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Abstract

Understanding the mechanism of anomalous transport in magnetically
confined plasmas requires the use of sophisticated diagnostic tools for
the measurement of short-scale turbulent fluctuations. This paper
describes the conceptual design of an experimental technique for the
global visualization of density fluctuations in tokamaks. The proposed
method is based on microwave reflectometry and consists in using a
large diameter probing beam, collecting the reflected waves with a large
aperture antenna, and forming an image of the reflecting plasma layer
onto a 2D array of microwave receivers. Based on results from a series
of numerical simulations, the theoretical feasibility conditions of the
proposed method are discussed.
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1. Introduction

The direct impact of plasma confinement on the feasibility of an
economical fusion reactor makes understanding the mechanism of
anomalous transport in magnetically confined plasmas one of the great
challenges of fusion research.

Both theory and experiments suggest that plasma transport in
tokamaks greatly exceeds neoclassical predictions because of short-scale
turbulent fluctuations causing an enhancement in the diffusion of
particles, energy and momentum across the magnetic field lines [1].
However, such an explanation is not completely satisfactory since it is
based neither on a self-consistent theory of plasma turbulence nor on
comprehensive sets of measurements. Indeed, the role played by
turbulence on transport of magnetically confined plasmas is still an
outstanding issue.

Because of the overwhelming difficulty in developing the theory of
plasma turbulence and in performing exhaustive measurements of
turbulent fluctuations, numerical simulations of turbulence are beginning
to play a dominant role in the prediction and interpretation of tokamak
experiments. However, this also is not satisfactory since, given the
enormous complexity of the problem, any simulation of turbulence must
be driven by a direct experimental observation of the turbulent
fluctuations. A case in point is that of classical fluids [2], where many
advances in the theory of hydrodynamic turbulence were stimulated by
the visualization of the turbulent flow with a variety of optical
techniques. Unfortunately, none of these diagnostic methods could be
used for the measurement of fluctuations in low density and high
temperature plasmas, such as those in tokamaks.

This paper describes an experimental technique for the global
visualization of turbulent fluctuations in tokamaks. Its outline is as
follows. Section 2 is a discussion of difficulties and limitations in the
use of microwave reflectometry in tokamaks — the basis of the method



proposed in this paper. Section 3 contains results from a series of
numerical simulations, and their implications for the use of
reflectometry in tokamaks are discussed in Sec. 4. Section 5 describes
the conceptual design of a possible apparatus for the global visualization
of turbulent fluctuations in tokamaks. Finally, concluding remarks are
given in Sec. 6.

2. Microwave Reflectometry

The method described in this paper is based on microwave
reflectometry [3] — a radar technique for the detection of plasma
fluctuations from the reflection of microwaves by plasma cutoffs.
Because of a high sensitivity to plasma fluctuations, reflectometry has
found extensive use in tokamaks for the detection of turbulence.
However, often the high sensitivity makes very difficult the extraction of
any quantitative information from the measured signals as well.

The interpretation of reflectometry is relatively simple in a 1D
geometry, where a plane stratified plasma permittivity e, (r) + £(r)
(with fluctuation componen(r) << 1) is probed by a wave propagating
in ther-direction. Under these conditions, it is easy to show that when
the radial wave number of fluctuations satisfies the equation
ke <ky/(kyLe)Y/3 (where L, = (deoldr)r;lrc is the scale length of the
plasma permittivity at the cutoff =r; andk, is the free-space wave
number of the probing wave), the fluctuating component of the signal
phase is given by the approximation of geometric optics [3]

b=k 0 ®
0 \&(r)

Taking |k | >1/L, since we are interested in short-scale fluctuations,
and g, (r) = (rc -r)/ L, since most of the contribution tbcomes from
a narrow region near the cutoff, from Eq. (1) we obtain [3]
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where L, = n/(dn/dr)r=rC is the scale length of the electron density

M = (nas/an)r=rC (equal to one for the ordinary mode and to tV\iO for
the extraordinary mode),l“¢ (k-) is the power spectrum ofp
(considered as a function of) and I', (k) is the power spectrum of
the relative density fluctuatiofi/ n.

