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Abstract: The main objective of this investigation to examine the momentum and thermal trans-
portation of rotating dusty micropolar fluid flux with suspension of conducting dust particles across
the stretched sheet. The novelty of the flow model is the exploration of the significance of boosting
the volume concentration of dust particles in fluid dynamics. The governing PDEs of the problem
for both phase models are transmuted into nonlinear coupled non-dimensional ODEs by utilizing
suitable similarity modifications. The bvp4c technique was utilized in MATLAB script to acquire a
graphical representation of the experimental results. This study illustrates the analysis of repercus-
sions of pertinent parameters on non-Newtonian fluid and the dusty phase of fluid. By improving
the volume concentration of dust particles and rotating parameters, the axial velocity for both phases
depreciates, whereas temperature and transverse velocity for both phases have the opposite behavior.
The micro-rotation distribution rises with higher contributions of rotating and material parameters,
whereas it decreases against larger inputs of volume concentration of dust particles. The growing
strength of the dust volume fraction (φd) caused the coefficient of skin friction to decrease along the x
direction, and the skin friction coefficient is raised along the y direction.

Keywords: dusty micropolar fluid; non-Newtonian fluid; rotational flow

MSC: 76D05; 76W05; 76-10

1. Introduction

Eringen [1,2] proposed the theory of micropolar liquids, which is capable of explaining
such fluids. The incorporation of novel kinematic variables is an important element to note
in the development of Eringen’s micro-continuum mechanics, such as the addition of the
concept of body moments, gyration tensor, micro-inertia moment tensor, stress moments,
and micro-stress averages to classical continuum mechanics. Nevertheless, substantial
difficulties arise when this idea is implemented to real problems related to nontrivial
flow; particularly in the case of linear theory, an issue involving basic micro-fluids must
be expressed as a system of 19 PDEs with 19 unknowns. Moreover, the fundamental
mathematical problem is challenging to solve. These unique characteristics for micropolar
liquids were addressed in a comprehensive review of the subject and implications of
micropolar liquid mechanics by Ariman et al. [3,4]. Early research in this area can be found
in the review of [5], as well as in the more recent books, see [6,7]. Numerous investigators
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considered the non-Newtonian fluid due to wide scope of real life applications [8,9]; liquid-
containing tiny particles are the most important variables in heat conduction processes
in fluids [10,11]. Solid particle incorporation in the base fluid impacts the dynamics of
the fluid and can influence the fluids’ efficient thermal conductivity [11,12]. According
to Ali et al. [13], MHD could have a noteworthy impact on the improvement of thermal
conductivity of non-Newtonian fluids. More work on non-Newtonian fluid subject to
various types of geometries and Lorentz force was carried out in [14–17].

Although classical Newtonian liquids cannot accurately represent the features of fluid
flow with suspended particles, the concept of micropolar liquids has received significant
attention in recent years due to their potential in a variety of industrial processes [18,19].
Extrusion of polymer liquids, cooling of a metallic surface in a bath, crystal, animal blood,
solidification of liquid, colloidal, suspension solutions, and novel lubricants are a few
examples of micropolar liquid use. The essence of the concept of a micropolar liquid flow
lies in the extension of constitutive equations for Newtonian liquids, which allow this
theory to represent more complicated fluids [20]. According to this idea, rigid elements
trapped in a small fluid volume element can only rotate around the volume element’s
center, as specified by the microrotation vector. Furthermore, to the rigid body movement
of the overall volume element, the particles rotate locally. The laws of classical continuum
mechanics are supplemented in the micropolar fluid concept with extra equations that
account for the conservation of micro-inertia moments and the balance of first stress
moments that arise when the microstructure of a material is taken into account, as well as
additional local constitutive parameters [21]. Actually, micropolar liquids can be defined
as the non-Newtonian liquids containing short rigid cylindrical elements or dumb-bell
molecules, polymer fluids, animal blood, fluid suspensions, etc. Micropolar fluid dynamics
can also be used to represent the presence of dust or smoke, especially in a gas [22].

