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T h e  s u b j e c t  o f  t h i s  p a p e r  i s  a  n e w  t w o - s t e p  m e t h o d  o f  o p t i c a l  im a g e r y .  I n  a  f i r s t  s t e p  t h e  

o b j e c t  i s  i l l u m in a t e d  w i t h  a  c o h e r e n t  m o n o c h r o m a t i c  w a v e ,  a n d  t h e  d i f f r a c t io  n  p a t t e r n  

r e s u l t in g  f r o m  t h e  in t e r f e r e n c e  o f  t h e  c o h e r e n t  s e c o n d a r y  w a v e  i s s u i n g  f r o m  t h e  o b j e c t  w i t h  t h e  

s t r o n g ,  c o h e r e n t  b a c k g r o u n d  i s  r e c o r d e d  o n  a  p h o t o g r a p h ic  p la t e .  I f  t h e  p h o t o g r a p h ic  p l a t e ,  

s u i t a b l y  p r o c e s s e d ,  i s  r e p la c e d  in  t h e  o r ig in a l  p o s i t i o n  a n d  i l lu m in a t e d  w i t h  t h e  c o h e r e n t  

b a c k g r o u n d  a lo n e ,  a n  im a g e  o f  t h e  o b j e c t  w i l l  a p p e a r  b e h i n d  i t ,  in  t h e  o r ig in a l  p o s i t i o n .  I t  i s  

s h o w n  t h a t  t h i s  p r o c e s s  r e c o n s t r u c t s  t h e  c o h e r e n t  s e c o n d a r y  w a v e ,  t o g e t h e r  w i t h  a n  e q u a l l y  

s t r o n g  ‘ t w i n  w a v e ’ w h ic h  h a s  t h e  s a m e  a m p l i t u d e ,  b u t  o p p o s i t e  p h a s e  s h i f t s  r e la t iv e  t o  t h e  

b a c k g r o u n d .

T h e  i l lu m in a t in g  w a v e  i t s e l f  c a n  b e  u s e d  f o r  p r o d u c in g  t h e  c o h e r e n t  b a c k g r o u n d .  T h e  s im p le s t  

c a s e  i s  i l lu m in a t io n  b y  a  p o i n t  s o u r c e .  I n  t h i s  c a s e  t h e  t w o  t w i n  w a v e s  a r e  s h o w n  t o  c o r r e s p o n d  

t o  t w o  ‘ t w i n  o b j e c t s ’, o n e  o f  w h ic h  i s  t h e  o r ig in a l ,  w h i l e  t h e  o t h e r  i s  i t s  m ir r o r  im a g e  w i t h  

r e s p e c t  t o  t h e  i l l u m in a t in g  c e n t r e .  A  p h y s i c a l  a p e r t u r e  c a n  b e  u s e d  a s  a  p o i n t  s o u r c e ,  o r  t h e  

im a g e  o f  a n  a p e r t u r e  p r o d u c e d  b y  a  c o n d e n s e r  s y s t e m .  I f  t h i s  s y s t e m  h a s  a b e r r a t io n s ,  s u c h  a s  

a s t ig m a t i s m  o r  s p h e r i c a l  a b e r r a t io n ,  t h e  t w i n  im a g e  w i l l  b e  n o  l o n g e r  s h a r p  b u t  wTi l l  a p p e a r  

b lu r r e d ,  a s  i f  v i e w e d  t h r o u g h  a  s y s t e m  w i t h  t w i c e  t h e  a b e r r a t io n s  o f  t h e  c o n d e n s e r .  I n  e i t h e r  

c a s e  t h e  c o r r e c t  im a g e  o f  t h e  o b j e c t  c a n  b e  e f f e c t i v e l y  i s o la t e d  f r o m  i t s  t w in ,  a n d  s e p a r a t e ly  

o b s e r v e d .  T h r e e - d im e n s io n a l  o b j e c t s  c a n  b e  r e c o n s t r u c t e d ,  a s  w e l l  a s  t w o - d im e n s i o n a l .

T h e  w a v e  u s e d  in  t h e  r e c o n s t r u c t io n  n e e d  n o t  b e  t h e  o r ig in a l ,  i t  c a n  b e ,  f o r  e x a m p le ,  a  l i g h t -  

o p t i c a l  i m i t a t i o n  o f  t h e  e l e c t r o n  w a v e  w i t h  w h ic h  t h e  d i f f r a c t i o n  d ia g r a m  w a s  t a k e n .  T h u s  i t  

b e c o m e s  p o s s ib l e  t o  e x t e n d  t h e  id e a  o f  S ir  L a w r e n c e  B r a g g ’s  ‘ X - r a y  m i c r o s c o p e ’ t o  a r b i t r a r y  

o b j e c t s ,  a n d  u s e  t h e  n e w  m e t h o d  f o r  im p r o v e m e n t s  in  e l e c t r o n  m ic r o s c o p y .  T h e  a p p a r a t u s  w i l l  

c o n s i s t  o f  t w o  p a r t s ,  a n  e l e c t r o n ic  d e v i c e  in  w h ic h  a  d i f f r a c t i o n  p a t t e r n  i s  t a k e n  w i t h  e l e c t r o n s  

d iv e r g in g  f r o m  a  f in e  f o c u s ,  a n d  a n  o p t i c a l  s y n t h e t i z e r ,  w h ic h  i m i t a t e s  t h e  e s s e n t ia l  d a t a  o f  t h e  

e l e c t r o n ic  d e v i c e  o n  a  m u c h  e n la r g e d  s c a l e .

T h e  t h e o r y  o f  t h e  a n a l y s i s - s y n t h e s i s  c y c l e  i s  d e v e lo p e d ,  w i t h  a  d i s c u s s io n  o f  t h e  im p u r i t i e s  

a r i s in g  in  t h e  r e c o n s t r u c t io n ,  a n d  t h e i r  a v o id a n c e .  T h e  l i m i t a t i o n s  o f  t h e  n e w  m e t h o d  a r e  d u e  

c h ie f ly  t o  t h e  s m a l l  in t e n s i t i e s  w h ic h  a r e  a v a i l a b le  in  c o h e r e n t  b e a m s ,  b u t  i t  a p p e a r s  p e r f e c t l y  

f e a s i b l e  t o  a c h ie v e  a  r e s o lu t io n  l i m i t  o f  1 A, u l t i m a t e l y  p e r h a p s  e v e n  b e t t e r .

I n t r o d u c t i o n

T h e  p e r io d  o f  s te a d y  p ro g re s s  in  t h e  re so lv in g  p o w e r  o f  e le c tro n  m ic ro sc o p e s  w h ic h  

w as  s t a r t e d  in  1931 b y  K n o ll  & R u s k a  c am e  v ir tu a l ly  to  a n  e n d  in  1946, w h e n  

H illie r  & R a m b e rg  (1947) e l im in a te d  th e  a s t ig m a tis m  o f  th e i r  o b je c t iv e , a n d  a c h ie v e d  

a  re so lv in g  p o w e r o n ly  in s ig n if ic a n tly  d if fe re n t f ro m  th e  th e o re t ic a l  l im it . T h e  

b a r r ie r  w h ic h  s to p p e d  p ro g re s s  is  o f  a  te c h n ic a l  n a tu re ,  b u t  fo rm id a b le  e n o u g h  to  

p r e v e n t  a n y  re a lly  e s s e n tia l im p ro v e m e n ts  a lo n g  th e  d ire c t  line .

T h e  th e o re t ic a l  l im it  o f  c o n v e n tio n a l e le c tro n  m ic ro sco p e s  is  a b o u t  5 A . I t  is 

d e te rm in e d  b y  a  co m p ro m ise  b e tw e e n  d if f ra c tio n  a n d  s p h e r ic a l a b e r r a t io n  in  e le c tro n  

o b je c tiv e s , a n d  a t  th e  b e s t  c o m p ro m ise  i t  is  p ro p o r t io n a l  to  th e  fo u r th  r o o t  o f  th e  

a b e r r a t io n  c o n s ta n t .  T h o u g h  se v e ra l su g g e s tio n s  fo r  c o rre c t io n  h a v e  b e e n  p u t

* Now a t Im perial College, London, E lectrical Engineering D epartm en t.
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fo rw a rd , th e y  in v o lv e  su ch  te c h n ic a l d ifficu lties  t h a t  a n  im p ro v e m e n t b y  a  fa c to r  o f  

2 is th e  b e s t  t h a t  c an  b e  e x p ec te d , ev en  o p tim is tic a lly . O ne can  n e v e r h o p e  to  ach ieve  

a  reso lv ing  p o w er te n  tim e s  b e t te r  th a n  th e  p re se n t, w h ich  w ou ld  re q u ire  a  co rrec tio n  

o f  th e  sp h e rica l a b e r ra t io n  to  a b o u t  1 p a r t  in  10,000. S u ch  p rec ision  c an  be  rea lized  

w ith  th e  te c h n iq u e  o f  th e  o p tic a l w o rkshop , b u t  h a rd ly  ev er wdth th e  m ean s  a t  th e  

d isp o sa l o f  e lec tro n  o p tics .

T h e  n ew  m e th o d  is a n  a t te m p t  to  g e t a ro u n d  th e  obstac le , in s te a d  o f  across it , b y  

a  tw o -s te p  p rocess, in  w h ich  th e  an a ly s is  is c a rried  o u t w ith  e lec trons, th e  sy n th es is  

b y  lig h t. T h e  g en era l id e a  o f  su ch  a  p ro cess w as firs t su g g ested  to  th e  a u th o r  b y  S ir 

L aw ren ce  B ra g g ’s ‘X -ra y  m ic ro sco p e ’ (B ragg  1942; cf. also  B o ersch  1938). B u t  

B ra g g ’s m e th o d , in  w h ich  a  la ttic e  is re c o n s tru c te d  b y  d iffrac tion  fro m  a n  X -ra y  

d iffrac tio n  p a t te rn ,  can  be  a p p lie d  o n ly  to  a  r a th e r  ex ce p tio n a l class o f  period ic  

s tru c tu re s . I t  is c u s to m a ry  to  ex p la in  th is  b y  say in g  t h a t  d iffrac tio n  d ia g ra m s c o n ta in  

in fo rm a tio n  on  th e  in te n s itie s  on ly , b u t  n o t  on  th e  phases. T h e  fo rm u la tio n  is som e­

w h a t  u n lu c k y , as i t  suggests  a t  once th a t  s in ce  p h ases  a re  u n o b serv ab le s , th is  s ta te  

o f  affa irs m u s t be  a ccep ted . I n  fa c t, n o t  o n ly  th a t  p a r t  o f  th e  p h a se  w h ich  is 

u n o b se rv ab le  d ro p s  o u t o f  c o n v en tio n a l d iffrac tio n  p a t te rn s , b u t  a lso  th e  p a r t  w h ich  

co rre sp o n d s  to  geo m etrica l a n d  o p tic a l p ro p e rtie s  o f  th e  o b jec t, a n d  w h ich  in  p rinc ip le  

cou ld  be  d e te rm in e d  b y  com parison  w ith  a  s ta n d a rd  re ference  w ave. I t  w as th is  

c o n sid e ra tio n  w h ich  led  m e fina lly  to  th e  new  m e th o d .

I n  o rd e r to  m ak e  th e  tw o -s tep  m e th o d  g en era lly  app licab le , i t  h a d  to  be  com bin ed  

w ith  a  p rin c ip le  a p p a re n tly  n o t h ith e r to  recognized. I f  a  d iffrac tio n  d ia g ra m  o f a n  

o b je c t is ta k e n  w ith  c o h e ren t illu m in a tio n , a n d  a  co h eren t b a ck g ro u n d  is a d d e d  to  

th e  d iffrac ted  w av e , th e  p h o to g ra p h  w ill c o n ta in  th e  fu ll in fo rm a tio n  on  th e  m od ifica­

tio n s  w hich  th e  illu m in a tin g  w ave  h as  su ffered  in  tra v e rs in g  th e  o b jec t, a p a r t  from  

a n  a m b ig u ity  o f  sign, w h ich  w ill be  d iscussed  la te r . M oreover, th e  o b je c t can  be 

re c o n s tru c te d  fro m  th is  d ia g ra m  w ith o u t ca lcu la tio n . O ne h as o n ly  to  rem o v e  th e  

o b jec t, a n d  to  illu m in a te  th e  p h o to g ra p h  b y  th e  co h e ren t b a ck g ro u n d  a lone. T h e  

w av e  em erg ing  from  th e  p h o to g ra p h  w ill c o n ta in  as a  co m p o n en t a reconstruction o f  

the original wave, w h ich  a p p e a rs  to  issue from  th e  o b jec t. C ond itio ns can  be fo u n d  in  

w hich  th e  re m a in d e r can  be su ffic ien tly  s e p a ra te d  from  th e  usefu l co m p o n en t to  

allow  a  tru e , o r v e ry  n e a r ly  tru e , re c o n s tru c tio n  o f  th e  o rig inal o b jec t.

T h is  p rinc ip le  h as  been  confirm ed b y  n u m ero u s  ex p erim en ts . Som e o f th e  re su lts  

a re  show n in  figures 10 to  12 a n d  ex p la in ed  in  th e  la s t sec tion  o f  th is  p ap er.

I n  lig h t o p tics  a  co h eren t b ack g ro u n d  can  be  p ro d u ced  in  m a n y  w ays, b u t  e lec tro n  

o p tics  does n o t possess effective  b e am -sp littin g  devices; th u s  th e  o n ly  e x p ed ie n t w ay  

is using  th e  illu m in a tin g  b eam  itse lf  as  th e  co h eren t b a ck g ro u n d . T h is  leads u s  to  

illu m in a tio n  b y  a  co h eren t, d iv e rg e n t e lec tro n  w ave, i l lu s tra te d  in  figure 1. I t  will 

b e  usefu l to  ex p la in  th is  a rra n g e m e n t first, a n tic ip a tin g  th e  p rin c ip le  o f re c o n stru c tio n  

w hich  w ill be p ro v ed  la te r.

T h e  a p p a ra tu s  consists  o f tw o  p a r ts , th e  e lec tron ic  a n a ly ze r a n d  th e  o p tica l 

sy n th e tiz e r . T he  a n a ly ze r is s im ila r to  a n  e lec tron  shadow  m icroscope  (B oersch  1939), 

b u t  w ith  th e  im p o r ta n t difference th a t  i t  o p e ra tes  wdth co h eren t illu m in a tio n , a n d  

u n d e r cond itio ns in  w hich  th e  shadow  m icroscope is useless, as th e  in te rfe rence  

d iag ram  h as l i ttle  likeness to  th e  o rig inal. A n  e lec tron  gun , com bin ed  w ith  a  su itab le
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4 5 6 D .  G a b o r

apertu re  and  electron lens system , produces a  coherent illum inating beam , as nearly  

hom ocentric as possible. E x ac tly  hom ocentric illum ination  is o f course impossible, 

because o f th e  unavoidable spherical aberra tio n  o f electron lenses, b u t for sim plicity 

we can ta lk  of th e  narrow  w aist of th e  beam  as o f a  ‘po in t focus’. A sm all object is 

a rranged  some sm all distance before or behind th e  p o in t focus, an d  a  photographic  

p la te  a t  a  com paratively  large d istance  L . The divergence angle of th e  beam , y m, 

m ust be sufficient for th e  required  reso lution  lim it dA, which is b y  A bbe’s re la tion

^ = | A s i n y m.

The facto r \  will be used in  th is  paper to  sim plify th e  discussions, excep t in  num erical 

calculations, where i t  will be replaced  by  the  m ore accura te  value 0*6.

P o in t  f o c u s  

- i l l  O b j e c t

E le c t r o n
g u n

P h o t o g r a p h ic  p la t e  

—D if f r a c t io n  p a t t e r n

P in h o l e E l e c t r o n  l e n s  
s y s t e m

El e c t r o n ic  An a l y s is

L e n s ,  t o  e n la r g e  h o lo g r a m  in  r a t i o

O p t i c a l  r e p r o d u c t io n  o f  V ir t u a l  o b j e c t ,  s h o w n  i 

e l e c t r o n ic  f o c a l  f ig u r e  s a m e  o p t i c a l  s p a c e  a< 
e n la r g e d  in P h o t o g r a p h ic

p la t e
L ig h t

s o u r c e
r a t io  A,/Je

C o n d e n s e r

l e n s
P in h o le

R e c o n s t r u c t i n g  l e n s

O pt ic a l  S y n t h e s is

F ig u r e  1. Principle of electron microscopy by reconstructed wave-fronts.

As th e  pho to graph  of a  diffraction p a tte rn  ta k en  in  divergent, coheren t illum ina­

tio n  will be often  used in  th is  paper, i t  will be useful to  in troduce a  special nam e fo r 

it , to  distinguish  i t  from  th e  diffraction p a tte rn  itself, w hich will be considered as 

a  complex function. The nam e ‘ho lo gram ’ is n o t unjustified, as th e  pho tog raph  

contains th e  to ta l in form ation requ ired  for reconstructing  th e  object, w hich can be 

tw o-dim ensional or three-dim ensional.

The hologram  m ust be e ither p rin ted , or developed b y  reversal, an d  th e  positive 

is transferred  to  the  optical syn thetizer, w hich is a  ligh t-op tical im ita tio n  o f th e  

electronic device. All essential dimensions, w hich determ ine th e  shape of the. w ave, 

are  scaled up  in  th e  ra tio  o f ligh t w ave-length A* to  electron  w ave-length  Ae. As 

electrons of abou t 50keV  energy, w ith  a  de B roglie w ave-length o f ab o u t 0-05 A, are 

th e  m ost useful in electron microscopy, th is  ra tio  will be of th e  order 100,000. I t  m ay  

be no ted  th a t  the  focal length  o f th e  electron lenses is n o t an  essential dim ension, an d  

need n o t be scaled up .
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T o  a v o id  sca ling  u p  th e  p h o to g ra p h ic  p la te  a  fu r th e r  lens is p ro v id e d , w h ich  

en larg es  i t  in  th e  ra tio  A,/Ae in  th e  o p tic a l space  o f  th e  e n la rg ed  focal figure . T h is  m ean s  

t h a t  th e  im age  o f  th e  h o lo g ram  is m o v e d  p ra c tic a lly  to  in fin ity , i.e. i t  m u s t b e  in  th e  

focal p la n e  o f  th e  c o llim a to r lens. I n  th e  il lu s tra tio n  i t  h a s  b e en  a ssu m e d  fo r s im p lic ity  

t h a t  th e  ang les  a re  th e  sam e  in  th e  a n a ly z e r a n d  in  th e  sy n th e tiz e r , b u t  i t  w ill be  

sh o w n  la te r  t h a t  th e  co n d itio n  /  =  L is n o t  essen tia l. N o

a  s e p a ra te  co n d en se r lens sy stem . T h e  co n d en ser a n d  th e  co llim ato r, w h ich  h a v e  b een  

sh o w n  s e p a ra te  in  figu re  1 to  s im p lify  th e  e x p la n a tio n s , fo rm  one o p tic a l u n it ,  w hose  

fu n c tio n  i t  is to  p ro d u c e  a n  im ita tio n  o f  th e  o rig in a l w a v e -fro n t in  th e  p la n e  o f  th e  

h o lo g ram . T h e  sp h erica l a b e rra tio n , a n d  th e  p ra c tic a lly  u n a v o id a b le  e llip tic ity  o f  

th e  e lec tro n  lenses m u s t b e  re p ro d u c e d  w ith  g re a t  accu ra cy , w ith  a  to le ra n ce  o f  a b o u t 

o n e  fringe  fo r th e  m a rg in a l ra y s .

T h u s  in  th e  new  m e th o d  i t  is no  longer n ecessa ry  to  c o rre c t th e  sp h erica l a b e r ra t io n  

o f  e lec tro n  lenses. T h e  a p e r tu re  c an  be  o p en ed  u p  fa r  b ey o n d  th e  lim it o f  to le ra n ce  in  

o rd in a ry  e lec tro n  m icroscopy . I t  is o n ly  n ecessa ry  to  im ita te  th e  a b e rra tio n s  to  th e  

sam e  a c c u ra c y  as th e y  w o u ld  h a v e  to  be  co rre c ted  to  ach iev e  a  c e r ta in  re so lu tio n . 

T h u s  th e  d ifficu lty  is sh if te d  fro m  e lec tro n  o p tics  to  fig h t op tics , w here  re fra c tin g  

su rfaces  can  be  figu red  to  a n y  sh ap e , w ith o u t th e  lim ita tio n s  im p o sed  in  e lec tro n  

o p tic s  b y  th e  law s o f  th e  e lec tro m ag n e tic  field. O n th e  e lec tro n -o p tic a l side w e 

re q u ire  o n ly  a  c e r ta in  m o d e ra te  c o n stan cy , suffic ien t to  a v o id  re a d ju s tm e n t o f  th e  

o p tic a l sy stem  a t  to o  f re q u e n t in te rv a ls .

T he  te ch n ica l difficu lties  o f  th e  schem e will n o t  be  d e a lt  w ith  in  th is  p a p e r . I t  m a y  

be o n ly  m e n tio n e d  t h a t  th e y  in v o lv e  m ech an ica l a n d  e lec trica l s ta b ility , o p e ra tio n  

w ith  o b je c ts  m u c h  sm alle r th a n  th o se  h ith e r to  d e a lt  w ith  in  e lec tro n  m ic roscopy , a n d  

th e  p ro b lem  o f o b ta in in g  th e  h ig h  c u rre n t d en sities  re q u ire d  u n d e r  th e  a d d itio n a l 

c o n d itio n  o f  coherence. F o r  th e  re s t  th e  p a p e r  w ill d ea l m a in ly  w ith  th e  g en era l w ave- 

th e o re tic a l fo u n d a tio n s  o f  th e  new  m e th o d .

Th e  pr i n c i pl e  o f  w a v e -f r o n t  r e c o n s t r u c t i o n

C onsider a  c o h e ren t m o n o ch ro m atic  w ave  w ith  a  com plex  a m p litu d e  U  s tr ik in g  

a  p h o to g ra p h ic  p la te . W e w rite  U  =  A e ^ ,  w here  A  a n d  ^  a re  rea l. m a y  be  

decom posed  in to  a  ‘b a ck g ro u n d  w a v e ’ U 0 =  -40e^°, a n d  a  re m a in d e r Ux =  A - ^ ^  

w h ich  is d u e  to  th e  d is tu rb a n c e  c re a te d  b y  th e  o b je c t a n d  m a y  be  called  th e  seco n d ary  

w ave. T h u s  th e  com plex  a m p litu d e  a t  th e  p h o to g ra p h ic  p la te  is

U = U0 + TJ1 = A ^ o  +  AjeW =  e^o 

a n d  its  a b so lu te  v a lu e  A  =  [A% + A X + 2 A 0A X cos —

T h e  d e n s ity  o f  p h o to g ra p h ic  p la te s , p lo tte d  a g a in s t th e  lo g a rith m  o f exposure , is 

a n  S -shaped  cu rve, w ith  a n  a p p ro x im a te ly  s tra ig h t b ra n c h  be tw een  th e  tw o  knees. 