In conclusion, for 1D turbulence the power spectrum of density
fluctuations I'y, (ky ) can be obtained from the power spectrum of the
signal phasd“¢(kr). The latter can be measured by performing radial
correlation measurements using several probing waves with closely
spaced cutoff layers.
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FIG. 1. In-phase Ij and quadrature @) components of a TFTR
reflectometer signal over a 1 ms window (left), and probability density
distribution of the signal amplitude = /12 + Q2 (right); open circles
are the Rayleigh distribution=(2 p exp[-p?2 ]).

The use of reflectometry becomes considerably more difficult in
plasmas with multi-dimensional turbulent fluctuations. Unfortunately,
this is just the case of interest in magnetically confined plasmas, such as
in tokamaks where turbulent fluctuations vary in both the radial and
poloidal directions. The difficulty stems from the fact that when the
plasma permittivity fluctuates perpendicularly to the direction of
propagation of the probing wave, the spectral components of the
backward field propagate in different directions. This may result in a



complicated interference pattern on the detector plane, from which it is
very difficult to extract any information on the fluctuations under
investigation. This phenomenon is illustrated in Fig. 1, which shows the
in-phase ) and quadratureQ) components of a TFTReflectometer

signal together with the density distribution of the signal amplitude
p=+l 24+Q2 [4]. The large fluctuations in the measured signal are
the result of two dimensional (2D) plasma fluctuation that transforms the
signal components into two independent normal random variables with
zero mean. Consequently, the phase of the measured signal cannot be
used for inferring the properties of plasma fluctuations.

To better understand and quantify this phenomenon, we have
performed a series of numerical simulations of reflectometry in plasmas
with 2D fluctuations [5]. Here we present only the results that are of
interest for the subject of this paper.

3. Numerical Simulations

In a system of orthogonal coordinatag), we assume that a plane
stratified plasma densityn(r)) is perturbed by a field of 2D fluctuations
(A(x,r)) with spectral distribution

A M M
nr(1)((r)r) ) pzl q2=16pq COS{ Picy 1) COS(QIK X + @ppq) 3)

consisting ofMxM discrete components with wave numbgyigs, and
gk x (kr andxy are constants), random phaggs;, and amplitudes
g = pexpl—(pxr / Ak )2 - (qrcx [ Aky) 2], (4)

where Ak, =x,M/2, Aky =k yM/2. Throughout the paper we will use
the valueM=20.

The plasma is confined to the regian<r, and the probing wave
is launched in the-direction from the free-space region-r,. For
facilitating the comparison with experimental results, the demgity is
taken similar to the electron density distribution on the equatorial plane



of a typical TFTR discharge. Finally, the probing wave has the
frequency of 75 GHz and the ordinary mode of propagation with the
electric field perpendicular to theaxis.

The wave amplitude E(x,r)) is expressed as the sum dfi21
independent solutions of the wave equation

E(x,r) = n;i\ll\?nEn(x,r)’ (5)

with N>>M (to be determined). The functiois, are cast in the form

En(X,r) = ENN fmn(r)eimrcxx, (6)

where f4(r) are solutions of a system oN21 ordinary differential
equations

d2fn
dr2

xpEiAl qgﬁa% cos(pxr 1) (fim_gyn e?pq + fimegyn e’?pa)]=0 ° (7)
(m=-N,-N+ 1......N)

where ¢ | =1_(wp/w)2 is the unperturbed plasmgermittivity,
wp = (4nnge2 /mg )1/2 is the plasma frequency amgh, = miky /k,.
These equations, that are obtained inserting Eqgs. (4) and (6) into the
wave equation and by performing a Fourier expansiorx,ircan be
solved with the Runge-Kutta method. The coefficiegjsn Eq. (5) are
then determined by imposing th&{x,r) in free-space has the form

+ kg(go - O‘rzn) fron + k%(eo -1)

