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A microscopic theory of Curzon-Ahlborn heat engine
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The Curzon-Ahlborn (CA) efficiency, as the efficiency at the maximum power (EMP) of the
endoreversible Carnot engine, has a significant impact on finite-time thermodynamics. However,
the CA engine model is based on many assumptions. In the past few decades, although a lot of
efforts have been made, a microscopic theory of the CA engine is still lacking. By adopting the
method of the stochastic differential equation of energy, we formulate a microscopic theory of the
CA engine realized with an underdamped Brownian particle in a class of non-harmonic potentials.
This theory gives microscopic interpretation of all assumptions made by Curzon and Ahlborn, and
thus puts the results about CA engine on a solid foundation. Also, based on this theory, we obtain
analytical expressions of the power and the efficiency statistics for the Brownian CA engine. Our
research brings new perspectives to experimental studies of finite-time microscopic heat engines

featured with fluctuations.

Introduction.—For practical heat engines, not only the
efficiency but also the power characterizes the perfor-
mance. Optimizing the power and the efficiency of heat-
engine cycles is one of the goals in the study of finite-
time thermodynamics [1, 2]. Compared to the Carnot
efficiency achieved in infinite time [3], the efficiency at
the maximum power (EMP) attracts a lot of attention in
the studies of finite-time heat engines. The early stud-
ies [4-11] of the endoreversible Carnot engine concluded
that the EMP is the well-known Curzon-Ahlborn (CA)
efficiency
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where T and Ty denote the temperatures of the cold
and the hot heat baths. The CA efficiency is in a simi-
lar form to the Carnot efficiency, and is only relevant to
the temperatures of the two heat baths and is indepen-
dent of any other characteristic of the heat engine. The
CA efficiency aroused a lot of attention and led to many
following-up researches (see for example Refs. |8, 12-14]).
It has become a paradigmatic result in studies dealing
with thermodynamic optimization in the framework of
finite-time and stochastic thermodynamics. In addition,
the CA efficiency is relevant to many practical thermal
machines [15].

The CA efficiency as the EMP has also been derived
in some different setups [16]. For example, in Ref. [17]
it is shown that CA efficiency is a result which can be
obtained in the well-founded linear irreversible thermo-
dynamics. In Ref. [15], the CA efficiency, as the EMP, is
derived in the symmetric low-dissipation regime, where
the irreversible entropy production is assumed inversely
proportional to the period of a cycle. Such a 1/7-scaling
has been recently verified in the experiment of finite-

time isothermal compression of dry air [18, 19]. These
studies confirm the validity of the CA efficiency as the
EMP in many heat engine models. Meanwhile, in some
other models, the EMP deviates from the CA efficiency
[13, 15, 17, 20-42], probably due to different circum-
stances of these models.

The original derivation of the CA efficiency [4-7] is
based on a lot of assumptions, such as the endoreversible
assumption and the assumption of constant temperature
difference. But how reliable are those assumptions made
by Curzon and Ahlborn remains unclarified due to the
lack of a microscopic theory of the CA engine. Also, due
to this lack, the control scheme of the work parameter
which is essential to construct the optimal cycle can not
be determined (except for the harmonic potential [14]),
neither can the work and heat statistics as well as the
fluctuation theorems of the CA engine. In the past few
decades, a lot of efforts have been made to seek a micro-
scopic interpretation of the CA engine, but were unsuc-
cessful.

In this Letter, we fill this long-standing gap by realizing
the CA engine with an underdamped Brownian particle
[14, 43-51] in a time-dependent potential as the work-
ing substance. By adopting the method of stochastic
differential equation of energy [52, 53], we give micro-
scopic interpretation of all assumptions made by Cur-
zon and Ahlborn, including the endoreversibility, New-
ton’s cooling law and the constant temperature differ-
ence. Thus we lay a solid foundation for the CA engine
model. Furthermore, this microscopic theory allows us
to determine the control scheme of the work parameter
of the Brownian CA engine and study the fluctuations
of the power and the efficiency of the Brownian CA en-
gine. Our study demonstrates that when downsizing the
working substance to a single Brownian particle, results



about the average power and efficiency of the CA engine
remain valid, but the fluctuations become prominent.

The model—The working substance of the en-
gine is modeled as a Brownian particle [45, 47, 54—
65] constrained in a controllable potential U(z,t) =
k(t)z*"/(2n) with the control parameter k(t) and a posi-
tive integer n. In the isothermal expansion (compression)
process, the control parameter k(t) is varied when the en-
gine is in contact with the heat bath at temperature Ti,.
The motion of the particle with mass m is governed by
the complete Langevin equation

i+ yd+ k() = Eg(ty (2)
where the random force £(t) represents a Gaussian white
noise satisfying (£(¢)) = 0 and (£(£)£(t)) = 2m~yTLo(t —
t') with the friction coefficient y. Throughout the text
the Boltzmann constant is set to be kg = 1.

We consider the highly underdamped regime 7, < v~
and slow external driving 7, < k/k, where 7, is the
period of the unperturbed motion of the particle, e.g.,
T, = 2my/m/k for a harmonic oscillator (n = 1). Un-
der these two conditions, the variation of the stochastic
energy of the particle within a period is relatively small,
which allows us to study the dynamics of the stochastic
energy E = mi?/2+U(x,t). Based on Ito’s lemma and
Virial theorem, the equation of motion is expressed as the
stochastic differential equation of the energy E [52, 53]
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where the work parameter is rewritten into A\(¢) =
k()Y (1) with the increment dB; of the Wiener pro-
cess, the effective friction coefficient T' = 2nvy/(n + 1),
and the effective degrees of freedom f,, = 1+ 1/n. The
increment of trajectory work for this system is

A
dW = XEdt' (4)
The trajectory heat is obtained from the first law of ther-

modynamics as

dQ = -T (E - f”2Tb> dt + /2T TyEdB,.  (5)

