling are
stated which is then followed with material modelling of the
temperature dependent SMP matrix and the corresponding
carbon fiber reinforced SMPC. Then the properties of the
SMPC are substituted into the equations to obtain the influ-
ence of dynamic temperature variations on the carbon fiber
micro-buckling and the results are compared with those in
previous works in the literature [30, 31].

2.1 Formulation of strain in SMPC plates

In this study the carbon fibers were considered to be ori-
ented uniformly in the SMP matrix (an acrylate-based poly-
mer) in the x-axis direction with the bond between the re-
inforcement and matrix considered to be perfect with no
damage or failure of the SMPC structure in the course of
bending with the force applied in the y direction. The SMPC
plates with length [, width w and thickness ¢, were con-
sidered for the present analysis. During the initial phase
of bending, there is no indication of micro-buckling of the
fibers and the neutral surface corresponds with the mid sur-
face layer parallel to the surface in the plate with no change
in the dimensions. When the magnitude of bending reaches
a particular threshold value, the fibers begin to buckle on
the compression side and the neutral surface moves in the
direction of the tensile side to maintain equilibrium of the
deformed plate. Three zones are created in this phase: com-
pression side with buckled fibers (-t/2, z},), compression
side with unbuckled fibers (z},, zn) and tension side with
unbuckled fibers (zn, t/2) as indicated in Figure 1 [31]. The
coordinates of the neutral strain surface and the critical
buckling surface are indicated by z, and zj, respectively.
The views of the original and bent sample in the specimens
under study are given in Figures 2(a) and 2(b), respectively.
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Figure 1: The buckling deformation of fibers in the SMPC plate, here z, and z;, denote the neutral strain surface and the critical buckling
surface respectively, with the surfaces parallel to the xz surface [31]

Figure 2: Magified section of the SMPC with a carbon fiber reinforce-
ment in the SMP matrix indicating the microbuckling of the fiber in
the SMPC under large strain deformation. Note: the microbuckling
of fibers is greatly exagerated in the figure. The total length of the
buckled fiber is the same as that of the original plate

During bending of the SMPC plate, the fiber undergoes
in-plane micro-buckling, which results in a harmonic shift
of the fiber in the y axis direction (plate width). The re-
sultant sinusoidal trajectory of the micro-buckled fiber is
indicated as,

y (x) = asin (%) M

where a indicates the amplitude of the sinusoidal wave of
the buckled fibers and A is the corresponding half wave-
length. The fiber is considered to be incompressible which
results in identical total length (2S,) pre and post buckling,
depicted in Figure 2(b). The arc length is indicated by Eq. 2
through substitution of the differential arc length from the
Pythagoras theorem.

So A
So = /ds =/\/dx2 ¥ dy2dx @)
0 0

The engineering strain (xx) is calculated as

A5, A

Sxx—zso—l—g (3)

As per Kirchhoff’s Theory, the strain of the bent SMPC
plate is proportional to a function of the distance from the
neutral strain surface (z,), which behaves in linearity along
the thickness.

(4)

exx = k(z — zn)

where k is the mid-plane bending curvature (unit: m™1) of
the SMPC plate and &xx indicates the strain in the x direc-
tion.

Francis presented the value of the amplitude (a) of the
sinusoidal buckled fiber as a function of thickness for the
positive values of (z — z) as [29]

az) = %m ®)

From Egs. 1 and 5, the magnitude of displacement of micro
buckled fiber in the y direction is

y0,2) = 2/ - Dsin ()

In the buckling zone of the SMPC plate, the magnitude
of stretch deformation for the matrix is negligible as com-
pared to the corresponding shear deformation. vxy and ~y.
are the shear strain of matrix due to the deflection of the
fiber in the z direction along the xy and yz plane respectively
as shown in Figures 3 and 4. The similar shear component
in the plane parallel to the xz surface has an infinite value
which is eliminated. Moreover, the stiffness of the fiber is
considerably greater than that of the matrix, due to which
the deflection of the matrix during buckling is neglected. In
the unbuckling zone, the stretch deformation occurs in the
x axis direction, whereas the corresponding components
along the y and z axis are zero.

