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Mimicking a negative refractive slab by combining
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A new route toward a lossless superlens has been proposed recently. It relies on the association of two phase-
conjugating sheets. The aim of this study is to show how such a lens can be implemented experimentally at
optical frequencies. Because efficient phase conjugation of evanescent waves is illusory with the current tech-
nology, only the case of propagating waves is considered here. Four wave mixing in BaTiO3 is shown to provide
efficient backward and forward phase conjugation over a major part of the angular spectrum, taking advantage
of internal reflections inside the non-linear slab. However, phase distortions arise for high spatial frequencies
and limit the resolving power of the device. The addition of a second phase-conjugator automatically compen-
sates for these phase distortions. The wave field is then perfectly translated through the system. Actually, such
a device performs even better than a negative refracting lens since the association of two phase-conjugating
mirrors behaves like a resonant cavity. An amplification of the wave field by a factor of 102 in intensity is pre-
dicted, despite the important absorption in BaTiO3. © 2009 Optical Society of America
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. INTRODUCTION
ince the seminal work of Pendry [1], the concept of a per-

ect lens has attracted considerable attention (see, e.g.,
2–4] and references therein). A flat slab made of a nega-
ive refractive metamaterial ��=�=−1�, usually referred
o as a Veselago’s lens [5], is shown to not only focus the
ropagating wave field, but also the evanescent compo-
ents of radiation that generally remains confined in the
ear-field. Therefore, Veselago’s lens may overcome the
lassical limit of diffraction and sub-wavelength imaging
ay be performed. Experimental works have confirmed

hese theoretical predictions, first in the microwave re-
ime [6] and then at optical frequencies [7]. However, the
ajor limitation of Veselago’s lens comes from absorption
hich drastically reduces the resolving power of the su-
erlens [2,8–10].
To overcome the absorption issue, a new route toward a

ossless superlens scheme has been proposed in a recent
aper [11]. The key idea is to benefit from the link that
xists between phase conjugation (PC) and negative re-
raction [12,13]. A PC mirror has the property to reverse
oth the propagation direction and the phase of an inci-
ent wave field. A backward phase-conjugated wave is
hen produced. Now, let us imagine a phase-conjugating
heet (PCs) performing forward PC. In that case, only the
ransverse component of the wave vector is reversed and
n obvious link with the negative refractive interface is
ound. The analogy can be carried on by considering a su-
erlens based on the combination of two PCs’s performing
oth backward and forward PC [11]. Similarly to a nega-
ive refractive slab, the propagating wave field is shown
o be perfectly translated through the system by a dis-
ance 2d (d being the distance between the two PCs’s; see
ig. 1). Moreover, if the reflectivity R of each PCs is suf-
0740-3224/10/010072-13/$15.00 © 2
ciently large to compensate for the exponential decay of
vanescent waves, the device may also be able to image
he near fields, taking advantage of the multiple scatter-
ng process between the two PCs’s. Hence, sub-
avelength imaging is possible and, in the limit R→�,

he image tends to perfection.
Unlike the superlens based on negative refraction [1],

oss is no longer an issue here since the wave field propa-
ates through vacuum. However, the crucial point is to
nd a highly non-linear surface capable of phase conju-
ating efficiently the evanescent wave field. Unfortu-
ately, this seems illusory at optical frequencies with the
urrent technology. Some experiments have pointed out
he PC of optical near-fields, but it only concerns waves
hat are evanescent in air but propagative in the non-
inear medium [14–16]. Consequently, we will restrict our
tudy to the propagating wave field. Although sub-
avelength imaging is not reachable in this case, the

ombination of two PCs’s keeps significant interest. First,
uch a device is an absolute optical instrument [17,18]: it
eproduces stigmatically a three-dimensional (3D) do-
ain and the optical length of any curve in the object

pace is equal to the optical length of its image. This sys-
em is thus capable of 3D imaging. Figure 1 illustrates
his fact by comparing the axial imaging properties ob-
ained with our system and the combination of two con-
ergent lenses. Whereas the wave field is perfectly trans-
ated through the two PCs’s, the association of two
onvergent lenses leads to both lateral and axial distor-
ions of the image. Furthermore, we will show that a de-
ice consisting of two PCs’s behaves like a resonant cav-
ty. This may lead to a significant amplification of the
maged wave field.

The first axis of this work is to show how a forward
010 Optical Society of America
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hase-conjugator dedicated to imaging purposes can be
mplemented experimentally at optical frequencies. As
uggested in [11], the best candidate for the PC is degen-
rate four-wave mixing (FWM) technique [19–22]. FWM
s closely analogous to real-time holography in which a
ump wave E1 is used to record a hologram of an object
ave E3 (see Fig. 2). The hologram is then subsequently

ead with a second pump wave E2 which propagates in an
pposite direction to E1. A phase-conjugated wave E4 is
hen created. The non-linear media that can be used to
erform degenerate FWM are Kerr-like [23–26], resonant
absorbing or amplifying) [27–33], or photorefractive (PR)
edia [34–39]. In our study, FWM in PR crystals will be

onsidered since the PR effect may provide an efficient
nd uniform PC process over a major part of the angular
pectrum, under certain conditions. This is a promising
erspective for imaging purposes since an optical device
equires an aperture angle as large as possible. The PR
edium we consider in this study is barium titanate

BaTiO3� which is known for its strong electro-optic prop-
rties. The c-axis is chosen to be oriented perpendicular to
he PR slab interface.