The Fokker-Planck equation associated with Eq. (3)
can be solved explicitly [53]. During the dynamical evolu-
tion process, the system remains in a Maxwell-Boltzmann
distribution in the energy space and thus can be de-
scribed by an effective temperature 0(t) as
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where T'(z) = [;7 e ¥y*~'dy is gamma function. No-
tice that Eq. (6) leads to the endoreversibility, which is
usually assumed in previous studies relevant to the CA
engine, but is derived as a consequence of the equation of
motion in our setup. The ensemble average of the energy
is (E(t)) = fn0(t)/2 with the effective temperature 6(¢)
governed by

it) = 2o(t) ~ Tlo(t) ~ 7). @

We emphasize that the Lh.s. of Eq. (7) corresponds
to the time derivative of the average energy up to a fac-
tor fn/2. The two terms on the r.h.s. correspond to the
average work flux and heat flux, respectively. The aver-
age heat flux satisfies Newton’s cooling law, which is also
derived as a consequence of the equation of motion. The
effective friction coefficient I', as a cooling rate, is inde-
pendent of the work parameter A. We would like to point
out that a similar equation of motion for the effective
temperature 0(t) has been obtained previously for the
ideal gas as the working substance [12]. However, their
derivation relies on several assumptions, for example, the
equation of state of ideal gas, the phenomenological New-
ton’s cooling law and the endoreversible assumption. On
the contrary, the results presented here are all derived
from the microscopic dynamics, and are capable of de-
scribing microscopic systems featured with fluctuations.

Realization of Curzon-Ahlborn engine based on a Brow-
nian particle—With the model introduced above, we
study the EMP of such a microscopic Brownian engine
and formulate a microscopic theory of the CA engine. To
construct a finite-time Carnot cycle, two heat baths at
different temperatures T;, ¢ = H,C are required in the
hot and the cold isothermal processes. The (effective)
friction coefficients «; (I;) may be different in the two
processes. Based on Curzon and Ahlborn’s derivation
[7], we summarize the preconditions of the CA engine as
follows

(i) Endoreversibility [66]. The state of the work-
ing substance of the engine can be described by an
effective temperature.

(i) Newton’s cooling law (or linear heat transfer
law). The heat flux between the working substance
and the heat bath is proportional to the tempera-
ture difference.

(iii) Constant temperature difference. During the
isothermal expansion (compression) process, the ef-
fective temperature of the working substance re-
mains at a constant value 0y (6¢) different from
that of the heat bath Ty (T¢).

(iv) Internal reversible Carnot cycle. All irre-
versibilities are associated with the heat exchange
between the working substance and the heat baths



while the adiabatic processes remain reversible [16].
The heat engine operates like a reversible Carnot
engine between two virtual heat baths at tempera-
tures 6 and 6y, respectively.

(v) Constant heat capacity [67] and cooling rate
[68]. Both the heat capacity of the working sub-
stance and the cooling rate are independent of the
temperature and the work parameters.

According to Egs. (6) and (7), our setup fulfills require-
ments (i) and (ii). In supplementary material, we prove
that the optimal cycle corresponding to the maximum
power is exactly the CA cycle satisfying preconditions
(iii) and (iv). Precondition (v) is guaranteed by the
generalized equipartition theorem and the highly under-
damped condition.

Based on the equation of motion of the effective tem-
perature (Eq. (7)) and the definition of trajectory work
and heat, we can optimize the average power of the finite-
time Brownian engine. In Fig. 1(a), we plot the cycle di-
agram of the Brownian CA engine. In order to construct
a closed CA cycle, the values of work parameter at the
end of each process in Fig. 1(a) satisfy
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The four processes of the CA cycle are illustrated as fol-
lows (see supplementary material),

(I) Isothermal compression. The working substance is
in contact with the cold heat bath. Initiated from
A1 at t = 0, the work parameter is varied exponen-
tially with time A(¢) = A1 (A2/A1)Y/7¢, where ¢ is
the duration of the process. From the protocol, it
can be found that the effective temperature of the
working substance remains at a constant during the
process
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The heat released to the cold heat bath during the
isothermal compression process is

—(Qc) = %Fc(ac —Tc)Te. (10)

(IT) Adiabatic compression. The work parameter A(t)
is quenched instantaneously from As to A3 with the
effective temperature 6(¢) changing from 6¢ to 0y
accordingly. When the timescale of varying the
work parameter is much shorter than that of the
heat dissipation, Eq. (7) becomes 6(t) = \(t)/A,
which leads to 05 /0c = A3/ Ae.

Figure 1. CA cycle based on a Brownian particle. (a) The
cycle diagram in the space of the work parameter A and the
effective temperature 6. In the isothermal expansion (com-
pression) process, the working substance remains at a con-
stant effective temperature 6g(0c), which is different from
the temperature T (Tc) of the hot (cold) heat bath. In the
two adiabatic processes, the effective temperature 6 of the
working substance is proportional to the work parameter .
(b) The control scheme of the work parameter A(t) and the
evolution of the effective temperature 0(t) in a finite-time cy-
cle. The work parameter A is varied exponentially with time
in an isothermal process, and is quenched abruptly in an adi-
abatic process.

(IIT) Isothermal expansion. The working substance is
in contact with the hot heat bath. The work pa-
rameter is varied exponentially with time A(t) =
A3(Ag/A3) 7€)/ i and the working substance re-
mains at a constant effective temperature

I
— THiHTH’ (11)

0
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where 7y is the duration of the process. The heat
absorbed from the hot heat bath during the isother-



mal expansion process is
_Jn
(Qu) = ?FH(TH —0u)TH. (12)

(IV) Adiabatic expansion. Finally, the work parameter
is quenched from A4 to the initial value A; instan-
taneously with the effective temperature changing
from 0y to O¢ accordingly, satisfying 0y /0c =
A/

The control scheme of the work parameter A\ and the
evolution of the effective temperature 6 in a finite-time
cycle are illustrated in Fig. 1(b).

Combing Eqgs. (9)-(12), it is straightforward to ver-
ify the precondition (iv) that the entropy change of the
working substance after a cycle is zero AS = (Qg) /0m+
(Qc) /0c = 0. Therefore, the microscopic dynamics of
the model, together with the explicit control scheme A(t),
constitutes a microscopic theory of the CA engine.