I n  th is  reg ion  th e  tra n sm iss io n  o f  in te n s ity  is a  pow er — T o f th e  exposu re. T he  w ord  

‘tra n sm is s io n ’ a n d  th e  sym bol t w ill be  re se rv ed  in  th is  p a p e r  fo r th e  a m p litu d e  

tran sm issio n , w h ich  is in  g en era l com plex ; hence th e  in te n s ity  tran sm issio n  is tt*, 

w here  th e  a s te risk  d en o tes  th e  com plex  co n ju g a te . F o r  p u re  ab so rp tio n , w ith o u t

M icro sco p y  b y  reconstructed  w ave-fron ts  4 5 7
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p h a se  c h a n g e , t is  a  re a l  n u m b e r , th e  s q u a re  ro o t  o f  th e  in te n s i ty  tra n s m is s io n .  T h u s  

w e w r ite  fo r  th e  n e g a tiv e  p ro cess

K  -( ^ n ^ ) _ rn >

w h e re  K n is  p ro p o r t io n a l  to  th e  t im e  o f  e x p o su re . I n  th e  p r in t in g  o f  th e  n e g a t iv e  th e  

e x p o su re  is  p ro p o r t io n a l  to  tn, h e n c e  th e  t ra n s m is s io n  o f  th e  p o s it iv e  p r in t  b e co m e s

tp =  [Kp(KnA)-rn]-rP =  (2)

w h e re  T =  Y nY p is th e  ‘o v e ra ll g a m m a ’ o f  th e  n e g a tiv e -p o s it iv e  p ro c e ss . T h e  s a m e  

ty p e  o f  la w  a p p lie s  i f  re v e rs a l  d e v e lo p m e n t is  u se d .

I f  n o w  in  th e  r e c o n s tru c t io n  p ro c e ss  w e i l lu m in a te  th e  p o s it iv e  h o lo g ra m  w ith  th e  

b a c k g ro u n d  U0 a lo n e , a  ‘ s u b s t i tu te d  w a v e  ’ Us w ill b e  t r a n s m i t te d ,  w h ic h  is , a p a r t  

fro m  a  c o n s ta n t  fa c to r

[^ 2  + A \  + 2 A 0A 1 cos ( (3)

T h e  s im p le s t, a n d  a s  w ill b e  seen  a lso  th e  m o s t a d v a n ta g e o u s  cho ice , is  =  2, 

w h ic h  g ives

Us =  TJqA2 =  A 0eW °[Al + A \  + 2 A 0A 1 cos ( f a  -

— A \ e ^ o ^ 0 +  +  eW i-ta )+ f a  . (4)

C o m p a rin g  th is  w ith  (1 ),one sees t h a t  i f  -40 =  c o n s t., i.e . i f  th e  b a c k g ro u n d  is u n ifo rm , 

th e  s u b s t i tu te d  w a v e  c o n ta in s  a  c o m p o n e n t p ro p o r t io n a l  to  th e  o r ig in a l w a v e  U  ( th e  

f ir s t  a n d  th i r d  te rm s ) . T h is  is n o t  in  i ts e l f  a  p ro o f  o f  th e  p r in c ip le  o f  re c o n s tru c t io n , a s  

a n y  w a v e  c a n  b e  s p l i t  in to  a  g iv e n  w a v e  a n d  a  re s t . I t  re m a in s  to  b e  sh o w n  t h a t  th e  

re m a in d e r ,  i.e . th e  sp u rio u s  p a r t  o f  U8, d oes n o t  c o n s t i tu te  a  se rio u s  d is tu rb a n c e .

T h is  re m a in d e r  c o n sis ts  o f  tw o  te rm s . O n e  o f  th e s e  h a s  th e  sa m e  p h a s e  a s  th e  

b a c k g ro u n d , w i th  a n  a m p li tu d e  (A ^ A q)2 t im e s  th e  a m p

T h is  te r m  c a n  b e  m a d e  v e ry  sm a ll i f  th e  b a c k g ro u n d  is re la t iv e ly  s tro n g , w h ic h  d o es  

n o t  m e a n  t h a t  th e  c o n tr a s t  in  th e  h o lo g ra m  m u s t  b e  p o o r. A ssu m e  fo r  in s ta n c e  

(Aj /Aq)2 =  O O l, i.e . a  s e c o n d a ry  in te n s i ty  w h ic h  is o n ly  1 %  o f  th e  p r im a ry .  T h is  g iv es  

A xj A Q =  0*1, a n d  th e  in te n s i ty  r a t io  b e tw e e n  th e  m a x im a  a n d  m in im a  o f  th e  in t e r ­

fe re n ce  fr in g es  is (1*1/0*9)2 =  1*5. W ith  T =  2 th e  in te n s i ty  t ra n s m is s io n s  w ill b e  in  

th e  r a t io  1 *52 =  2*25, a  v e ry  s tro n g  c o n tra s t .  T h e  c o n tr a s t  w ill fa ll b e lo w  th e  o b s e rv a b le  

l im it  o f  a b o u t  4 %  o n ly  fo r  (A 1/A 0)2 ^  0*0001, i.e . i f  th e  flu x  s c a t te r e d  b y  th e  o b je c t  

in to  th e  a re a  o f  th e  d ia g ra m  is less th a n  0*01 %  o f  th e  i l lu m in a tin g  flu x . T h is  

r e m a rk a b le  e ffec t o f  th e  c o h e re n t b a c k g ro u n d  h a s  b e e n  s y s te m a tic a l ly  u ti l iz e d  b y  

Z e rn ik e  (1948) fo r  th e  a m p lif ie d  d is p la y  o f  w e a k  in te r fe re n c e  fr in g es .

T h e  sec o n d  te rm  o f  th e  r e m a in d e r  h a s  th e  sa m e  a m p li tu d e  A t A ^  a s  th e  re c o n ­

s t ru c t io n  o f  th e  o r ig in a l s e c o n d a ry  w a v e , b u t  i t  h a s  a  p h a s e  s h if t  o f  o p p o s ite  s ign  

re la t iv e  to  th e  b a c k g ro u n d . I t  m a y  b e  c a lled  fo r  b r e v i ty  th e  ‘ c o n ju g a te -c o m p le x  ’ 

w a v e . T h e  tw o  tw in  w a v e s  c a r ry  th e  sa m e  e n e rg y .

T h e  c o n ju g a te  w a v e  p ro d u c e s  a  se rio u s  d is tu rb a n c e  o n ly  in  r a th e r  e x c e p tio n a l 

a r ra n g e m e n ts ;  in  m o s t cases  th e  tw in  w a v e s  c a n  b e  e ffe c tiv e ly  s e p a ra te d . T o  m a k e  

th is  p la u s ib le  o n e  m a y  th in k  o f  F re sn e l-z o n e  p la te s . T h e se  c a n  be , in  f a c t ,  c o n sid e re d

4 5 8  D .  G a b o r
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as h o lo g ram s o f  a  p o in t o b je c t, p ro d u c e d  b y  a  p o in t source  a t  in fin ity . Z one p la te s  

a c t  s im u lta n e o u s ly  as p o s itiv e  a n d  n e g a tiv e  lenses, p ro d u c in g  tw o  focal p o in ts , one 

a t  each  s ide  o f  th e  p la te , a t  e q u a l d is ta n ce , w h ich  can  be s e p a ra te ly  ob serv ed . As w ill 

be  show n  la te r , h o m o c en tric  illu m in a tio n  p ro d u ces  a lw ay s  su ch  tw in  im ages, on ly , 

w ith  th e  source  a t  fin ite  d is ta n ce , th e se  w ill be in  m irro r-sy m m e tric a l p o s itio n  w ith  

re sp e c t to  th e  p o in t source, n o t  to  th e  h o log ram . I n  b eam s w h ich  a re  o n ly  a p p ro x i­

m a te ly  h o m o c en tric  th e  second  im age  is no  lo nger sh a rp , b u t  effective se p a ra tio n  can  

be  a lw ay s  ach iev ed  if  th e  o b je c t is su ffic ien tly  sm all, a n d  if  c e r ta in  p o sitio n s  a re  

av o id ed .

W hile  th e  tw in  w av e  c a n n o t be av o id ed , th e  sp u rio u s  te rm  w h ich  is p ro p o r tio n a l 

to  (A 1/A 0)2 a n d  th e  d is to r tio n  d u e  to  a n  u n e v en  b a c k g ro u n d  c an  b o th  be e lim in a te d ,

o r a t  le a s t e ffectiv ely  su p p ressed  b y  a  m od ifica tio n  o f  th e  p h o to g ra p h ic  p rocess. I n  

th e  case o f  sm all ob jec ts , a t  le a s t o v e r a  la rge  p a r t  o f th e  h o log ram , th e  p h o to g ra p h ic  

d e n s ity  difference b e tw een  tw o  n e ig h b o u rin g  in te rfe re n c e  m a x im a  is in sign ifican t. 

T h is  m ak es  i t  possib le  to  w ash  o u t th e  in te rfe ren ce  fr in ges b y  ta k in g  a  s lig h tly  

defocused  p r in t  o f  th e  p o s itiv e  ho log ram , a n d  p rocessin g  th is  p r in t  w ith  T =  1. I f  

th is  p r in t , w h ich  h as a  tra n sm iss io n  in v e rse ly  p ro p o r tio n a l to  is p laced  in

re g is te r  w ith  th e  p o sitiv e , a n d  illu m in a te d  b y  th e  b a c k g ro u n d  w ave  U0, th e  s u b s ti tu te d  

w ave  becom es

V'„ =  A ^ H A l  + A l  + Z A ^ c o s ^ - M H A l  + A l)  =  e<*^A„  +  0>]

=  e '^ r .- lo  +  2 A 1 cos (i^, -  f 0) -  2 cos -  t/r0) + . . . J , (5)

in  w h ich  th e  sp u rio u s te rm  is o f  th e  o rd e r (A 1/A 0)3 as c o m p ared  w ith  th e  b a ck g ro u n d , 

a n d  th e  d is to r tio n  d u e  to  a  n o n -u n ifo rm  b a c k g ro u n d  is e lim in a ted . I f  one o n ly  w a n ts  

to  e lim in a te  th e  b a c k g ro u n d  b y  itse lf , one can  also  use  a  n eg a tiv e  p h o to g ra p h  ta k e n  

in  th e  illu m in a tin g  b eam  w ith o u t th e  o b jec t, p rocessed  w ith  T =  2.

T o  d iscuss brie fly  also th e  case T4= 2, we p u t  fo r s im p lic ity

a n d  o b ta in  from  (3) b y  b inom ia l e x p an sio n

Us =  e ^ ° [ l  +  ^ T a 2 +  T a c o s  ( f t i - f t o )  +  £ r ( r  — 2 )a 2cos2 — ^ 0) +  ...] . (6)

I n  th e  re c o n s tru c te d  w ave  th e  c o n tra s t is e n h an ced  in  th e  ra tio  |T .  B u t, in  a d d itio n , 

one  o b ta in s  tw in  w aves w ith  p h ase  sh ifts  2 (\jr — ^ 0), e t

T h is  m akes i t  e v id en t th a t  T =  2 is th e  b e s t choice, e x cep t i f  th e  o rig inal c o n tra s t is 

so w eak  th a t  i t  m u s t be enh an ced , even  a t  th e  cost o f fa ith fu ln ess  in  th e  re p ro d u c tio n .

M icro sco p y  by reconstructed w ave-fron ts  4 5 9

I l l u m i n a t i o n  b y  a  h o m o c e n t r i c  w a v e

I n  o rd er to  s tu d y  th e  re c o n stru c tio n  cycle in  m ore  d e ta il, i t  w ill be ad v an ta g e o u s  

to  s ta r t  w ith  th e  sim ple  case o f h om ocen tric  illu m in atio n , w hich  can  be  a p p ro x i­

m a te ly  rea lized  b y  a  su ffic iently  sm all p inho le  as lig h t source. I t  will be con v en ien t 

to  re s tr ic t th e  discussion  fo r a  s ta r t  to  tw o-d im ensio nal ob jec ts , occupy in g  a  p a r t  o f 

som e closed su rface  2  w hich  encloses th e  p o in t source O. T he  o b je c t a t  a  p o in t o f 

2  m a y  be c h arac te rized  b y  an  a m p litu d e  tran sm issio n  coefficient t(P ), w hich  is th e
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4 6 0 D .  G a b o r

r a t io  o f  th e  c o m p le x  a m p li tu d e s  a t  th e  tw o  s id es  o f  2 ,  in  p ro x im ity  o f  th e  p o in t  P  

$ is  in  g e n e ra l  a  c o m p le x  d a tu m , re a l  o n ly  fo r  p u re ly  a b s o rb in g  o b je c ts . I t  is , o f  c o u rse , 

u n d e rs to o d  t h a t  th e  c o n c e p t o f  a  tra n s m is s io n  coeffic ien t, r e a l  o r  c o m p le x , is  n o t  

a p p lic a b le  to  a n  o b je c t  w h ic h  is  tw o -d im e n s io n a l in  t h e  m a th e m a tic a l  sen se . O f  

a  p h y s ic a l  o b je c t  to  w h ic h  th is  c o n c e p t is  a p p lic a b le  w e m u s t  a s s u m e  t h a t  i t  is  a t  le a s t  

s e v e ra l w a v e - le n g th s  in  th ic k n e ss . M o re o v e r, w e  m u s t  a s su m e  t h a t  la te ra l ly ,  in  th e  

s u rfa c e  2 ,  t h e  fu n c t io n  t (P )  d o es  n o t  v a r y  a p p re c ia b ly  w ith in  a  w a v e - le n g th . T h e s e  

a re  th e  c o n d itio n s  fo r  t h e  a p p lic a b il i ty  o f  th e  F re s n e l-K irc h h o ff  th e o r y  o f  d if f ra c tio n . 

I n  e le c tro n  o p tic s , o p e ra t in g  w i th  f a s t  e le c tro n s  o f  a b o u t  0*05 A  w a v e - le n g th , th is  

c o n d itio n  is  a lw a y s  sa tis f ie d , a s  th e r e  e x is ts  n o  m a te r ia l  o b je c t  ( e x c e p t n u c le i)  w h o se  

p h y s ic a l  p ro p e r t ie s  c h a n g e  s ig n if ic a n tly  in  le ss  t h a n  a b o u t  t e n  t im e s  th i s  w a v e - le n g th .

W i th  th e s e  q u a lif ic a tio n s  w e  c a n  a p p ly  th e  F re s n e l-K irc h h o f f  d if f ra c tio n  fo rm u la  

(cf., fo r  e x a m p le , B a k e r  & C o p so n  1939, p . 73). T h e  n o ta t io n s  a r e  e x p la in e d  in  

f ig u re  2. I f  t h e  m o n o c h ro m a tic  so u rc e  a t  0  is  o f  u n i t  s t r e n g th ,  t h e  a m p l i tu d e  in  th e  

i l lu m in a t in g  w a v e  is  ,

U0 =  - e ^ o ,  
ro

w h e re  r0 is  t h e  d is ta n c e  m e a s u re d  f ro m  O, a n d  k  =  27r/A. T h e  p re se n c e  o f  a n  o b je c t  in  

th e  s u rfa c e  2  m o d ifies  th e  a m p li tu d e  a t  a  p o in t  Q o u ts id e  to

U (Q ) =  ^ J * ( P )  e<« f* ^ ( C08 60 -  cos dx) .

2  0 1

Fig u r e  2. Fresnel-K irchhoff diffraction formula.

W e  w ill n o w  a p p ly  th is  fo rm u la  to  c a lc u la te  th e  ‘ p h y s ic a l  s h a d o w  ’ o f  a  p la n e  o b je c t  

a t  in f in ity . T h e  ‘p h y s ic a l  s h a d o w ’ in c lu d e s  th e  d if f ra c tio n  e ffec ts , a n d  is  to  b e  

d is t in g u is h e d  f ro m  th e  ‘g e o m e tr ic a l  s h a d o w ’ in to  w h ic h  i t  m e rg e s  a t  v a n is h in g  

w a v e - le n g th .

A s th e  b e a m s  to  b e  u s e d  in  p r a c t ic e  w ill h a v e  sem i-co n e  a n g le s  o f  0-05  o r  less, w e  

c a n  p u t  cos d0 = — cos 0 = 1 ,  a n d  c o n s id e r  th e  f a c to r  l f r 0r1 a s  c o n s ta n t .  W e  a lso

th e  c o n s ta n t  f a c to r  (1/2A) e - *™, a n d  u se  e q u a t io n  (7) in  th e  s im p lif ie d  fo rm

U(Q)  =  f< (P )e ift<ro+ri>d£. 

•2

U s in g  th e  n o ta t io n s  e x p la in e d  in  fig u re  3, t h e  d is ta n c e  r0 o f  a  p o in t  P  in  th e  o b je c t  

p la n e  z  =  z0 is

r0 =  (* 2+ y 2+ z2)* =  z0+ £ ( * 2+ y 2)lzo -  i ( * 2+ y 2)2l4  + > .  • .*

I n  th is  s e c tio n  w e w ill u se  o n ly  th e  f i r s t  tw o  te rm s  o f  th e  e x p a n s io n .
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T h e  o b se rv a tio n  p o in t  Q m a y  b e  a t  a  d is ta n c e  L  in  th e  Z -d ire c tio n , v e ry  la rg e  

c o m p a re d  w ith  z0, p ra c tic a lly  a t  in fin ity , so t h a t  w e c a n  w rite

f j  =  Lsec y — (x  cos cc + y  cos /?).

T h e  f irs t  te rm s  in  th e  e x p ress io n  fo r r 0 a n d  rx g iv e  c o n s ta n t  p h a se  fa c to rs , in d e p e n d e n t 

o f  x ,y ,  w h ich  m a y  b e  d ro p p e d . T h e  re m a in in g  e sse n tia l p a r t  m a y  b e  te rm e d  ‘th e  

a m p litu d e  in  th e  d ire c tio n  £ ,? /’, a n d  is

U(ot,/3) & l t ( x ,y ) e x p { ik [ ( x 2+ y 2)/2z0 — (x  cos a +  y  co (8)

M icro sco p y  b y  reconstructed  w ave-fron ts  4 6 1

Y

Fig u r e  3. Explanation of symbols.

U n less  th e  lim its  a re  in d ic a te d , in te g ra tio n s  in  th is  p a p e r  w ill b e  a lw ay s  u n d e rs to o d  

to  b e  c a rrie d  o u t  b e tw een  in fin ite  lim its . A s th e  p h a se  u n d e r  th e  in te g ra l is v a lid  o n ly  

fo r sm all ang les, e q u a tio n  (8) is p h y s ica lly  v a lid  o n ly  i f  t(x, y )  v an ish es  ra p id ly  o u ts id e  

a  sm all c e n tra l a re a .

I t  w ill now  b e  c o n v en ie n t to  in tro d u c e  ‘F o u r ie r  v a r ia b le s ’ £, in s te a d  o f  th e  

d ire c tio n  cosines b y

£ =  r rc o s a , cos/?. (9)
A A

T h e ir  conn ex io n  w ith  th e  c o -o rd in a te s  X ,  Yin  a  p la n

is g iven  b y

Y  _  r cos a  _  A.L£ v  — t  cos P —
c o sy  [1 — A2(£2 + t/2)]* ’ c o sy  [1 — A2(^2 H- *

I f  th e  illu m in a tin g  cone is n a rro w  enough , £ a n d  can  be  ta k en ' to  re p re se n t th e  

c o -o rd in a te s  in  th e  p h y sica l shadow . T h e  g eo m etrica l sh ad o w  o f  a  p o in t x , y  h a s  th e  

F o u r ie r  co -o rd in a tes  £ =  x/A z0, y  — y/A z0. T h e  q u a n ti ty

/i  =  A  ( 1 0 )

is th e  o n ly  p a ra m e te r  o f  th e  d iffrac tio n  p rob lem . I t s  sq u a re  ro o t can  b e  considered  

as th e  c h a ra c te ris tic  le n g th . D e ta ils  coarse r th a n  y t  wdll be  show n to  h a v e  shadow s 

m o re  o r less s im ila r to  th em selves, finer d e ta ils  lose a ll likeness b y  d iffraction .

U sing  th e  n o ta tio n s  (9) a n d  (10) e q u a tio n  (8) can  be  w ritte n , w ith  th e  a b b re v ia tio n  

x 2 + y 2 = r2, „ ^

( 1 1 )£/(£, y) =  j  J [<(«, y) enire-fcr«®g
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462 D . G ab o r

T h u s  th e  a m p li tu d e  in  th e  £, y  d ire c tio n  is th e  F o u r ie r  t r a n s fo rm  o f  th e  fu n c t io n

t(x , y )

in  th e  s ta n d a r d  n o ta t io n  o f  C am p b e ll & F o s te r  (1931). W e  c a n  a t  o n ce  w r ite  d o w n  

th e  re c ip ro c a l fo rm u la

t(x , y )  =  77) ( 1 2 )

I t  w ill b e  u se fu l to  s tu d y  th e s e  re c ip ro c a l t r a n s fo rm a tio n s  m a th e m a tic a l ly , w h ile  

p ro v is io n a lly  d is re g a rd in g  th e  c o n d itio n s  w h ic h  m u s t  b e  im p o se d  o n  th e  fu n c tio n  

t(x , y )  to  g iv e  th e m  p h y s ic a l  v a l id i ty . F i r s t  w e  p u t  th e m  in to  a  m o re  s y m m e tr ic a l  

fo rm , b y  im a g in in g  th e  a m p li tu d e  U (^ ,y )  a s  p ro

il lu m in a t in g  w a v e  U0''th ro u g h  a  ‘sh a d o w  o b je c t ’ in  th e  p la n e  £, y  w ith  a  t r

( I t  m a y  b e  n o te d  t h a t  r  is in  g e n e ra l c o m p le x ; th u s  th e  sh a d o w  o b je c t  

c a n n o t  b e  re p la c e d  b y  a  p h o to g ra p h ic  p la te .)  T h a t  is to  s a y , w e  p u t

U(£,V)~ U q(£,V) t (13)

T h e  b a c k g ro u n d  U0 c a n  b e  o b ta in e d  d ire c t ly  fro m  (11) b y  p u t t in g  1

U0(£ ,y )  =

w ith  th e  a b b re v ia t io n  E2 +  y 2 =  

fo rm u la s  . »„

7(£, y) =  7-  eniw*j J  t(x, y) Q-^m+vrtdxdy,  (14)

t(x , y ) -  ip  J t (£, y )  e - * w 2 e + ^ ^ + v ^ d ^ d y . (15)

T h e se  m a y  b e  c a lle d  th e  ‘s h a d o w  t r a n s f o r m a t io n s ’, a n d  t ( x ,y ) ,  r ( £ ,y)  a  p a i r  o f  

‘sh a d o w  t r a n s f o r m s ’. T h e y  a re , o f  co u rse , in t im a te ly  r e la te d  to  F o u r ie r  t r a n s fo rm s , 

th o u g h  s im p le r  in  so m e  re sp e c ts .