Classical FWM (i.e., with two counter-propagating
ump beams) only allows backward PC. In the literature,
special FWM arrangement has been proposed to per-

orm forward PC [40]. The two pump beams are no longer
ounter-propagating but come from the same side of the
on-linear slab. The idea is then to adjust the angle of in-
ersection between the two pump beams as a function of
he angle of incidence of the probe wave E3. This arrange-
ent is only valid over a very restricted angular domain

ig. 2. (Color online) Experimental configuration considered for
WM.

ig. 1. (Color online) Imaging properties of a device combining
a) two convergent lenses and (b) two PCs’s placed at z=0 and
=d, assuming geometrical optics. The focal length of the lenses
s d /4.
typically a few milliradians) and hence does not apply to
rbitrary wave-fronts. The same argument holds for for-
ard three wave mixing in a second-order non-linear me-
ium [41,42]. Indeed, a simpler idea is to directly take ad-
antage of the internal reflections inside the non-linear
lab to perform simultaneously forward and backward PC
ver the whole angular spectrum. Albeit simpler and
ore powerful, this way of performing forward PC has

nly been investigated in a few studies, both theoretically
43] and experimentally [44,45].

The first originality of our work lies in the theoretical
reatment of forward PC and its application to imaging. It
onsists in first determining the experimental conditions
eeded to have an efficient and uniform PC process both

n reflection and transmission over a major part of the an-
ular spectrum. Contrary to previous work [43], the cou-
ling coefficient, which is the key parameter of PC, is not
ssumed constant but its expression is derived theoreti-
ally as a function of all the physical parameters that play
role in the PR effect. In particular, the coupling coeffi-

ient is shown to be opposite for backward and forward
C in our experimental configuration. This fact is crucial
ince it may act drastically and positively on the efficiency
f the forward PC process. Once the coupling coefficient is
nown, the transmission and reflection coefficients for the
C process are derived analytically. A phenomenon of
ouble forward PC is predicted: due to the wave reflec-
ions on each interface of the PR slab, the forward phase-
onjugated wave contains two contributions, each one fo-
using at different depths. Note that this phenomenon
as already been pointed out experimentally [44] but, to
ur knowledge, not investigated theoretically. Double for-
ard PC is clearly an issue for 3D imaging but can be cir-

umvented by adding an anti-reflective coating on the
rst interface of the PR slab. Phase distortions undergone
y the high frequency components of the forward phase-
onjugated wave-front are also predicted. They are due to
he difference of refractive index between air and the PR
edium. These phase distortions lead to a displacement

f the focal spot and limit the angular aperture of the for-
ard phase-conjugator. At last, our theoretical study

akes into account the absorption losses. Analytical ex-
ressions of the transmission and reflection coefficients
re derived in the presence of absorption and allow one to
tudy its influence on the PC process.

The second axis of this work deals with the connection
etween PC and negative refraction. First we show that
he addition of a second PCs automatically compensates
he phase distortions undergone by the forward phase-
onjugated wave-front at the first PCs. The propagating
ave field is thus perfectly translated through the device,
ence mimicking a negative refractive lens. Actually it
erforms even better than negative refraction since the
wo phase-conjugating mirrors behave like a resonant
avity. Consequently, the wave field is amplified through
he device. In theory, this amplification could be infinite
ince the PC reflectivity is close to unity in PR media.
owever, absorption losses limit this amplification pro-

ess in practice. The influence of absorption is investi-
ated theoretically and an amplification by a factor of 102

n intensity is predicted despite the important absorption
n BaTiO .
3
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. FORWARD PC PROVIDED BY INTERNAL
EFLECTIONS

n this section, the PC process taking place in a slab of
aTiO3 is investigated taking into account internal reflec-

ions. The transmission and reflection coefficients for the
C process are derived and allow one to determine the ex-
erimental conditions needed to obtain a uniform and ef-
cient PC process for each angular component of the wave
eld. Undesirable effects like double forward PC and
hase distortions are pointed out and their consequences
n imaging are discussed.

. Experimental Configuration
he basic interaction geometry is shown in Fig. 2. Let us
onsider a slab of BaTiO3 extending indefinitely in the x
nd y directions, and from z=0 to L in the z direction. The
hysical properties of BaTiO3, as well as the experimental
onditions we consider, are summarized in Table 1. The
rystal axis is chosen to be aligned in the opposite direc-
ion to the z-axis. Note that this choice is not arbitrary:
e will see that this configuration allows an efficient PC
rocess over a major part of the angular spectrum, both in
eflection and transmission. To observe the largest
lectro-optic effects in BaTiO3, it is necessary to use ex-
raordinary polarizations. To that aim, each interacting
eam is assumed to be p-polarized.
The PR slab is pumped by two couples of counter-

ropagating plane waves E1
± and E2

± of frequency �. Intro-
ucing two couples of counter-propagating pump beams is
ot necessary experimentally since one is sufficient for
WM. However, this simplifies the problem theoretically,
aking it symmetric, and improves the efficiency of the
C process. Note that this second couple of pump beams
ppears anyway in practice due to the internal reflections
n the PR slab. These pumps are assumed to be unde-
leted and to remain plane waves in the non-linear me-
ium. Inside the slab, the electric fields of the pump
eams can be expressed as