The net work of a full cycle is — (W) = (Qg) + (Qc),
and the average power and the average efficiency follow
as P = — (W) /(ty +7¢) and n .= — (W) / (Qn), which
are explicitly
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In order to achieve the maximum power, we first fix r
and optimize the power over 7y and 7¢. The maximum
power is obtained as (see supplementary material)

- folely (VT — \/TTJ)Q
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with the corresponding optimal duration of the two
isothermal processes

Jmax _ Inr (\/FHTH + \/FcTc)
T TuvTe (VTu —VTe) '
max __ Inr (\/FHTH + \/FcTc)
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Please note that Py is independent of . Hence Ppax
is also the global maximum power. It is straightforward
to see that the EMP of the Brownian engine in the highly
underdamped regime is the CA efficiency

T
=< = nea, (17)
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as we expect. Based on Egs. (14) and (15), we derive the
trade-off relation between power and efficiency in supple-
mentary material. Compared to previous studies [25, 69—
73], our trade-off relation is tight and is shown to be
reachable with the explicit control scheme of the work
parameter A(t). It is worth mentioning that Ref. [74]
obtains the same tight trade-off relation, and Ref. [14]
obtains the tight trade-off relation as well as the control
scheme for the harmonic potential. As a generalization,
our results are valid for a Brownian particle in a class of
non-harmonic potentials.

Generating function of work and heat in a finite-time
isothermal process.—For a microscopic Brownian engine,
average values are insufficient to characterize the perfor-
mance. Fluctuations are non-negligible [75]. To evaluate
the performance of a finite-time heat engine, we need to
quantify the extracted work and heat absorbed from the
hot bath in one heat-engine cycle. For the dynamics de-
scribed by the above model, we can derive the analytical
results of the joint generating function of work and heat
I(u,s) = <e“Q+5W> by generalizing the techniques used
in Ref. [76]. The result is

In
2
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where 7 is the time duration of the process, and the
temperature-like variable v (¢) satisfies

d A A
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with the initial condition ¥(0) = to/(1 + uy). The
initial value 1[)0 is either set as the initial temperature
o or obtained from the previous process. A shifted
temperature-like variable is defined as 1(t) == ¥ (t)/[1 —
utp(t)], whose value 9(7) at the end of this process is
used as the initial value 1[)0 of the subsequent process.
Detailed derivations to Eqgs. (18) and (19) and the ana-
lytical expression of the joint generating function I(u, s)
are left in supplementary material.

Statistics of power and efficiency of the Brownian CA
engine.—Based on the microscopic theory, especially the
joint generating function of work and heat I(u,s) and
the control scheme A(t) of the full cycle, we can further
study the fluctuations of the power and the efficiency
[75-80] together with the fluctuation theorems [81, 82] of
the finite-time Brownian Carnot engine. Specifically, we
calculate the distribution p(P) of the fluctuating power
P := —W/(1c+7h) and the distribution p(¢) of the fluc-
tuating efficiency ¢ := —(W +nQg)/ (Qu) from the gen-
erating function Ieycre(um,uc,s) = <e“HQH+“CQC+SW>
(see supplementary material) of a whole cycle. Please
note that, instead of —W/Qpg, we define ¢ as the fluc-
tuating efficiency which characterizes the deviation from



the average efficiency 7 defined above. It is straightfor-
ward to see that (¢) = 0.

As a special case, we plot the distributions of the power
and the efficiency of the Brownian CA engine in Fig. 2,
where = nca, Tc = TEY, TH = TH. Due to the fluc-
tuation, the power can be negative or much larger than
the average power. Similarly, the efficiency can be neg-
ative or larger than Carnot efficiency (even larger than
unity). From the analytical results of the joint generat-
ing function Ieycie(um, uc, s), we can show the tendency
of the distributions when we increase the duration of the
cycle 1y = 74 + 7 by increasing Inr

4F12nax [(]‘ B nCA)2 + 1/5} (]- + 5) l

Var(P) = (20)
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where § = \/T'yTy/(TcTc). For both the power and

the efficiency, their variances decrease inversely with 7.

@ 003 [[—7=5 s ]
........... Tt:20
0.02 r 1
a
=
0.01 i
™ : I
-150 -100 -50 0 50 100 150 200
o)
2 — —
() - SN (SUREION gc‘l"’CA
A :
1.5 [ ’Tt:20 4
7,.=50
<
=

Figure 2. Distribution of the power (a) and the efficiency
(b) of a Brownian CA engine for three different periods
T¢ = 5, 20, 50. (a) The vertical dotted line indicates the av-
erage power. (b) The vertical solid, dashed and dotted lines
correspond to efficiency n = 0, n = nc (Carnot efficiency) and
n = 1 respectively. Here we have chosen Tc = 300, T = 600,
l'e=1,Tg=12.

Summary and discussion.—In this Letter, we realize
the Curzon-Ahlborn heat engine with a Brownian parti-

cle in the highly underdamped regime. By adopting the
method of stochastic differential equation of energy, we
formulate a microscopic theory of the CA engine based on
this model. This theory gives microscopic interpretation
of all assumptions of the CA engine model including the
endoreversibility, Newton’s cooling law and the constant
temperature difference. Hence, we lay a solid foundation
for the CA engine.

From this microscopic theory, the explicit control
scheme A(t) of the CA engine can be uniquely deter-
mined, which leads to the maximum power of the Brow-
nian engine. The control scheme associated with the
maximum power for any given efficiency can be obtained
based on the microscopic theory. In addition, we calcu-
late the generating function of work and heat, and obtain
the analytical results of statistics of the power and the
efficiency together with the fluctuation theorems of the
Brownian CA engine. These quantitative results about
the CA engine bring important insights to the studies of
finite-time thermodynamics beyond the low-dissipation
regime [15, 25, 70, 71, 73, 83, 84]. For example, results
about the average power and efficiency of the CA engine
remain valid when downsizing the working substance to a
single Brownian particle, but fluctuations become promi-
nent. Our study will shed new light on the experimental
explorations about finite-time Brownian engine, and may
inspire future studies about the design of nanomachines
with higher power and efficiency.
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The supplementary materials are organized as follows. In Sec. I, we construct and optimize the finite-time Carnot
engine with an underdamped Brownian particle as the working substance, and obtain the power and the efficiency
of the finite-time Brownian engine. In Sec. II, we derive the trade-off relation between the power and the efficiency
for the finite-time Brownian Carnot engine. In Sec. III, we calculate the joint generating function of work and heat,
and verify the fluctuation theorem for heat engines. We also derive the generating function for the power and the
efficiency and discuss their variances for the Brownian CA engine.