(6)
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Figure 3: Distortion of the unit cell generated by strain in the xy
plane (yx); b is the distance between the adjacent fibers and h is
the diameter of the fiber

Figure 4: Distortion of the unit cell generated by strain in yz plane
(1y2); b is the distance between the adjacent fibers and h is the
diameter of the fiber

The fiber is assumed to be a 3D body with consideration
of its dimensions while defining ~xy and 4y.. The shear
strain along the xy plane (vyy) is indicated by

ov  ou
Ty =5t dy @
where u and v are the displacement field vectors in the x
and y direction, respectively.

Due to the consideration of the size of the fiber, the
distortion in the matrix is non-uniform when surrounding
each fiber. Thus, based on the geometry indicated in Fig-
ure 5, yxy is

_ oy  Au
Yxy = ox + E (8)
The displacement values, Au and Ay, are given by
_hcos8 oy
Au = > 3x 9
Ay - b—h2c056 (10)

where h is the diameter of the fiber, b is the distance be-
tween centers of two adjacent fibers, 6 is the angular mea-
surement between 0° to 90° with 0° being measured from
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Figure 5: Deformation due to strain in the xy plane (yxy) on a magni-
fied section [31]

the horizontal direction (x axis) and h cos 6 is the length of
the horizontal projection of fiber diameter h parallel to y
direction (Figure 5). The magnitude of b is

Th?

b= 4V;

(11)
where V¢ is the volume fraction of the fibers reinforcement
in the SMPC plate.

Thus, the shear strain along xy plane for 6 between 0°
and 90° with respect to a horizontal line parallel to the y
axis is,

_ hcos6 oy L9 b 9y
YT b —hcos@ox  Ox b-hcosfox

The maximum and minimum magnitude of ~yy is at 0°

and 90° respectively, expressed as

(12)

b o
W = max () = 5o 5 (13)
min . y
Yy =min(yxy) = o (14)

Then the shear strain of the SMP matrix in the yz plane
(’sz) is

oV ow

W=t oy (15)

In the expression of 4y, the amplitude of sinusoidal
trajectories generated during micro-buckling of the fibers is
predominant at different locations in z direction as shown
in Figure 4, therefore vy, is stated as

Ay

Vyz = Az

Z (16)
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where the values of Ay and Az are

Ay = Aa(z) sin (%) 17)

Az=b-hcoso (18)

where & is the angular measurement of displacement of the
matrix under strain between 0° and 90° and h cos @ equals
the length of the vertical projection of the fiber diameter h
(parallel to the z-axis). The value of Aa as a function of z is

Aa(z) = a(z) - Aa(z - b) (19)

Thus, the expression for ~y, for @ between 0° and 90°
is

Vyz (20)

LD g, ()
b-hcoso A
The maximum and minimum values of 4y, are at & is
equal to 0° and 90° respectively.

A — min (yz) = AaT(z) sin (%) (21)
Yy = max (yyz) = Ll\)a_(zh) sin (%) (22)

The magnitude of the strain in SMPC in the x coordinate
for mid plane bending curvature (k) is expressed as

exx = k(z — zn) (23)

2.2 Material properties of the SMPC

The fiber reinforced SMPC considered in the current study
has a dynamic modulus in the glass transition region of
the SMP matrix. The properties of the SMP could be experi-
mentally derived from dynamic mechanical analysis (DMA)

or from the curve fitting of available previous DMA data.

In the present study the curve fits data of the experiments
conducted by Westbrook et al. [34] on an acrylate-based net-
work polymer, were considered in all the following studies
to estimate the material properties of the SMP matrix and
its SMPC, followed with the study of the micro-buckling
behavior of SMPC plates.