E1
±�r,t� = A1ê±�e−i��t−q±·r� + c.c., �1�

E2
±�r,t� = A2ê±�e−i��t+q±·r� + c.c., �2�

ith

Table 1. Physical Properties of BaTiO3 and
Experimental Conditions

ndex of refraction �o� [46] no=2.437
ndex of refraction �e� [46] ne=2.365
ielectric constant (F/m) [46] ��=106�0, ��=4300�0

cceptor density �m−3� [47] NA=2�1022

lectro-optic coefficients (m/V) r13=25�10−12, r33=50�10−12,
unclamped values [48,49]) r42=1300�10−12

inear absorption �m−1� [50] a=150

avelength (m) �=514.5�10−9 (Ar+ laser)
emperature (K) T=290
ê±� = cos � ux � sin � uz,

q± = ± sin � ux + cos � uz,

here c.c. stands for complex conjugate. ±� denotes the
ngle of refraction of the pump beams. q± represents the
ave vector of E1

±. The unitary vector ê±� designs the po-
arization direction of the pump wave fields. ux and uz are
nitary vectors along the x and z directions. We solve the
roblem in steady state so that the amplitudes Aj are
aken to be time independent. For the sake of simplicity,
e assume that the beams E1

+ and E1
− are of same ampli-

ude A1. Furthermore, we will assume that the ampli-
udes of the counter-propagating pump beams are oppo-
ite such that A2=−A1. This is experimentally the case if
he beams E2

± are obtained by reflection of E1
± on a sil-

ered mirror.
Our aim is to study the PC process undergone by an ar-

itrary wave-front E3
+ (see Fig. 2). The physical process

hat occurs in the presence of internal reflections is illus-
rated in Fig. 3 and can be described as follows. A part of
he probe wave E3

+ is transmitted through the interface
=0. It interacts with counter-propagating pump beams
hrough the PR effect, which gives rise to a backward
hase-conjugated wave E4

−. E3
+ can also be reflected by the

econd interface at z=L, which results in a backward
robe wave E3

−. The forward phase-conjugated wave E4
+

an then be generated either by the reflection of E4
− on the

nterface z=0 or by PC of E3
−. Consequently, our problem

onsists of four partial waves which are linked to each
ther either by a PC process (E3

+⇔E4
−, E4

+⇔E3
−) or by in-

ernal reflections (E3
+⇔E3

−, E4
−⇔E4

+). These four fields can
e expressed as

E3
±�r,t� = A3

±�r�e−i�t + c.c., �3�

E4
±�r,t� = A4

±�r�e−i�t + c.c. �4�

et us decompose the probe and conjugated wave ampli-
udes into their plane wave components (see Fig. 4),

ig. 3. (Color online) Scheme describing the paths taken by the
our partial waves propagating inside the non-linear slab. E4

+ can
e produced either by reflection of E4

− or by PC of E3
−. It results in

wo images located at z=z +L�1±n−1�.
o
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A3
±�r� = �� A3

±�k�,z�ê±	0
eik�r�e±ikzozdk� if r � 


� A3
±�k�,z�ê±	e

ik�r�e±ikzzdk� if r � 
,� �5�

A4
±�r� = �� A4

±�− k�,z�ê�	0
e−ik�r�e�ikzozdk�, if r � 


� A4
±�− k�,z�ê�	e

−ik�r�e�ikzzdk�, if r � 
,�
�6�

ith

kzo =��2

c0
2 − k�

2, kz =�n2
�2

c0
2 − k�

2,

	0 = arctan� k�

kzo
	, 	 = arctan� k�

kz
	 .

represents the spatial domain occupied by the PR slab.
� is the transverse component of the wave vector. kzo and
z are the longitudinal components of the wave vector out-
ide and inside the PR slab, respectively. n is the refrac-
ive index of the PR medium. 	0 and 	 are the angles of
ncidence and refraction. The unitary vectors ê±	0

and ê±	

esign the polarization directions of each plane wave com-
onent (see Fig. 4). Thanks to this linear decomposition,
ne can solve the problem considering each plane wave
omponent separately.

. Coupled Wave Equations
s shown in the literature [38,46], the PC process that oc-

urs between E3
+ and E4

− can be modeled by the following
wo coupled wave equations:

dA3
+�

dz
−

��	�

2
A3

+� +
a�

2
A3

+� = −
��	�

2
A4

−, �7�

dA4
−

dz
−

��	�

2
A4

− −
a�

2
A4

− = −
��	�

2
A3

+�, �8�

here a�=a / cos 	, with a being the linear absorption in
he crystal. � is the coupling coefficient which represents
he strength of the non-linear process. Its expression is

ig. 4. (Color online) Notations and conventions used to de-
cribe the four partial waves propagating inside the non-linear
lab. k0

±=kz0
uz±k�ux and k±=kzuz±k�ux.
erived in our experimental configuration in the Appen-
ix. Besides being a function of the angles of incidence of
ump and probe waves, � depends on the numerous
hysical parameters that play a role in the PR effect
electro-optic coefficients, dielectric constants, acceptor
ensity, temperature, wavelength, etc.) [38]. � has been
omputed considering the experimental conditions sum-
arized in Table 1. Its evolution as a function of 	0 and �0

s shown in Fig. 5.
The same kind of coupled equations can be derived for

he PC process between E3
− and E4

+,

dA3
−�

dz
+

���− 	�

2
A3

−� −
a�

2
A3

−� =
���− 	�

2
A4

+, �9�

dA4
+

dz
+

���− 	�

2
A4

+ +
a�

2
A4

+ =
���− 	�

2
A3

−�, �10�

here �� is the coupling coefficient associated with the PC
rocess between E3

− and E4
+. Due to the orientation of the

-axis, one can show that

���− 	� = − ��	�. �11�

inally Eqs. (9) and (10) become similar to Eqs. (7) and
8),

dA3
−�

dz
−

��	�

2
A3

−� −
a�

2
A3

−� = −
��	�

2
A4

+, �12�

dA4
+

dz
−

��	�

2
A4

+ +
a�

2
A4

+ = −
��	�

2
A3

−�. �13�

The two systems of coupled equations [Eqs. (7) and (8)
nd Eqs. (12) and (13)] lead to the same steady state
quation for A4