T h e  tra n s fo rm a t io n s  (14) a n d  (15) c a n  b e  d e r iv e d  f ro m  o n e  a n o th e r  b y  th e  r u le :  

In te r c h a n g e  t a n d  7 ,  x  a n d  £, y  a n d  y , i.e . in te rc h a n g e  L a t in  a n d  G re e k  sy m b o ls , a n d  

re p la c e  i  b y  —i, p  b y  1 /p.Tw o  tra n s fo rm a tio n s  in  su ccess io n  re s to re

P h y s ic a l ly  th is  m e a n s  t h a t  i f  in s te a d  o f  a  p h o to g ra p h  w e c o u ld  p ro d u c e  a  ‘ sh a d o w  

o b je c t ’ w ith  th e  a b so rb in g  a n d  re f ra c t iv e  p ro p e r t ie s  o f  7 (£ ,y), a n d  i l lu m in a te d  th is  

w i th  th e  b a c k g ro u n d , w e s h o u ld  e x a c t ly  re s to re  th e  o b je c t  t ( x ,y )  in  i t s  o r ig in a l 

p o s itio n . A s a  p h o to g ra p h  c a n n o t  im i ta te  th e  im a g in a ry  p a r t  o f  7 ,  a  c e r ta in  r e s id u a l 

w a v e  a rises , to  w h ic h  w e w ill r e tu r n  in  th e  n e x t  se c tio n . B u t  i t  w ill b e  u se fu l to  

c o n s id e r  f ir s t  a  few  e x a m p le s  o f  s h a d o w  tra n s fo rm s .

A s in  th e  case  o f  F o u r ie r  in te g ra ls , th e  tr a n s fo rm s  o f  e x p o n e n tia ls  o f  q u a d r a t ic  

fo rm s  a re  p a r t ic u la r ly  s im p le  a n d  in s t ru c t iv e .  I t  is c o n v e n ie n t to  w r i te  th e s e  in

th e  fo rm  t(pc,y) =  e x p [ — 7T(A1x 2 + 2B-Lx  + A z y

T h is  is th e  p ro d u c t  o f  a n  x -  a n d  a  ^/-facto r, a n d  a s  th e  t r a n s fo rm  is  a g a in  th e  p ro d u c t  

o f  a  £- a n d  a n  7/- fa c to r , i t  is  su ffic ie n t to  g iv e  th e  t r a n s fo rm  o f

t{x) =  e - ^ Ax2+2Bx\ (1 6 -1 )

 D
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M icro sco p y  b y  reconstructed  w ave-fron ts  4 6 3

w h ich  is  t (£) = (14- ipA )“ * ex p  £  -  — 1 X ^ f iA —“ "H  *

T h u s  th e  sh ad o w  tra n s fo rm  o f  a n  e x p o n e n tia l o f  a  q u a d ra tic  fo rm  is a  fu n c tio n  o f  

th e  sam e  ty p e , a s  in  th e  case o f  F o u r ie r  tra n s fo rm s , b u t  th e  re la tio n  b e tw een  th e  

p a ra m e te rs  is o f  a  d iffe ren t b u ild . F o r  ex am p le , i f  =  =  0, w h ich  m ak es  t a

c o n s ta n t, r  w ill b e  th e  sam e c o n s ta n t, w h ile  th e  F o u r ie r  tra n s fo rm  o f  a  c o n s ta n t 

is  a  d e lta  fu n c tio n , w h ich  v an ish es  ev ery w h ere  e x c e p t a t  th e  a rg u m e n t zero. 

M oreover, th e  sh ad o w  tra n s fo rm  o f  a  h a rm o n ic  fu n c tio n  (A  =  0)

t(x) =  (16.3 )

is  a g a in  a  h a rm o n ic  fu n c tio n  t (E) =  e~i7Tfllp2e 2ni/l l̂p. (16-4)

T h e  p e rio d  in  th e  sh ad o w  is p /p ,  w h ich  is the geometrical shadow o

o n ly  difference is in  th e  p h a se  fa c to r  ©-<*/*/?*, I f  th e  p e rio d  p  is long  c o m p ared  w ith  

th e  c h a ra c te r is tic  le n g th  / i i, th e  p h a se  fa c to r  te n d s  to  u n ity , w h ich

o b je c t  c o n ta in s  no  d e ta ils  fin er th a n  /d  th e  p h y s ica l sh ad o w  te n d s  to w a rd s  th e  

g e o m etric a l sh ad o w  tc  \ n  c \

E q u a tio n s  (16*3) a n d  (16*4) c o n ta in  a  sim ple  ru le  fo r c o n s tru c tin g  th e  sh ad o w  

tra n s fo rm  o f  a n  o b je c t, b y  e x p a n d in g  t ( x ,y )  in to  a  F o u r ie r  in te g ra l w ith  p erio d s  

p x ,p v. I n  th e  tra n s fo rm  th e  F o u r ie r  coefficients w ill d iffer fro m  th e  o rig ina l o n ly  in  

a  p h a se  fa c to r   ̂ p ,

e x P L “ H > I W

A s a  p ra c tic a l m e th o d  th is  m a y  be  u sed  w ith  th e  cau tio n in g  re m a rk  t h a t  in fin ite  

t ra in s  o f  p e rio d ic  fu n c tio n s  a re  n o t  v e ry  su ita b le  fo r th e  d esc rip tio n  o f  sm all o b jec ts , 

a n d  t h a t  th e  a p p lic a b ility  o f  e q u a tio n s  (14) a n d  (15) to  th e  p h y sica l p ro cess is s t r ic t ly  

sp e a k in g  lim ite d  to  o b je c ts  w hich  t r a n s m it  a p p re c ia b ly  o n ly  in  a  reg io n  x /z0, y /z0 1.

R e c o n s t r u c t i o n  w i t h  h o m o c e n t r i c  i l l u m i n a t i o n

S tig m a tic  illu m in a tio n  is a  p a r tic u la r ly  s im ple  a n d  in s tru c tiv e  il lu s tra tio n  o f  th e  

p rin c ip le  o f  re c o n s tru c tio n  w h ich  w as b ro a d ly  e x p la in ed  in  th e  f irs t section . I t  m a y  

be reca lled  t h a t  i f  th e  h o log ram  is rep la ce d  in  th e  o rig ina l p o s itio n  a n d  illu m in a te d  

b y  th e  b a c k g ro u n d  alo ne, one o b ta in s  in  a d d itio n  to  th e  illu m in a tin g  o r p r im a ry  w ave 

tw o  o th e r  w aves, one o f  w h ich  is p ro p o r tio n a l to  th e  o rig inal seco n d a ry  w ave  e m itte d  

b y  th e  o b jec t, a n d  th e  o th e r  differs from  th is  o n ly  b y  h a v in g  p h ase  sh ifts  o f  o p p o site  

s ig n  re la tiv e  to  th e  b ack g ro u n d . T h e  o th e r  sm all sp u rio u s te rm s  m a y  be  d isreg ard ed  

fo r  th e  m o m en t.

I t  w ill now  be  c o n v en ien t to  s u b tra c t  th e  b a ck g ro u n d , i.e. th e  p r im a ry  w ave, b o th

in  th e  o b je c t p lan e , a n d  in  th e  p la n e  o f  th e  p h o to g ra p h ic  p la te , a n d  to  consid er in s te a d

o f  t a n d  r  th e  fu n c tio n s  . . , . ,
tx = t — l  a n d  Tj =  t — 1. (17)

As t — 1 co rresponds to  r  =  1, th e  fu n c tio n s  y) a n d  t x(£, t j) a re  co n n ec ted  b y  th e  

re la tio n s  (14) a n d  (15), th e  sam e w hich  co n n ec t t a n d  r .  W e will ta lk  o f  as ‘th e  

o b je c t p ro p e r ’ a n d  o f  r x as  i ts  shadow .
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4 6 4 D .  G a b o r

B y  e q u a tio n  (6), s u b s t i tu t in g  a  p h o to g ra p h ic  p la te  fo r  th e  p h y s ic a l  s h a d o w  m e a n s  

re p la c in g  t x b y  ™ T

S u b s t i tu t in g  th is  in to  th e  in v e rs e  s h a d o w  tr a n s fo rm a t io n  (15), w e  o b ta in  tw o  te r m s  

tv  T h e  f ir s t  o f  th e s e  d iffers  f ro m  th e  o r ig in a l o b je c t  p ro p e r  o n ly  in  th e  f a c to r  £ I \  B u t  

in  th e  sec o n d  te rm , d e r iv e d  f ro m  th e  s ig n  o f  h a s  b e e n  re v e rse d , a n d  th i s

re s u l ts  in  a  s p u rio u s  fig u re  in  th e  o b je c t  p la n e , s u p e r im p o se d  o n  th e  c o rre c t  r e c o n ­

s t ru c t io n  o f  th e  o b je c t .

W e  c a n  g iv e  a  s im p le  in te r p r e ta t io n  to  th e  w a v e  c o rre sp o n d in g  t o r *  i f  w e  o b s e rv e  

t h a t  in  th e  e q u a tio n  (14) a p p lie d  to  th e  o b je c t  p ro p e r

ri(£> v )  =  ^ - e in/lptj j h ( x ’ y ) Q-mtJiftQ-w*Z+vv)dxdy, (14-1)

re v e rs in g  th e  s ig n  o f  i  is  e q u iv a le n t  to  re v e rs in g  th e  s ig n  o f  x , y  a n d  o f  =  A a n d  

re p la c in g  tx{x, y )  b y  a  fu n c t io n

h (x >V) =  t ( - x ,  -y (18)

T h e  t r a n s fo rm a t io n  h a s  n o w  a  p a r a m e te r  — f i  in s te a d  o f  /i, i.e . i t  c o rre sp o n d s  to  a n  

o b je c t  in  th e  p la n e  — z0in s te a d  o f  in  + z 0. B y  e q u a t io n  (18) th is  o b je c

th e  o r ig in a l b y  m ir ro r in g  i t  o n  th e  Z -a x is , a n d  c h a n g in g  p h a s e  d e la y s  in to  p h a s e  

a d v a n c e s . S u m m in g  u p , the ‘ t w i n ’ w a v e r *  corresponds to

in  cen tral sym m etrica l p o s itio n  w ith  respect to the p o in t  fo c u s  0 , a n d  w ith  o pposite  

p h a se -sh iftin g  properties.

Fig u r e  4. The tw in images arising in the reconstruction.

F ig u re  4 is  a n  i l lu s t r a t io n  o f  th e  tw in  o b je c ts , f ro m  w h ic h  o n e  c a n  v e r ify  th i s  

co n c lu s io n . T h e  F re s n e l-K irc h h o ff  fo rm u la  c a n  b e  in te r p r e te d  a s  th e  s u m  o f  e le m e n ta ry  

sp h e r ic a l  w a v e s , o r ig in a tin g  f ro m  th e  o b je c t  p o in ts  P ,  w ith  a m p li tu d e s  p ro p o r t io n a l  

to  t(P ) .  A t  in f in ity , in  a  d ire c tio n  a ,  /? th e s e  a re  p la n e  w a v e s , a n d  th e i r  p h a s e  d iffe ren c e  

re la t iv e  to  th e  b a c k g ro u n d  is  g iv e n  b y  th e  d iffe ren ce  b e tw e e n  th e  r a y  O P , a n d  i t s  

p ro je c t io n  o n  th e  d ire c t  r a y ,  O D , a p a r t  f ro m  th e  p h a s e  s h if t  w h ic h  a r is e s  in  th e  o b je c t .  

F ig u re  4 m a k e s  i t  c le a r  t h a t  th e  s a m e  p h a s e  d iffe ren ce , b u t  w i th  o p p o s ite  s ig n , w o u ld  

b e  p ro d u c e d  b y  a n  o b je c t  p o in t  P ' , in  c e n tr a l  s y m m e tr ic a l  p o s it io n  to  P ,  i f  th e  s ig n  

o f  th e  p h a s e  s h if t  a t  P '  is a lso  re v e rse d .

T h e  in te r p r e ta t io n  o f  th e  re s id u a l  w a v e  in  th e  r e c o n s tru c t io n  a s  a  w a v e  e m it te d  

b y  a  tw in  o b je c t  m a k e s  i t  a t  o n c e  c le a r  t h a t  c o n d itio n s  c a n  b e  fo u n d  w h ic h  a llo w  

a  fa ir ly  e ffe c tiv e  is o la tio n  o f  th e  r e c o n s tru c te d  o b je c t , b y  m a k in g  u se  o f  th e  l im ite d  

fo c a l d e p th  o f  th e  v ie w in g  s y s te m . S e p a ra t io n  b e co m e s  p o ss ib le  i f  t h e  d is ta n c e
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M icro sco p y  by  reconstructed w ave-fron ts 4 6 5

b e tw e e n  th e  tw in  o b je c ts , 2z0, exceeds th e  focal d e p th  D {, w h ich  can  be defin ed  as th e  

re so lu tio n  lim it d, d iv id e d  b y  th e  to ta l  cone an g le  u tiliz e d  in  th e  im age  fo rm a tio n , 

2 y m. U sing  A b b e ’s v a lu e  dA for d, th e  c rite rio n  o f  se p a ra tio n  is

(19)

I f  th e  p o in t focus is n o t  p ro d u c e d  b y  a  p h y s ica l a p e r tu re , b u t  b y  th e  im age  o f a n  

a p e r tu re , fo rm ed  b y  a n  o p tic a l sy stem , th is  is e q u iv a le n t to  th e  c o n d itio n  t h a t  th e  

o b je c t m u s t b e  o u ts id e  th e  d iffrac tio n  reg io n , in  w h ich  th e  w av e  c a n n o t be  consid ered  

as  h o m o cen tric .

O u ts id e  th e  focal d iffrac tio n  reg io n  se p a ra tio n  is possib le , b u t  n o t  com ple te  

s e p a ra tio n . T h e  tw in  im ages w ill a lw ay s  in te rfe re  w ith  one a n o th e r  to  som e e x te n t , 

a n d  th e  in te rfe re n c e  c a n n o t be  re g u la te d  a t  w ill. T h is  follows from  th e  s tru c tu re  o f  

th e  tra n s fo rm a tio n  e q u a tio n s , w h ich  c o n ta in  on ly  one c h a ra c te ris tic  le n g th  (Az0)*, 

a n d  th e re  is no  second  le n g th  w ith  w h ich  to  fo rm  a  d im ension less se p a ra tio n  fa c to r. 

T h u s  th e  sp u rio u s  p a r t  o f  th e  re c o n s tru c te d  im age  d ep en d s  on ly  on  th e  o b je c t itself, 

a n d  on  th e  p a ra m e te r  fi. T h is  d is tu rb a n c e  w ill now  be  in v e s tig a te d  in  som e de ta il.

Th e  s pu r i o u s  pa r t  o f  t h e  r e c o n s t r u c t i o n  i n  h o m o c e n t r ic  i l l u m i n a t i o n

T h e  s im p lic ity  o f  th e  tra n s fo rm s  (16-1) a n d  (16-2) suggests  b u ild in g  u p  a rb i tr a ry  

p la n e  o b jec ts  from  ‘p ro b a b ility  s p o ts ’. I n  th e  lim it th e se  te n d  to  tw o-d im ensio nal 

d e lta  fu n c tio n s ,w h ich  c an  re p re se n t a n y  fu n c tio n  tx(x, y), b u t  i t  is n o t  n ecessary , n o r 

is i t  p h y s ica lly  ju s tifiab le , to  p ass  to  th is  lim it. O p tica l im ag e ry  does n o t o p e ra te  w ith  

p o in ts , b u t  w ith  e le m e n ta ry  reg io ns o f  th e  size o f  th e  re so lu tio n  lim it. In s id e  such  

a  sm all a re a  th e  v a lu es  o f  tr(x ,y ) ,  w h ich  describ e  th e  re c o n s titu te d  o b jec t, a re  n o t 

in d e p e n d e n t o f  one a n o th e r .

F ir s t  w e c a rry  o u t th e  re c o n s tru c tio n  cycle fo r a  single p ro b a b ility  sp o t. A ssum e 

th e  tran sm iss io n  in  th e  o b je c t p lan e  in  th e  fo rm

t(x, y) = 1 — A  ex p  J — ^  [(a; -  x 0)2 +  

w here  th e  a b b re v ia tio n  r' has been  used  fo r th e  d is tan ce  m easu red  from  th e  cen tre  

x 0, y Q o f  th e  sp o t. ( I —A )  is th e  a m p litu d e  tr a n s m itte d  a t  th e  c en tre  o f th e  spo t, a t  

u n i t  b ack g ro u n d . I f  th e  o b je c t is a  p u re  ab so rb er, A  is rea l, positive , a n d  less th a n  

u n ity . I f  th e  o b je c t has p u re -p h ase  c o n tra s t | 1 — — 1, a n d  | | is in  th e  lim its

0 to  2.

E q u a tio n s  (16-1) a n d  (16-2) give  fo r th e  ph y sica l shadow  o f (20)

T ( ^ )  =  l +  ^ e x p ( ^ )  (21)

w ith  th e  ab b re v ia tio n s  e =  =

a n d  p '2 =  (£ -  x 0//i)2 y j / i ) 2 =  ( £ - £0)2 + (V ~  )2>

Vol. 197- A. 3 1
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4 6 6 D .  G a b o r

w h e re  £0, Vo is  th e  g e o m e tr ic a l sh a d o w  o f  x 0, y 0. T h e  d iff ra c tio n  fig u re  (21) c e n tre s  

a ro u n d  th is  p o in t. I t s  c h a ra c te r  is d e te rm in e d  b y  th e  d im e n s io n le ss  p a r a m e te r  e. I f  

e is la rg e  t  a p p ro a c h e s  th e  g e o m e tr ic a l s h a d o w  T h e  m o re  im p o r ta n t  case

is 1, w h ic h  a llow s s im p lify in g  (21) to

T{i,7j) = l + i e A e - ^ p V + ^ p '2. ( 2 M )

T h e  sm a lle r  th e  o rig in a l sp o t, th e  la rg e r  i ts  p h y s ic a l sh ad o w .

T h e  p h o to g ra p h  s u b s t i tu te s  fo r  th e  c o m p le x  p h y s ic a l sh a d o w  (21-1) th e  re a l  

tra n s m is s io n  fu n c tio n

t s(£,t j) = \ t \r = l  + $ r i e A e - * apV e”iPP'2-};rieA(22)

T h is  a p p ro x im a t io n  is v a l id  i f  e2 1.

T h e  in v e rse  t r a n s fo rm a t io n  (15), a p p lie d  to  th e  f ir s t  tw o  te rm s  o f  (22), re s to re s  th e  

o r ig in a l o b je c t  (20), b u t  th e  c o n t r a s t  is t im e s  th e  o rig in a l. T h e  sa m e  t r a n s f o r m a ­

t io n  a p p lie d  to  th e  la s t  te r m  o f  (22) g iv es  th e  sp u rio u s  o r  e r ro r  te rm

te{ x , y )  =  -  \Y i e A  * e -™(r'2̂ . (23)

T h is  is th e  a m p li tu d e  ( a t  u n i t  b a c k g ro u n d )  w h ic h  th e  tw in  im a g e  p ro d u c e s  in  th e  

o r ig in a l o b je c t  p la n e . T h e  sp u rio u s  im a g e  c e n tre s  o n  x 0, y 0, b u t  i t  h a s  a  c h a r a c te r  q u i te  

d if fe re n t fro m  th e  o rig in a l. T h e  a m p li tu d e  te fa lls  o ff o n ly  s lo w ly  w ith  th e  d is ta n c e  

r ' f ro m  th e  c e n tre , th e  s lo w er th e  sm a lle r  th e  o r ig in a l s p o t  ra d iu s  a, w h ile  th e  p h a s e  

c h an g e s  ra p id ly , a c c o rd in g  to  th e  la s t  f a c to r  in  (23), in  a  m a n n e r  in d e p e n d e n t  o f  th e  

s p o t  size. T h u s  th e  s p u rio u s  im a g e  w ill m a n ife s t  i ts e lf  in  a  s y s te m  o f  fine  a n d  w e a k  

in te r fe re n c e  fr in g es , s u p e r im p o se d  o n  th e  t r u e  re c o n s tru c tio n .

T h e  e x a c t  v a lu e  o f  th e  re c o n s tru c te d  tra n s m is s io n  fu n c t io n  tr in  th e  case  T =  2 

m a y  b e  a lso  g iv e n  fo r  re fe re n ce :

tr{ x ,y )

e2A A *

+  l + e 2- 2 i e

M € + 2^ 2~j 
y ( 4 + e 2) J

277-e(l + e2 +  2 

/ t [ ( l  + e 2)2 +  4e2]
( 2 2 - 1 )

T h e  f ir s t  tw o  te rm s  s ta n d  fo r  th e  e x a c t  re c o n s tru c t io n , th e  la s t  tw o  fo r  th e  s p u rio u s  

a m p li tu d e . T h e y  d iffe r fro m  (23) o n ly  in  te rm s  o f  th e  o rd e r  e2 o r  h ig h e r.

T h e  re c o n s tru c t io n  cyc le  in  th e  case  T  =  2 is i l lu s t r

s p o t w ith  a  b la c k  c e n tre . O n e  m u s t  b e  c a re fu l n o t  to  go  b e y o n d  T =  2 i f  th e re  a re  

s h a rp  c o n tra s ts  in  th e  o b je c t . A s sh o w n  in  fig u re  6, a  l ig h te r  c e n tre  w ill a p p e a r  in s id e  

a  b la c k  r in g , a n d  b la c k  lin es  w ill a p p e a r  d o u b le d .

U p  to  th is  p o in t  w e  h a v e  a s s u m e d  u n lim ite d  a p e r tu re s ;  c o n s e q u e n tly  th e re  w as  

n o  lo w e r l im it  to  th e  s p o t  size a  w h ic h  c o u ld  b e  c o rre c t ly  re p ro d u c e d . T h e  e ffec ts  o f  

l im ite d  re s o lu tio n  c a n  b e  v e ry  s im p ly  d isc u sse d  b y  a ssu m in g  a  m a s k  u s e d  in  th e  

ta k in g  o f  th e  h o lo g ra m , w ith  a n  a m p li tu d e  tra n s m is s io n

0—7l(cp)2'

S u c h  g ra d e d  m a sk s  a re  p re fe ra b le  to  s h a rp  a p e r tu re s ,  n o t  o n ly  fro m  th e  p o in t  o f  v ie w  

o f  m a th e m a tic a l  s im p lic ity , b u t  a lso  b e c a u se  th e y  re d u c e  th e  ‘fa lse  d e ta i l  ’ r e s u lt in g

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

5
 A

u
g
u
st

 2
0

2
2
 



M icro sco p y  b y  reconstructed w ave-fron ts 4 6 7

fro m  th e  cu t-o ff to  a  m in im u m . T h e ir  u se  is w ell k n o w n  in  s tru c tu re  an a ly s is  (B u n n  

1 9 4 5 , p .  3 5 0 ) .