E(x.r) = o ikol g @qei[nxxx+(kg-n2x§)1/2r], 8)

where the first term on the right hand side is the launched wave, while
the second represents the field of reflected waves in free-space (in the
following referred to as the backward fielg)). In the regiorr <1, By
represents a virtual field that an observer in free-space could measure by
mapping the plasma region onto an array of detectors with an optical



system.
Finally, the integeN must be chosen large enough to make the
results significantly unchanged by any increase in its value. This
condition, to be verified a posteriori, allows the closure of the system of
differential equations (7) by setting to zero all terrfaﬁ.],_,q)n with
[m=q| > N.
Shown in Fig. 2 are the amplitudésy, | of reflected waves as a
function of ky = nxy for fluctuations with Ak,=0.5 cml and Ak, =1
cmrl. The three cases differ only in the value of the total density
fluctuation, defined as the volume averagg=< i2/n? >1/2 which is
equal to 2.510-3, 5.0x10-3 and 1.x10-2, respectively. These results
show that a rise in the level of plasma fluctuations causes a spectral
broadening of the reflected waves and a decrease in the ampWyide (
of the wave propagating along the direction of specular reflection.
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FIG. 2. Spectra of backward waves as a functiokyofor fluctuations
with Aky=0.5 cml, Ak, =1 cnTl, and 0,,=2.5x10°3 (a), on=5.0x10-3
(b), 07=1.0x10°2 (c). Calculations were done wit=80.



For the same three cases of Fig. 2, Fig. 3 shows the modulus
(p=lE,l) and the phase deviation;;I from the mean phase of the
backward field at the plasma boundary=(r,). These results show
large fluctuations inp and therefore that the backward field is far from
being approximated by a plane wave. Shown in Fig. 3 is also the phase
obtained from Eg. (1) neglecting the bending of rays, which in the
following we will indicate with ¢5o and refer to as the phase of 1D
geometric optic. These results show thfaiis significantly different
from ¢go, and that the discrepancy grows with the level of fluctuations.
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FIG. 3. Modulusp of the backward field (left), and fluctuating phase
¢ (right) at plasma boundary & 1) for the three cases of Fig. 2.
Dashed line is the phase of 1D geometric opifgg ).

The large fluctuations in the amplitude of the backward field shown
in Fig. 3 are caused by the interference of reflected waves. The question,
then, is whether the fluctuations jnare smaller at other locations. In



the random phase screen model of reflectometry [6], where the primary
effect of plasma fluctuations is a phase modulation of the probing wave
nearr = ¢, thefluctuations ino must be very small near the cutoff.
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FIG. 4. Isometric 3D plot of the field amplitude(x,r) for the case (a)
of Fig. 2; the probing wave is launched from the free-space regign

The isometric 3D plot ofo(x,r), shown in Fig. 4 for one of the cases of
Fig. 2, proves that indeed a region with very small fluctuations exists,
but it is located at a considerable distance from the cutoff.
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FIG. 5. Value ofo, as a function of for the three cases of Fig. 2. The
dash line represents the valueogffrom the Raileigh distribution.



As a measure of the fluctuation p{x,r), we define the variance
og(r) =<(p-<p>r)¢ >, where <--->; indicates the average at
constant value of. Figure 5 shows that the radiug of the absolute
minimum of o, is the same for all the cases of Fig. 2. It is also
interesting to note that for >> rg, Fig. 5 shows thatr, approaches the
variance given by the Rayleigh distribution of a Gaussian noise,
indicating that as in Fig. 1 the real and the imaginary component of the
backward field become two independent normal random variables with
zero mean.
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FIG. 6. Fluctuating phaseg; (solid line) and¢s, (dashed line) for
the three cases of Fig. 2.

Shown in Fig. 6 is the value @f;, and the phase deviation from
the mean for the backward field at r; (in the following referred to as
the phaseg¢gs). The excellent agreement betwegg, and ¢g is
tantamount to a reduction of the problem of 2D fluctuations to that of
1D fluctuations. In both cases, Eq. (2) provides a link between plasma
fluctuations and a measurable phase — the signal phase for 1D
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fluctuations and the phagg of the backward field for 2D fluctuations.

The two properties of the plane=rg, i.e., whereo, has its
absolute minimum andyg = ¢5o, Would make the backward field
appear to an observer in free-space as coming from a virtual location
behind the cutoff. This is the result of the spatial variatiorothat
causes a bending towards thaxis in the trajectory of waves with
ky = 0. To quantify this phenomenon, let us consider the geometry of
Fig. 7 where the plasma is divided irtbplane slabs with thickness
and uniform permittivitye; . For a ray with wave numbes, we can
easily derive the difference equation

tan(6, )
' tan(6;,)
whereR andg; are the radius and the angle of intersection wittrthe
axis of the ray tangent, and=r;, - R .

i +0, (9)
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FIG. 7. Geometry used for deriving Eq. (9).