The SMP matrix was considered to be a combination
of frozen and active parts, the relative amounts of which,
at any temperature, were regulated by the variation of the
temperature from its glass transition temperature. Based
on this assumption, the temperature dependent modulus
of the matrix was presented by Gu et al. [35] as

Em(T)=(E1—-E2).exp (—(é) 1)

(24)

DE GRUYTER

+(E; —E3).exp (—(72)”&)
won((5))

where Eq, E, and E3 are the values of storage moduli at
the beginning of the glass transition, at T¢ and in the flow
region at the end of the glass transition region and T, Tg
and Ty are the corresponding temperatures. my, m, and ms
are the Weibull parameters of optimized curve fitting. The
storage modulus was assumed to be the same as the elastic
modulus of the considered matrix as the loss modulus was
negligible as compared to the storage modulus [35].

The temperature dependent shear modulus (Gm (T))
and Poissons ratio (um(T)) were given by Qi et al. [36] as

___Ea(D)
um (T) = ugvg(T) + pr[1 = vg(T)] (26)

where pg and u, are Poisson’s ratio of the frozen and active
phases, respectively, and v is the volume fraction of the
frozen phase. The values of v¢(T) were calculated as

1

ve(T) =1- 1~ exp[-(T - Tm)/Z]

@27)

where T, is the reference temperature and Z is a parameter
characterizing the width of the glass transition zone.

The elastic modulus of SMPC (E;) with the reinforce-
ment of the fibers in the SMP matrix is assumed to be given
by the Rule of Mixtures as

where V; and Vi are the volume fractions of fiber and ma-
trix and E is the elastic modulus of fibers. Few thermo-
mechanical studies had been performed based on finite
element methods [37-41], however in the present study fo-
cus was to present the analysis based on simplified model.

The parameters calculated in Egs. (25) and (28) were
utilized in the estimation of the shear and longitudinal
stress based governing equations, stated as

Txy = Gm (T) ’ny (29)
Tyz = Gm (T) Yyz (30)
Oxx = E¢ (T) &xx (31)
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2.3 Formulation of the strain energy in the
SMPC plates

The cumulative strain energy of the SMPC plate (U) has
two components: temperature dependent and temperature
independent. The temperature dependent component in-
cludes three parts: shear strain energy of the matrix along
the yz plane (Uy), shear strain energy of the matrix along
the xy plane (Uxy) and stretch strain energy of the SMPC
(Ustr). The strain energy of the fiber (Uy) was the only tem-
perature independent component considered in our analy-
sis of the micro-buckling.

Temperature Independent
=
U= Uyz+ny+Us[r + Uf
—_————

Temperature Dependent

32)

2.3.1 Shear strain energy in the xy plane, Uyy

The shear strain energy of the SMP matrix along the xy
plane in area A; and its symmetrical side of the unit cell
indicated in Figure 3 is expressed as

Uxy = TxyYxyA1 (33)

where 4; = f0§ {%(b —hcos8)cos8| do
Corresponding strain energy in the remaining area (4;)
of the unit cell is given as

~ 1 i i
uxy = 7T)r(r;,ln7;nylnA2 (34)

2

where, A, = b(b - h)
The shear strain energy density (T xy) of the SMP matrix
in the surface parallel to the xy plane is given by

(35)

The total shear strain of the SMP along the whole buck-
ling zone of the composite is given by

Uy = [[[ Oyav

The expansion of Eq. (36) results in the representation
of the expression as

(36)

Uy(T, zn, zp) = Gm(Dkwlf (Vy)g(zn, zp) ~ (37)

where G (T) is the temperature regulated shear modulus
of the SMP matrix, k is the mid plane bending curvature,
w is the width of the SMPC plate, I is the length of the
SMPC plate, zy is the distance to the neutral strain surface
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from the upper surface, z, is the distance the critical buck-
ling surface from the upper surface and the related micro-
buckling geometry dependent factors, f(Vy) and g(zn, z;)
are given by [31]

T 4Vf
—4V,
+ 27 arctan n f
m— 4Vf \/ﬁ— 4Vf
zt z2 2
g(zn,zp) = (znzb + % - 7b 2) (39)

2.3.2 Shear strain energy in the yz plane, Uy

Based on an approach similar to that used to estimate Uxy,
the temperature regulated shear strain energy in the yz
plane (Uy;) of the SMP matrix in the buckling zone is given
as

Gm(T)kwiA?