+ and A4
−,

d2A4
±

dz2 − �
dA4

±

dz
−

a�2

4
A4

± = 0. �14�

e now assume that the absolute value of the coupling co-
fficient � is superior to the absorption term a�: 
�
�a�
0. In the contrary case, absorption losses would cancel

ut the forward PC process. Under this assumption, the
orward and backward phase-conjugated amplitudes can
e expressed as

A4
+�− k�,z� = e�z/2�Ce
�z/2 + De−
�z/2�, �15�

ig. 5. Evolution of the coupling coefficient � �m−1� as a function
f 	0 and �0 considering the physical properties of BaTiO3 and
xperimental conditions given in Table 1.
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A4
−�− k�,z� = e�z/2�Ee
�z/2 + Fe−
�z/2�, �16�

here 
=�1−a�2 /�2. C, D, E, and F are constants which,
o far, are arbitrary. Using Eqs. (8) and (13), the expres-
ions of A3

− and A3
+ are deduced,

A3
−��k�,z� = − e�z/2�C�
 + �1 − 
2�e
�z/2 + D�− 


+ �1 − 
2�e−
�z/2�, �17�

A3
+��k�,z� = e�z/2�E�− 
 + �1 − 
2�e
�z/2 + F�


+ �1 − 
2�e−
�z/2�. �18�

. Boundary Conditions
o completely specify our problem, we have to determine
he boundary conditions at the PR slab interfaces. To that
im, the Fresnel coefficients at each interface have to be
ntroduced. Let � and � be the reflection and transmission
oefficients for an incident electric wave propagating in
he air. �� and �� are the reflection and transmission coef-
cients for an incident electric wave propagating in the
R slab. They can be expressed as functions of the angles
0 and 	,

��	� = − ���	� =
tan�	 − 	0�

tan�	 + 	0�
,

��	� =
2 cos 	0 sin 	

sin�	 + 	0�cos�	0 − 	�
,

���	� =
2 cos 	 sin 	0

sin�	 + 	0�cos�	 − 	0�
.

he boundary conditions at each interface can be ex-
ressed in terms of wave amplitudes,

A3
+�k�,z = 0+� = �A3

+�k�,z = 0−� + ��A3
−�k�,z = 0+�, �19�

A4
+�− k�,z = 0+� = ��A4

−�k�,z = 0+�, �20�

e−ikzLA3
−�k�,z = L� = ��eikzLA3

+�k�,z = L�, �21�

e−ikzLA4
−�− k�,z = L� = ��eikzLA4

+�− k�,z = L�. �22�

hese boundary conditions allow one to determine the
onstants C, D, E, and F.

. Reflection and Transmission Coefficients
he analytical solution taking into account absorption

osses is too complicated to be shown here. On the con-
rary, the result is quite simple if we neglect absorption
a=0, 
=1 ). In this case, the transmission and reflection
oefficients for the PC process are given by

R =
E4

−�k�,z = 0−�

E3
+��k�,z = 0−�

=
�1 − ��2�2sinh��L/2�cosh��L/2�

�1 − ��2�2cosh2��L/2� + 4��2 sin2�kzL�
,

�23�
�24�
The transmission coefficient T consists of the product of

n amplitude term T0 modulated by the sum of two phase
erms �ejkzL−e−jkzL� whose origins and consequences will
e discussed further. T0 and R are displayed as functions
f the angles 	0 and �0 in Fig. 6, considering the coupling
oefficient previously shown in Fig. 5. Figure 6(a) shows
hat internal reflections may allow forward PC (i.e., T0
0), provided that the coupling coefficient � is positive

see Fig. 5). This fact can be directly pointed out by con-
idering the asymptotic limits of T0 [Eq. (24)],

lim
�L�−1

T0 =
2��

�1 − ��2�
exp��L� → 0, �25�

lim
�L�1

T0 =
2��

�1 − ��2�
= Tmax � 0. �26�

s shown by Fig. 5, � is positive when 
�0
� 
	0
. Hence,
he best experimental configuration for forward PC is ob-
ained with pump beams grazing the PR slab interfaces.
ualitatively, the need of a positive coupling coefficient

an be easily understood. Indeed, if ��0, the probe and
onjugated wave fields are exponentially decreasing along
he z-axis; hence no phase-conjugated waves can be trans-
itted through the PR slab. In the case of BaTiO3, the

ransmission coefficient tends toward a finite value Tmax
1, for a large PR slab thickness.
Internal reflections have no significant influence on the

C reflectivity. Indeed, it can be easily shown by consid-
ring the asymptotic limit of Eq. (23),

lim

�
L�1

R = tanh��L/2�. �27�

his last equation is strictly equivalent to the expression
f R when internal reflections are neglected [38]. From
ow on, we will consider an angle of incidence �0=60° for
he pump beams. This value is a good compromise be-
ween the need for a positive coupling coefficient over the
ajor part of the angular spectrum and experimental fea-

ibility.

ig. 6. Evolution of the PC (a) transmission and (b) reflection
oefficients as a function of � and 	 , for L=10 mm.
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. Double Forward PC
et us now tackle the origin of the phase terms �eikzL

e−ikzL� that appear in the expression of the transmission
oefficient T [Eq. (24)]. The forward phase-conjugated
ave is generated via two different ways (see Fig. 3):
• The probe wave E3

+ propagates through the PR slab
efore being reflected at z=L. The backward probe wave

3
− can then be phase-conjugated to give rise to the for-
ard phase-conjugated wave E4

+. This contribution is as-
ociated with the phase term e−ikzL in Eq. (24).