A s th e  m a sk  is u sed  tw ice , in  th e  ta k in g  o f  th e  p h o to g ra p h  a n d  in  th e  re c o n s tru c tio n , 

i ts  to ta l  effect is ,,e -n(r+l)(.cp)2'

B a c k g r o u n d * 1

A mpl it u d e  t r a n s m is s io n  in  t h e  o r ig in a l

1

B a c k g r o u n d - 1

1_ _ _ _ _ _ _ _ _

In - ph a s e  c o m po n e n t

■ P'

In - q u a d r a t u r e  c o m po n e n t

Am pl it u d e  c o m po n e n t s  in  t h e  ph y s ic a l  s h a d o w

Th e  s pu r io u s  c o m po n e n t s  in  t h e  r e pr o d u c t io n

F i g u r e  5. Reproduction cycle of a * probability spot

F ig u r e  6. Distortion by exaggerated contrast.

W e now  assum e T =  2, so as  to  o b ta in  co rre c t c o n tra s t  re c o n stru c tio n , a n d  w e p u t  

3c2 =  62. W e h a v e  now  to  re c o n s tru c t th e  o b jec t, th e  p ro b a b ility  sp o t (20), from  th e  

p h y sica l shadow

t 8 =  e - * 6̂ !  +  ieA  e -*(“a-*/0p'a -  ie A * (24)

w hich  differs from  (22) on ly  in  th e  m ask in g  fac to r . In tro d u c in g  th e  sm all d im ension less

p a r a m e t e r
<t  =  b2j/i =  6 2/ A z 0 ,
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o n e  o b ta in s  b y  th e  t r a n s fo rm a t io n  (15) , n e g le c tin g  p o w e rs  o f  e a n d  cr h ig h e r  th a n  

th e  f irs t,

tr(x > V) =  (1 +  i(T)exp £  - '  y  ( 1 +  i<r)r2J  - 1

-  \ ie A *  e x p  { -  {\mr'*lp)-  [e[(a; -  x 0)2 4 y 0f ]  +  +  y0)2]]

(25)

T h e  f ir s t  is  th e  b a c k g ro u n d  te rm .  A p a r t  f ro m  a  v e ry  sm a ll d if f ra c tio n  e ffect, o f  th e  

o rd e r  <r2, i t  is  th e  g e o m e tr ic a l sh a d o w  o f  th e  m a sk , p ro je c te d  o n  th e  o b je c t  p la n e . T h e  

sec o n d  is th e  ‘c o r r e c t ’ re p ro d u c tio n  te rm .  T h e  c h ie f  d iffe ren ce  is  t h a t  th e  s p re a d  o f  

th e  re p ro d u c e d  s p o t  is  n o w  (a2 + b2)i  in s te a d  o f  a. T h u s  6 h

reso lu tion  l im it,  a p a r t  fro m  a  n u m e ric a l  f a c to r  w h ic h  w ill b e  d e te rm in e d  la te r .  T h e  

fa c to r  [1 +  (5 /a )2]-1 b e fo re  th e  a m p li tu d e  e x p re sse s  th e  f a c t  t h a t  th e  a m p li tu d e  

d e c rea se s  in  th e  sa m e  r a t io  a s  th e  a re a  o f  th e  s p o t  h a s  in c re a se d .  T h is  lo ss o f  c o n t r a s t  

fo r  v e ry  sm a ll o b je c ts  a p p e a rs  s tro n g e r  th a n  in  th e  case  o f  o rd in a ry  m ic ro sc o p y , w h e re  

th e  a m p li tu d e  fa lls  o ff w i th  th e  s q u a re  r o o t  o f  th e  a re a , b u t  th e  r e s u l t  is  th e  sa m e , a s  

w ith  a  s tro n g  c o h e re n t b a c k g ro u n d  th e  in te n s i ty  c o n t r a s t  is a  l in e a r  fu n c t io n  o f  th e  

a m p litu d e .

T h e  e r ro r  te rm , in  th e  sec o n d  ro w , h a s  a  s t r u c tu r e  d if fe re n t f ro m  (23 ); i t  n o  lo n g e r 

c e n tre s  e x a c t ly  o n  th e  o r ig in a l s p o t, a s  i t  c o n ta in s  a  f a c to r  w h ic h  c e n tre s  o n  th e  

m ir ro r  im a g e  o f  th e  s p o t, —x 0, — y 0. W i th  th e  a b b re v ia t io n  =  4- y \  w e  c a n  w r i te

th e  e r ro r  te rm  in  a  d if fe re n t a n d  v e ry  u se fu l fo rm

te =  — \ i e A  * e x p  [ — (e — or)r' 2] e x p  [ — — (r2

T h is  is  p a r t ic u la r ly  u se fu l in  th e  case  e =  cr, i.e . a s

te h a s  a n  a m p li tu d e  in d e p e n d e n t  o f  r ' . T h e  a m p li tu d e , th o u g h  n o t  th e  p h a se , c e n tre s  

o n  x , y  =  0.

T h is  r e s u l t  c a n  se rv e  a s  a  b a s is  fo r  th e  th e o ry  o f  th e  sp u rio u s  p a r t  in  th e  re p ro d u c tio n  

o f  a r b i t r a r y  o b je c ts , w ith  th e  a im  o f  o b ta in in g  a  c r i te r io n  fo r  o b je c ts  s u i ta b le  fo r  

tw o -s te p  m ic ro sco p y .

A  m ic ro sco p e , lik e  a n y  o th e r  o p tic a l  s y s te m , c a n  t r a n s m i t  a  f in ite  n u m b e r  o f  d a ta  

o n ly . D e sc r ib in g  a n  o b je c t  b y  a  c o n tin u o u s  t r a n s m is s io n  fu n c t io n  is  a n  o b je c t io n a b le  

id e a l iz a tio n , a s  s u c h  a  fu n c t io n  c o n ta in s  a n  in f in i ty  o f  n o n -re p ro d u c ib le  d e ta i l .  W e  

co m e  n e a re r  to  a n  a d e q u a te  d e sc r ip tio n  i f  w e  d iv id e  u p  th e  o b je c t  b y  a  n e tw o rk  o f  

lin e s  in to  cells o f  th e  size  o f  th e  re s o lu tio n  l im it , a s s o c ia te  a  c o m p le x  d a tu m  w ith  e a c h  

cell, a n d  in v e s t ig a te  th e  tra n s m is s io n  o f  th e s e  d a ta  th ro u g h  th e  o p tic a l  s y s te m .

E q u a t io n  (25*1) su g g e s ts  t h a t  p a r t ic u la r ly  s im p le  r e s u l ts  w ill b e  o b ta in e d  i f  w e 

r e p re s e n t  th e  o b je c t  b y  a  tw o -d im e n s io n a l la t t ic e  o f  p ro b a b i l i ty  s p o ts  w i th  a  s p re a d  

a  =  6. A s i l lu s t r a te d  in  fig u re  7, w e a r ra n g e  th e s e  s p o ts  in  a  h e x a g o n a l la t t ic e ,  w i th  

a  d is ta n c e  d  b e tw e e n  a d ja c e n t  c e n tre s , d  is  th e  re s o lu tio n  l im it , w h ic h  w e defin e  in  

a  w a y  s lig h tly  d if fe re n t fro m  th e  u s u a l, b y  p o s tu la t in g  t h a t  th r e e  ( in s te a d  o f  tw o )  

e q u a l p ro b a b i l i ty  s p o ts  w ith  s p re a d s  a  =  b c a n  j u s t  b e  re so lv e d  i f  th e i r  c e n tre s  a re  

a t  d is ta n c e s  d  f ro m  o n e  a n o th e r ,  i.e . th e  m in im u m  in  th e  c e n tr e  j u s t  v a n ish e s . B y

4 6 8  D .  G a b o r
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M icro sco p y  by  reconstructed w ave-fron ts 4 6 9

e q u a tio n  (25) th e  a m p litu d e  in  th e  c o rre c t re p ro d u c tio n  te rm  follow s a  law  e~in(-r'lb)i 

i f  a — b. I n  th e  m id d le  b e tw ee n  th re e  c en tre s  r ' =  d/V 3; th u s  th e  co n d itio n  fo r d  is

w h ich  gives d =  1-456.

T h is  is in  good  a g re e m e n t w ith  th e  u su a l d e fin itio n  o f  th e  re so lu tio n  lim it,

d — 0 -6A /sinym,

i f  w e define y m as th e  ang le  a t  w h ich  th e  b a c k g ro u n d  a m p litu d e  h as  d ro p p e d  to  

1/^/3, i.e. th e  b a c k g ro u n d  in te n s ity  to  1/3 o f  i ts  m a x im u m  v a lu e . D e n o tin g  th e  

c o rre sp o n d in g  ra d iu s  in  th e  o b je c t p la n e  b y  s in y m, w e h a v e

e K p [ - ™ ^ ]  =  ex p  [ - 2 ^  sin  y m) 2]  =

w h ich  g ives 6 =  0-42A /sinym, d — 0 -6 lA /s in y m.

V ✓  ^  /  \
' w '

t I '
• I • I /  I •

" -A "  A v  -
i Ii d 1

A  *

i
t I

. ' 'A

A  i i «

-  /  w
I " I I
I • I • I 
I I I

I

F ig u r e  7 .  D i v i d i n g  t h e  o b j e c t  i n t o  i n d e p e n d e n t  e l e m e n t s .

C all N  th e  n u m b e r  o f  in d e p e n d e n t e lem en ts  in sid e  th e  illu m in a te d  field, i.e. n u m b e r  

o f cells c o n ta in ed  in  th e  d isk  o f  ra d iu s  R . E a c h  cell o

^ 3 d 2 =  0-433 d 2 =  0-9162;

th u s  th e  n u m b e r  N  is

*  “  m f  -  3'45<0'42)2 (£ ) *  -  06 A  <26>

N  can  be  easily  m ad e  a  v e ry  la rg e  n u m b e r, o f th e  o rd e r 106 to  108. T h is suggests  

a  statistical evaluation  o f th e  sp u rio u s p a r t  o f  th e  rep ro d u c tio n , b y  assum ing  ra n d o m  

d is tr ib u tio n  o f  th e  a m p litu d e  over th e  in d e p e n d e n t e lem en ts  o f  th e  o b jec t. I t  is, o f  

course, u n d e rs to o d  th a t  th is  m ig h t lead  to  gross e rro rs  in  specia l cases, b u t  i t  is 

c e r ta in ly  a n  accep tab le  a ssu m p tio n  if  a  g re a t n u m b e r a n d  v a r ie ty  o f o b jec ts  a re  

considered.

N u m b e r th e  e lem en ts  from  1 to  N .  T he  spu rious a m p litu d e  in  th e  re c o n stru c tio n  

a t  a  p o in t x , y  re su lts  from  th e  su p erp o sitio n  o f  th e  e rro r te rm s  o f  th e  fo rm  (25-1), 

one fo r each  cell w ith  cen tres  x n,y n. T he  d is ta n ce  o f x, y  m easu red  from  x n, y n m ay  

b e  called r'n. W ith  th e  s im plifica tion  re su ltin g  from  =  e th e  re su ltin g  e rro r 

a m p litu d e  is N

te{x, y) =  \i(T e -nor2l2fi£  e~l 

w here  w e h av e  w ritte n  rn for th e  d is tan ce  o f  x n, y n from  0 ,0 .
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4 7 0 D .  G a b o r

T h e  re la t iv e  d is ta n c e  r'n b e tw e e n  x, y  a n d  xn, yn o c cu rs  h e re  o n ly  in  th e  p h a s e  f a c to r  

Q-knir'nhi' i«he tw o  p ro b a b i l i ty  d e c a y  fa c to rs  fa ll o ff s low ly . T h e  f ir s t  o f  th e s e , b e fo re  

th e  su m , is  th e  s q u a re  r o o t  o f  th e  b a c k g ro u n d  a t te n u a t io n ,  i .e . i t  fa lls  off a t  h a l f  t h e  

r a t e  o f  th e  b a c k g ro u n d  a m p litu d e .  T h e  sec o n d  fa c to r  c e n tre s  o n  0 ,0  a n d  fa lls  o ff a t  

t h e  sa m e  r a t e  a s  th e  f ir s t  fa c to r .  T h u s  i t  is  a d m iss ib le  to  p u t  b o th  e q u a l  t o  u n i ty  a s  

a n  a p p ro x im a tio n , a n d  s im p lify  e q u a tio n  (27) to

te{ x ,y )  =  \i(T Y i A * e - i " irW<r, (27-1)

t h a t  is  to  s a y , in  o rd e r  to  o b ta in  th e  e r ro r  a m p li tu d e  a t  x, y  w e  h a v e  to  su p e r im p o se  

a t  th is  p o in t  a  la rg e  n u m b e r  N  o f  u n d a m p e d  w a v es , w ith  w a v e - le n g

fro m  a ll  im a g e  p o in ts  xn, yn. T h is  w a v e - le n g th  is  a lw a y s  lo n g e r  t h a n  th e  re s o lu tio n  

l im it  d. I t s  s m a lle s t v a lu e  is  a t  r' =  2 Ran d  is /i/R , 

0-61 fi/R.

In tr o d u c e  n o w  th e  h y p o th e s is  t h a t  th e re  is  n o  c o r re la tio n  b e tw e e n  th e  p h a se s  o f  

th e s e  w a v es . W i th  th is  a s s u m p tio n  th e  m e a n  s q u a re  o f  th e  c o m p o n e n t o f  te in  p h a s e  

w ith  th e  b a c k g ro u n d , w h ic h  m a y  b e  c a lle d  t \ tt , is  o n e -h a lf  o f  th e  s u m  o f  th e  a b s o lu te  

s q u a re s  o f  th e  te rm s  a t  th e  r ig h t :

tin. =  W 2 S  A n A *  =  f r * N A n A *  =  \< T*N A\n ,  

H e re  w e h a v e  in tro d u c e d  th e  n o ta t io n  A fo r  th e  m e a n  s q u a re  s e c o n

A n A * ,  a v e ra g e d  o v e r  th e  w h o le  fie ld . I t  is  u n d e rs to o d  t h a t  th e  a v e ra g e  le v e l o f

tr a n s m is s io n  o f  th e  o b je c t  h a s  to  b e  c o n s id e re d  a s  p a r t  o f  th e  b a ck g ro u n d ., a n d  A efft

is  a  m e a s u re  o f  th e  d e p a r tu re  fro m  u n ifo rm ity . C o m b in in g  (28) w ith  e q u a t io n  (26),

Nor2 =  0-61, w e o b ta in  . A no A
ten. =  0*28Aefli. (29)

E q u a t io n  (29) e n a b le s  u s  to  fo rm u la te  a  c r i te r io n  fo r  s u i ta b le  o b je c ts . A  b a c k g ro u n d  

c a n  b e  c o n s id e re d  a s  p ra c t ic a l ly  e v e n  i f  th e  in te n s i ty  c o n t r a s t  d o es  n o t  e x c e e d  a b o u t  

5 % , i.e . i f  th e  a m p li tu d e  c o n t r a s t  is  le ss  t h a n  2*6 % . T h is  m e a n s  t h a t  fo r  s u i ta b le

o b je c ts  w e  m u s t  h a v e  . . _ ,
J A e fl^ O -1  (30)

a v e ra g e d  o v e r  th e  w h o le  fie ld . A s a n  e x a m p le  c o n s id e r  a  b la c k -a n d -w h ite  o b je c t  in  

w h ic h  th e  b la c k  p a r t ,  w h e re  A  =  1, c o v e rs  a  f r a c t io n  k  o f  th e  i l

fo r  th e  r e s t  A  = 0. I n  th is  case  A ef( =  *Jk , a n d  w e o b ta in  th e  s im p le  ru le  t h a

m o re  t h a n  a b o u t  1 %  o f  th e  i l lu m in a te d  fie ld  s h o u ld  b e  c o v e re d  w ith  b la c k  d o ts  o r  

lin es . I f ,  fo r  in s ta n c e , th e  o b je c t  is  a  d isk , h a l f  b la c k  a n d  h a l f  w h ite , i t s  d ia m e te r  

s h o u ld  n o t  e x c e e d  o n e -s e v e n th  o f  th e  fie ld  d ia m e te r .

A s a  s e c o n d  e x a m p le  c o n s id e r  a n  o b je c t  w ith  p u re  p h a s e  p o n tra s t ,  b u t  w i th  r a n d o m  

d is t r ib u t io n  o f  p h a s e  d e la y s . W e  m u s t  q u a lify  th is  b y  th e  c o n d itio n  w h ic h  p re c e d e s  

e v e ry  a p p lic a t io n  o f  th e  F re s n e l-K irc h h o ff  th e o ry ;  th e  p h a s e  m u s t  n o t  v a r y  a p p r e ­

c ia b ly  b e tw e e n  p o in ts  sp a c e d  a t  less t h a n  a  w a v e -le n g th . I n  o th e r  w o rd s , th e  o b je c t  

m u s t  a p p e a r  e v e n  a n d  t r a n s p a r e n t  i f  i t  is  s h a r p ly  fo c u se d . I n  o rd in a ry  m ic ro sc o p y  

a  c r in k le d  s h e e t  o f  ce llu lo id , o r  e v e n  r e t ic u la te d  g e la t in e , w ill s a t is fy  th is  c o n d itio n , 

b u t  n o t  a n  o p a l g la ss  w ith  co llo id a l d isp e rs io n . W ith  th is  q u a lif ic a tio n  in  m in d  w e  c a n  

a p p ly  e q u a t io n  (29) a n d  i t  c a n  b e  sh o w n  t h a t  th e  v a lu e  o f  A efl is  a g a in  u n i ty .  I n  th e  

case  o f  p u re  p h a s e  c o n t r a s t  t h e  c o m p le x  tra n s m is s io n  v e c to r  t — 1 —A  m o v e s  o n  th e
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u n i t  c irc le, a ll o rie n ta tio n s  o f  t a re  e q u a lly  p ro b ab le . H en ce  0, w h ich  m ak es 

.4 =  1, a n d

A U .  =  =  \  =  | t \ t  =

T h is  m e an s  t h a t  a n  o b je c t o f  th is  ty p e , i f  i t  covers th e  w hole field, p ro d u ces  

left. — 0*28, a  v e ry  serio us d is tu rb a n c e .  T h is  re su lt  is o f in te re s t , because  i t  show s th a t  

a n  irre g u la r  t r a n s p a r e n t  s u p p o r t  fo r th e  o b jec t, ev en  if  i t  w o u ld  be  in v is ib le  in  

o rd in a ry  m icroscopy , w ill m a k e  a ll b u t th e  m o s t c o n tra s ty  o r re g u la r  fe a tu re s  o f  th e  

o b je c t in v is ib le . A s i t  is r a th e r  d o u b tfu l w h e th e r  a n  ‘o p tic a lly  f l a t ’ o r a t  le a s t 

a c c e p ta b ly  re g u la r  su p p o rtin g  m e m b ra n e  c an  be fo u n d  in  e lec tro n  m icroscopy , i t  

a p p e a rs  p re fe ra b le  to  use s u p p o rtin g  m e m b ra n es  o n ly  in  a  sm all f ra c tio n  o f th e  field, 

o r to  d ispense  w ith  th e m  a lto g e th e r .

M icro sco p y  by  reconstructed  w ave-fron ts  4 7 1

Im pr o v i n g  t h e  s e pa r a t i o n  b y  m a s k i n g  a n d  o t h e r  m e a n s

T hese  re su lts  le ad  to  th e  conclu sio n  t h a t  h ig h -g rad e  p u r i ty  in  th e  re p ro d u c tio n  

c a n n o t easily  be ach iev ed  even  w ith  v e ry  sm all o b jec ts , as th e  sp u rio u s  in te n s ity  is 

p ro p o r tio n a l to  th e  sq u a re  ro o t o f  th e  o b je c t a rea . B u t  in  th e  case o f sm all o b jec ts  

special te ch n iq u e s  becom e av a ilab le , w h ich  a llow  a  v e ry  effective e lim in a tio n  o f  th e  

sp u rio u s  a m p litu d e s . T h e  firs t o f  th e se  is th e  m ask in g  o f  th e  g eo m etrica l shadow  

in  th e  ho lo g ram . T h e  second  te c h n iq u e  is th e  m ask in g  o f  th e  b a ck g ro u n d  in  th e  

re c o n s tru c tio n  process .

T h e  sp u rio u s  a m p litu d e  is o b je c tio n ab le  o n ly  in  th e  a re a  occup ied  b y  th e  tru e  

im age . T h u s  we need  e lim in a te  on ly  th o se  ra y s  issu in g  from  th e  tw in  o b je c t w hich  

p ass  th ro u g h  th e  o b je c t a rea . A s m a y  be  seen  fro m  figure 4, i f  th e  o b je c t is sm all th ese  

ra y s  w ill h a v e  s u b s ta n tia lly  th e  sam e d ire c tio n  as th e  p r im a ry  ra y s  w hich  illu m in a te  

th e  o b jec t. T h is  m ean s  th a t  w e can  s u b s ta n tia lly  red u ce  th e  spu rious a m p litu d e  if  

we m a sk  o u t th e  geo m etrica l shadow  in  th e  ho lo gram .

T h is  m ask in g  p rocess, how ever, w ill in tro d u c e  tw o  new  d is tu rb a n ce s . F ir s t ,  th e  

m a sk  its e lf  w ill p ro d u ce  a  sy s tem  o f in te rfe ren ce  fringes . T h is effect c an  be red u ced  

to  a  v e ry  low  level if  a  ‘ p ro b a b ility  m a sk  ’ is used . S econd ly , th e  m ask  w ill e lim in a te  

som e o f  th e  d a ta  re q u ire d  fo r a com ple te  re c o n stru c tio n . E v id e n tly  th e  coarser d e ta il 

w ill suffer m o st, as th is  is c o n ta in ed  in  o r n e a r  to  th e  geom etrica l shadow  a re a  in  th e  

ho log ram , w hile th e  fin er d e ta il is sp re ad  over a  la rg e r a re a  ou ts ide . B u t  i f  th e  o b je c t 

is o f th e  o rd e r o f  th e  c h a rac te ris tic  le n g th  pfc o r sm alle r, th e  su p p ressed  d e ta il becom es 

in sig n ifican t. T h u s  m ask ing  o f th e  shadow  is a  v e ry  effective m e th o d  fo r im p ro v in g  

th e  re p ro d u c tio n  o f v e ry  sm all ob jec ts .