Rotational flux is significant due to its implementation in science, engineering, and
manufacturing industries. For foundation and modeling capabilities, various manufactur-
ing objects rely on rotating flow’s physics such as whirlpools, tornadoes, vacuum pumps,
jet engines, tropical cyclones, centrifugal pumps, etc., since the phenomena of rotational
flux are complex and analysts are trying comprehend the underlying science. Abbasi
et al. [23] estimated the activation energy attributes and thermal radiation in axisymmetric
revolving stagnation point flux of hybrid nanoliquid. Bilal et al. [24] illustrated the hall
current impact on time-dependent carbon nanotubes rotational flux with dust particles
and nonlinearly thermal radiation in a porous medium. Ali et al. [25] investigated the
time-dependent rotating flux of a fractional Maxwell liquid in a cylinder subject to shear
stress on the boundary. Donghwan Kim et al. [26] deliberated the operating parameters’
impacts on in-cylindrical flux features of an optical accessible engine in the presence of a
spray-guided injector. Liu et al. [27] studied the rotational flux dynamics in the friction stir
welding of aluminum alloys.

Dust consists of solid dry particles of matter that is found in the air; the less viscous
fluid incorporated in the solid dust particles is called dusty fluid. The formulation of rain
drops because of little solid dust particles is a typical illustration of dusty air [28]. It was
pointed out by Fortov et al. [29] that there exists equality between the force exerted on
the gas by the dust and force exerted on the dust by the gas. Bilal et al. [30] studied the
viscoelastic fluid subject to dust particles; Jalil et al. [31] examined the exact solution of the
boundary value fluid problem; Reena and Rana [32] considered the micropolar fluid subject
to solid dust particles; Dasman et al. [33] analyzed the non-Newtonian fluid incorporation
of dust particles. More work on dusty fluid subject to various types of geometries was
carried out in [34–38].

By studying the above-mentioned literature, we concluded that research work on the
two-phase dusty micropolar fluid subject to Coriolis and Lorentz forces has not yet been
performed. Motivated by the aforementioned wide scope of non-Newtonian fluid and dusty
fluid applications, we decided to evaluate the currently elaborated dusty fluid problem.
The primary purpose of the present investigation was to analyze the outcomes of distinct
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parameters and volume concentrations of dust particles on the dynamics of micropolar
dusty fluid across a stretching sheet. Very recently, research on non-Newtonian fluids has
fascinated young researchers due to large-scale applications in different industries. By
using similarity modifications, the relevant nonlinear PDEs are converted into a system of
ODEs. The graphical outcomes of velocity, temperature, the skin friction factor, and the
Nusselt number were investigated based on different inputs of physical parameters.

2. Mathematical Formulation

Let us analyze a incompressible time-independent 3D rotating laminar flux of dusty
micropolar fluid across a stretching sheet. The sheet is stretched in xy-plane and fluid
placed along the z-axis. Fluid revolves with constant velocity Ω around the z-axis. The
feature of Coriolis forces in the primary momentum and secondary momentum equations
are +2Ωv1&− 2Ωv2, respectively. Although the first body force is positive, the velocity of
secondary flow is negative, which creates an overall negative impact on the fluid primary
velocity. The apparent and intended are two observable two paths in a rotatory frame of
reference. The case of the intended/true path produces a trajectory that is easily deformed by
some fictitious force, known as the Coriolis force, which influence the apparent path. Both
fluid and dust particles were considered to be static at first. Dust particles are assumed to be
evenly sized spheres with constant density all over the stream. Further, T∞ and Tw are the
liquid’s ambient temperature and superficial temperature, respectively. Figure 1 displays
the flux attributes and the coordinate system. For dusty phase flux, the model based on
boundary layer approximation and physical assumptions and coupled with constraints is as
follows [39–41].

∂v1

∂x
+

∂v2

∂y
+
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= 0, (1)
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For dusty particle flow
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The relevant boundary conditions are [42–44]:

v1 = v1w = ax, v2 = 0, v3 = 0, No = −β
∂v1

∂z
, T = Tw, at z = 0,

v1p = v1w = ax, v2p = 0, v3 = 0, Tp = Tw, at z = 0,

v1 → 0, v2 → 0, v3 → v3, No → 0, T → T∞, as z→ ∞,

v1p → 0, v2p → 0, v3p → v3, Tp → T∞, as z→ ∞,


(10)

where, v1, v2, and v3 are velocity components in x, y, and z direction, respectively. v1p, v2p,
and v3p denote the velocity of the components of dust particles; Ω represents angular ve-
locity and No, a is a constant of stretching rate (a > 0); v1w is stretching velocity component
along the a-axis; N stands for micro-rotation and dust particle’s number density. ν shows
kinematic viscosity, K signifies the Stoke’s drag constant, ρ deputizes the density of fluid,
cp delegates the specific heat capacity of fluid, k∗ demonstrates the thermal conductivity, T
symbolizes liquid’s temperature, ρp signifies the density of dust particles, τT constitutes
the thermal equilibrium time, Cp represents concentration of dust particles, cm denotes
the specific heat of dust particles, Tp is the temperature of the dust particle, j, k, and γ are
micro-inertia per unit mass.