= (40)

Uyz(T, /\’ Zn’Zb) = f(Vf)f(ZTl’Zh)
where A is the half wavelength of the micro buckled fiber
in the xy plane and f(zn, z}) is the geometric factor with
the approximation that the fiber spacing, b, is negligible as

compared to the total thickness, ¢, stated as

f(zn,zp) = ﬁ [—(Zzn -2z, +b)’ (41)

+2(2zn -2z, +b) \/(Zn—zb)(zn—zb+b)

+bzln< 2(t+2zn+Db) )}
2\/(zn - zp) (zn — zp + b)22zn - 2z, + b)

2.3.3 Stretch strain energy of the SMPC, Us;,

The strain energy in the SMPC plate due to stretching in
the area below z, within the glass transition region of the
considered SMP is expressed as

1
User = 2 fjf OxxExxdV (42)
Integration of this expression results in
Er(T)wl
Ustr (T, zn, zp) = %sz(Zn,Zb) (43)

where H (zn, zp) = ( - 6t*zn + 12tz + 24znz}, - 24252, -
8z;)
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2.3.4 Strain energy of the fibers, U

When the SMPC plates are subjected to bending, the fiber
reinforcement in the SMP matrix undergoes micro-buckling
through the whole thickness of the plate, which generates
strain in the fiber. The strain energy in a single buckled
fiber is expressed as

1
_ Efly
,S 2
0

where Ef and I are longitudinal modulus and inertia of
the fiber.

The strain energy density of the buckled fiber, based
on the RVE model, is given as

(44)

_ Uf,s
Ur =531

(45)

Based on the integration of Eq. (45), the strain energy
in the fiber over the entire volume (V) is stated as

U = [[[ Uav (46)
The solution of expression in Eq. (46), results in
4EfI-Vemkwl
Uf A, zn,2p) = f/j{zi’j:zg(zn,zb) (47)

3 Micro-buckling parameters of
SMPC

The location of the neutral strain surface (zr), the critical
buckling surface (z;) and the half wavelength of the fiber
(A) under buckling due to bending of the SMPC plates are
estimated below with respect to temperature variations in
the glass transition region of the SMP matrix.

3.1 Estimation of z, and z,

The positions of z, and z;, were evaluated through mini-

mization of the total strain energy following the minimum
energy method. To obtain the results in closed form, Uy,
and Uy terms were neglected in Eq. (32), which then gives

the total strain energy (U;) along width at any xy plane as
Uz (T, zn, zp) = Uxy + Ustr (48)

The minimization of Eq. (48) with respect to z, and
z), was performed by assuming 3% = 0 and aUZ = 0. The
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minimum energy method presents the solutions for z, and
Zp as

t 1 Gm(Df(Vy) 4KktE¢ (T)
Zn=5~— o -1 (49
"2 2k E(T) Gm (T)f (V) (49)
t 1 Gm(Df(Vy) 4ktE¢ (T)
== 1+ +1 (50
37 E(D Gm (D) (V) =
The values of z;, are thus equal to z,, - %%f})m

3.2 Estimation of the half wavelength for the
fibers (A)

There are terms in the cumulative strain energy which deals
with the half wavelength of fiber (A): Uy, and Uy. Thus,
to apply the minimum energy method, these terms were
minimized with respect to A.
oUy o

oA oA

The solution of Eq. (51) presents a complex expression,
whereas through the assumptions considered in Ref. [31],
it was noticed that the variation of the mid plane bending
curvature (k) does not affect the half wavelength but it is
regulated by the thickness (t) of SMPC. Therefore, to sim-
plify the numerical solution, for an infinite value of k for
zn = z), = t/2 was assumed. Hence the simplified solution
of A across the glass transition temperature region of the
SMPC can be stated as

[Ur (A, zn, zp) + Uyz (T, A, zn, 2p)] =0 (51)

Efoﬂ4h2t2

SGm(T)f(Vf){ 1+1n< ﬁ)}

A=

(52)