• The probe wave E3
+ propagates through the PR slab

nd is phase-conjugated. The backward phase-conjugated
ave E4

− is then reflected at z=0 to give rise to the for-
ard phase-conjugated wave E4

+. This contribution is as-
ociated with the phase term eikzL in Eq. (24).

The forward phase-conjugated wave contains two con-
ributions, each one exhibiting a different phase term and
ence focusing at different depths (see Fig. 3). We refer to
his phenomenon as double forward PC.

Let us now investigate the consequence of double for-
ard PC on imaging. Figure 7 displays the simulation of
n experiment consisting of a PR slab placed at z=0. Sup-
ose that an opaque screen containing a diffracting struc-
ure is introduced in the plane z=−z0. Its amplitude
ransmittance function o�r�� is shown in Fig. 8(a). A plane
ave illuminates this diffracting screen and gives rise to
probe wave E3

+,

E3
+�r�,z � 0� =� O�k��eik�·r�eikzo

�z+z0�dk�, �28�

ith O�k��=�o�r��e−ik�·r�dr�. E3
+ is forward phase-

onjugated by the PR slab pumped by (not shown)
ounter-propagating beams. E4

+ can be expressed using
he transmission coefficient T [Eq. (24)],

E4
+�r�,z � L� =� O�− k��T0�k��e−ik�·r�ei�kzo

�z−L−z0�+kzL�dk�

�29�

−� O�− k��T0�k��eikzLe−ik�·r�ei�kzo
�z−L−z0�−kzL�dk�. �30�

he forward phase-conjugated wave E4
+ is the sum of two

ontributions [Eqs. (29) and (30)] which give rise to im-
ges located at different depths. If the PR slab was trans-
arent (n=1, hence kz=kzo), the phase terms in Eqs. (29)
nd (30) would vanish at z=z0 and z=z0+2L. The image
riginating from the reflection of E4

− at z=0 would be
ormed at z=z0 [Eq. (29)]. The one due to the reflection of

3
+ at z=L would be found at z=z0+2L [Eq. (30)]. Unfor-

ig. 7. (Color online) Experimental setup simulated (�0=60°,
=10 mm, �L=0.1 mm). Both PR slabs are pumped by not

hown counter-propagating pump beams (see Fig. 2).
unately, most non-linear media (and particularly
aTiO3) are not transparent, but one can try to minimize

he phase terms in Eqs. (29) and (30). To that aim, the
araxial (or Fresnel) approximation may be used. It con-
ists in considering the Taylor expansions of kzo and kz
ntil the second order,

kz =��n�

c �2

− k�
2 


n�

c
−

k�
2

2n�/c
+ � k�

4

4�n�/c�3 + ¯� ,

�31�

kzo =���

c �
2

− k�
2 


�

c
−

k�
2

2�/c
+ � k�

4

4��/c�3 + ¯� . �32�

pon the paraxial approximation, the argument of the
hase term in Eqs. (29) and (30) becomes

kzo
�z − L − z0� ± kzL =

�

c
�z − z0 − L�1 ± n�� �33�

−
k�

2

2�/c
�z − z0 − L�1 ± n−1�� �34�

+ � k�
4

4��/c�3 �z − z0 − L�1 ± n−3�� + ¯� . �35�

he zeroth-order term (33) is not important since it corre-
ponds to a phase shift that is constant over the whole an-
ular spectrum. On the contrary, the second-order term
34) is crucial and vanishes for z=z0+L�1±n−1�. One im-
ge is thus formed at each of these depths. The corre-
ponding wave field is displayed in Fig. 8(b). The imaging
erformance is poor in terms of resolution. Actually, the
araxial approximation is valid as long as the fourth-
rder term (35) can be neglected. The aperture angle 	lim
an be deduced from this condition,

	lim = arcsin�� 2�

L�n−1 − n−3��
1/4	 . �36�

nly the low spatial frequencies add up coherently; phase
istortions subsist for high spatial frequencies. The reso-
ution � of the image is thus limited by

ig. 8. (a) Transmittance o�x ,y� of the opaque screen placed at
=−z0. The white line represents 20�. (b) Transmitted image by
ne PCs at z=z0+L�1±n−1� [Eqs. (29) and (30)]. (c) Transmitted
mage by one PCs at z=z0+L�1+n−1� [Eq. (30)] in the presence of
n anti-reflective coating and taking into account absorption
osses. (d) Transmitted image by two PCs’s at z=F+d−z0
n−1�L [Eq. (54)] taking into account absorption losses and in

he presence of anti-reflective coatings.



F
a
i

3
C
D
s
o
a
I
f
r
p

c
t

A
T
z

�
t
d
(
o
c

T
o
t
r
T
b

B
T
a
s
f
T
�
a
i
a
c
�

F
e

78 J. Opt. Soc. Am. B/Vol. 27, No. 1 /January 2010 A. Aubry and J. B. Pendry
� � ��3L�n−1 − n−3�

2 �1/4

. �37�

or the experimental conditions we consider in Fig. 7, the
perture angle 	lim is 0.13 rad=7.5° and the resolution �
s 3.9 �m, i.e., 7.6�.