I. CONSTRUCTION AND OPTIMIZATION OF A FINITE-TIME BROWNIAN ENGINE

We attempt to construct and optimize a finite-time Brownian Carnot engine with the microscopic model proposed
in the main text. A Carnot cycle consists of two isothermal processes and two adiabatic processes. From Ref.
[1, 2], we know that for a given duration of time and the initial and the final values of the work parameter of an
isothermal expansion (compression) process, the protocol A(t) that maximizes the work output (minimizes the work
input) is an exponential function of time with additional instantaneous jumps at the beginning and the end. The
effective temperature of the working substance is kept at a constant except for the sudden jump processes. The
jump-exponential-jump form of the optimal work protocol A(¢) and the constant effective temperature are general
properties of the optimal control, and are independent of specific settings of the control time and the initial and final
values of the work parameter, as long as we maximize the work output.

We model the adiabatic process to be an instantaneous jump of the work parameter A, i.e., the process is so fast
that no heat is exchanged. Then, the equation of motion of the effective temperature by Eq. (7) is reduced to

0(t) = ==0(t). (S1)

After doing integral on both sides of Eq. (S1), we obtain the relation between the initial (final) value of the effective
temperature 6; (f¢) and the work parameter A; (As)

0; A
i _ A S2
by (S2)
The work input in an adiabatic process is equal to the energy change
_ _ _Jn _
W= By~ By, (W) = 220, — 6,), (53)

since there is no heat exchange.

To form a closed cycle, we need to connect the two isothermal processes with the two adiabatic processes. The
additional jumps and the adiabatic processes (also instantaneous jumps) merge together. The control scheme A(t)
consists of two exponential protocols and two instantaneous jump protocols (Fig. 1). It is natural to describe the cycle
with the work parameter at four “corners” in the A — 6 diagram (Fig. 1), and the duration 7y (7¢) of two exponential
protocols. Hereafter, we also use “isothermal process” to denote the exponential protocol, and “adiabatic processes”
to denote the sudden jump protocol.

We formally write down the four processes as follows.



(I) Isothermal compression. Starting from A; at ¢ = 0, the control scheme of the work parameter is A(t) =
A1 Ao/ Al)t/ 7¢ where 7¢ is the duration of the process. For such an exponential protocol, the effective temper-
ature of the working substance remains at a constant

cl'c
0o = ———T¢. S4
© Tcl_‘c —Inr © ( )
with the quantity » = \y/A; defined in Eq. (8) of the main text. The heat released to the cold heat bath and
the work input in this process is

~{Qo) = W) = 2T (be - Toyre (55)

(IT) Adiabatic compression. The work parameter is quenched suddenly from s to A3 with the effective temperature
jumping from 6o to Oy accordingly, satisfying 0y /0c = As/A2. Work output in this adiabatic compression
process is

fn

— (W) = _7(9H —fbc). (S6)

(ITT) Tsothermal expansion. Similar to process (I), the work parameter is varied as A(t) = Az(Ag/A3)~70)/7H with
the duration 75 of this process. The effective temperature of the working substance, as a constant, is explicitly

Tl
g = ————Tyg. S7
H Tgly +Inr H (87)

The heat absorbed from the hot bath and the work output in this process is
(Qu) =—(Ws) = %FH(TH —O0u)7TH. (S8)

(IV) Adiabatic expansion. Finally, the work parameter is quenched from A4 to the initial value \; abruptly. The
values of the work parameter satisfy 0y /0c = Ay/\1, which ensures a closed cycle. The work output in this
adiabatic process is

fn

—(Wa) = *?(90 —0m). (S9)

The work output of a cycle is equal to

4
j:l
fn( TH'gInr TclcIlnr
In Ty — LT 1),
2 \tygl'y + uly + Inr Tcl'e —Inr

(S10)

The average power and efficiency of this finite-time Brownian Carnot engine are

P — (W) fn ( gl lnr T Tcl'clnr T )7

T+ _2(7H+Tc) gl +1Inr H 7cl'c —Inr =

(S11)

and

(S12)

w) . 1+(THFH)_IIHTE
1-— (Tcrc)_lln’l“ TH.

(Qu)
To maximize the power, we choose a fixed 7 and optimize P with respect to 7y and 7¢. By solving equations
OP /0ty = 0 and OP/01¢ = 0, we obtain the optimal duration of the two isothermal processes



pmax _ Inr (\/FHTH + \/FcTC)
T TuvTe (VTn — Vo)
max __ Inr (\/FHTH + \/FcTC)

TaM = . (513
© TevTu (VT —VTc) )
Substituting Eq. (S13) into Eq. (S11), we find the maximum power with the fixed r is
2
_ Lol (Vg — VI

2 (VTr +VTc)

This result, however, is independent of r, and is the global maximum of power. Similarly substituting Eq.(S13) into
Eq. (S12), the efficiency at the maximum power is obtained

T
nemp =1 —4/ T707 (S15)
H

II. THE TRADE-OFF RELATION BETWEEN POWER AND EFFICIENCY

which is exactly the CA efficiency.

The trade-off relation between power and efficiency, namely the maximum power under a given efficiency, has re-
cently attracted much attention in finite-time thermodynamics. Various trade-off relations have been found under
different circumstances [3-8|. Nevertheless, these relations either are obtained based on the low-dissipation approxi-
mation, or are very loose constraints.

It is worth pointing out that in 1989, a tight trade-off relation between power and efficiency has been obtained for
the endoreversible Carnot cycle with the assumption of Newton’s cooling law [9],

P o e =n), (S16)
L=n
However, due to the lack of microscopic theory in their study, they are unable to determine the control scheme
associated with the maximum power for a given efficiency.
Here we derive the control scheme A(t) associated with the above tight trade-off relation between power and efficiency
for the finite-time Brownian Carnot engine. With the expressions of the power and the efficiency, we introduce the
function

L =

(S17)

fn TglgInr Tcl'clnr 1+(THFH)71 Inr T

- ——C ) (1 2l ),
2(tg +7¢) \ 7l +Inr 7cl'c —Inr 1—(reTe) tnr Ty

where p is the Lagrange multiplier to include the given efficiency as the constraint. The maximum power for the

given efficiency 7 is obtained from

oL
9 =0 (S18)
oL
s =0 (S19)
oL
o= (S20)

The solution to the above equations are

1—n

3
Q

. Inr 1-—

THVF?(nc—n)( o FH)’ s
. Inr 1-n 1-nc

ol ] by 52
o _ foleluaTu (2 —n)n —nc] (S23)

2(1=n)?(VTu +VTc)?