1
,x v
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,y v

3
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Magnetic field (B0),

1
w

v
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a
x

1
w

v
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a
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Figure 1. Schematic flow configuration.

The similarity transformation follows the work of [45,46]

v1 = axG′1(η), v2 = axG2(η), v3 = −
√

aνG1(η), No = ax
√

a
ν

H(η), η =

(
a
ν

) 1
2

z,

θ(η) =
T − T∞

Tw − T∞
,

v1p = axG′1(η), v2p = axG2(η), v3p = −
√

aνG1(η), η =

√
a
ν

z

θp(η) =
Tp − T∞

Tw − T∞
,


(11)
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where η denotes the similarity variable. Equation (1) is satisfied identically. By using
transformations, Equations (2)–(9) have the following structure:

(1− φd)(1 + Λ)G′′′1 + (1− φd)(G1G′′1 + 2RG2 − G′21 ) + ΛH′ + Γvγv(G′1p − G′1) = 0, (12)

(1− φd)(1 + Λ)G′′2 + (1− φd)(G1G′2 − G′1G2 − 2RG′1) + Γvγv(G2p − G2) = 0, (13)

(1 +
Λ
2
)H′′ + G1H′ − G′1H − (2H + G′′1 ) = 0 (14)

θ′′ + Pr f θ′ + Prγt.βt(θp − θ) = 0, (15)

For the dusty phase

G′21p − G1pG′′1p − 2RG2p + γv.Γv(G′1p − G′1) = 0, (16)

G′1pG2p − G1pG′2p + 2RG′1p + γv.Γv(G2p − G2) = 0, (17)

G1pθ
′
p + γt.βt(θ − θp) = 0, (18)

with boundary constraints,

G1(η) = 0, G2(η) = 0, G′1(η) = 1, H = −βF′′1 , θ(η) = 1, at η = 0,

G1p(η) = G1(η), G2p(η) = G2(η), G′1p(η) = 1, θp(η) = 1, at η = 0,

G′1(η)→ 0, G′2(η)→ 0, θ(η)→ 0, H = 0, at η → ∞.

G′1p(η)→ 0, G′2p(η)→ 0, θp(η)→ 0, at η → ∞.

 (19)

where Pr =
µ f (cp) f

k f
shows the Prandtl number, Λ = k

µ is the material parameter, R =

Ω
a represents the rotational parameter, Γv = 1

τvc denotes the fluid–particle interaction
parameter for velocity, γv = Nm

ρ is the mass concentration of dusty granules, γt =
cp
cm

is the

ratio of specific heat, and βt =
1

aτT
is the fluid interaction parameter for temperature. This

report is based upon the influence of volume fraction of dust particles subject to a small
amount of dust φd = 0.2 and a large amount of dust particles φd = 0.8 when Coriolis and
Lorentz forces are significant in the case of non-Newtonian fluid (micropolar fluid).

3. Physical Quantities

The important physical quantities of interest are discussed in this section. The Nusselt
coefficients Nux and skin friction coefficients are given as [41,47]:

C fx =
τxz

ρ(ax)2

C fy =
τyz

ρ(ax)2

Nu =
xqw

k f (T − T∞)


(20)

with

qw = −k
∂T
∂z
|z=0 ..., jw = −D

∂C
∂z
|z=0 (21)

Finally we have,

(Rex)
0.5C fx = (1 + Λ)G′′1 (0)

(Rex)
0.5C fy = (1 + Λ)G′2(0)

(Rex)
−0.5Nu = −θ′(0)

 (22)

Rex = u2
w

cν stands for local Reynolds number.
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4. Solution Procedure

A system of ordinary differential equations represents the flow model. The
Equations (11)–(16) are numerically solved using the effectiveness and strength of nu-
merical computing in the bvp4c approach using MATLAB. Ref. [48] provides more details
on this solution approach (see Figure 2). The graphical and numerical results show the
velocity and temperature fields as different physical factors. The bvp4c technique is used
to transform the system of ODEs (11)–(16) into first-order ODEs for a solution:

λ′1 = λ2,
λ′2 = λ3,
λ′3 = (−1)