4 Results and discussion

The results of the calculations of the mechanical properties
of the SMPC, strain energy, position of z, and z; and half
wavelength (A) of the buckled fibers under temperature
variation in the glass transition region of the SMP matrix
are presented in this section. A parametric study was also
performed to understand the effects of temperature and
k on the total strain energy and z, and z; and the effects
of the variation of temperature, thickness (t) and volume
fraction (V) on A. AMATLAB program was developed by us
to evaluate the mathematical formulations, which were ver-
ified in subsequent stages of the work based on published
results.
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Table 1: Values of the parameters used to model the SMP matrix [35]
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Parameter Tg Tm Ty Ty E,
Values 305 300.5 295.2 415.5 2.552
Unit K K K K GPa

E, E5 my, My, ms Mg Mr zZ
1.876 5 19.3,58.4,177.6 0.35 0.49 7
GPa GPa
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Figure 6: Modulus of SMP in glass transition region: (a) elastic
modulus; (b) shear modulus

4.1 Temperature regulated properties of
SMPC

The elastic (Em (T)) and shear moduli G, (T) of the SMP ma-
trix with respect to temperature are depicted in Figures 6(a)
and 6(b) based on Eq. (24) to (27). The parameters substi-
tuted in these equations are summarized in Table 1 and
were based on the analytical investigations performed by
Gu et al. [35] The present predictions of En (T) were in ap-
preciable congruence with their results, which validates
the calculations of the current work. The trajectories in
Figures 6(a) and 6(b) highlight the dynamic material prop-

erties of the SMP matrix in the glass transition region. In the
initial stage of temperature elevation, the elastic and shear
moduli remained constant, representing the elastic nature
of the material properties, but during the transition from
the beginning of the glass transition temperatures to the
flowing temperature the modulus drastically declined and
then stabilized to remain constant after the transition. The
drastic change in the material properties significantly gov-
erns the bending of the corresponding composites which
is elaborated subsequently to understand the effect of tem-
perature rise on micro-buckling of fibers under bending.

The elastic modulus of the SMPC in the glass transi-
tion temperature region was calculated by substitution of
the properties of the SMP matrix in Eq. (28) along with the
characteristics of the carbon fiber reinforcement. The lon-
gitudinal modulus of the carbon fiber was considered to be
276 GPa [30] and its volume fraction was taken as 0.4 for
the purpose of validation of the current work. The tempera-
ture governed properties of the SMPC were utilized in the
following stages to estimate the strain energy in the SMPC
plates, the micro-buckling parameters of the fibers and the
SMPC strain surface positions.

4.2 Strain energy

The total strain energy of the SMPC plate under bending in-
cludes the strain energy of the SMP in the xy plane (Uyy), the
strain energy of the SMP in the yz plane (Uy;), the strain
energy in the SMPC (Ugg), and the strain energy in the
fibers (Uf). The formulations of these strain energies were
presented in section 2.3. Distinct strain energies were cal-
culated by Egs. (37), (40), (43) and (47) and substituted in
Eqg. (32) to evaluate the cumulative strain energy (U). Fig-
ure 7 indicates the behavior of U with respect to the z,/t
ratio for the various values of k, 5, 10 and 20 m™?, with
the material properties of the fibers and the geometry of
the SMPC summarized in Table 2. The results were in close
proximity to those in Ref. [31]. It is also noticed that the
values of U were approximately the same as the sum of Uyy
and Usr, highlighting the negligible influence of Uy, and
Ur on the strain energy generated during the bending of
the SMPC plates.