Since we have adopted the exponential protocol, the control scheme A(t) of the whole cycle for the CA engine is

At = {)\1()\2/)\1)t/7‘*7 0<t<1s ($24)

As(Aa/Xg) 7m0 1k <t <1y

Substituting 77 and 7¢ into the expression of the power, we obtain the maximum power for a given efficiency 71 as

2 (VTo+T)” (=)

which agrees with the trade-off relation obtained in Ref. [9]. Notice that Eq. (5S25) is independent of the compression
ratio 7, and is also irrelevant to the symmetry (I'y = ') of dissipation.

We emphasize that the dependence of the maximum power on the efficiency is always in the factorized form, which
is universal and independent of the cooling rate 'y (I'¢) in the two isothermal processes. In comparison with Ref.
[3], the trade-off relation (S25) is tighter and this upper bound of the power can be achieved with the explicit control
scheme.

: (S25)

III. CALCULATION OF THE GENERATING FUNCTION

Based on the method proposed in Ref. [10], we derive the joint generating function of work and heat for both the
finite-time driving process (finite-time isothermal process). The system is coupled to only one heat bath with the
exchanged heat Q[X], and the work parameter of the system is tuned with the performed work W[X]. In stochastic
thermodynamics, both heat and work is defined on the trajectory X = {E(¢)|0 <t < 7} [10, 11]. The joint generating
function of work and heat is defined as the path integral in the trajectory space

I(u,s) = (e @Ts") (526)

_ /D[X]p[X]euQ[X]+sW[X]7 (S27)

where p[X] denotes the probability of a given trajectory X.
The method [10] to be applied requires that

(I) The system always obeys a Maxwell-Boltzmann distribution in the energy space described by an effective
temperature 6, whose evolution is governed by

= d,(6), (528)

Here, ®;(#) contains the contribution of the work. When performed work performed on the system, the tem-
perature of the system increases. If no modulation is performed, ®;(0) = —I'(0 — T},) is Newton’s law of cooling
with a constant cooling rate I'. T}, is the temperature of the bath.

(IT) The increment in work is proportional to the stochastic energy of the system,
dW = «(t)E(t)dt, (529)

where a; is determined by the control protocol, and is chosen as a; = )\/ A relating to the work parameter
A = A(t); E = E(t) is the stochastic energy of the system affected by both the heat exchange and the work
performed. As a result, ®;(0) is explicitly

3,(0) = —T(0 — T,) + ovf. (S30)

(III) The structure (shape) of the partition function does not depend on A. Generally, the partition function Z(8)
should depend on the work parameter A. The inverse temperature is § = 1/6, where we set kg = 1 for
convenience. For example, for a quantum harmonic oscillator, the frequency determines energy-level spacing
which affects the Z, (). But here, we require Z, () to be in the same form of A which means

Z\(B) = 9(A) x Z(B), (S31)

where g(A) is a function of the work parameter, and Z(3) characterize the form of the energy density.



All conditions are satisfied in the current microscopic model. The probability distribution of the energy is

E-1,-8E
Z(B)

The partition function is Z(3) = fooo Efn/2=1e=BEqE = B=F+/2T( £, /2)[12], which is also the normalization factor in
the energy space. The average energy is determined by
Ol [Z(B)] _ fn

e (933)

p(E[0) = (S32)

(B) =

Namely, the heat capacity of the working substance is f,, /2, which remains a constant.
Along a given trajectory X = {E(t)|0 < ¢ < 7}, the increment of work at time ¢ is

AW = o, Edt, (S34)

and the increment of heat is obtained inversely from the first law
dQ = dE — oy Edt. (S35)

A. Discretization to calculate the joint generating function of work and heat

We discretize the dynamics with ¢; = je, 7 =0,1,...,N,N +1 and e = 7/(N + 1), the thermal distribution of the
system is p(E;|6;) with the inverse temperature 5; = 1/6; at t;. The work parameter A(f) remains a constant during
each time slice t; < ¢t < t; 11, and is quenched at the moment ¢;. As a result, the work W; = ln[)\(t;r)/)\(t;)]Ej ~ a;Eje
is performed at each moment ¢; with the neglected exchanged heat, while the heat Q; = E; 1 —E;—«;Eje is generated
during each time slice. The evolution between every adjacent moment ¢; and t;11 can be described by the transition
probability R;:_H = R(Ej+1,tj+1; Ej,t;) (also named as the propagator). To ensure the condition (I), the propagator
R; 41 should maps a local equilibrium state to another local equilibrium state

[AEDE0)R] 1 = p(Ess20) (550
The temperature of the next step is
Oj+1=0; 4+ ©;(0;)e, (S37)

where we denote ®;(-) = ®;,(-) for simplicity
We calculate the joint generating function I(u,s) as follows. We rewrite the joint generating function with the
N + 1 discrete steps

N+1 N

N
HMF/H@H@%MMWHWWW (338)
=0 =0

Jj=0

where the initial value 150 is a temperature-like quantity. We use a different notation ¢ to distinguish with the
temperature . The meaning of “tilde” will be clarified later [by Eq. (S63)|. If there is no previous process, o = 6o
is the local temperature of the system. Otherwise, the initial value ¢, is obtained from the previous process.

From the first law, we can rewrite

uQ; + sWj = (s —uw)ojEje + u(Ej11 — Ej). (S39)

We then consider the first step



0 (EO|1LO) (s—u)Wo+u(E1—E)p)
Oe —Eo /o

Z(1/40)
e—Eo/bo

— uwEq

Y Z(1/40)

(s—u)eapgEo+u(E1—Ep)

)

where v is
o = 1/[1/d0 — (5 — u)eag + u].

After doing the integral over Fy, we obtain

/dEo'RO e~ Folve
Z(1/4o)

(1/%) o e Fo/vo
20 [

B, Z(1/1g) e Er/en
Z(1/40) Z(1/ 1)’

where the intermediate variable 1, according to Eq. (S37), is obtained as

01 = 1ho + Po(vho)e
=1 — I'(¢o — Tt )e + aprhoe.