(1−φd)(1+Λ)
[(1− φd)(λ1λ3 + 2Rλ4 − λ2) + Λλ6 + Γvγv(λ11 − λ2)],

λ′4 = λ5,

λ′5 = (−1)
(1−φd)(1+Λ)

[(1− φd)(λ1λ5 − λ2λ4 − 2Rλ2) + Γvγv(λ12 − λ4)],
λ′6 = λ7,
λ′7 = (−1)(

1+ Λ
2

) [λ1λ7 − λ2λ6 − (2λ6 + λ3)],

λ′8 = λ9
λ′9 = (−1)[λ9λ1 + PrΓtβt(λ14 − λ8)],
λ′11 = (1)

λ10
[λ2

11 − 2Rλ12 + Γvγv(λ11 − λ2)],

λ′12 = (1)
λ10

[λ11λ12 + 2Rλ11 + Γvγv(λ12 − λ4)],

λ′13 = (−1)
λ10

[βtγt(λ8 − λ13)].

BVP

Convert BVP 

into IVP

Guess the initial 

missing 

conditions

Calculate residual 

of boundary 

conditions 

Stop

Update the 

initial guess

Use bvp4c scheme

 to solve IVP

If residual 

greater than error 

torlerance

If residual less 

than error 

torlerance

Final solution

Figure 2. Numerical solution flow chart.
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The corresponding boundary conditions are as follows:
λ1 = 0, λ2 = 1, λ4 = 0, λ6 = −βλ3, at η = 0,
λ8 = 0, λ9 = 1, λ11 = 0, λ13 = 1, at η = 0,
λ2 → 0, λ5 → 0, λ6 → 0, as η → ∞.
λ9 → 0, λ12 → 0, λ13 → 0, as η → ∞.

5. Results and Discussion

The main purpose of this investigation is to analyze the thermal transportation and
flux of the micropolar fluid on a stretching surface with a suspension of dust particles. For
solving highly nonlinear equations with related constraint, the bvp4c approach is applied
and coded in MATLAB; graphical outcomes of the impacts of the variational behavior of
different parameters on velocity and temperature and a micro-rotation distribution profile
for both fluid and dusty phases were acquired. The outcomes for Nusselt number, skin
friction factor, and couple stress were obtained graphically. Before plotting the results, we
have justified our results with the already published research articles through Tables 1 and 2
subject to limited cases. An excellent correlation has been achieved which affirms the
validity of numerical technique coded in MATLAB. The values of parameters that we used
are as follows: R = 0.5, Pr = 0.72, φd = 0.1 and 0.8, Γv = 1, βt = 0.1, γv = 0.2, γt = 0.2,
Λ = 0.2, and β = 0.5.

Table 1. Comparing the current numerical findings for M when and all others parameter are zero.

M Rehman [49] Bagh [50] Present Results

0.0 1.00000130 1.0000080 1.000013
0.2 1.0954463 1.0954458 1.095446
0.5 1.2247454 1.2247446 1.224745
1.0 1.4142180 1.4142132 1.414218

Table 2. Comparing the current numerical findings for Pr when and all others parameter are zero.