I n  th e  second  m e th o d  th e  b a ck g ro u n d , i.e. th e  p rim a ry  w ave, is supp ressed  after 

i t  h as  tra v e rse d  th e  holo gram . T h is can  be done b y  p ro d u c in g  a  rea l im age o f th e  

p o in t source  b y  m eans o f th e -re c o n s tru c tin g  lens in  figure 1, a n d  a rran g in g  a  sm all 

b lack  m ask  a t  th is  p o in t, p re fe rab ly  a  p ro b a b ility  m ask . T h is a rra n g e m e n t is s im ila r 

to  th e  w ell-know n ‘sc h lie re n ’ m eth o d . T he  re su lt is, t h a t  in s te a d  o f a n  a m p litu d e  in  

th e  o b je c t p lan e
1 tc te?

w here  c s ta n d s  for ‘c o r re c t’ a n d  e fo r ‘e r r o r ’, we now  o b ta in

tc t'e>
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4 7 2 D .  G a b o r

n e g le c tin g  th e  d if f ra c tio n  effects  a t  th e  m a sk .  H e n c e  a n  a b so rb in g  o b je c t  w ill n o w  

a p p e a r  b r ig h t  o n  a  d a r k  b a c k g ro u n d , a s  in  ‘d a rk -f ie ld  i l lu m in a t io n ’. W h ile  in  th e  

o rd in a ry  o r  * b r ig h t  fie ld  ’ m e th o d  th e  in te n s i ty  is a p p ro x im a te ly

1 - 2  te -

th e  * d a r k  fie ld  ’ in te n s i ty  is t* +  2 tetc + 1%

O n e c a n  c o n s id e r  £2 a s  th e  s p u rio u s  b a c k g ro u n d , w h ile  2 is  th e  in te r fe re n c e  p r o d u c t

o f  th e  tw o  im a g e s . T h e  s p u rio u s  b a c k g ro u n d  is n o w  th e  s q u a re  o f  i t s  p re v io u s  v a lu e , 

p ro p o r t io n a l  t o  th e  c o v e rag e  f r a c t io n  in s te a d  o f  to  i t s  s q u a re  ro o t ,  a n d  b e co m e s  

n eg lig ib le  fo r  o b je c ts  w h ic h  c o v e r  o n ly  a  few  p e rc e n t  o f  th e  i l lu m in a te d  fie ld . T h e re  

re m a in s , h o w e v e r, t h e  in te r fe re n c e  p ro d u c t  2 T h is  c o n tr ib u te s  n o th in g  to  th e  

b a c k g ro u n d , a s  i t  is  ze ro  e v e ry w h e re  o u ts id e  th e  o b je c t , w h e re  tc =  0. I n  th e  o b je c t  

a re a  i t  r e p re s e n ts  m e re ly  a  sm a ll m o d u la t io n  o f  th e  c o rre c t  d e n s i ty  v a lu e s .  I n  th e  

case  o f  b la c k -a n d -w h ite  o b je c ts  th is  e ffec t is  neg lig ib le , a s  th e  o u tlin e s  r e m a in  

u n c h a n g e d .  H o w  f a r  i t  c a n  d is to r t  g ra d e d  o b je c ts  is  a  m a t t e r  fo r  f u r th e r  in v e s t ig a t io n .

A  c o m b in a tio n  o f  th e  tw o  m e th o d s , i.e . m a sk in g  th e  g e o m e tr ic a l sh a d o w  a n d  t h e  

p r im a ry  w a v e , a p p e a rs  to  b e  p a r t ic u la r ly  p ro m is in g  in  th e  case  o f  sm a ll o b je c ts .

A  th ir d ,  so m e w h a t la b o rio u s  m e th o d  fo r  im p ro v in g  th e  s e p a ra t io n  is  ta k in g  a  se ries  

o f  re c o n s tru c tio n s , w ith  d if fe re n t v a lu e s  o f  ja. W h ile  th e  t r u e  im a g e  a lw a y s  re m a in s  

th e  sam e , th e  sp u rio u s  im a g e  v a r ie s , a n d  c a n  th u s  b e  d is c r im in a te d .  A  fo u r th  m e th o d  

w ill b e  d isc u sse d  la te r ,  in  c o n n e x io n  w ith  n o n -h o m o c e n tr ic  i l lu m in a tio n .

I l l u m i n a t i n g  w a v e s  w i t h  a s t i g m a t i s m  a n d  s p h e r i c a l  a b e r r a t i o n

F o llo w in g  a  m e th o d  f ir s t  in tro d u c e d  b y  D e b y e , w e b u ild  u p  a  g e n e ra l  c o h e re n t  

i l lu m in a tin g  w a v e  o f  p la n e  w a v e le ts , n o rm a l to  th e  d ire c t io n  a ,  /?, y ,  w i th  a n  

a m p li tu d e  A d Q  in  th e  in f in ite s im a l so lid  a n g le  dQ :

A  (a , /?) e x p  {ik[x cos a  4 -ycos /? +  z cos y  

T h e  a m p li tu d e  A  is  a s s u m e d  a s  re a l, th e  p h a s e  fa c to r  e~ikp e x p re ss in g  th e  a d v a n c e  o f  

th e  p h a s e  c o m p a re d  w ith  th e  d ire c t  r a y  th ro u g h  th e  o r ig in  0 .  A ssu m in g  t h a t  O  

c o in c id es  w ith  th e  ‘m e a n  p a ra x ia l  fo c u s ’ o f  th e  b e a m , le t  th e  p h a s e  fu n c t io n  p  b e

p(ot, /?) =  £A a(cos2 a  — cos2 /?) +  \ { C X cos4 a  +  2C xy cos2 a  cos2/? +  C y cos4/?). (32)

T h e  f ir s t  t e r m  is  th e  p h a s e  a d v a n c e  d u e  to  a s t ig m a tis m , th e  se c o n d  is  ‘e l l ip t ic a l ’ 

sp h e r ic a l a b e r ra t io n .  I t  h a s  b e e n  a s s u m e d  fo r  s im p lic ity  t h a t  th e  e ll ip tic a l  e r ro rs  o f  

s e c o n d  a n d  fo u r th  o rd e r  h a v e  th e  sa m e  p r in c ip a l  a x e s  x, y .

W ith  th e  p o la r  a n g le s  y ,  6, c o n n e c te d  w i th  a ,  /? b y

cos a  =  s i n y  cos 0, cos/?  =  s in  y  s in  (33)

p  c a n  b e  p u t  in to  th e  fo rm

p ( y ,  6) =  \ A S s in 2 y  cos 20

+ 1 s in 4 y [  1 (0 *  +  C v) + \ C xy +  \ { C X-  C y )cos 

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

5
 A

u
g
u
st

 2
0

2
2
 



4 7 3

T h e  fo u r th -o rd e r  te rm  no w  a p p e a rs  a s  th e  su m  o f  sp h e rica l a b e r ra t io n  a n d  tw o  

a s tig m a tism  te rm s , one e llip tica l, th e  o th e r  w ith  fo u rfo ld  p e rio d ic ity . I f  th e  len s is

ro u n d  C , =  C „ - C „  =  C„  (36)

a n d  th e  fo u r th -o rd e r  a s tig m a tic  te rm s  v a n ish . Cs is th e  c o n s ta n t o f  sp h e rica l 

a b e r ra t io n .  I t s  m e an in g  is i l lu s tra te d  in  figu re  8, w h ich  show s th e  r a y  s tru c tu re  o f  

a  b eam . T h e  g e o m etric -o p tic a l a p p ro x im a tio n  is  w ell ju s tif ie d  in  th e  m o s t im p o r ta n t  

p ra c tic a l  a p p lic a tio n s  o f  th e  p re s e n t th e o ry , a s  i t  is p ro p o se d  to  u se  b eam s w ith  

a p e r tu re s  a b o u t  te n  tim e s  la rg e r  th a n  in  o rd in a ry  e lec tro n  m icroscopy , w h ere  th e  

d iff ra c tio n  d isk  is o f  th e  sam e  o rd e r as  th e  g e o m etric a l a b e rra tio n s .  A s th e  m in im u m  

cro ss-sec tio n  o f  th e  b e a m  increases  w ith  th e  th i r d  po w er o f  th e  a p e r tu re , a n d  th e  

d iffra c tio n  e ffect is  in v e rse ly  p ro p o r tio n a l to  th e  firs t p ow er, i t  w ill re p re se n t a  sm all 

c o rre c tio n  o n ly , o f  th e  o rd e r o f  10-4 o f  th e  g eo m etrica l d im ensio ns .

M icro sco p y  by  reconstructed  w ave-fron ts

D iam ete r of minimum 
confusion  -

C au stic s

No fr in g e s

In te rfe ren ce
f r in g e s

Fig u r e  8 . Focal figure of a  beam with spherical aberration Cs.

I f  th e  a p e r tu re  an g le  is y m, a ll ra y s  cross th e  ax is  in  th e  a x ia l cau s tic , a  line  o f  le n g th  

^s7m  b e h in d  th e  p a ra x ia l  focus 0 .  T h e  d ia m e te r  o f  th e  b e am  in  th e  G au ss ian  p la n e  

z  — 0 is 2C8y^n, b u t  a t  th e  c ross-section  o f  m in im u m  confusion , a t  =  — fC ^ y ^ , i t  is 

fo u r tim e s  less. T h e  m in im u m  cross-section  is th e  in te rse c tio n  o f  th e  envelo pe  o r o u te r  

cau s tic , a  ro ta t io n a l  su rface  w ith  a n  e q u a tio n  r = ± 2C \(z/3 )i , w ith  th e  cone o f  

m a x im u m  d iv ergence , r  =  + (z + C8y ^ ) y m. 

th e  b e a m  in to  fo u r reg io ns o f  d iffe ren t c h a ra c te r , o f  w h ich  tw o  a re  d o tte d , to  in d ic a te  

t h a t  th e y  c o n ta in  in te rfe re n c e  fringes . T h e  f irs t o f  th e se  is in side  th e  envelope  b u t  

o u ts id e  th e  cone. T h e  ra y s  cross in  e v e ry  p o in t o f  th is  reg io n . T h e  second  is th e  reg io n  

su rro u n d in g  th e  a x ia l cau s tic , lim ite d  b y  th e  envelope  a n d  b y  th e  cone o f  m ax im u m  

d iv ergence , w h ich  h as  th re e  ra y s  c rossing  in  e v e ry  p o in t . T h e  in te rfe ren ce  fringes in  

b o th  reg io ns a re  so sh a rp  a n d  c o n tra s ty  as to  m a k e  o b je c ts  p la ce d  in to  th e m  a lm o st 

inv is ib le ; th u s  th e  w ho le  d o tte d  vo lu m e m u s t be ru le d  o u t  as a  possib le  lo ca tio n  fo r 

o b jec ts . I n  th e  rem a in in g  tw o  reg ions, a t  th e  r ig h t  a n d  le ft, th e re  is o n ly  one r a y  to  

e v e ry  p o in t, a n d  th e y  re p re se n t sm o o th ly  g ra d e d  b ack g ro u n d s, su ita b le  fo r m ic ro ­

scopic o b jec ts . I n  th e  reg ion  a t  th e  le f t th e  illu m in a tio n  d e n s ity  is la rg e s t n e a r  th e  

edge ; in  th e  second , a t  th e  r ig h t, th e  d e n s ity  h as  a  m a x im u m  o n  th e  axis.

I f , in  a d d itio n , as  is a lw ays th e  case in  e lec tro n  op tics , th e  b e am  is also  a s tig m a tic , 

figure  8 can  s till serve  as a n  il lu s tra tio n , b u t  on ly  fo r th e  p rin c ip a l sec tions o f  th e  beam , 

a n d  th e se  m u s t be  im ag in ed  as d isp laced  lo n g itu d in a lly  b y  ± A s. T h u s  O w ill be now  

in  th e  m id d le  b e tw een  th e  tw o  focal lines, a t  r ig h t ang les to  one a n o th e r  a n d  to  th e  

b e a m  ax is , a n d  a  d is ta n ce  2 A sa p a r t .
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4 7 4 D .  G a b o r

R e tu rn in g  to  th e  w a v e -o p tic a l r e p re s e n ta t io n , su m m in g  th e  w a v e le ts  (31) g iv es  

fo r  th e  c o m p le x  a m p li tu d e  a t  th e  p o in t  x , z

U0( x ,y , z )  — J j A  (y ,6) e x p  { ik[(x  cos 6

-  \ A 8 s in 2 7  cos -  \ C 8 s in 4 7]} (36)

W e  h a v e  u se d  h e re  th e  s im p lif ic a tio n s  a r is in g  fro m  e q u a t io n  (35), a n d  th e s e  w ill b e  

a ssu m e d  a lso  in  th e  fo llow ing  fo rm u la e  to  s im p lify  th e  d iscu ss io n , b u t  th e  r e s u l ts  w ill 

b e  o f  su c h  a  n a tu r e  a s  to  p e rm it  th e i r  e x te n s io n  w i th o u t  d iff ic u lty  a lso  to  th e  m o re  

g e n e ra l  case  e x p re sse d  b y  e q u a tio n s  (32) a n d  (34).

I n tr o d u c e  u n d e r  th e  in te g ra l  s ig n  in  (36) th e  F o u r ie r  v a r ia b le s  £ =  (c o sa )/A , 

rj =  (cos/?)/A  a n d  p  =  (£2 +  ?/2)*. T h e  e x a c t  t r a n s fo rm a t io n  e q u a tio n s  a re

s in  7  =  A/?, cos 7  =  (1 — A2/o2)*, d£l =  s in
A 2d^dy  

( 1 - A V 2)*’

W e  a g a in  a ssu m e  a  su ff ic ie n tly  n a r ro w  b e a m  to  ju s t i f y  n e g le c tin g  s in 2 7  =  A2/?2 in  

th e  d e n o m in a to r  o f  th e  la s t  e x p re ss io n . I n  th e  p h a s e  fa c to r ,  h o w e v e r, w e  m u s t  t a k e  

in to  c o n s id e ra tio n  te rm s  u p  to  th e  fo u r th  o rd e r  in  p , a n d  w r ite

cos 7  =  (1 — A2p 2)* =  1 — £A2p 2 — |A 4p 4.

I n  th is  a p p ro x im a tio n

U0{x, y , z) =  A2 e ikzj  J^4 (£ ,??)ex p  {2 m \x g  + y y -  2 -  \ A S A(£2 -  rj2)

-  £(z +  2 A3/?4]} dgdT). (36-1)

T h is  in te g ra l ,  lik e  th e  e x a c t  e x p re ss io n  (36), c a n  b e  e a s ily  e v a lu a te d  a t  la rg e  d is ta n c e s  

R  f ro m  th e  o rig in , in  a  d ire c tio n  a ,  ft. O n e  o b ta in s

U » (R ,a ,l} )=  (36-2)

w h e re  p is  g iv e n  b y  e q u a tio n s  (32) o r  (34). T h e  fa c to r  — i ,  w h ic h  e x p re sse s  a n  a d v a n c e  

o f  th e  w a v e - f ro n t b y  JA a s  c o m p a re d  w ith  th e  c o m p o n e n ts  (31) a r is e s  in  th e  t r a n s i t io n  

f ro m  p la n e  t o  s p h e r ic a l w a v es , a n d  is  f a m ilia r  in  d if f ra c tio n  th e o ry . E q u a t io n  (36-2) 

su p p lie s  th e  b a c k g ro u n d  to  th e  p h y s ic a l  sh a d o w  o f  a n  o b je c t ,  w h ic h  w e  a re  n o w  g o in g  

to  c a lc u la te .

T h e  o b je c t , in  a  p la n e  z  =  z0,m a y  

tra n s m is s io n  fu n c t io n  t(x , y ) . U s in g  th e  f u n d a m e n ta l  p re m is sa  o f  th e  F re s n e l-K irc h -  

hoflf d if f ra c tio n  th e o ry , w e  a ssu m e  t h a t  th e  a m p li tu d e  im m e d ia te ly  b e fo re  th e  o b je c t  

is  t h a t  o f  th e  u n d is tu rb e d  i l lu m in a tin g  w a v e , U0( x , y , z 0), a n d  t ( x ,y )  t im e s  th is  

im m e d ia te ly  b e h in d  i t .  W e  m u s t  n o w  g iv e  th e  a n g u la r  v a r ia b le s  in  th e  i l lu m in a t in g  

w a v e  b y  su ffix es ‘ O’ (‘o r ig in a l’) t o  d is t in g u is h  th e m  fro m  th e  v a r ia b le s  o f  th e  

o u tg o in g  w a v e , w i th o u t  suffixes.

T h e  p ro b le m  is  b u ild in g  u p  th e  o u tg o in g  "w;ave f ro m  th e  d if f ra c tio n  p ro d u c ts  o f  th e  

p la n e  w a v e le ts  w h ic h  co m p o se  th e  o r ig in a l w a v e . T h e  F re s n e l-K irc h h o ff  fo rm u la  in  

th e  s im p lified  fo rm  (7*1) c a n  b e  a g a in  a p p lie d , b u t  w ith  th e  m o d if ic a tio n  t h a t  th e
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w av e  Tq 1 e lkr° m u s t  now  be  re p la ce d  b y  th e  su m  o f  th e  w a v e le ts  (34). T h e re  is n o  ch an g e  

in  th e  m e an in g  o f  rv  th e  d is ta n c e  o f  th e  o b se rv a tio n  p o in t a, /?) fro m  th e  o b je c t

p o in t P .  T h u s  th e  F resn e l-K irc h h o ff fo rm u la  now  assum es th e  fo rm

M icro sco p y  by reconstructed  w ave-fron ts  4 7 5

U(Q) — U (R ,qc.,/3)

iXRffffa' y )A (*o>Ao) e x P  { ^ D o (a o> /?o) +  *i(a

w h e re  r 0(a 0, /?0) = x c o s a 0 + y  cos /?0 +  z0 cos y 0 -  p (a 0, y 0),

rx(a,j3) =  R  — xcos a  — 

E x p re ss in g  th e  ang les  b y  th e  F o u r ie r  v a ria b le s  £, a n d  £0, we o b ta in , w ith  th e  sam e 

a p p ro x im a tio n s  as in  (36-1),

U  ( R ,£ , V) =  j t ( x ,  y ) d x d y

JJ^ (£ o >  Vo) ex P { 2 ^  [x{Zo- £ ) +  0 -  

-  ^  A(£2 -  ?/2) -  A3p 4]} d£0<fy0. (38)

T h e  s y m m e try  o f  th is  ex p ress io n  is d is tu rb e d  b y  th e  la s t  tw o  te rm s , b u t  i t  is a t  

once re s to re d  i f  w e go o v e r to  th e  ‘p h y sica l s h a d o w ’, b y  d iv id in g  th e  a m p litu d e  

U ( R ,  a , /?) in to  th e  b a c k g ro u n d  U 0{R, a , /?) as g iv en  b y  e q u a tio n  (36*2):

T(£> V)  =  f f f f a *  y )  d ( £ , y f  e X p  ^2 n i  -  £ ) +  y fo o  “  -  K  A(Po -

~  A[(£§ -  £2) -  (i/§ -  y 2)] -  £A 3(z0 +  2<7S) (p

T h is  is th e  fo rm u la  fo r th e  p h y s ica l sh ad o w  a t  in fin ity  o f  a n  o b je c t a t  z — z0, 

illu m in a te d  b y  a  b e am  w ith  fo u r th -o rd e r  a b e rra tio n s , b u t  w h ich  c an  be e v id e n tly  

e x te n d e d  to  a b e rra tio n s  o f  a n y  o rd er . I t  is th e  e q u iv a le n t o f  th e  tra n s fo rm a tio n  

fo rm u la  (14) fo r h o m o c en tric  illu m in a tio n , b u t  i t  c a n n o t be p u t  in to  th e  fo rm  o f a n  

in te g ra l o v er th e  o b je c t p lan e , as th e  in te g ra tio n  o v e r th e  a n g u la r  v a ria b les  c a n n o t 

be c a rried  o u t in  te rm s  o f  th e  tra n sc e n d e n ta ls  recogn ized  in  an a ly s is . O n th e  o th e r  

h a n d , i t  c an  be im m e d ia te ly  re d u c e d  to  a  doub le  in te g ra l o v e r th e  a n g u la r  v a ria b le s  

b y  m ean s  o f  th e  F o u r ie r  tra n s fo rm  T(£, y) o f  t(x, y) w

j j t ( x , y ) e ~ 2ni^ +y

w hich  co n v erts  e q u a tio n  (42) in to

—g0. 9 —^o) ^  ex p  jn i

+  A,A[(g» -  m -  (V*-vl)] +  

T h is  tra n s fo rm a tio n  m a y  be i l lu s tra te d  b y  a  few  sim ple  exam ples. I f  1, 

i.e. i f  th e re  is no  o b jec t, T is a  d e lta  fu n c tio n

T H - i ^ V - V o )  =

w hich  m eans t h a t  th e  in te g ra l (40) is th e  v a lu e  o f th e  in te g ra n d  fo r £0 =  £, 

frh ich  is u n ity , as before .
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4 7 6 D .  G a b o r

I f  t(x , y )  is  a  h a rm o n ic  fu n c t io n  o f  , y  w i th  p e r io d s  1 /a , 1/6

t(x , y )  =

T  is  a g a in  a  d e l ta  fu n c tio n , b u t  s h if te d  to  th e  p o in t  a ,  6

T ( i - k > v - n o ) =  f i ( Z - £ o - a > v - V o - b)>

( 4 1 * 1 )

a n d  w e  h a v e  a g a in  to  t a k e  th e  v a lu e  o f  th e  in te g ra n d , b u t  th is  t im e  a t  £0 =  

ij0 =  ij —b. T h e  p h y s ic a l  sh a d o w  is

T (f , y) =  ~e x p  in ia (2£ ~  a ) [A (2o +  A s) + i A8(zo +  2Ca) (2£2 ~  +  a 2 )]}

e x p  {mb{27} -  b) [A(z0 -  A 8) +  |A 3(z0 +  - 2yb  +  62)]}. (41-2)

W e  h a v e  m e t  th e  f ir s t  fa c to r s  u n d e r  th e  e x p o n e n tia l  in  th e  sh a d o w  t r a n s fo rm a t io n  

w ith  h o m o c e n tr ic  i l lu m in a tio n . B u t  th e  p e r io d  in  th e  sh a d o w  is  n o  lo n g e r  a  c o n s ta n t ,  

t h a t  is  t o  s a y , th e  s h a d o w  o f  a  s in u so id a l g r id  is  n o t  o f  th e  s a m e  ty p e  a s  th e  o r ig in a l. 