We next calculate the second step with the integral over E;

—FE4 1e uFE
1/% /dElR /erentn (5= ) Witu(B—E

Z(1/e1)
=1/%;
_M uEs 1 e—[1/1— (s —u)are]e,
201/ /dE1R2 Z(1/¢1)
Z(1/30) Z(1/2hy) euFze=E2/e2
CZ(1/ho) Z(1 1) Z(1/2)
In Eq. (S50), we have set
1 1
oy = a — (s —u)aze.

It is similarly to do the integral over Fs, Es3,...Exn and the result is

N N ] B N
J 115 TT (R ) ptEolin) [T e
j=0 =0

Jj=0

Z<1/¢0) Z(l/wl) Z(l/’(/}N> e_(1/99N+1—u)EN+1.

CZ( o) Z(1 1) T Z(1on)  Z(1/ont)

We integrate over En41 and obtain

(S40)

(S41)

(S42)

(S43)

(S44)

(S45)

(S46)

(S47)
(948)

(S49)

(S50)

(S51)

(S52)

(953)

(S54)



I(u,s) = Z(1/ho) Z(1 /1) Z(1)pn) Z(1/hn+1)
7 Z(1 /o) Z(1/01) " Z(1/oN) Z(1/ons1)’
where
~ 1
P o =
The reduction formulas are
Pn = ’(/]nfl + (I>n71(’(/}n71)6
1
Yn = T = (5 = wane’
which lead to
% - ‘an(wnq) (3 - U)%ﬂ% 1
The continuum limit is
Cf;f Dy (1) + (s — u)asp?.

The initial condition is obtained from Eq. (S43) as

$(0) =

At the end t = 7, Eq. (S56) leads to the final condition

P(r) =

We can define a shifted temperature-like variable @[;(t) as

o

14—u@0.

(t) =

The corresponding differential equation is
i
1
L= (1w

and the initial value is ¢(0) = 1.
The joint generating function Eq. (S55) becomes

Z(1/¢0)

InI(u,s)= Z(1/%0)

The first and the third terms are explicitly

{

N

+2 In

n=1

Y

+ uy

) +(s— u)atlp,

Z(1/¢n)

+In

Z(1/$n+1)

Z(1/¢n)

Z(1/on+1) .

(S55)

(S56)

(S57)
(958)

(S59)

(S60)

(S61)

(S62)

(S63)

(S64)

(S65)



In Z(1/v0) _ In Z(l/l/zo + u)

20) N (S66)
Z(1/%o) Z(1/10)
= Lo (14 udo), (S67)
and
0 Z(1/¥n11) o 2/ YN+ —u)
" 2 on) T 20 ve) (569
) (869)
_ % tn (14 ui(r)) (S70)
The second term is explicitly
2/ Z(1/ 1)
2 7o)~ 2 W 1 (5 ) (871)
N /
~— Z(s - u)anme (S72)
[l e 2010
= ]| ooy 57
== [ o (B) i) (574)
where the average internal energy is
olnZ -
(E)O) =257 10 = 50 (575)
The final result of the joint generating function is
_In n 71+WL(T) s—u Toz
Inl(u,s)= 5 [1 ( T wdo ) +( )/0 tw(t)dt] : (S76)

Notice that the temperature-like variable () is solved from the differential equation (S60) with the initial condition
(S61) and the final condition (S62).

As follows, we discuss the joint generating function for the sudden jump process and the exponential protocol
process. These two processes are used to form the finite-time Carnot cycle.

B. Sudden jump process

In a sudden jump process, work is performed with the neglected heat exchange. The work parameter is quenched
from A\~ to AT with temperature-like quantity changed from 1/;’ to 1/3*. No exchanged heat is produced in such a
sudden process, and we can set u = 0. Therefore, 1[1 becomes the same as 1 in this process. The differential equation
(S64) [or Eq. (S60)] becomes

di - -
dif = a1 + s, (S77)



The change of the energy comes from the work
-~ - a2
db = (1+50) 5, (S78)

and 1/; becomes a function of A in this process, explicitly as

A ~_
v _ A ¥ (S79)
+
Thus, the final value 1[)“‘ is associated with 1/;_ as

AN S (S80)
L+gts AT 1+4+4s
Notice that Y+ serves as the initial value ¢ of the next process. If there is a previous process, ¢~ is substituted with
() of the previous process. The joint generating function of the sudden jump process is

In

2

Fimp (4, 8) = {1 + (1 — ;t) z/?‘s} : (S81)

C. Exponential protocol process

Equation (S60) becomes a Ricatti equation (time-independent) for a exponential process ay = a = const, and is
explicitly

¥ =-T()—Tp) + ath + (s — u)ar? (S82)

We solve the above differential equation with the initial condition 1(0) = v /(1 4 uthy). The solution to Eq. (S82) is

F—a+ D(s—u)tan(clT“ D(s—u))

’I/J(f) = 20&(8 — U) ) (883)

where

D(z) = 4T Tz — (T — a)?. (S84)

The joint generating function of the process is

In Loxp(u, s) = J;—n [ln (m) +(s— u)oz/OT 1/1(t)dt] . (S85)

The initial condition gives

'—a+ D(s—u)tan(%l D(s—u))

1!](0) = 2&(8 — u) ) (886)

which determine the constant ¢; as

tan (%1 D(s — u)) = . (S87)
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The integral in Eq. (S85) is rewritten as

(988)

_T-e [ (vl - 2= i (/D0 u>>] . (s89)

We obtain the joint generating function as

exp (T — a)7/2] [1 + w(7)]/[1 + uth]

/P60 - el (/)

If there is a previous process, we need to substitute 1;0 as the final value ’(;(T) of the previous process.

(S90)

Iowp(u, s) =
coS (

D. Joint generating function of the finite-time Carnot cycle

Now we calculate the joint generating function of the finite-time Carnot cycle. The heat is absorbed from the hot
bath and released to the cold, namely, @y > 0 and Q¢ < 0. The joint generating function I(ug,uc, s) of work and
heat for a whole finite-time cycle is

Iuuc.s) = [ DIX|plX)er@rXIueQelXrawix), (s91)

Notice that the system is in contact with only one heat bath at a time. We start from A point (Fig. 1 in main text)
and calculate the joint generating function of a whole cycle.