Pr Rehman [49] Bagh [50] Present Results

1.0 1.00000 1.0000 1.0000
3.0 1.92375 1.9236 1.9238

10.0 3.72061 3.7207 3.7210
100.0 12.29404 12.2940 1.2941

Figure 3a,b depicts the impact of rotating and dust particle volume concentration
on axial and transverse velocity of fluid. It reveals that there is deceleration in G′1 with
amplifying inputs of R and φd. This velocity acquires its maximum value in condition of
R = 0 (pure stretching case). As a result of Coriolis forces, the motion of the fluid slows
down; the transverse velocity G2 has the opposite behavior, with incremented values of R
and φd. Similarly, by increasing dust particle concentration, the fluid becomes thicker and
offers resistance to motion, so G′1 reduced. Figure 4a,b demonstrate the influence of R and
φd on the velocities of the dusty phase of fluid. Here, G1p and G2p signifies the momentum
boundary layers for dusty phase in x and y direction, respectively. The axial velocity of the
dusty phase of fluid recedes due to the growing strength of both dust particle concentration
and rotating parameter; however, transverse velocity increases against these parameters.
Figure 5a,b are plotted to see the effect of the material parameter and φd on G′1 and G2. The
axial velocities increased with amplified values of material parameter; however, transverse
velocity decreased. Since the material parameter Λ is inversely proportional to the dynamic
viscosity coefficients, its higher value indicates a reduction in viscous impacts, allowing the
flow to move faster; for higher inputs of φd, both velocities are decreased.
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Figure 6a,b demonstrate the affect of Λ and volume concentration of dust particles on
dusty phase velocities G1p and G2p. It can be seen that G1p velocity increased and G2p ve-
locity decreased with incremental values of material parameters; both velocities decreased
with higher inputs of dust particle concentration. Figure 7a,b display the variation in
micro-rotation distribution profile with varying inputs of rotational, material parameter,
and concentration of dust particles. From Figure 7a, we can see that the micro-rotation
profile was amplified with larger inputs of R, whereas it was reduced against higher inputs
of dust particle concentration. Figure 7b reveals that micro-rotation was improved with
increasing inputs of Λ parameters. Figure 8a,b illustrate the impact of R and φd on the tem-
perature and dust phase of the fluid. It is obvious that the temperature of fluid and dusty
phase increased with increasing inputs of R and φd. Basically, the development of heat is
satisfied on the base of a higher diffusion process because of increased rotation. Figure 9a,b
represent the fluctuation in θ and θp by different values of the material parameter and φd.
The fluid temperature and dust phase temperature depreciate against magnified inputs of
the material parameter; both phase temperatures rise with larger inputs of φd. Physically,
the higher input of dust particles enhance the base fluid dust concentration, which causes
the fluid velocity to decrease; however, the base fluid temperature increased due to the
thermal conductivity of the additional dust particles.
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Figure 9. Fluctuation of Λ and φd on θ and θp.

Figure 10a,b portray the skin friction factor in x and y direction for different inputs
of rotating parameter, material parameter, and dust particle concentration parameter.
Figure 10a shows that the skin friction coefficient C fx was reduced against the enhanced
values of Λ, R, and φd. Figure 10b reveals that the skin friction coefficient C fy depreciated
against increasing values of the rotating parameter corresponding to the strong Coriolis
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force in the rotating system, but displayed the opposite behavior against Λ and φd. The
larger strength of the rotating parameter generated the instability in the fluid flow, and
this oscillation characteristic is reduced when low values of R are considered. We can infer
that a critical rotating condition exists for which secondary flow is sustainable, and all the
while, the fluid primary flow is stable. The excessive velocity of the rotational fluid system
is not useful, and considering this, a reasonable choice of Ω is recommended for functional
producing activities. The influence of different parameters on the Nusselt number are
sketched in Figure 11a. From Figure 11a, we see that the Nusselt number reduced with
rising values of rotation, material parameter, and volume concentration of dust particles.
Figure 11b depicts the fluctuation of couple stress by rotation, material parameter, and
volume concentration of dust particles. It displays an increasing behavior against the rising
values of all parameters. The large values of R cause the fluid primary velocity to slow
down, which is responsible for increasing the fluid temperature; a low Nusselt number
implies a higher temperature.
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Figure 11. Fluctuation of R, Λ, and φd on Nusselt number and couple stress.

6. Conclusions

Efforts have been made to analyze the significance of micropolar dusty fluid and heat
flux due to thermal boundary gradients across a stretching sheet. The non-dimensional
problem is solved by using the bvp4c method developed in MATLAB script. Based on the
consequences, it is reasonable to conclude that:

• G′1(η) and G1p(η) significantly decrease along with rising values of parameters φd,
R and having increasing behavior against Λ, whereas G2(η) and G2p(η) have the
opposite behavior against φd, R parameters while it decreased against Λ.

• The micro-rotation distribution profile depreciates by higher inputs of φd and ampli-
fied with larger inputs of rotation and material parameter.

• The temperature θ and θp aggrandize with higher inputs of volume concentration of
dust particles and rotation parameter, whereas it declines against increasing inputs of
Λ.

• Along the x direction, the coefficient of skin friction decreased with enhancing values
of Λ, φd, and R. Along the y-direction, the skin friction coefficient is raised by enlarge-



Mathematics 2022, 10, 2630 11 of 13

ment in Λ and φd, but it has opposite behavior against increasing inputs of rotating
parameter.

• The magnitude of the Nusselt number is reduced with a higher contribution of R, φd,
and Λ, whereas couple stress exhibit rising behavior against these parameters.

Through this successful numerical computational effort, we have successfully eluci-
dated the parametric impacts on the dynamics of micropolar dusty fluid. This study may
be extended for Maxwell dusty nanofluid, Oldroyd-B dusty nanofluid, and viscoelastic
Jeffrey’s dusty nanofluid.
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