104 —— N. Tiwariand A. A. Shaikh DE GRUYTER
Table 2: Values of the parameters used to model the micro-buckling of the fibers in the SMPC at elevated temperature [31]
Parameter Fiber Fiber Plate Plate Plate Longitudinal modulus Half
diameter volume Thickness Width Length of the fibers wavelength
h fraction t w l Ef A
Values 7x1073 0.2 2 5 30 230x103 1.25
Unit mm - mm mm mm MPa mm
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Figure 7: Variation of the strain energy with respect to z,/t for
temperature from 273 to 373 K
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Figure 8: Strain energy of SMPC with respect to z,/t across the
glass transition region of the SMP matrix

The influence of temperature is highlighted in Figure 8
through substitution of the properties of the temperature
regulated SMP matrix from Table 1. The curves for T = 273
K, Tp =295.2K, Tg =305 K and Ty = 415.5 K are indicated,
assuming a constant value of k as 50 m~!. The total strain
energy during bending of the SMPC decreased with the cor-
responding increase of temperature because of softening
of the SMP matrix at elevated temperature. The softness
of the matrix is in agreement with the change in moduli
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Figure 9: Variation of strain energy with respect to temperature
(a) Comparison of total strain energy and sum of Uyy and Us; (b)
Values of U for the values of k from 5 to 50 m™1

of the SMP in its glass transition region, as indicated in
Figures 6(a) and 6(b).

The relationship between the total strain energy (U)
and the temperature variation is shown in Figure 9(a), for
values of k of 5, 10, 15 and 20 m™_. The total strain energy
first increased significantly with respect to temperature for
the values of k equal to 5 and 10 m~! and then declined
slightly before becoming stable; however, for the values of
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15 and 20, initially the total strain energy increased slightly,
then declined and finally followed for the same path as
for k equal to 5 and 10m™. It was also observed that that
the values of U were almost equal to the sums of Uyxy and
Us¢r. The dynamic behavior of the strain energy is visible
prior to the glass transition region, but for all the values of
k, the energy stabilized to remain constant above 320 K. It
was also noticed that the gap between the energy curves,
for each k, was maximum at 273 K, which then reduced to
converge at 320K. More results of U with respect to tempera-
ture are presented for k from 5 to 50 m™~! in Figure 9(b). The
volatile nature of the energy is due to the sudden decrease
in modulus of the SMP matrix in its glass transition region
which subsequently governs the micro-buckling of the fiber
in the SMPC under bending.

4.3 Position of neutral strain plane (z,,) and
critical buckling plane (z;)

The placements of the neutral strain plane (z,) and the
critical buckling plane (z},) is significant to locate the posi-
tions of the buckled fibers during the bending of the SMPC
plate. The nature of z,/t and z;/t with respect to tempera-
ture (T) for various curvatures, k = 5, 10, 20 and 50 m™! are
indicated in Figures 10 and 11. It is noticed that as the bend-
ing curvature increased, the position of z, and z;, moved
towards the tensile zone of the composite plate under bend-
ing. When the values of z,/t and z;,/t rose above zero, then
micro-buckling of the fibers in the SMPC initiated. There-
fore, as the bending curvature increased, the tendency of
the fibers to micro buckle increased. Moreover, due to an
increase of temperature through the glass transition region,
the tendency of the fibers to buckle also increased due to
the decrease in moduli of the SMP matrix.
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Figure 10: Variation of the position of the neutral strain surface z,/t
with respect to temperature for various degree of bending, k (m™1)
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Figure 11: Variation of the position of the critical buckling surface
zp,/t with respect to temperature for various degree of bending, k
(m™)

The results obtained in this study of the position of
zn and z;, are in close agreement with those of Ref. [31].
Thus the trajectories of the curves in Figures 10 and 11 en-
compassed the entire glass transition region of the SMP
matrix and presented a wholesome interpretation of micro-
buckling of fiber in SMPC plates under bending, which
describes the phenomenon better than the one estimated
only at an elevated temperature in previous works. This
study also establishes the significance of temperature on
the alteration of the positions of the buckling fibers in the
SMPC under large bending deformations.

4.4 Half wavelength of the fiber

The half wavelength (A) of the micro buckled fiber was cal-
culated through the simplified expression stated in Eq. (52).
Two parametric studies were also performed to study the
effects of volume fraction of the fibers and thickness of the
SMPC.

The influence of the volume fraction of fiber reinforce-
ment in the SMP matrix on A is indicated in Figure 12 for
three temperatures: Tﬁ =295.2K, Tg =305 K and Ty = 415.5
K. The maximum value of A was obtained near the volume
fraction of 0.4 for all the considered temperatures. The mag-
nitude of the wavelength increased with the rise of tem-
perature due to the decline in modulus of the SMP. The
results are in agreement with those of Ref. [30] and [31],
who estimated the parameters at elevated temperatures
above Tg.