. ADDITION OF AN ANTI-REFLECTIVE
OATING
ouble forward PC is clearly an issue for 3D imaging

ince two images are superimposed and can blur each
ther. This problem can be circumvented by adding an
nti-reflective coating on the first interface of the PR slab.
n that case, only one forward phase-conjugated wave-
ront is generated. Moreover, the addition of an anti-
eflective coating simplifies the problem: analytical ex-

ressions of the transmission and reflection coefficients a

n
[
w
t
m
t
e
t

F
o
t
a

an be derived in the presence of absorption and allow one
o study its influence on the PC process.

. New Transmission and Reflection Coefficients
he addition of an anti-reflective coating on the interface
=0 of the PR slab modifies the boundary conditions,

A3
+�k�,z = 0+� = �0A3

+�k�,z = 0−�, �38�

A4
+�− k�,z = 0+� = 0. �39�

0=n−1/2 and �0�=n1/2 are the transmission coefficients
hrough the anti-reflective coating. These boundary con-
itions plus the ones at the interface z=L [Eqs. (21) and
22)] allow one to determine the constants C, D, E, and F
f Eqs. (15)–(18). New transmission and reflection coeffi-
ients, Rac and Tac, are deduced in the presence of an

nti-reflective coating,
Rac =
��1 − ��2�
 cosh�
�L/2� + �1 + ��2��1 − 
2sinh�
�L/2��sinh�
�L/2�

�1 − ��2�2
2 − 1��sinh2�
�L/2� + 
�1 − 
2sinh�
�L� + 
2
, �40�

�41�
he transmission coefficient Tac now consists of a product
f an amplitude term T0

ac only modulated by the phase
erm e−jkzL. Only the forward phase-conjugated wave cor-
esponding to the reflection on the interface z=L subsists.
he one linked with the reflection at z=0 is cancelled out
y the anti-reflective coating.

. Effect of Absorption
0
ac and Rac are displayed as functions of the angles 	0
nd L in Fig. 9, considering the coupling coefficient �
hown in Fig. 5. � is positive when 
	0
� 
�0
=60°; hence
orward PC only occurs over this angular spectrum.
herefore the remaining part of the angular spectrum


	0
� 
�0
� is not shown. Figure 9 illustrates the effect of
bsorption on forward PC. Not surprisingly, absorption
mplies a less efficient PC process both in transmission
nd reflection. This fact can be directly pointed out by
onsidering the asymptotic limits of Rac and T0

ac for a�
�,

lim
�L�1

Rac �
a���




1 +
2�1 − 
2�

1 − ��2

= � � 1, �42�

lim
�L�1

T0
ac �

a���

���0��

�1 − ��2�
�e��1−
�L = Tmax

ac . �43�

or �L�1, absorption comes to multiply the reflection co-
fficient by a factor ��1. Hence, the reflectivity of a PCs
o longer approaches unity in the presence of absorption
see the comparison between Figs. 9(c) and 9(d)]. This fact
ill be particularly important when the combination of

wo PCs’s will be investigated (see Section 4). In trans-
ission, the effect of absorption is more unexpected. The

erm e��1−
�L in Eq. (43) implies that the transmission co-
fficient can be amplified thanks to absorption. However,
his counter-intuitive effect would be possible only for ex-

ig. 9. Evolution of T0
ac as a function of L and 	0 (a) neglecting

r (b) taking into account absorption. Evolution of Rac as a func-
ion of L and 	0 (c) neglecting or (d) taking into account
bsorption.
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remely large thickness L, such that �e��1−
�L�1. The
omparison between Figs. 9(a) and 9(b) shows the effect of
bsorption in transmission for a range of thicknesses L
enerally used in the FWM experiment. In this regime,
he transmission coefficient is clearly diminished by the
bsorption losses. However, note that despite absorption
he system is able of amplification in transmission: Tmax

ac

1.5. Note that this would not be true if the anti-
eflective coating was added on the second interface �z
L�: a part of the probe wave would be reflected at the
rst interface and would not take part in the PC process.
n that case, Tmax

ac =2��0��� / �1−��2��e��1−
�L
0.35�1.
hus, the best experimental configuration for forward PC

s to add the anti-reflective coating on the first interface
z=0�.

. Imaging Performance
ontrary to its previous expression [Eq. (24)], the trans-
ission coefficient now only exhibits the phase term

−ikzL. Therefore, an object placed at z=−z0 would no
onger be associated with two images but only with the
ne formed at z=z0+L�1+n−1�. Let us investigate the im-
ging performance of the PR slab in the presence of an
nti-reflective coating. To that aim, the experiment shown
n Fig. 7 is simulated with an anti-reflective coating at z
0. The image obtained at z=z0+L�1+n−1� is shown in
ig. 8(c). The imaging performance is better in terms of
ontrast [see the comparison with Fig. 8(b)]. However, the
esolving power is still limited by the phase distortions at
igh spatial frequencies [Eq. (37)].

. COMBINATION OF TWO PHASE
ONJUGATORS
ow that the possibility of performing forward PC has
een investigated theoretically, the issue of combining
wo PCs’s is addressed. The transmission coefficient of the
hole system is first derived. The device is shown to be
nalogous to a resonant cavity: the wave field can be am-
lified by a factor of 102 in intensity despite absorption
osses. As to imaging purposes, the second PCs is shown
o automatically compensate the phase distortions under-
one by the forward phase-conjugated wave-front at the
rst PCs. Thus, the resolving power of the device is dras-
ically improved: the aperture angle 	lim is no longer lim-
ted by the thickness L of the PCs [Eq. (36)] but only by
he difference of thickness �L between the two PCs.