I f ,  fo r  e x a m p le , 6 =  0, i.e . th e  g r id  is  p a ra lle l  to  y ,  th e  s p a c in g  b e tw e e n  tw o  m a x im a  is

T h e  f ir s t  f a c to r  is  th e  g e o m e tr ic a l  sh a d o w  o f  th e  p e r io d  1 /a ,  th e  se c o n d  is  th e  c o rre c t io n  

a r is in g  f ro m  a s t ig m a t is m  a n d  sp h e r ic a l  a b e r ra t io n ,  a n d  a lso  f ro m  th e  fo u r th -o rd e r  

t e r m  w h ic h  e x p re sse s  th e  d e p a r tu r e  o f  a  s p h e r ic a l w a v e - f ro n t  f ro m  a  p a ra b o lo id . I n  

a ll  p r a c t ic a l  a p p lic a tio n s  z0 w ill b e  o f  th e  o rd e r  C ^ y ^ , a n d  z0 c a n  b e  n e g le c te d  a g a in s t  

2 C8. T h u s  th e  a s t ig m a tis m  a n d  sp h e r ic a l  a b e r r a t io n  o f  a  b e a m  c a n  b e  d e te rm in e d  

f ro m  tw o  h o lo g ra m s  o f  a  s in u so id a l g r id , t a k e n  in  tw o  p o s it io n s , a t  r ig h t  a n g le s  to  o n e  

a n o th e r .  B u t  th e  m e th o d  is  n o t  v e ry  se n s itiv e . N e a r  th e  e d g e  o f  th e  fie ld  w h e re  

£^> a,y^> b, th e  s p a c in g  o f  tw o  n e ig h b o u r in g  m a x im a  w ill b e  a  f r a c t io n

o f  th e  g e o m e tr ic a l  sp a c in g . B u t  a s  z0vw ill b e  o f  th e  o rd e r  Csy ^  i f  g o o d  p h o to g ra p h s  

a re  to  b e  o b ta in e d , th is  f r a c t io n  w ill b e  o f  th e  o rd e r  u n i ty .  T h is  sh o w s t h a t  a  s in u so id a l 

g r id , e v e n  i f  i t  w e re  a v a ila b le , w o u ld  n o t  b e  a  v e ry  s u i ta b le  t e s t  o b je c t . S p h e r ic a l 

a b e r r a t io n  c a n  b e  m u c h  b e t t e r  d e te rm in e d  fro m  th e  p h y s ic a l  s h a d o w  o f  a  th in  w ire , 

b u t  th e  d isc u ss io n  o f  th is  case  c a n n o t  b e  c a r r ie d  o u t  in  e le m e n ta ry  te rm s , a n d  m a y  b e  

o m it te d .

R e c o n s t r u c t i o n  i n  t h e  p r e s e n c e  o f  s p h e r i c a l  a b e r r a t i o n  a n d  a s t i g m a t i s m

A ssu m e  t h a t  a  p h o to g ra p h  h a s  b e e n  ta k e n  o f  th e  p h y s ic a l  sh a d o w  o f  a n  o b je c t ,  

a c c o rd in g  to  e q u a tio n s  (39) o r  (40). W e  h a v e  see n  t h a t ,  i f  th e  b a c k g ro u n d  is  r e la t iv e ly  

s tro n g , th is  is  e q u iv a le n t  to  s u b s t i tu t in g  fo r  r x i t s  r e a l  p a r t ,  K ^  +  r f ) ,  w h e re , a s  

b e fo re , t 1 r e la te s  to  th e  ‘ o b je c t  p ro p e r  * w i th o u t  th e  b a c k g ro u n d . I n  o rd e r  to  f in d  th e  

s p u r io u s  te r m  in  th e  r e c o n s tr u c te d  o b je c t , w e  m u s t  a p p ly  to  r f  th e  t r a n s fo rm a t io n  

in v e rs e  to  (39). B u t  th is  is  r a th e r  c o m p lic a te d , w h ile  a n  in te r p r e ta t io n  in  te rm s  o f  

‘tw in  im a g e s ’ is  e a sy , a n d  le a d s  to  m u c h  s im p le r  a n d  c le a re r  re s u l ts .

l/(A z0a )  [1 +  A J z 0 +  £A2(1 +  2 (2£2 -  2 £a -I- a 2)].

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

5
 A

u
g
u
st

 2
0

2
2
 



A n  ex p ress io n  fo r , th e  com plex  c o n ju g a te  o f  th e  p h y s ica l sh ad o w  t 1 is o b ta in e d  

fro m  (39) b y  re v e rs in g  th e  s ig n  o f  i. A ssum e now , as befo re , in  th e  p la n e  =  a  tw in  

o b je c t w ith  a  tra n sm iss io n  fu n c tio n

t o y )  =  £ ( - « ,

R e n a m in g  th e  in te g ra tio n  v a r ia b le s  —x , —y  in s te a d  o f  x , y , one o b ta in s  fo r r f  th e  

ex p ress io n

t *(£> v ) =  e x p  {27™[>(£o “  £) + y(7o “  +  K  A(/og - p 2)

+  A[(£g -  £2) -  (^g -  v 2)] +  |A 3 (z0 +  2(7S) (pg - p 4)]} d x d y  (42)

T h is  is th e  p h y s ica l sh ad o w  o f  a n  o b je c t t[ in  th e  p la n e  —z0, acco rd in g  to  e q u a tio n  

(39), b u t  w ith  th e  im p o r ta n t  d ifference t h a t  th e  s ig n  o f  A s a n d  Cs h a s  b een  a lso  

rev e rsed . T h e  p h y s ic a l s ign ificance  o f  th is  becom es c lea re r i f  in s te a d  o f  r f  we consider 

th e  c o m p le m e n ta ry  w av e  U[which  a rises  in  th e  re c o n s tru c tio n , a n d  w h

fro m  (42) b y  m u ltip ly in g  i t  w ith  th e  b a c k g ro u n d  (36-2). T h e  re s u lt  c an  be  w r it te n

U[(R,  £ , y) = T ^ e ikR jj* i(x , y) d x d y  j j A ( £ 0,y 0) ex p  {2ni [
+ M P Z - P 2) + i z o ^ i P o - P 4) + ~  *

x ex p  { -  2 m [A sA(g2 -  y 2) +  A3p 4]} d£0d y0. (43)

M icro sco p y  by  reconstructed  w a ve-fron ts  4 7 7

i l l u m i n a t i n g  b e a m

\  • F ie ld

B e a m  b e lo n g in g  t o  p o in t  P  o f  t w in  o b j e c t

S e c t i o n  o f  t w in  b e a m

F ig u r e  9 .  T h e  t w i n  o b j e c t  i n  a  b e a m  w i t h  s p h e r i c a l  a b e r r a t io n .

C om paring  th is  w ith  e q u a tio n  (41), i t  c a n  be seen  t h a t  th e  f irs t tw o  lines re p re se n t 

th e  em ission  o f  a n  o b je c t t[in  th e  p la n e  —z0, b u t  illum ina ted  by a wa

Signs o f the astigm atism  A s and  o f the spherical aberration Cs are reversed. T h is  assu res  

com ple te  sy m m e try  in  th e  illu m in a tio n  o f  th e  o b je c t a n d  its  tw in . B u t  th e  e m itte d  

w ave  is m odified  b y  th e  p h a se  fa c to r  in  th e  la s t  line . T h is  m ean s  th a t  th e  w a v e le t 

issu in g  from  a n y  e lem en t t'1( x ,y )d x d y  o f  th e  tw in  o b je c t h as  a s tig m a tism  2 A S a n d  

sp h erica l a b e r ra tio n  2CS. T h u s  in  the presence o f astigm atism  o

the tw in  object which appears in  the reconstruction w ill be no longer , but w ill 

appear as i f  viewed through a system  w ith  twice the aberrations o f the condenser system . 

O ne cou ld , o f course, v iew  th e  tw in  o b je c t in s te a d  o f th e  o rig ina l b y  m ean s  o f 

a  v iew ing  sy stem  w ith  a b e rra tio n s  o f th e  o p p o site  sign , b u t  n o t b o th  s im u ltan eo u sly .

T h is  re s u lt  is i l lu s tra te d  in  figure 9, w h ich  allow s also  a n  e le m e n ta ry  verifica tion . 

T h e  illu m in a tin g  b eam  enve lo pe  is show n in  co n tin u o u s  lines, th e  b eam  a p p ea rin g  

to  issue from  a  p o in t P '  o f  th e  tw in  o b je c t in  in te r ru p te d  lines. T he  a x ia l c au s tic  o f 

th is  beam  is a lw ays tw ice  th e  cau stic  o f  th e  illu m in a tin g  beam . T h is  can  be im m e d ia te ly
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4 7 8 D .  G a b o r

u n d e rs to o d  i f  o n e  im a g in e s  th e  a x ia l  c a u s tic  a s  th e  lo cu s  o f  th e  c e n tre s  o f  h o m o c e n tr ic  

b e a m s , e a c h  e m it t in g  r a y s  o n ly  in  a  c e r ta in  cone . F o r  e a c h  o f  th e s e  p a r t i a l  b e a m s  

th e r e  e x is ts  a  s h a rp  tw in  p o in t  to  P ,  o n  th e  lin e  jo in in g

(43) p ro v e s  t h a t  th is  g e o m e tr ic -o p tic a l re a so n in g  is  in  f a c t  ju s tif ie d .

F ig u re  9 sh o w s a lso  t h a t  th e  b e a m  a s s o c ia te d  w ith  a n y  p o in t  o f  t h e  tw in  o b je c t  

in te rs e c ts  th e  o b je c t  p la n e  in  a n  a re a  fo u r  t im e s  la rg e r  t h a n  th e  fie ld . F r o m  th i s  w e  

c a n  in fe r  a t  o n c e  t h a t  i f  th e  i l lu m in a tio n  w e re  e v e n , th e  s p u r io u s  a m p li tu d e  in  th e  

o b je c t  p la n e  w o u ld  b e a r  th e  sa m e  re la t io n  to  th e  c o r re c t  a m p li tu d e  a s  in  th e  case  o f  

h o m o c e n tr ic  i l lu m in a tio n , i .e . e q u a t io n  (29) w o u ld  a p p ly  a g a in .  I n  f a c t  th e  i l lu m in a ­

t io n  is  v e ry  u n e v e n  in  a  b e a m  w ith  s p h e r ic a l a b e r r a t io n  in  c ro ss-se c tio n s  n o t  v e ry  

f a r  f ro m  th e  c a u s tic , a n d  o n  th is  is  b a s e d  a  fo u r th  m e th o d  o f  im p ro v in g  th e  s e p a ra t io n , 

in  a d d i t io n  to  th e  o th e r s  w h ic h  h a v e  b e e n  d isc u sse d  in  a  p re v io u s  se c tio n .  M a sk in g  

is  n o t  v e ry  e ffic ien t in  th e  p re se n c e  o f  s p h e r ic a l a b e r ra t io n ,  a s  th e  g e o m e tr ic a l  s h a d o w  

o f  a  p o in t  o b je c t  is  a  r a d ia l  lin e , th e  p ro je c t io n  o f  th e  a x ia l  c a u s tic . T h is  b e co m e s  sm a ll 

o n ly  i f  t h e  o b je c t  is  in  th e  a x is , b u t  in  e le c tro n  o p tic s  i t  is  n o t  p o ss ib le  to  fix  sm a ll 

o b je c ts  b y  m e a n s  o f  a  t r a n s p a r e n t  s u p p o r t  in  th e  m id d le  o f  th e  fie ld .

T h is  fo u r th  m e th o d  fo r  im p ro v in g  th e  s e p a ra t io n  is  t o  p la c e  th e  o b je c t  in  a  p o s it io n  

w h e re  i t  re c e iv e s  less t h a n  th e  a v e ra g e  o f  i l lu m in a t io n  d e n s i ty .  T o  e x p la in  th i s  b rie fly , 

d e fin e  a s  * co effic ien t o f  i l lu m in a t io n ’, J ,  t h e  r a t io  o f  th e  m e a n  in te n s i ty  o v e r  a  s m a ll  

o b je c t  a re a  to  th e  m e a n  o v e r  th e  whole i l lu m in a te d  fie ld . I f  t h e  o b je c t  h a s  th e  

a v e ra g e  in te n s i ty  tra n s m is s io n  tt* a n d  c o v e rs  a  f r a c t io n  k  o f  th e  fie ld , t h e  f r a c t io n  o f  

t h e  t o t a l  f lu x  is su in g  f ro m  th e  o b je c t  is  U*k J. E x a c t ly  th e  sa m e  flu x  e m erg es  a lso  

f ro m  th e  tw in  o b je c t . B u t  o f  th is  o n ly  a  f r a c t io n  \ k J  w ill p a s s  th r o u g h  th e  o b je c t .  

T h e  fa c to r  J  is  h e re  th e  sa m e  a s  d e fin e d  fro m  th e  d ir e c t  i l lu m in a t io n  o f  th e  o

b e c a u se , a s  m a y  b e  see n  in  fig u re  9, th e  sm a ll tw in  o b je c ts  in te r fe re  w ith  o n e  a n o th e r  

in  th e  d ire c t io n  in  w h ic h  t h e y  a r e  d ir e c t ly  i l lu m in a te d .  P a s s in g  f ro m  th e  in te n s i t ie s  

to  th e  r o o t  m e a n  s q u a re  a m p li tu d e s  o n e  o b ta in s  a  s e p a ra t io n  f a c to r  p ro p o r t io n a l  to  

i .e . t im e s  w h a t  w e  h a v e  p re v io u s ly  o b ta in e d  fo r  u n ifo rm , h o m o c e n tr ic  

i l lu m in a tio n .  T h u s  b y  p la c in g  s m a ll  o b je c ts  in  relatively dark p a r t s  o f  th e  fie ld , w h e re  

J  <  1, o n e  im p ro v e s  th e  s e p a ra t io n , b y  re d u c in g  t h e  s p u r io u s  b a c k g ro u n d  in  t h e  

o b je c t  a re a . C o rre sp o n d in g ly  m o re  l ig h t  is  s e n t  b y  th e  tw in  o b je c t  to  o th e r  re g io n s  o f  

th e  fie ld , b u t  th e  sp u r io u s  a m p li tu d e  is  o f  c o u rse  h a rm le s s  i f  i t  fa lls  w e ll o u ts id e  t h e  

re c o n s tr u c te d  o b je c t .

I t  m a y  b e  n o te d  t h a t  re la t iv e ly  w e a k  i l lu m in a t io n  d o e s  n o t  a ffe c t t h e  c o n t r a s t  in  

th e  r e c o n s tr u c te d  o b je c t ,  so lo n g  a s  i t  is  n o t  s u b m e rg e d  b y  g h o s ts , s c a t te r e d  l ig h t ,  

a n d  im p u r i t ie s  a r is in g  f ro m  u n e v e n  d e v e lo p m e n t o f  th e  p h o to g ra p h .

Co h e r e n c e  c r i t e r i a

U p  to  th is  p o in t  w e h a v e  a s s u m e d  a n  a b s o lu te ly  c o h e re n t m o n o c h ro m a tic  

i l lu m in a t in g  w a v e , o r ig in a tin g  f ro m  a  p o in t  so u rc e , b u t  d is to r te d  b y  p a s s in g  th ro u g h  

a  len s  s y s te m .  A b so lu te  c o h e re n c e  m e a n s  in te r fe re n c e  fr in g e s  o f  a n y  o rd e r , b u t  i t  

m e a n s  o f  c o u rse  ze ro  in te n s i ty .  I n  p ra c t ic e  w e  m u s t  s t r ik e  a  c o m p ro m ise  b e tw e e n  

th e s e  tw o  c o n flic tin g  c la im s . T h e  b e s t  c o m p ro m ise  is  o b ta in e d  i f  t h e  d e g re e  o f  

c o h e re n c e  is  j u s t  su ffic ie n t to  p ro d u c e  a n  in te r fe re n c e  p a t t e r n  f ro m  w h ic h  th e  object- 

c a n  b e  re c o n s tru c te d  w ith  th e  r e q u ire d  re s o lu tio n  lim it .
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A  n e ce ssa ry  c r ite r io n  o f  coherence  c an  be  im m e d ia te ly  fo rm u la te d , w ith o u t a n y  

re g a rd  to  d e ta ils  o f  th e  h o lo g ram . Im a g in e  t h a t  a n  a b so lu te ly  c o h e re n t illu m in a tin g  

b e a m  is m o v e d  d u rin g  th e  ex p o su re  p a ra lle l to  itse lf, so t h a t  a  re p re se n ta tiv e  p o in t 

o f  i t ,  e.g. th e  m e a n  p a ra x ia l  focus, fills a  c irc u la r d isk  w ith  d ia m e te r  dc. B u t  th is  is 

e q u iv a le n t to  m o v in g  th e  o b je c t w ith in  a  d isk  o f  th e  sam e d ia m e te r , a s  o n ly  th e  re la tiv e  

p o s itio n  o f  b e a m  a n d  o b je c t m a t te r s  fo r th e  p h y s ica l sh ad o w  a t  in fin ity , a n d  from  

su c h  a  ‘w o b b le d ’ h o lo g ram  w e cou ld  a t  b e s t re c o n s tru c t a n  im age  w ith  a  re so lu tio n  

lim it dc. T h u s  w e o b ta in  th e  n e ce ssa ry  c o n d itio n  t h a t  th e  G au ss ian  o r  n o m in a l 

d ia m e te r  o f  th e  il lu m in a tin g  d isk , dc, m u s t  n o t  exceed  th e  A b b e  lim it dA

dc < d A =  £A /s in ym. (44)

B u t  w e c a n  show  t h a t  th is  n ecessa ry  co n d itio n  is a lso  suffic ient, b ecause  i t  w ill 

p ro d u c e  h o lo g ram s p ra c tic a lly  in d is tin g u ish ab le  from  one ta k e n  w ith  a n  a b so lu te ly  

c o h e re n t b e am , w ith in  a  p la te  ra d iu s  co rresp o n d in g  to  th e  m a x im u m  ang le  

E x p re s s  in  e q u a tio n  (47) th e  w a v e -len g th  b y  de  B rog lie ’s re la tio n  as

A =

w h ere  p is th e  m o m e n tu m  a sso c ia ted  w ith  th e  w ave . T h is  re la tio n  is v a lid  fo r p h o to n s  

a s  w ell as  fo r e lec tro n s  o r  a n y  o th e r  p a rtic le s . In te rp re tin g  p  s in  y m a s  th e  m a x im u m  

tra n s v e rsa l m o m e n tu m  p t o f  th e  p a rtic le s  in  th e  b eam , w e w rite  (47) in  th e  fo rm

M icro sco p y  b y  reconstructed w ave-fron ts  4 7 9

dc2pt ^ h . (44-1)

C o n fro n t th is  w ith  H e ise n b e rg ’s in e q u a lity

d’c2 p t> h , (45)

w here  d'c is th e  m a x im u m  tra n s v e rsa l u n c e r ta in ty  o f  p o s itio n  o f  p a rtic le s  in  th e  b eam  

in  th e  G au ss ian  focal p lan e , a n d  2 p \is th e  m a x im u m  u n c e r t

m o m e n tu m . C onsid er f irs t th e  case t h a t  th e  b eam  is lim ite d  b y  a  p h y sica l a p e r tu re  

in  th e  p la n e  consid ered , i.e. dc — d'c. H e ise n b e rg ’s p rin c ip le  s ta te s  t h a t  i f  th e  p a rtic le s  

com posing  th e  b e am  a re  specified  to  th e  lim it (45), th e y  a re  in d is tin g u ish ab le , t h a t  

is to  say , th e y  p ro d u ce  effects, su ch  as  in te rfe re n c e  fringes, w h ich  c a n n o t be  d is ­

tin g u ish e d  from  one a n o th e r  b y  o b se rv a tio n  w ith in  th e  cone-angle  co rrespond ing  to  

t h a t  v a lu e  o f  p c w h ich  changes th e  in e q u a lity  in to  a n  e q u a lity .  C om paring  (44* 1) a n d  

(45) w e see t h a t  i f  dc — d'c, w e m u s t h a v e  p t < p't, th u s  th e  in te rfe re n c e  fr in ges in sid e  th e  

cone y m a re  a  fo rtio ri th e  sam e fo r a ll b eam  p a rtic le s .

B u t  i f  dc is n o t  a  p h y s ica l a p e r tu re , b u t  th e  G au ss ian  im age o f  one, fo rm ed  b y  a n  

o p tic a l sy stem , th e  c rite rio n  s till ho ld s, because  dc s in  y m is a n  in v a r ia n t in  G aussian  

op tics . I f  th e  c rite rio n  (44) w ere n o t  sufficien t, i t  w ou ld  be possib le  to  b re a k  th ro u g h  

H e isen b e rg ’s p rin c ip le  b y  p lacing  a  su ita b le  lens sy s te m  in  f ro n t o f  th e  physica l 

a p e r tu re  to  p ro d u ce  o bservab le  differences in  th e  frin ge  sy stem , w hich  w ould  m ak e  th e  

p a rtic le s  to  som e e x te n t  d is tin g u ish ab le .

T hese  v e ry  g en era l co n sid era tio n s  a re  o f  course u n c e r ta in  to  a  fa c to r  o f  th e  o rd e r 

u n ity .  I n  o rd e r to  o b ta in  a  m ore  q u a n ti ta t iv e  id ea  o f  th e  changes w hich  a re  p ro d u ced  

in  th e  ho log ram  b y  d e p a r tu re  fro m  a b so lu te  coherence, consid er th e  sim ple  case o f  

illu m in a tio n  th ro u g h  a  p h y s ica l a p e r tu re  o f  d ia m e te r  d, a n d  in v e s tig a te  i ts  effect on
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4 8 0 D .  G a b o r

th e  f r in g e  s y s te m  p ro d u c e d  b y  a  p o in t  o b je c t  o n  th e  a x is , a t  a  d is ta n c e  z0 f ro m  th e  

a p e r tu re .  E a c h  p o in t  o f  th e  i l lu m in a tin g  a p e r tu r e  p ro d u c e s  a  f r in g e  s y s te m  c o n c e n tr ic  

w ith  th e  a x is  w h ic h  c o n n e c ts  th is  p o in t  w ith  th e  p o in t  o b je c t . T h e se  f r in g e  s y s te m s  

a re  in c o h e re n t  w i th  o n e  a n o th e r ,  h e n c e  th e i r  in te n s it ie s  m u s t  b e  s u m m e d .  A t  th e  

e d g e  o f  th e  h o lo g ra m  th e  a n g u la r  s p a c in g  o f  tw o  fr in g e s  is  A/z0 s in y m. T w o  f r in g e  

s y s te m s  w ill j u s t  w ip e  o u t  o n e  a n o th e r  i f  th e y  a re  d is p la c e d  b y  h a l f  th is  a m o u n t .  T h is  

w ill b e  th e  case  i f  t h e  s p a c in g  o f  th e  tw o  p o in t  so u rc es  is  |A / s in y m, w h ic h  is  j u s t  th e  

A b b e  l im it  dA .