1. Process 1 Isothermal compression

We define the compression ratio as = Ao /A1. In this process, the work parameter is varied exponentially with the
time

A(t) = Air7e. (S92)

The quantity « of this process is explicitly ac = Inr/7¢. The initial temperature of the working substance is (which
is also the initial condition)
~ o
0= ——~  Tn. S93
Yo = bc p———— (593)
If we consider the heat engine runs for many cycles, o takes the final value of ’l;(Tt) of the previous cycle. According
to Eq. (S90), the joint generating function of this process is

fn

exp [(Tc — ac)re/2) [1 + ucd(rp))/[L + ucdl } (894)

ac(s—uc)¥(0)—(Tc—ac)/2

cos (QeTe) — o

sin (Qc’rc)

II(”H;”C?‘S) = {

where the initial value is ¢(0) = ¥/ (1 + uctbo), 7., represents the moment of the end of process I, and the frequency
QC is

Qo = @ =VacTcTe(s —uc) — (Te — ac)?/4. (595)

Notice that the expression It does not contain uy. But if there exist a previous cycle, 1/;0 also relies on ug. Therefore,
we always write I(ug,uc, s) for all the processes in a finite-time heat engine cycle.



11
2. Process 11 Adiabatic compression.

At the end of process I, the temperature-like quantity is 1/;(7'(;), which is plugged as the initial value for the process
II as a sudden quench of the work parameter A from Ay to A3 at the moment ¢ = 7. Notice that the ratio of the
work parameter in this process satisfy A3/Aas = 0y /0c. According to Eq. (S80), the temperature-like quantity after
the quench @ch is associated with 1/;;0 = 1/;(7'0_) as

T+ _ )\312;(7—5) _ (896)
e /\2 + 8~()\2 — /\3)%(7’5)
d(rg) so7)

T 1—p—snil(rg)

where the efficiency of the finite-time Carnot cycle is n = 1 — 0¢/0p. According to Eq. (S81), the joint generating
function of process II is

In
2

fnturrues) = 1= 2de)| (598)

Notice that the value of the temperature-like quantity 1;(7'5) depends on uc and s.

8. Process 111 Isothermal expansion

The work parameter is varied exponentially with the time

AE) = Agr™ TH (S99)
The quantity « of this process is explicitly ap = —Inr/7g. The initial condition of this process is
() =, (S100)
or
N I+
PY(rh) = —C——1. (S101)
© 1 + uH¢ic

The adiabatic process is completed suddenly at the moment ¢t = 7o, and we use Tg to indicate the beginning of
process I1I. Equation (S90) gives the joint generating function of this process

fn

m(um,ue, s) = e ) Ca—am/s , (S102)
cos (QpTr) o sin (Qp7H)

where 7¢ 4 7 represents the moment of the end of process 111, and the frequency Qg is

Qp = %\/DH(S —up) = auTuTu(s —uy) — (Tu — ag)?/4. (5103)
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4. Process IV Adiabatic expansion

The last adiabatic is a sudden quench with the work parameter A changing from A4 to Ay at the moment ¢t = 7¢+71g.
The ratio of the work parameter satisfies A\; /Ay = 0c/0n. According to Eq. (S80), the temperature-like quantity

after the quench chJrTH is associated with -, =¥(1c +75) as
- A1) -
:I"FC"FTH = lw(TC +~TH) — (8104)
)\4 —+ S()\4 — )\1)1,[)(7’0 —+ TH)
1 _ T —
L+ snY(re +7g)
According to Eq. (S81), the joint generating function of process IV is
. g
IIV(UH7 uc, S) = |:1 + 5771/)(7'6‘ + TI}) (8106)
5. Joint generating function of a whole cycle
The joint generating function Icycle(um, uc, s) of a whole cycle is
Teycie = It X It X Itip X Ity (S107)
. r sn T, — -1 > _t 14ucd(rs) 14ugd(re+15
_ ere T2 [1 = 2(eg)| 1+ smitre + )| Hgre e
o —u - —a .
cos (Qere) — ac(s—uc)¢(8)c—(rc—ac)/2 sin (QCTC)} [COS Qi) — an(s H)w(s?; (Ca—am)/2 sin (QHTH)}
(S108)
The evolution of ¢ (t) is governed by
= T —To) +acy + (s —uc)acy?, 0<t<7c, ($109)
—FH(’Q/J — TH) +agy + (S — uH)OcH’L/JQ, To <t<TH.
The initial (0) and the connecting conditions ¢ (7;) are
Yo
P(0) = ——— (S110
1+ ucty )
N Jyt
Ylrh) = —Te . S111
&) = T (s111)

where @jc is associated with 1;(7'5) through process II. As follows, we give the generating functions for work and
efficiency respectively.

6. Generating function for work

By setting uc = 0 and uy = 0, the generating function for work is Ig}[fcle(s) = Ioyae(0, 0, s), explicitly as

1 _
e(CeTo+TaTa)/2 [1 - 15—77171?(75)} [1+ smp(re +77)]

IV o(s) =

cycle

cos (Qeo) — acsw(o)fﬂ(gcf‘lc)ﬂ sin (Qc’]’c)} {cos (QuTH) — QHSM%)QSH_&H)/Q sin (Qg7H)

(S112)

fn
2



13

with Q¢ = /aclcTes — (Te — ac)?/4 and Qu = \/aulT'uTus — (Cy — am)?/4. Notice that Eq. (S63) indicates
Y (t) = 1b(t) in this situation.