From this and the fact tha, is constant, we get
o=l JEa-o-g5-a
0 \/fi -a 0
where a = (kc/ky)%. The limit N—o turns Eqg. (10) into the
differential equation

+1, (10)

d In 1
aJeo(r)—a - NNOE (1)
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which, apart from terms of orderl,, gives

(12)

[ 1
I(r=r,)= ——dr.
b ffc Véo(r)
Since this expression does not dependkgnall rays starting from the
same point will appear as coming from the radial position

(13)

1) 1
r=errb—frC mdr.
It is interesting to note that the integral in this equation is the group
delay multiplied by the speed of light.
Figure 8, whereo,(r) is displayed for three density profiles having

the same cutoff radius, shows that Eqg. (13) agrees with the results of the
numerical simulations.

1.0 0.6
0.5
2 0.4
£
bt 0.3
S 05[ 5 0.
o
= B 0.2
c "~ o
0.1
e
0.0 * O_O||||||||||||\|||||
150 200 250 300 350 150 200 250 300 350
rlcm] ricm]

FIG. 8. Value ofo, (right) for three density profiles (left) having

identical cutoffs (o is the profile used throughout the paper).
Fluctuations are as in casa) (of Fig. 2. Arrows on the right graph

indicate the value oi; from Eq. (13).

In deriving Eq. (12) we have neglected terms of ondeiky / k, )2,
which is also the magnitude of the displacement of the wave turning
point from the cutoff radius. Since these terms depend on the value of
ky, their inclusion would make; depend orky as well. This explains
why the minimum value o0&, increases withoy (i.e., with Aky) as in
Fig. 5, or with L, as in Fig. 8. As we shall soon see in Sec 4, this sets
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the conditions for the applicability of the method proposed in the paper.
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FIG. 9. Phase (dash line) and normalized density fluctuation at
r=rc+0.8 cm (solid line) for the three cases of Fig. 2.

The results described so far represent an enormous reduction in the
difficulty of obtaining the spectrum of turbulent fluctuations from
reflectometry data. However, as explained in the introduction, we are
looking for an experimental technique capable of providing a direct
visualization of turbulent fluctuations. Thus the crucial issue is the
similarity of the phaseps; with the local value of density fluctuations
near the cutoff. This is illustrated in Fig. 9, again for the three cases of
Fig. 2, where¢g is shown together with the normalized fluctuation
n* s(o¢/an)(ﬁ/n), with the factor o¢/an = (w3/2kgLn [ Ak )L/ 2
given by Egs. (2)-(4). In Fig. 9, we use the radiusr; +0.8 cm that
gives the best agreement betwaen and ¢5. This radial position is
shifted fromr; by an amount of ordefk,L,)l/3/k,, i.e., it is located
where waves with ky << k, have the largest amplitude. The small
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discrepancy betweeg; andn* is due to the different structure of these
guantities, the former being an integral function of the second. This is
also what produces the different dependencekprof their power
spectra (Eq. (2)).
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FIG. 10. Phasep; (dashed line) and normalized density fluctuations

n* (solid line) for r=r; (o), r=r.+0.8 (B) andr=r +1.8 (y).

Fluctuations are as in cad® of Fig. 2 but withAk, =2 cnrl.

The similarity betweem* and ¢; degrades very quickly away
from the optimal position. This is illustrated in Fig. 10, which shows the
phase¢; and the normalized density* at three radial locations for
fluctuations similar to those in cask) (of Fig. 2 but with the larger
Ak, =2.0 cmrl, corresponding to a radial correlation length of
approximately 1 cm. Note that the optimum radius is the same as in Fig.
9, with deviations that are similar in spite of the shorter radial scale of
density fluctuations. Thus the conclusion that the measurement of the
phasegg can provide the local value of plasma density fluctuations near
the cutoff.