W ith  Z e rn ik e  (1948 ), w e  d e fin e  th e  ‘ d e g re e  o f  co h e ren c e  ’ D c, a s  th e  r a n g e  o f  in te n s i ty  

d iffe ren ce  b e tw e e n  m a x im a  a n d  m in im a  in  th e  fr in g e  s y s te m  a t  th e  m a rg in a l  a n g le  

y m, d iv id e d  b y  th e  c o rre sp o n d in g  q u a n t i ty  i f  th e  sa m e  l ig h t  f lu x  issu e s  f ro m  a  p o in t  

so u rc e  a t  th e  c e n tre  o f  th e  a p e r tu r e .  A ssu m in g  t h a t  th e  in te n s i ty  v a r ia t io n  in  th e  

f r in g e  s y s te m  is s in u so id a l, o n e  o b ta in s

/ /  C°S d I j j d x d y , (46)

w h e re  th e  in te g ra t io n  h a s  to  b e  c a r r ie d  o u t  o v e r  th e  a r e a  o f  th e  i l lu m in a t in g  a p e r tu r e  

o f  d ia m e te r  d. T h e  in te g ra n d  cos {7rxjdA ) e x p re sse s  th e  f a c t  t h a t  tw o  p o in ts  s p a c e d  in  

th e  X -d ir e c t io n  b y  dA  j u s t  o p p o se  o n e  a n o th e r .  T h e  in te g ra t io n  g ives

d ‘ = 4 4 ) + 4 4 )  * ( 4 7 >

w h e re  J 0 a n d  J 2 a re  th e  B esse l fu n c tio n s  o f  ze ro  a n d  se c o n d  o rd e r . S o m e v a lu e s  a r e

d ld A 0  0-5 0-75 1*0 1-25 1-5 1-75 2-0

D c 1 0-925 0-837 0-723 0-590  0-448  0-312 0-181

T h is  ju s tif ie s  th e  e x p e c ta t io n  t h a t  th e  fr in g e s  s y s te m  a t  th e  e d g e  o f  th e  h o lo g ra m  

w ill b e  r a p id ly  e ffaced  i f  th e  d ia m e te r  o f  th e  l ig h t  so u rc e  a p p re c ia b ly  e x ce e d s  t h e  

A b b e  l im it .

T h e  c o h e ren c e  c o n d itio n  (47) r e p re s e n ts  a  se v e re  l im i ta t io n  o f  t h e  a v a i la b le  

in te n s it ie s ,  a n d  i t  is  th e  c h ie f  re a s o n  w h y  th e  a p p lic a t io n s  o f  th e  m e th o d  o f  re c o n ­

s t r u c te d  w a v e -f ro n ts  w ill b e  p ro b a b ly  r e s t r ic te d  to  l ig h t, w i th  w a v e - le n g th s  n o t  v e ry  

f a r  f ro m  th e  v is ib le , a n d  to  e le c tro n s . X -ra y s , p ro to n s  a n d  o th e r  p a r t ic le s  w ill h a v e  

to  b e  e x c lu d e d , a s  n o  su ffic ie n tly  in te n s e  so u rc es  a re  a v a ila b le . E v e n  in  t h e  case  o f  

e le c tro n s  r a th e r  lo n g  e x p o su re s  w ill b e  n e c e s sa ry , u n le ss  th e  p re s e n t- d a y  te c h n iq u e  

is  im p ro v e d .

T h e  o p t i c a l  r e c o n s t r u c t i o n

S o  f a r  w e  h a v e  a s s u m e d  in  th e  fo rm u la e , fo r  s im p lic ity , t h a t  th e  r e c o n s tr u c t io n  is  

c a r r ie d  o u t  w i th  th e  sa m e  w a v e - le n g th  a s  u s e d  in  th e  p ro d u c t io n  o f  th e  d if f ra c tio n  

p a t te r n .  L e t  u s  n o w  d is tin g u is h  th e  f ir s t  w a v e - le n g th  b y  A', th e  se c o n d  b y  A", a n d  u se  

th e  p r im e s  '  a n d  " a lso  fo r  d is t in g u is h in g  th e  d a t a  A s, Cs in  th e  a n a ly z e r  a n d  in  th e  

s y n th e t iz e r .  T h e  sa m e  fo rm a l d is t in c t io n  w ill b e  u s e d  a lso  fo r  z'Q a n d  z 'q, b u t  h e re  

a  w o rd  o f  e x p la n a t io n  is  re q u ire d . z'0 is  a  d a tu m  o f  th e  a n a ly s is ; i t  is  t h e  a c tu a l  d is ta n c e  

o f  th e  o b je c t  f ro m  th e  m e a n  p a ra x ia l  fo cu s  o f  th e  i l lu m in a tin g  b e a m . B u t  th e r e  is  n o
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Gabor P roc. R o y . Soc. A ,  vo lum e  1 9 7 ,  p la te  1 5

o r ig in a l  h o l o g r a m  r e c o n s t r u c t i o n

F i g u r e  1 0 . O p t i c a l  r e c o n s t r u c t i o n  c y c l e .  T h e  o r ig in a l  w a s  a  m i c r o p h o t o g r a p h  o f  1*5 m m .  

d i a m .  I l l u m i n a t e d  w i t h  A =  4 3 5 8  A t h r o u g h  p i n h o l e  0-2 m m .  d i a m . ,  r e d u c e d  b y  a  m i c r o ­

s c o p e  o b j e c t i v e  t o  5 /i n o m i n a l  d i a m e t e r ,  a t  5 0 m m .  f r o m  o b j e c t .  G e o m e t r i c a l  m a g n i f i c a t i o n  

1 2 . E f f e c t i v e  a p e r t u r e  o f  l e n s  u s e d  i n  r e c o n s t r u c t i o n  0 - 0 2 5 .  N o i s y  b a c k g r o u n d  c h i e f l y  

d u e  t o  i m p e r f e c t i o n s  o f  i l l u m i n a t i n g  o b j e c t i v e .

{Facing p . 4 80)
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F ig u r e  11. R e c o n s t r u c t i o n  c y c l e  w i t h  p in h o le  i l l u m in a t io n .  T h e  l e t t e r s  i n  t h e  o r ig in a l  w e r e  

in s c r i b e d  in  a  r e c t a n g le  0 - 6 5  x  0 - 5  m m .  I l l u m i n a t i o n  w i t h  A =  4 3 5 8  A t h r o u g h  p in h o le  o f  

5 /t  d i a m .  a t  1 8  m m .  f r o m  o b j e c t .  G e o m e t r i c a l  m a g n i f i c a t io n  1 0 .  E f f e c t i v e  a p e r t u r e  u s e d  
i n  r e c o n s t r u c t io n  0 * 0 7 5 .
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Gabor P roc. R o y . Soc. A, vo lum e  1 9 7 ,  p la

h o lo g r a m

r e c o n s t r u c t i o n

F i g u b e  1 2 .  R e c o n s t r u c t i o n  w i t h  p i n h o l e  i l l u m i n a t i o n  a n d  w a v e - l e n g t h  c h a n g e .  T h e  o r ig in a l  

w a s  a  m ic r o - p r o t r a c t o r  o f  1 m m .  d i a m .  S a m e  c o n d i t i o n s  a s  in  f i g u r e  1 1 ,  b u t  t h e  w a v e ­

l e n g t h  u s e d  in  t h e  r e c o n s t r u c t i o n  w a s  A =  5 4 6 1  A.
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4 8 1

p h y s ica l o b je c t in  th e  s y n th e tiz e r , a n d  z 'q m e an s  m e re ly  th e  p la n e  o n  w h ich  th e  

v iew in g  sy s te m  m u s t  be fo cused  in  o rd e r to  o b ta in  a  t ru e , o r  a t  le a s t th e  t ru e s t  possib le  

im ag e  o f  th e  o rig in a l o b je c t.

T h e  re s u lt  o f  th e  a n a ly s is , th e  p h y sica l shadow , now  to  be called  t ', is d esc rib ed  b y  

e q u a tio n  (42). W e  w rite  d o w n  th is  e q u a tio n  a g a in , b u t  rep lace  th e  F o u r ie r  v a ria b le s  

b y  th e  ang les  a ,  /?, y . F o r  reaso n s  o f  sy m m e try  i t  w ill be  c o n v en ie n t to  a t ta c h  

th e  p r im e ' n o t  o n ly  to  th e  d a ta  o f  th e  a n a ly z e r, b u t  a lso  to  th e  co -o rd in a te s  x , y , a ,  /?, y  

a n d  a 0, /?0, y 0 u sed  in  th e  an a ly s is . W e w rite

M icro sco p y  b y  reconstructed w ave-fron ts

x  e x p  { 2 m [ Q te J D  ~  « ( * '.  / ? ' ) ] } d x 'd y ',  (48)
c o sy 0

w h ere  th e  p h a se  fu n c tio n  Q is

 +  y '  cos /S' — £zosin2yo — £ 4 ' (cos2 a '  — cos2/? ') — %(z'0 +  2C'S) sin4y '] .

(49)

T h e  sam e e q u a tio n  a pp lies  to  th e  sy n th es is , i.e . to  th e  re c o n s tru c tio n  o f  a n  o b je c t 

t*, w ith  a ll p r im e s ' ch an g ed  in to  T he  fa c t  t h a t  th e  h o log ram  o b ta in e d  in  th e  an a ly s is  

is u sed  in  th e  re c o n s tru c tio n  is ex p ressed  b y

T V \ / r , y ' ' )  =  T ' ( ^ / ? ' , / ) ,  (50)

w here  th e  ang les a ',  /?', y '  a n d  a", /?", y"  be long  to  co rrespond ing  p o in ts  o f  th e  h o lo ­

g ram . T h e  re la tio n  b e tw een  th e m  is g iv en  b y  th e  geom etrie s o f  th e  a n a ly z e r a n d  

o f  th e  sy n th e tiz e r .

C onsider f irs t th e  sim ple  case, i l lu s tra te d  in  figure  1, in  w hich  th e  focal le n g th  /  o f  

th e  co llim a to r lens in  th e  sy n th e tiz e r , w h ich  m oves th e  ho log ram  o p tic a lly  to  in fin ity , 

is th e  sam e as th e  th ro w  L  in  th e  an a ly ze r . I n  th is  case th e  ang les a ',  /?' a n d  a", /?" a re  

th e  sam e, a n d  th e ir  p rim es can  be d isreg ard ed . I t  c an  be seen  b y  in sp ec tio n  o f  

e q u a tio n  (48) t h a t  i t  is tra n s fo rm e d  in to  th e  co rrespond ing  e q u a tio n  fo r 7" =  r '

i f  w e p u t

11 y '  =  A , =  ~ A ' „  c ;  = II (51)

a n d T '( * ', iO  =  r  ' ( j p a e ' . j p t f ) • (52)

T h e  tra n s fo rm a tio n  o f  th e  in te g ra tio n  v a riab les  is p u re ly  fo rm a l. T h e  n e x t tw o  

e q u a tio n s  p o s tu la te  th e  scaling  u p  o f  th e  a b e rra tio n s  A's, C'8 in  th e  sy n th e tiz e r , a n d  

th e  la s t  o f  th e  cond itions (51) s ta te s  th a t  one m u s t focus o n  th e  p lan e  z’q in  o rd e r to  

see th e  o b je c t t" g iven  b y  e q u a tio n  (52).

C onsider now  th e  m ore  general case

f = J c L ,  (53)

i.e . w e use  a  co llim ato r lens o f  focal le n g th  Jc tim es  th e  th ro w  in  th e  ana lyzer, a lw ays 

assum in g  o f  course th a t  th e  ho lo gram  is in  th e  focal p lan e  o f  th e  lens. (T his covers

Vol. 197. A. 32
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4 8 2 D .  G a b o r

a lso  th e  case  in  w h ic h  th e  h o lo g ra m  u s e d  in  th e  s y n th e s is  is  a n  m  t im e s  e n la rg e d

re p lic a  o f  th e  o r ig in a l;  in  th is  case  th e  p a r a m e te r  w h ic h  fig u res  in  th e  fo llo w in g

e q u a tio n s  h a s  th e  v a lu  ef/mL.) Th e  a n g le s  a ' . . .  a n d  . . .  a re  n o w  c o n n e c te d  

re la tio n s  , „ ot 0„
cos a  7„c o s a  c o s p  7 c o s p

#  —  k  ~n  9  7  7 F

c o s y  c o s y  c o s y  c o s y

T h e  s o lu tio n  o f  th e s e  e q u a tio n s  c a n  b e  w r i t t e n  in  th e  fo rm

c o s a ' =  & c o sa * fl — £(&2 — l ) s i n 2y "  —§(fc2-- l ) 2s in 4y*  —.. .] .  (54-1)

O n ly  th e  f ir s t  tw o  te rm s  o f  th e  e x p a n s io n  w ill b e  re q u ire d .  I n t r o d u c e  th e s e  in to  

e q u a t io n  (48), w h e re  fo r  s im p lic ity  w e p u t  A' =  A", to  s e p a ra te  th e  c h a n g e  o f  g e o m e try  

f ro m  th e  c h a n g e  o f  w a v e -le n g th . T h e  e ss e n tia l  p ro p e r tie s  o f  th e  t r a n s fo rm a t io n  c a n  

b e  d e d u c e d  fro m  th e  p h a se  fu n c t io n  Q, e q u a t io n  (49), w h ic h  n o w  a ssu m e s  th e  fo rm

A Q =  k  ( x 'cos a" -f y 'cos /?") — \ k 2z'0s in 2 y  " — ^ P

_  +  s in 4 Y - \ k { k 2 -  1) cos a"  +  y f

+  f  z'&2(&2 -  1) s in 4 f  +  \ A ’8k 2{k2 -  1) s in 2 y ” (cos2

T h e  te rm s  in  th e  f ir s t  ro w  a n d  th e  f ir s t  te rm  in  th e  se c o n d  c o rre sp o n d  to  a n  e x a c t  

r e p ro d u c tio n , th e  o th e rs  re p re s e n t  e r ro rs  w h ic h  a r is e  o n ly  i f  k 2 4= 1. C o n sid e rin g  th e  

f ir s t  fo u r  te rm s  o n ly , e q u a tio n  (48) tr a n s fo rm s  in to  a n  id e n tic a l  e q u a t io n  fo r  r"  in s te a d  

o f  7 ' b y  p u t t in g

k x ’ =  x", k y ' = y",k2A's = A ’', k*C8 = C l  4  (5

a n d  =  (57)

T h is  m e a n s  t h a t  in  o rd e r  to  see a n  im a g e  w h ic h  is a  & tim e s  e n la rg e d  re p lic a  o f  th e  

o rig in a l w e m u s t  sca le  u p  th e  a s t ig m a tis m  k 2 t im e s , t h e  s p h e r ic a l a b e r r a t io n  4 tim e s , 

a n d  fo c u s  th e  v ie w in g  s y s te m  o n  a  p la n e  Zq =  k 2z f0.

B u t  th is  im a g e  w ill a p p e a r  w ith  c e r ta in  a b e r ra t io n s ,  w h ic h  a re  in d ic a te d  b y  th e  n ew  

te rm s  in  (55). T h e  se c o n d  te rm  in  th e  sec o n d  ro w  re p re s e n ts  a  com a. T h e  f i r s t  te r m  

in  th e  la s t  ro w  is  a n  a d d i t io n  to  th e  s p h e r ic a l a b e r ra t io n ,  w h ic h  c a n  b e  in c o rp o ra te d  

in  Cg.The la s t  te r m  sh o w s t h a t  th e  a s t i g m a t i s m ^  o f  sec o n d  o rd e r  in  th e  a n a ly z e r  h a s  

p ro d u c e d  a s t ig m a tis m  o f  th e  fo u r th  o rd e r  in  th e  a n a ly z e r , i.e . a  sp h e r ic a l  a b e r r a t io n  

o f  th e  e llip tic a l ty p e .

A ll th e s e  e r ro r  te rm s  c a n  b e  k e p t  v e ry  sm a ll u n le ss  1. I t  c a n  b e  s h o w n  t h a t  th e  

b e s t  p o s itio n s  o f  th e  o b je c t  a te  n e a r  z'0 — — C's s in 2 y'm, h e n c e  x ',  y '  w ill b e  o f  th e  o rd e r  

C's s in 3 y'm, e v e n  i f  th e  o b je c t  is  in  a  m a rg in a l p o s itio n . H e n c e  th e  c o m a  te r m  in  (55) 

w ill b e  o f  th e  o rd e r
k 2— 1

k (k 2 - 1  )C'8s in 3 y m s in 3 y"m ~  C'8 s in 6 y'm

i.e . u n le ss  k 2<4 1 th is  w ill b e  a  v e ry  sm a ll te rm , e x c e p t  in  e x tre m e  cases  w h

s p h e r ic a l a b e r r a t io n  C's s in 4 y'm is  o f  th e  o rd e r  o f  s e v e ra l h u n d re d  fr in g es . I n  s u c h  

c ase s  th e  c o m a  m ig h t  a m o u n t  to  a  few  fr in g es , a n d  c o m a  c o m p e n s a tio n  in  th e  v ie w in g  

s y s te m  m a y  b eco m e  n e c e ssa ry .
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T h e  la s t  te rm  in  (55) is o f  th e  o rd e r

k 2- l  A, . 4 , 
—p —4 s sm 4 y m,

w h ich  is a g a in  v e ry  sm all un less  k 2 1. 

o f  C8; th u s  e v en  i f  th e  sp h erica l a b e r ra t io n  is o f  th e  o rd e r o f  a  th o u s a n d  frin ges, th is  

te rm  w ill re p re se n t a  f ra c tio n  o f  a  fringe  on ly .

T h u s  i t  is ad m issib le  to  m a k e  th e  le n g th  o f  th e  p p tic a l s y n th e tiz e r  a p p re c ia b ly  

d iffe ren t fro m  th e  th ro w  in  th e  e lec tro n ic  an a ly z e r . I t  m a y  be  p a r tic u la r ly  

a d v a n ta g e o u s  to  m a k e  k  < 1, t h a t  is to  say , n o t  to  m a k e  use o f  th e  fu ll m

A"/A' w h ich  is a b o u t  100,000, b u t  o n ly  o f  a  p a r t  o f  i t .  T h e  re s t  c an  be  su p p lied  b y  th e  

v iew in g  sy stem . T h is  h a s  th e  a d v a n ta g e  t h a t  one c a n  w o rk  w ith  sm alle r lenses, 

th o u g h  w ith  p ro p o r tio n a te ly  la rg e r  n u m e ric a l a p e r tu re .  A ssum in g , fo r in s ta n ce , 

C'8 =  1 cm . a n d  s in  y'm — 0*05, th e  m in im u m  d ia m e te r  o f  th e  e lec tro n  b e am  is 0*625 

a n d  i f  one m ak es  k  = 1 one  re q u ire s  a n  o p tic a l sy s te m  c ap ab le  o f  h a n d lin g  a  lig h t 

b e am  w ith  6*25 cm . m ininrmm d ia m e te r . I t  w ill be  a d v a n ta g e o u s  to  red u ce  th is  to  

one-ha lf, o r  ev en  to  o n e -q u a rte r , as  o p tic a l sy s te m s w ith  n u m e ric a l a p e r tu re s  o f  

0*1 to  0*2 p re se n t n o  d ifficu lties i f  th e  lenses n eed  n o t  be  la rge .

T o  sum  u p , i f  in  th e  o p tic a l s y n th e tiz e r  th e  d a ta  o f  th e  e lec tro n ic  condenser sy stem  

a re  sca led  u p  acco rd in g  to

A ;  = V j , A '„  01  =  C'„ 

th e  tra n s v e rsa l d im ens io ns o f  th e  o b je c t w ill a p p e a r  sca led  u p  in  a  ra tio  kX"/X' a n d  th e  

lo n g itu d in a l d im ensions in  th e  ra tio  k 2A"/A'. T h u s  the 

transform ation  is  o f the type as produced by optical instrum ents , w ith  a  longitud inal 

m agnification equal to the square o f  the transversal, while the X-part is  a  u n ifo rm  

scaling-up, no t realizable by ordinary optical im agery.

T he  a cc u ra c y  w ith  w h ich  th e  c o n d itio n s  (58) h a v e  to  be  fulfilled  c an  be  b e s t s ta te d  

in  te rm s  o f  fringes . T h e  m a x im u m  adm issib le  d e v ia tio n  o f  a  w a v e -fro n t from  th e  

sp h erica l sh ap e  w ith o u t loss o f  reso lv ing  p ow er h as  b een  e s tim a te d  b y  G laser (1943) 

as  0*4 o f  a  w av e-len g th , b y  B ru c k  (1947) as  one w av e-len g th . T h e  second  can  be  

considered  as th e  m ore  re liab le  e s tim a te .  T h u s  th e  c o n d itio n  (58) for C"8 m u s t be  

o b serv ed  to  a n  acc u ra cy  o f  one fringe . A ssum in g  ag a in  =  1 cm . a n d  a  reso lu tio n

lim it o f  lA , one req u ire s  b y  A b b e ’s ru le  a n  a p e r tu re  s in y ^  =  0*025, a n d  w ith  th e  

m ore  a c c u ra te  n u m erica l fa c to r  0*6, s in y ^  =  0*030. T h is  g ives 200 o r 400 fringes a t  

th e  edge o f  th e  field, acco rd ing  to  w hich  n u m erica l fa c to r  one a d o p ts . T h u s  th e  

sp h erica l a b e rra tio n  in  th e  o p tic a l m odel m u s t im ita te  C'8 to  a b o u t one frin ge in  

200 o r in  400.

T he  a s tig m a tism  to le ra n ce  a t  th e  edge  o f  th e  field is a b o u t a  q u a r te r  fringe . I n  

ca re fu lly  m a n u fa c tu re d  e lec tro n  o b jec tiv es  A8 is o f th e  o rd e r o f  a  few  m icro ns, a n d  

i t  c an  b e  re d u c ed  b y  th e  c o m p en sa tio n  m e th o d s  in tro d u c e d  b y  H illie r & R am b erg  

(1947) b y  a t  le a s t one o rd e r o f  m a g n itu d e . T h is  is n ecessa ry  for realiz ing  th e  fu ll 

re so lv ing  pow er o f  p re se n t-d a y  e lec tro n  m icroscopes . I n  te rm s  o f fringes, th e  

a s tig m a tism  in  carefu lly  m a n u fa c tu re d  b u t  n o t co m p en sa ted  e lec tro n  lenses a m o u n ts  

to  a  few  fringes a t  a p e r tu re s  o f  0*003, a n d  i f  th is  is opened  u p  te n  tim es, to  realize

M icro sco p y  b y  reconstructed  w ave-fron ts  4 8 3
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4 8 4 D .  G a b o r

a  t e n  t im e s  im p ro v e d  re so lv in g  p o w e r, t h e  d is to r t io n  w ill b e  o f  t h e  o rd e r  o f  a  few  

h u n d re d  fr in g es . T h u s  A'a m u s t  b e  a lso  im i ta te d  in  th e  o p tic a l  s y n th e t iz e r  to  a n  

a c c u ra c y  o f  o n e  p a r t  in  a  few  h u n d re d .

O n e  c o u ld  th in k  o f  im ita t in g  th e  d a ta  o f  th e  e le c tro n -o p tic a l  s y s te m  b y  f ir s t  

c a re fu lly  m e a s u rin g  A'8 a n d  C ’8 a n d  c o m p u tin g  a n  o p tic a l  s y s te m  w ith  th e s e  d a ta .  