7. Generating function for efficiency

By setting ugy = sn and uc = 0, the generating function for efficiency is Igycle(s) = Ioycie(sm, 0, s), explicitly as

Iccycle (S) =

[cos (Qore) — cest@-Tezac)/2 g (Qm’c)} [cos (QpTH) — an(s—emu(rd)=Cn—am)/2 g, (QuTH

- 11 -, 17! =
e(LcTc+TuTH)/2 [1 — % T—c} {1 + snwic}
0c S

1

1
with Q¢ = \/aCFCTcs —(Te —ac)?/4and Qf = \/aHFHTH(s —upg)— Ty —ap)?/4.. Since uc =0, z/NJ(t) =
during process I (0 < t < 7¢). Plugging Eq. (S97) into Eq. (S113), we obtain

eTcTo+TuTn)/2

IS =
Cyde(s) an(s—sY(rE)—(Cu—an)/2

Qp

acsy(0)—(Tc—ac)/2
Qc

sin (QHTH)
(S114)

[cos (QeTe) — sin (QcTc)} [cos QuTh) —

E. Self-consistency check of the joint generating function: fluctuation theorem

The fluctuation theorem for heat engines [13] provides a microscopic understanding of Carnot’s theorem. For the
model presented here which never reaches thermal equilibrium with the heat bath, the fluctuation theorem takes a
different form. In the following, we derive the fluctuation theorem for our finite-time Brownian Carnot engine.

Suppose the engine operates between a hot bath at temperature Ty and a cold bath at temperature T. Moreover,
the the working substance of the engine obeys the same Maxwell-Boltzmann distribution at an effective temperature
Oc at both the beginning and the end of the cycle (point A in Fig. 1(a)). The ratio of the probability of a trajectory
X to that of its time reversal trajectory X under the time reversed protocol is related to the entropy change of the
system and the heat functional of the forward trajectory [14],

p[X] _ bath SYs\ __ _Qi _ @ pl(xl) _ _@ _ @ Ef B El
P = exp(As”*" + As¥) = exp ( Ty TC) (@) exp ( T~ To + B ) , (S115)

where QQg,c denote the trajectory heat transferred from the bath at temperature Ty ¢ to the system, p; ; refer to the
initial and the final probability distribution of the system, and E; ; denote the initial and the final stochastic energy
of the system in a cycle. According to the first law of thermodynamics along a single trajectory, the stochastic energy
change comprises the trajectory work and heat,

Ef—Ei:W-f—QH—f—Qc. (8116)

Accordingly, we can rewrite Eq. (S115) into

pIX] exp [QH (TlH - 91C> Qo (Tlc - elc) - Zﬂ — 5IX]. (s117)

By taking ensemble average, we obtain the following fluctuation theorem

(ol (75 - c) e (=) =] ) = s

By choosing the beginning and the ending of a closed cycle at point C [see Fig. 1(a)], we find another fluctuation

theorem
1 1 1 1 w1\’
<‘”‘P [QH (TH - eH) Qe (TC - eH) - eH]> =1L (5119)
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where the prime indicates the average is over a different ensemble of trajectories from the former one. With Jensen’s
inequality exp (x) < (exp(z)), Carnot’s theorem can be derived as a corollary of both fluctuation theorems

W), Te

- Qu) = Tm
where we have used the conservation of the energy for a periodic steady closed cycle (W)+(Qu)+{(Qc) = (Ef)—(E;) =
0.

Since the fluctuation theorem (S118) can also be written as Ioycie(1/TH — 1/0c,1/Tc —1/6c,—1/6c) = 1, we can
use it to check the validity of the analytical expression of the joint generating function Ieycie(vs, uc, s). In this case,
the initial condition is 19 = 8¢, and a full cycle can be decomposed into four processes as in Fig. 1. The analytical
expressions of the generating function associated with these processes have been obtained previously. For a specific
set of parameters uy = 1/Ty —1/0c, uc = 1/Tc —1/0¢, s = —1/0¢, the auxiliary quantity v (¢) in the cycle can be
obtained by solving Eq. (S109)

ne, (5120

T 0<t<
w(t)=4 ¢ © (S121)
Ty 710 <t<71c+TH,

and the shifted temperature-like variable is z/NJ(t) = 0¢ throughout the whole cycle. Q¢ and Qp are explicitly
Qc=i(Tec+ac)/2 and Qg = i(Ty + ap)/2. Therefore, the joint generating function of each process becomes

In

Iy = e~ FacTe (S122)
In=(1- 77)% (5123)
Ly = e~ Fonmn (S124)
Iy =(1- 77)7% (5125)

Thus, we confirm the fluctuation theorem Icycie(1/TH —1/0c,1/Tc —1/60c,—1/8¢c) =1 for heat engines.

F. Variances of the power and the efficiency

The derivatives of the generating function give the moments of work distribution. The average work is

0 n
= 9 (&™) ls=0 = %(911 —0c)Inr, (S126)

which can also be obtained from Egs.(4,7) in the main text. The fluctuation of the work output in a cycle can also
be calculated from the generating function

(AW?) = (W2) - (w)? = [; ™) - (5 <esw>ﬂ o (s127)

The fluctuation of the power is defined as

(W)

2
Var(P) = m, (S128)

and the relative fluctuation of the power is given by

Var(P) (AW?)

5 (W2
411 1—772+ 1 1]+4[1—e_“H7H (ﬁ%ﬁ%_l)_l—e_“cm 1—77)2
fa Lk m ke ] fa | KT (Inr)>  n? KETE U

_ a—KCcTC A~ KHTH —
LA (—eree)de )(RHTHJ) 17777’ (S129)

fn KRCTCKHTH Inr n



15

where ko =T'¢ —Inr/7¢ and ky = Ty — Inr /7. The fluctuation of efficiency is given by

(W +1Qm)?
Var(¢):= <<Q>2>
H
41-m)2 [ 1 1 4(1—n)? [1—ercTc | — e ruTH (1 —e=FeTe)(1 — e~ huTm)
= + - 22 + 2 2 +-
fn RCoTC KHTH fn HCTC KT RCTCKRHTH

(S130)
In order to achieve the maximum power, we should choose 7¢ = 73* and 7y = 7™ according to Eq. (S13) to
realize the CA engine. As a result, the efficiency n should be replaced by nc 4.
Finally, we would like to analyze the scaling of the variance of the power and the efficiency for the CA engine.
When ke7d®, kaTi® > 1, both variances Var(P) and Var(¢) decrease inversely with the period of the cycle
Ty = TE™ 4 T (note that for the CA engine, Inr is related to 7, by Eq. (S13)), that is

o4 (O +1/0] 0401 o | 52
Var(P) = {fnn%A T, o + O(7y )} P oo (S131)
and
Var(q) = M AP QAP L o2y (s132)

favlcln 4 Tt
where § = \/FHTH/(FcTc).
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