14



4. Discussion

The results in the previous section could be summarized by saying
that the field of reflected waves arises near the cutoff from the phase
modulation of the probing wave, with a magnitude given by 1D
geometric optics, i.e., neglecting the effects of fluctuations on ray
trajectories. Because of the distorting effect of the non-uniformity of the
average plasma permittivitye(), the backward field appears to arrive
from a distant pointrg) behind the cutoff, where it can be approximated
by E =exp[i¢(x)]. Assuming that the phase is a normal random
variable with meark ¢ >= 0, varianceog =< ¢2 > and autocorrelation
7 (8) =< P1(X)(x + &) > /a¢2,, for the first two moments of the
backward field we obtain <E>= exp(—o%/Z) and
<EE5 >= exp[—o%(l—y(p)], which are both decreasing functions of
Op- Consequently, in agreement with results in Fig. 2, as the level of
fluctuations increases, the amplitude of the wave propagating along the
direction of specular reflection (i.e<, E >) decreases, and the spectrum
of reflected waves (i.e., the Fourier transformxd, E5 >) broadens. In
particular, for o, >>1, taking v4(8) = exp[-(&/6)2] and expanding to
the second order i, we obtain< E;E} >~ exp[-(0,, §/0)?]. Thus,
away from the cutoff, ifAky is the spectral width of fluctuations and
0¢Akx << k,, the reflected waves are distributed over a range of radial
wave numbersk, za(fZ)Ak%/Zko. Consequently, at a distance from
r =rg that is larger than thdiffraction distance D=1/dk, the
interference of waves will produce (as in Figs. 1 and 3) a complicated
field pattern with large amplitude variations and random phases. This
suggests that the amplitugeof the measured signal must follow the
distribution derived by Rice [7] for a signal containing a sinusoidal
coherent component and a Gaussian noise, which is given by
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—(P2+Pg)/202|0(%) (14)

P(p) = e o
where 1, is the modified Bessel function of order zew? is the
variance of both the real and imaginary parts of the Gaussian noise, and
po Is the amplitude of the sinusoidal signal. In the case of our numerical
simulation, since we use a probing wave with unit amplitude,
02 =(1-pg)/2 and pg = exp(—a%). The Rice distribution becomes a
Rayleigh distribution fora(p >>1, in agreement with the experimental
results of Fig. 1. A statistical analysis of several numerical realizations
of B, indicates that Eq. (14) is in good agreement with the results of the
numerical simulations [5].
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FIG. 11. Fluctuating phases; (solid line) and¢s, (dashed line) for
0n=2.0x102 and other parameters in Fig. (2).

The model of reflectometry suggested by the numerical results of
Sec. 3 will obviously fail for large amplitude fluctuations. In fact, since
each spectral component of the backward field originates near the
corresponding turning point, this must occur when the turning points are
distributed over a distancgr, that is comparable to the radial scale
length of fluctuations 1/Ak;, i.e., when Ak A, >1. Since
Are L, za¢2AkX2/k02, we conclude that a necessary condition for the
validity of the above model of reflectometryd% < kg /L Ak; AKZ. By
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expressingg% in terms ofof (Egs. (2)-(4)), this condition can be cast
in the form

1
o2

<—55———= - 15
LTy (15)

For the plasma parameters in Fig. 2 (wheépe=50 cm), Eq. (15) gives
0n<1.7x102, which explains why in all three cases of Fig. 6 we
obtained¢g = ¢ -

Figure 11 shows the effect of doubling the valueogf (2.0x10-2)
for case (c) of Fig. 6, making the amplitude of fluctuations larger than
the limit imposed by Eq. (15). As expected, this results in a large
discrepancy betweepy; and the phase of geometric optifs,.
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FIG. 12. Fluctuating phases; (solid line) andg, (dashed line) for
Aky =1 cn1l and other parameters of case (c) in Fig. (6).

Another way of violating Eq. (15) is by increasing the spectral
width of the fluctuations. This is illustrated in Fig. 12 showing the result
of doubling the value ofiky for case (c) of Fig. 8. Since this pushes the
limit imposed by Eq. (15)dnh< 0.8x102) below the level of plasma
fluctuations, the result is again a large discrepancy betyigemd ¢o.

These results show how quickly; departs fromggo when the
condition of Eq. (15) is violated. In tokamaks, both theory and
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experiments indicate that the amplitude of short-scale density
fluctuations obeys thenixing length criterionop <1/k L, [1]. From

this and Eq. (15), we conclude that a condition for the applicability of
geometric optics to reflectometry measurements of 2D plasma
fluctuations in tokamaks isAk; > w3/4Ak, (besides the condition
Ak < kg /(kyLe )Y3 that is necessary for 1D fluctuations as well).