. Transmission Coefficient of the Overall System
he principle of a lens combining two PCs’s is shown in
ig. 10. The system is composed of two PCs’s of thick-

ig. 10. (Color online) Scheme describing the different waves
ropagating when two PCs’s are placed in front of each other.
esses La and Lb separated by a distance d. An anti-
eflective coating is added on the first interface of each
Cs. This is the best configuration since it provides a
ore efficient forward PC process �
Ta
 , 
Tb
�1�. Keep also

n mind that the two PCs’s are pumped by (not shown)
ounter-propagating pump beams (see Fig. 2). The prob-
em is solved by considering an incident p-polarized plane
ave �0�k��, such that

�0�k�,z � 0� = �0�k��eikzozeik�·r�ê	0
.

etween the two PCs’s, the phase-conjugated wave field
onsists of a forward going wave �1 and a backward go-
ng one �3,

�1�− k�,La � z � d + La� = �1�− k��eikzo�z−La�e−ik�·r�ê−	0
,

�3�k�,La � z � d + La� = �3�k��e−ikzo�z−La�eik�·r�ê−	0
.

he wave �2 transmitted through the device can be ex-
ressed as

�2�k�,z � F� = �2�k��eikzo�z−F�eik�·r�ê	0
,

here F=d+La+Lb.
To solve this problem, the PC process that occurs at

ach PCs can be expressed in terms of boundary condi-
ions:

1st PCs: �1�− k�� = Ta�k���0
��k�� + Ra�k���3

��k��,

�44�

2nd PCs: �3�k��e−ikzod = Rb�k����1�− k��eikzod��, �45�

�2�k�� = Tb�k����1�− k��eikzod��. �46�

his system is easily solved and the transmitted field �2
an be expressed as

�2�k�,z � F� = T2�k���0�k��eik�·r�eikzo�z−F−d�ê	0
, �47�

ith

T2�k�� =
Ta

��− k��Tb�k��

1 − Ra
��− k��Rb�k��

. �48�

2�k�� is the transmission coefficient of the overall system.
ts numerator Ta

��−k��Tb�k�� represents the two successive
orward PC operations undergone by the wave-front. Its
enominator 1−Ra

��−k��Rb�k�� comes from the multiple
cattering loop between the two PCs.

. A Lens Combining Two PCs Acts as a Resonant
avity
or the sake of simplicity, let us assume for the moment

hat the two PCs’s are of the same thickness L=La=Lb.
ence, T=Ta=Tb and R=Ra=Rb. T2 becomes

T2�k�� =

T�k��
2

1 − 
R�k��
2
. �49�

he first observation is that T2 is real and positive which
eans that the phase distortions observed previously for
igh spatial frequencies are completely removed when
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wo PCs’s are combined. This is a promising perspective
or imaging purposes (see Subsection 4C). Second, the
ombination of two PCs’s provides a significant amplifica-
ion of the wave field. This gain would be theoretically in-
nite in the absence of absorption since the PC reflectivity
ends toward unity for �L�1. The system is then analo-
ous to a resonant cavity,

lim
�L�1

R�k�� = 1 ⇒ lim
�L�1

T2�k�� = �. �50�

f course, absorption losses limit this amplification in
ractice. Figure 11 displays T2 [Eq. (49)] as a function of
0 considering the transmission and reflection coefficients
reviously derived in the presence of absorption [Eqs. (40)
nd (41)]. Despite these losses, the system is still able of
mplification. For L=10 mm, the device exhibits a gain of
02 in intensity. The transmission coefficient T2 varies as
function of the angle of incidence 	0 from 5 �	=0°� to 10

	=50°�. This variation is sufficiently moderate to not af-
ect the imaging fidelity of the device as we will see in the
ollowing.

. Imaging When Two PCs’s Are Combined
et us see the imaging performance of a lens combining
wo PCs’s. To that aim, the experiment shown in Fig. 10 is
imulated. The diffracting screen placed at z=−z0 is dis-
layed in Fig. 8(a). The field �2 at the device output can
e expressed using Eq. (47) as

�2�r�,z � F� =� O�k��T2�k��eik�·r�eikzo�z+z0−F−d�dk�.

�51�

he transmission coefficients Ta,b of each individual PCs
an be expressed as the product of an amplitude and a
hase term,

Ta,b�k�� = − T0,a,b�k��e−ikzLa,b. �52�

he transmission function T2 [Eq. (48)] can be expressed
n the same way as

�53�

ig. 11. Evolution of T2 as a function of L and 	0 for two PCs’s of
he same thickness (L=10 mm, � =60°).
0
ith �L=Lb−La. This expression of T2 can be substituted
nto Eq. (51),

�2�r�,z � d + F�

=� O�k��T0,2�k��eik�·r�eikzo�z+z0−F−d�e−ikz�Ldk�.

�54�

f both PR slabs are strictly of the same thickness ��L
0�, then T2=T0,2 is real and positive. The second PCs au-

omatically compensates the phase distortions undergone
y the forward phase-conjugated wave-front at the first
Cs. An undistorted image is then obtained at the depth
+F−z0. The resolving power of the device is only limited
y the classical limit of diffraction.
However, the two PCs’s will never be of the same thick-

ess in practice. In that case, the phase distortions are
nly partially compensated by the second PCs. These re-
idual distortions appear in Eq. (53) through the term
−ikz�L. As illustrated in Fig. 12, they lead to a displace-
ent of the focal point. To know the image location, the

hase term in Eq. (54) has to be minimized. To that aim,
e can proceed as in Subsection 2E, replacing L with �L.
nder the paraxial approximation, one can show that the

mage is formed at the depth z=F+d−z0+n−1�L. The con-
ition of validity for the paraxial approximation allows
ne then to deduce the aperture angle 	lim and the reso-
ution � of the image,