B u t  th is  is h a rd ly  a  p ra c t ic a b le  m e th o d .  A p a r t  f ro m  th e  d iff icu ltie s  o f  m e a s u r in g  to  

th e  r e q u ire d  a c c u ra c y , b y  th e  t im e  th e  c o m p u ta t io n  is  f in ish e d  a n d  th e  o p tic a l  re p lic a  

is  m a d e  th e  d a ta  o f  th e  e le c tro n -o p tic a l  s y s te m  a re  lik e ly  to  h a v e  c h a n g e d  b y  f a r  

m o re  t h a n  th e  e r ro r  to le ra n c e .  I t  w ill b e  m u c h  p re fe ra b le  to  m a k e  th e  a s t ig m a tis m  

a n d  th e  s p h e r ic a l a b e r r a t io n  o f  th e  s y n th e t iz e r  v a r ia b le ,  a n d  a d j u s t  th e m  u n t i l  

c e r ta in  k n o w n  p a r t s  o f  th e  o b je c t , s u c h  a s  th e  s u p p o r t ,  o r  c e r ta in  s ta n d a r d  t e s t  

o b je c ts  a p p e a r  w ith  m a x im u m  sh a rp n e s s . T h e  s p h e r ic a l a b e r r a t io n  c a n  b e  m a d e  

v a r ia b le  b y  s h if tin g  a  fo u r th -o rd e r  p la te ,  th e  a s t ig m a tis m  b y  c ro sse d  c y lin d r ic a l 

le n se s  o r  b y  t i l t in g  len ses . E x p e r t  o p tic ia n s  w ill b e  d o u b tle s s ly  a b le  to  w o rk  o u t  

a  sc h e d u le  to  c a r ry  o u t  th e  th r e e  a d ju s tm e n ts  o f  fo cu s , a s t ig m a tis m  a n d  s p h e r ic a l  

a b e r r a t io n  in  a  s y s te m a tic  w a y .  T h u s  o n ly  a  m o d e ra te  d e g re e  o f  c o n s ta n c y  is  r e q u ire d  

o f  th e  e le c tro n -o p tic a l  s y s te m , su ffic ie n t a t  le a s t  fo r  a  se rie s  o f  re c o n s tru c t io n s , 

w i th o u t  to o  f r e q u e n t  r e a d ju s tm e n ts .

E x p e r i m e n t a l  t e s t s

E x p e r im e n ts  w ere  s ta r te d  a lm o s t a s  so o n  a s  th e  id e a  o f  r e c o n s tru c t io n  f ir s t  e m e rg e d .  

T h e y  c o n firm e d  th e  s o u n d n e ss  o f  th e  b a s ic  p r in c ip le , b u t  p o in te d  to  th e  i le c e s s ity  o f  

e la b o ra t in g  a n d  m o d ify in g  th e  o rig in a l, s o m e w h a t p r im it iv e  v iew s o n  th e  m e c h a n is m  

o f  re c o n s tru c t io n , w h ic h  h a v e  b e e n  d e sc r ib e d  e lse w h e re  (G a b o r 1948). T h e  e x p e r i­

m e n ts  w e re  la te r  c o n tin u e d  in  o rd e r  to  t e s t  t h e  co n c lu s io n s  f ro m  th e  q u a n t i t a t iv e  

th e o r y  d e sc r ib e d  in  th is  p a p e r .

I n  th e s e  te s t s  a n a ly s is  a n d  s y n th e s is  w ere  b o th  c a r r ie d  o u t  w i th  v is ib le  l ig h t ,  

th o u g h  n o t  a lw a y s  w ith  th e  sa m e  w a v e - le n g th .  T h e  a r r a n g e m e n t  fo r  ta k in g  h o lo g ra m s , 

w a s  s u b s ta n t ia l ly  a s  sh o w n  in  th e  u p p e r  p a r t  o f  f ig u re  1, b u t  w i th  o p tic a l  in s te a d  o f  

w ith  e le c tro n  len ses . A  c o n d e n se r  th r e w  a n  im a g e  o f  a  h ig h -p re s s u re  m e rc u ry  a rc  (o f 

th e  * c o m p a c t ’ ty p e ,  w i th  tu n g s te n  e le c tro d e s )  th ro u g h  a  c o lo u r f i l te r  o n  a n  a p e r tu r e  

o f  a b o u t  0*2 m m . d ia m e te r .  T h e  fin es u s e d  w e re  4 3 5 8 A  (violet)*, a n d  5 461A  (g reen ) , 

is o la te d  b y  W r a t t e n  f ig h t f il te rs  n o s . 47 a n d  61. I n  th e  e a r l ie r  t e s t s  a  m ic ro sc o p e  

o b je c t iv e  w a s  u s e d  to  p ro d u c e  a n  im a g e  o f  th is  a p e r tu r e ,  a b o u t  40 t im e s  re d u c e d , 

i.e . w i th  a  n o m in a l d ia jn e te r  o f  a b o u t  5 / i ,w hich

o b je c ts  w ere  m o s tly  m ic ro p h o to g ra p h s , s a n d w ic h e d  w ith  im m e rs io n  o il b e tw e e n  tw o  

p o lish e d  g lass  p la te s .  I n  th e  e a r lie r  e x p e r im e n ts  th e  d is ta n c e  b e tw e e n  th e  p o in t  

so u rc e  a n d  th e  o b je c t  w a s  a b o u t  50 m m . ,  th e  d is ta n c e  f ro m  th e  o b je c t  to  th e  p h o to ­

g ra p h ic  p la te  550  m m . ,  th u s  th e  g e o m e tr ic a l m a g n if ic a tio n  w a s  a b o u t  12.

T h e  p h o to g ra p h ic  p la te  w a s  h e ld  in  p o s it io n  a g a in s t  th r e e  lo c a t in g  p in s .  O rig in a lly  

i t  w a s  p la n n e d  to  d e v e lo p  th e  h o lo g ra m s  b y  re v e rsa l , t o  m a k e  s u re  o f  e x a c t ly  id e n tic a l  

p o s itio n s  in  th e  a n a ly s is  a n d  in  th e  s y n th e s is .  I n  th e  n e g a tiv e -p o s it iv e  p ro c e ss  th e  

p r in t in g  w a s  c a r r ie d  o u t  o n  th e  sa m e  lo c a t in g  p in s .  T h e se  p re c a u tio n s  p ro v e d  

u n n e c e s s a ry  in  th o s e  e x p e r im e n ts  in  w h ic h  n o t  o n ly  th e  G a u ss ia n  b u t  a lso  th e
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4 8 5

p h y s ica l d ia m e te r  o f  th e  source  w as o f  th e  o rd e r o f  th e  re so lu tio n  lim it, w h ich  p ro v es  

t h a t  in  th e se  cases th e  th e o ry  o f  h o m o c en tric  illu m in a tin g  b eam s is a  s a tis fa c to ry  

a p p ro x im a tio n .  B u t  th e y  w ere  re q u ire d  la te r , in  e x p e r im e n ts  w ith  v e ry  s tro n g  

sp h erica l a b e r ra t io n  in  th e  illu m in a tin g  b eam . R e v e rsa l d e v e lo p m en t, how ever, w as 

fo u n d  u n n ecessa ry , a n d  th e  fa r  m ore  flexib le  n e g a tiv e -p o s itiv e  p h o to g ra p h ic  p rocess 

w as u sed  th ro u g h o u t .  T h e  n e g a tiv e  h o lo g ram  w as u su a lly  p rocessed  w ith  T =  1*2 to  

1-6, a n d  th e  p o s itiv e  w ith  T =  0-7 to  1*6, so th a t  a  w ide ra n g e  o f  o vera ll g am m as 

cou ld  be te s te d .  W h e n  i t  w as confirm ed  t h a t  a n  o v era ll g a m m a  o f  2 g ave  th e  b e s t 

re su lts , th is  w as rea lized  as closely as possible .

I n  th e  re c o n s tru c tio n  th e  p o s itiv e  h o lo g ram  w as san d w ich ed  w ith  im m ersio n  oil 

b e tw ee n  p o lish ed  glass p la te s , w h ich  h a d  to  be carefu lly  selected . I t  w as b a ck e d  b y  

a  v iew ing  lens, w h ich  w as a n  a c h ro m a tic  d o u b le t, c em en ted  a n d  b loom ed, w ith  a  focal 

le n g th  o f  175 m m . a n d  a  lin e a r  a p e r tu re  o f 47 m m . T h e  sp h erica l a b e r ra tio n  w as 

3 fr in ges a t  in fin ite  c o n ju g a tes . T h e  d ia m e te r  w h ich  satisfies  th e  q u a rte r-w a v e  

to le ra n c e  can  be e s tim a te d  a t  27 m m ., a n d  th e  n u m e ric a l a p e r tu re  figures g iven  below  

a re  b a se d  o n  th is  ‘effective d ia m e te r ’. T h e  re c o n s tru c te d  im age  w as v iew ed  in  

a  m icro scope, a n d  p h o to g ra p h e d  on  p la te s  in tro d u c e d  in to  th e  eyepiece.

F ig u re  10, p la te  15, is a  reco rd  o f  one  o f  th e se  e a rlie r  e x p erim en ts . T he  figure a t  th e  

le f t is a  d ire c t p h o to g ra p h  o f  th e  o rig inal, w h ich  w as a  m ic ro p h o to g rap h  o f  th e  n am es 

o f  th e  th re e  fo u n d ers  o f  th e  v ;ave  th e o ry  o f  lig h t . I t  w as ta k e n  th ro u g h  th e  v iew ing  

sy s te m , w ith  th e  sam e o p tic s  as  u sed  fo r th e  re c o n s tru c tio n .  T h e  to p  figure is th e  

c e n tra l p a r t  o f  th e  ho log ram , a n d  th e  one a t  th e  r ig h t, is th e  re c o n s tru c tio n . A ll th re e  

w ere  ta k e n  w ith  th e  v io le t m e rc u ry  line  4358A. T h e  effective n u m erica l a p e r tu re  w as 

0-025, th u s  th e  re so lu tio n  lim it 0-6 x 0-436/0-025 =  10/t. T h is  is t t o  o f  th e  d ia m e te r  o f 

th e  re p ro d u c ed  p a r t  o f  th e  m ic ro p h o to g rap h s , a n d  co rresponds a b o u t to  th e  gap  

b e tw een  th e  ‘Y ’ a n d  th e  ‘G ’ in  ‘H U Y G E N S ’.

T h o u g h  in  its  b e s t p a r ts  th e  re c o n s tru c tio n  a lm o s t a t ta in s  th e  re so lu tio n  o f th e  

d ire c t p h o to g ra p h , th e  p ic tu re  is v e ry  ‘n o is y ’. T h is  is d u e  o n ly  to  a  sm aller p a r t  to  

th e  e ssen tia l d is tu rb a n c e  c re a te d  b y  th e  tw in  im age, to  a  g re a te r  p a r t  i t  is d u e  to  

specks o f  d u s t, a n d  in hom ogene itie s  in  th e  tw o  m icroscope ob jec tiv es. I t  m a y  be 

n o te d  t h a t  th e se  v e ry  tro u b leso m e  effects, unw elcom e c o n co m itan ts  o f  th e  g re a t 

p h a se -d isc rim in a tin g  pow er o f  th e  m e th o d s  using  a  co h eren t b ack g ro u n d , c a n n o t be 

e x p e c te d  to  a p p e a r  in  a n  e lec tron ic  an a ly ze r . H o w ev er im p erfec t a n  e lec tro n  lens 

m a y  be from  th e  p o in t o f  view  o f th e o re tic a l op tics , i t  can  c o n ta in  n e ith e r  d u s t  n o r 

‘ sch lieren  ’, as  th e  e lec tro m ag n e tic  field sm oo thes its e lf  o u t a u to m a tic a lly , a n d  in  th is  

re sp ec t a n y  e lec tro n  lens is su p erio r to  a ll b u t  th e  b e s t o p tic a l lenses.

I n  o rd e r to  a v o id  th e se  in essen tia l d is tu rb a n ce s , in  som e la te r  ex p erim en ts  th e  

o p tic a l su rfaces w ere  red u ced  to  a  m in im um . I n  th e  e x p erim en ts  o f w hich  figures 

11 a n d  12, p la te s  16 a n d  17, a re  records, th e  source  w as a  p in ho le  o f d ia m e te r , 

p ie rced  in to  tin fo il w ith  a  v e ry  fine need le . T h u s  no  glass surfaces o th e r  th a n  th o se  o f 

th e  m ic ro p h o to g rap h s  w ere  in v o lv ed  in  th e  ta k in g  o f th e  ho lo gram . I n  th e  re c o n ­

s tru c tio n  th e  op tics  w as also red u ced  to  a  m in im u m  b y  c u ttin g  o u t th e  second 

m icroscope . T he  spacing  be tw een  th e  o b je c t a n d  th e  view ing lens w as red u ced  to  

180 m m ., th e  d is tan ce  be tw een  th e  lens a n d  th e  p la te  in creased  to  700 m m ., so th a t  

a  fourfo ld  e n la rg em en t o f th e  o b je c t w as p ro d u ced  b y  th e  view ing lens, su fficien t for

M icro sco p y  by  reconstructed w ave-fron ts
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4 8 6 D .  G a b o r

d ire c t  p h o to g ra p h y  o n  n o t  u n d u ly  s lo w  p la te s .  F u r th e r  e n la rg e m e n t w a s  o b ta in e d  

in  so m e  cases  b y  ta k in g  th e  h o lo g ra m  w ith  th e  v io le t  lin e , b u t  re c o n s tru c t in g  i t  w ith  

th e  g re e n  line .

T h e  e ffec tiv e  n u m e ric a l  a p e r tu r e  in  th is  e x p e r im e n ta l  se ries  w as  0*075, a n d  th e  

th e o re t ic a l  re s o lu t io n  l im it  3*5 / i .This is  a b o u t  -gro o f  th e  d i

m ic ro p h o to g ra p h  w h ic h  is  re p ro d u c e d  in  fig u re  11 a n d  w h ic h  c o n ta in s  t e n  g re a t  

n a m e s  in  th e  th e o r y  o f  lig h t .  T h e  re s o lu tio n  is  j u s t  a b o u t  su ffic ie n t to  re so lv e  th e  h o le  

in  a n  ‘ A  ’. T h e  th e o re t ic a l  re s o lu tio n  o f  th e  r e c o n s tru c t io n  is  less, b e c a u se  th e  p in h o le  

so u rc e  o f  3 ji, u s e d  b o th  in  th e  a n a ly s is  a n d  in  th e  sy n th e s is , is  o f  th e  sa m e  o rd e r .  I t  

c a n  b e  e s t im a te d  a t  a b o u t  5*5 / i ,by th e  th u m b  ru le  o f  o r th o

e rro rs .  T h is  re s o lu tio n  h a s  b e e n  in  f a c t  v e ry  n e a r ly  a c h ie v e d  in  th e  case  o f  fig u re  11 

a n d  a lso  in  fig u re  12. I t  cafi b e  a lso  see n  t h a t  th e  b a c k g ro u n d  is  v e ry  m u c h  m o re  e v e n  

t h a n  in  fig u re  10. T h e  re s id u a l d is tu rb a n c e  is  m o s t ly  e s s e n tia l , a n d  d u e  to  th e  tw in  

o b je c t . I n  th e s e  e x p e r im e n ts  th e  tw in  o b je c t  c o u ld  b e  s e p a ra te ly  fo c u sed , a n d  a s  

re g a rd s  sh a rp n e s s  c o u ld  n o t  b e  d is t in g u is h e d  f ro m  th e  ‘t r u e ’ im a g e .

E x p e r im e n ts  fo r  te s t in g  th e  th e o r y  in  th e  case  o f  i l lu m in a t in g  b e a m s  w ith  la rg e  

s p h e r ic a l a b e r r a t io n  a re  in  p ro g re ss , b u t  th e y  h a v e  a l re a d y  c o n firm e d  i t s  m a in  re s u lts .

Co n c l u s i o n

T h e  n e w  p rin c ip le  c a n  b e  a p p lie d  in  a ll  cases  w h e re  c o h e re n t m o n o c h ro m a tic  

r a d ia t io n  o f  su ffic ien t in te n s i ty  is  a v a ila b le  to  p ro d u c e  a  d iv e rg e n t  d if f ra c tio n  p a t t e r n ,  

w ith  a  re la t iv e ly  s tro n g  c o h e re n t b a c k g ro u n d .  W h ile  th e  a p p lic a t io n  to  e le c tro n  

m ic ro sc o p y  p ro m ise s  th e  d ire c t  re s o lu tio n  o f  s t r u c tu re s  w h ic h  a re  o u ts id e  th e  ra n g e  

o f  o rd in a ry  e le c tro n  m ic ro sco p es , p ro b a b ly  th e  m o s t  in te re s t in g  fe a tu re  o f  th e  n e w  

m e th o d  fo r  f ig h t-o p tic a l  a p p lic a tio n s  is  th e  p o s s ib il i ty  o f  re c o rd in g  in  o n e  p h o to g ra p h  

th e  d a ta  o f  th re e -d im e n s io n a l o b je c ts . I n  th e  re c o n s tru c t io n  o n e  p la n e  a f te r  th e  o th e r  

c a n  b e  fo cu sed , a s  i f  th e  o b je c t  w ere  in  p o s itio n , th o u g h  th e  d is tu rb in g  e ffec t o f  th e  

p a r t s  o f  th e  o b je c t  o u ts id e  th e  s h a rp ly  fo c u sed  p la n e  is  s t ro n g e r  in  c o h e re n t f ig h t t h a n  

in  in c o h e re n t i l lu m in a tio n .  B u t  i t  is  v e ry  lik e ly  t h a t  in  f ig h t o p tic s , w h e re  b e a m  

s p l i t te r s  a re  a v a ila b le , m e th o d s  c a n  b e  fo u n d  fo r  p ro v id in g  th e  c o h e re n t b a c k g ro u n d  

w h ic h  w ill a llo w  b e t t e r  s e p a ra t io n  o f  o b je c t  p la n e s , a n d  m o re  e ffec tiv e  e lim in a tio n  

o f  th e  e ffec ts  o f  th e  ‘tw in  w a v e ’ t h a n  th e  s im p le  a r ra n g e m e n ts  w h ic h  h a v e  b e e n  

in v e s t ig a te d .

I  t h a n k  M r L . J .  D a v ie s , D ire c to r  o f  R e s e a rc h  o f  th e  .B r itis h  T h o m s o n -H o u s to n  

C o m p a n y , fo r  p e rm is s io n  to  p u b lis h  th is  p a p e r  a n d  M r J .  W illia m s  fo r  a s s is ta n c e  in  

th e  e x p e r im e n ta l  w o rk .
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T h e  th e rm a l  e q u il ib r iu m  a t  th e  t ro p o p a u s e  a n d  th e  

te m p e ra tu r e  o f  th e  lo w er s tra to s p h e re

B y  R. M. Go o d y , S t J o h n ’s College, U niversity  o f Cambridge

(C om m unicated by D . B ru n t, F .R .S .— Received  16 A u g u st 1948—  

Revised  14 F ebruary  1949)

F u r th e r  co n s id er a tio n s  a lo n g  th e  lin es  o f  E m d e n ’s m e th o d s  lea d  to  c o n t in u ity  o f  tem p e r a tu re  
a t  th e  tro p o p a u se  a s  a  c o n d itio n  for a  s ta b le  t r a n s it io n  from  a  s ta te  o f  c o n v e c tiv e  to  r a d ia tiv e  
eq u ilib r iu m . T h is  e x p la in s  th e  c h a ra c ter is tic  ap p ea ra n ce  o f  th e  tem p era tu re  d is tr ib u tio n  
n ear  th e  tro p o p a u se . A p p lic a t io n  o f  th is  c o n d itio n  lea d s  to  a  s im p le  e x p la n a tio n  o f  th e  
la t itu d e  v a r ia t io n  o f  s tra to sp h ere  tem p era tu re , m a in ly  in  term s o f  th e  e ffec ts  o f  w a te r  
v a p o u r  a n d  carb on  d io x id e . T h e  v a r ia t io n  o f  s tra to sp h ere  tem p era tu re  w ith  ozo n e  c o n c e n tr a ­

t io n  m a y  b e  c a lc u la ted , w h ic h  con firm s D o b so n ’s h y p o th e s is  th a t  a n o m a lo u s  sea so n a l v a r ia ­

t io n s  in  str a to sp h e r e  tem p e r a tu re  are d u e  to  se a so n a l v a r ia t io n s  o f  ozo n e  c o n c e n tr a tio n . 
R e a so n s  for th e  a p p r o x im a te ly  iso th erm a l ch a ra cter  o f  th e  low er  s tr a to sp h e r e  are a lso  
d iscu ssed .

1 . In t k o d u c t i o n

T h e  fa c ts  re la tin g  to  th e  te m p e ra tu re  o f th e  low er s tra to sp h e re  w hich  req u ire  

e x p la n a tio n  a re  now  w ell estab lish ed . T h e y  a re :

(i) t h a t  th e  tra n s it io n  o f  te m p e ra tu re  from  th e  tro p o sp h e re  to  th e  s tra to sp h e re  

is sm o o th ;

(ii) t h a t  th e  te m p e ra tu re  is low er o v e r th e  tro p ics  th a n  over th e  a rc tic ;

(iii) t h a t  te m p e ra tu re  g ra d ie n ts  a re  sm all re la tiv e  to  th o se  occurrin g  in  th e  tro p o ­

sphere , a n d  o fte n  p o sitiv e ; a n d

(iv) t h a t  th e  seasonal v a r ia tio n  o f te m p e ra tu re  differs from  th a t  o f th e  tro p o sp h e re  

im m e d ia te ly  below  th e  tro p o p au se .

T h e  low er s tra to sp h e re  is ta k e n  to  m e an  th e  a p p ro x im a te ly  iso th e rm a l reg ion  

b e tw een  th e  tro p o p a u se  a n d  a  h e ig h t o f  a p p ro x im a te ly  30 km ., above  w hich  te m ­

p e ra tu re  begins to  increase  ra p id ly  w ith  h e ig h t.

A n y  th e o ry  o f h e a t in te rc h an g e  in  th e  low er s tra to sp h e re  m u s t a t te m p t  to  ex p la in  

th ese  fac ts . S uch  a  th e o ry , in  th e  p re se n t s ta te  o f  know ledge, m u s t n ecessa rily  be 

h igh ly  sim plified , fo r th e  ex istence  o f w in ds a t  h ig h  a ltitu d e s , a n d  o f m ov ing  a ir  

m asses w ith  d is tin c t boundaries, m ak e  a n  e x a c t t re a tm e n t  a lm o s t im possib le . In  

p rob lem s o f s im ila r com plication , how ever, i t  is som etim es possib le  to  iso la te  ohe
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