5. Imaging Reflectometry

The numerical results of the previous sections emphasize the
importance of measuringfbG for obtaining the value of density
fluctuations near the cutoff. In principle, this could be done by collecting
the reflected waves with a wide aperture antenna, and by imaging the
cutoff onto the detector plane (taking the average plgsenaittivity
into account). This is the first novelty of the scheme proposed in this
paper. A second novelty is the simultaneous sampling of a large portion
of a magnetic surface, which requires the use of large microwave beams
and 2D arrays of detectors. The latter are technically feasible, as shown
in Ref. [8] which describes a microwave camera with a focal plane array
(4 rows of 64 elements) for the detection of the human body emission at
94 GHz with a resolution of 1 K and a frame rate of 30 Hz. Another
example can be found in Ref. [9] which describes the measurement of
the electron cyclotron emission in the TEXT tokamak using a wide band
20 channel array in the frequency range 90-110 GHz. More recently,
similar measurements have been repeated in the RTP tokamak [10]
using a 16 channel array in the range 100-140 GHz.

Figure 13 illustrates the conceptual design of a microwave imaging
reflectometer for the visualization of turbulence in a tokamak plasma. In
this scheme, as in the numerical simulations, the rays of the probing
wave impinge perpendicularly upon the cutoff surface. This is obtained
by using two cylindrical lenseslf andL,) with different focal points.

For the case considered in Fig. 13, where the probing wave has a
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frequency of 120 GHz and the X-mode of propagation, the focal point of
L, is atR=2.3, while that ofl, is obviously aiR=0. Since the former
depends on the wave frequency, the positiopfmust be adjustable.
Outside of the plasma, then, the backward wave is reflected by the
semitransparent reflectdd and an image of the cutoff is formed by the
spherical lensL; onto the pland®, where the field is measured with a
2D array of microwave receivers.

2.0
15—
10—

05— Lo L1

0.0—

Z[m]

-0.5— L3

-1.0—

-1.5 —

_2.0\\\\\\\\\\\\\\\\\\\\\\\\
1.0 2.0 3.0 4.0 5.0 6.0
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FIG. 13. Conceptual design of an imaging reflectometer for a JET-like
tokamak;L4 andL, are cylindrical lenses,3 is a spherical lendyl is a
semitransparent mirror, amlis the detector plane.

In Fig. 13, the function of the cylindrical lenség and L, is to
tailor the wave front of the probing wave to the shape of the cutoff
surface, which allows the mapping of the cutoff onto the detector plane
by the spherical len;. Figures 14 and 15 show the result of replacing
L, and L, with a single spherical lens and optimizing the ray
trajectories on either the poloidal (Fig. 14) or the toroidal (Fig. 15)
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plane. In both cased,3 would not be able to create an image of the
reflecting cutoff onto the detector plane. Thus, the use of the cylindrical
lensesl, and L, is to combine the poloidal ray trajectories in Fig. 14
with the equatorial trajectories in Fig. 15.
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FIG. 14. Ray trajectories (from a ray tracing code) of the probing wave
in the absence of fluctuations when the focal lengthjoih Fig, 13 is
equal to that olLy: dash lines are forward rays and solid lines are
reflected rays on the poloidal (left) and equatorial (right) planes.

By probing the plasma using simultaneously multiple waves with
closely spaced cutoffs, the proposed method could provide the full 3D
structure of fluctuations.
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Fig. 15. Same as in Fig. 13 when the focal lengthofn Fig. 13 is
equal to that oL 1.
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Finally, the proposed method can use either the ordinary or the
extraordinary mode of wave propagation, but the latter must be preferred
because of the better spatial resolution that derives from the larger
probing frequency of the extraordinary mode. The spatial resolution is
given by 6 =2(A,/D)(r, -1g), where A, =2n/k, and D is the
diameter of the probing beam. For the case of Fig. 13, wé gdtcm
with D =50 cm.

6. Conclusion

In conclusion, the method described in this paper is a first attempt at
developing techniques for the global visualization of turbulent and
coherent structures in tokamak plasmas. Undoubtedly, its practical
implementation presents serious difficulties, such as the need for large
ports and 2D arrays of microwave detectors. Nevertheless, the proposed
technique has the potential for providing new information on the spatial
structure of turbulent fluctuations in tokamaks, that could be useful for
advancing the theory of plasma turbulence or for checking the results of
numerical simulations.
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