The dynamic behavior of the half wavelength of the
buckled fibers in the SMPC in the glass transition region of
the matrix with an increase in temperature is depicted in
Figure 13 for fiber volume fractions values from 20 to 70%.
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Figure 12: Variation of the half fiber buckling wavelength (1) with
respect to fiber volume fraction at T = Tp, Ty and Ty
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Figure 13: Variation of the half fiber buckling wavelength (1) with
respect to temperature (7) at V¢ from 20 to 70%

The half wavelength was stable in the pre and post glass
transition regions, with only an effect of an increase in vol-
ume fraction of the fibers being noticed, whereas within
the dynamic region of the glass transition all the trajec-
tories nearly converged. Thus, an increase of the volume
fraction increased the magnitude of A only below and above
the glass transitions region, in those regions in which the
modulus of SMP material was almost constant, whereas
in the glass transition region the effect of volume fraction
variation was practically negligible.

The effect of thickness and temperature of the SMPC
plate on the half wavelength is indicated in Figure 14, for
thicknesses from 0.5 mm to 2.5 mm. It was observed, that as
the thickness increased, there was a consistent increase in
the half wavelength for the same number of fibers which is
due to the increase of gap between the adjacent fibers. The
three temperatures of Tg=295.2K, Tg =305K and Ty =415.5
K were taken into consideration and the corresponding
results at elevated temperature, above Tg, were in close
agreement with those of Zhang et al. [31].

DE GRUYTER

i T=T,

- T=T

- ]

T=T,

Ehang et al. [31]

-
=
o

Half wavelength, A (v}

t (mm)
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Figure 15: Variation of the half wavelength (1) with respect to tem-
perature (T) at t from 0.5 to 2 mm

The influence of temperature in the glass transition
region of the SMP matrix on the values of A, for the same
deflection, is shown in Figure 15 for the range of thicknesses
of SMPC from 0.5 to 2mm. It is noted that the influence of
thickness on the wavelength increased at elevated tempera-
ture beyond the glass transition region of SMP as compared
to it below Tg. The magnitude of A increased with the rise
of temperature due to an enhancement in the softness of
the matrix in its glass transition temperature region.

5 Conclusions

A comprehensive theoretical study of the micro-buckling
of fibers in SMPC under large bending strain deformation
is presented for the temperature range of the entire glass
transition region of the SMP matrix through a minimum
energy method. The fibers are considered to be 3D linearly



DE GRUYTER

elastic with the material properties of the matrix varying
under the dynamic temperature conditions.

The expressions to calculate the neutral strain surface,
critical buckling surface and half wavelength, as regulated
by the temperature, for the SMPC plates were determined
for the wide range of temperature encompassing the glass
transition region of the SMP matrix. The following salient
results were obtained in this study:

¢ The total strain energy is approximately equivalent
to the sum of the strain energy in the xy plane (Uxy)
and the SMPC (Us), indicating negligible values of
strain energy of the fibers (Uy) and strain energy in
the yz plane (Uy;) in the SMPC.

e The magnitudes of positions of the neutral strain
surface (zn) and critical buckling surface (z;) and
the half wavelength (A) varied dynamically in the
glass transition region of the SMPC.

e Variation of the volume fraction of the fibers had a
negligible effect on the half wavelength in the glass
transition region of the SMP matrix.

e Variations in properties of the SMP matrix regulated
the nature of the micro-buckling of the fiber reinforce-
ments, as was indicated by the dynamism of the half
wavelength.

¢ The bending curvature had a noticeable impact on
the total strain energy and positions of the neutral
strain surface (zn) and critical buckling surface (z;)
in the glass transition region of the SMP matrix, while
it was non-effective above this region.

e The thickness had little effect on the magnitude of
the micro-buckling prior to the glass transition re-
gion, whereas it had a considerable effect at elevated
temperatures above Tg.
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