	lim � arcsin�� 2�

�L�n−1 − n−3��
1/4	 , �55�

� � ��3�L�n−1 − n−3�

2 �1/4

. �56�

he imaged wave field is displayed in Fig. 8(d) for a dif-
erence of thickness �L=0.1 mm between the two PCs’s.
he object pattern is nicely recovered. Actually, the aper-

ure angle 	lim is, in this case, 0.4 rad=23.5° and the res-
lution � is 1.25 �m, i.e., 2.4�. The addition of a second
Cs significantly improve the resolving power of the de-
ice since � now depends on �L [Eq. (37)] instead of the
hickness L itself [Eq. (56)]. The comparison between
igs. 8(c) and 8(d) illustrates the gain in resolution pro-
ided by the combination of two PCs’s. Note also the am-
lification of the imaged wave field by a factor of 102 in
ntensity [Fig. 8(d)], as predicted in Subsection 4B.

ig. 12. (Color online) Scheme describing the paths taken by
he partial waves inside the non-linear slabs when two PCs’s are
ssociated.
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. CONCLUSION
n this study, we have proposed an experimental setup to
imic negative refraction in the optical regime via PC.
his is performed by means of FWM in a PR slab made of
aTiO3. We have shown how to take advantage of inter-
al reflections inside the PR slab to perform simulta-
eously backward and forward PC. The experimental con-
itions needed to obtain an efficient and uniform PC
rocess over the whole angular spectrum have been deter-
ined (orientation of the c-axis along −z, extraordinary

olarizations, and large angle of incidence for the pump
eams). Double forward PC has been predicted: the wave
eflections on each PR slab interface gives rise to two for-
ard phase-conjugated wave-fronts, focusing at different
epths. A superposition of two images, separated by a dis-
ance 2n−1L, is thus obtained. This is an issue for 3D im-
ging since each image may blur the other one. A solution
s to add an anti-reflective coating on the first interface of
he PR slab. Satisfying imaging is then obtained upon the
araxial approximation. However, phase distortions are
hown to subsist for high spatial frequency components,
hich limits the resolving power of the device [Eq. (37)].
On the contrary, the combination of two PCs’s offers

romising features for imaging purposes. The second PCs
s shown to automatically compensate the phase distor-
ions undergone by the forward phase-conjugated wave-
ront at the first PCs. The aperture angle of the system is
nly limited by the difference of thickness �L between the
wo phase conjugators. The propagating wave field is per-
ectly translated through the device, hence mimicking a
egative refractive slab at optical frequencies. Actually,
he combination of two PCs’s performs even better than
egative refraction. The two PCs’s are shown to behave

ike a resonant cavity: in theory, the wave field could be
mplified infinitely since the two PCs’s exhibit a reflectiv-
ty close to unity. However, absorption losses limit this
mplification process in practice. The effect of absorption
n the PC process has been investigated analytically and
n amplification of the wave field by a factor of 102 in in-
ensity is predicted, despite the important absorption in
aTiO3.
As claimed in the introduction, mimicking a negative

efractive slab by combining two phase conjugators would
e of considerable interest since such a device would con-
titute an absolute optical instrument [17]. Besides open-
ng a new route toward 3D imaging, it may also provide a
ignificant amplification of the imaged wave field. The
erspective of this work is, of course, to implement in
ractice the experimental setup suggested by our theoret-
cal study. As to sub-wavelength imaging [11], the ques-
ion remains open and depends on a future breakthrough
n surface non-linear optics.

PPENDIX: THEORETICAL EXPRESSION OF
HE COUPLING COEFFICIENT
his appendix is dedicated to the theoretical calculation
f the coupling coefficient �. The experimental configura-
ion is described in Fig. 2. In this appendix, only the PC
rocess between the probe wave E3

+ and the backward
hase-conjugated wave E− is addressed. In our experi-
4
ental configuration, the PR slab is pumped by two
ouples of counter-propagating pump beams. Hence two
WM processes occur simultaneously. One is associated
ith the pump beams E1

+ and E2
+ and is characterized by a

oupling coefficient �+; the other one is associated with E1
−

nd E2
− and characterized by a coupling coefficient �−. In

his appendix, we will establish the theoretical expression
f �+. Then, the overall coupling coefficient � will be de-
uced by simple geometric arguments.

. The Grating Formation Process
he PR crystal is illuminated by an intensity distribution
�r� due to the interference between the pump beams and
he probe and conjugated waves,

I�r� = I0 + �II exp�ikI · r� + c.c.� + �III exp�ikII · r� + c.c.�,

�A1�

here I0=�j=1
4 
Aj
2 is the total intensity. The undepleted

ump approximation means that the intensity of pumps
eams is much stronger than the probe and conjugate
eam intensities. Hence I0

A1
2+ 
A2
2. I1 represents the
mplitude of the interference pattern between beams 1/2
nd 3/4,

II = �A1
�A3

+ + A4
−�A2�cos�� − 	�. �A2�

he corresponding grating vector is kI=k−q=k1u1, with
I=−cos���+	� /2�ux+sin���+	� /2�uz (see Fig. 13). III rep-
esents the amplitude of the interference pattern between
eams 1/2 and 4/3,

III = �A4
−�A1 + A2

�A3
+�cos�� − 	�. �A3�

he associated grating vector is kII=k+q=kIIuII, with
II=sin���+	� /2�ux+cos���+	� /2�uz (see Fig. 13).
The intensity distribution I�r� excites charges (elec-

rons or holes) into a conduction band, where it migrates
y diffusion and drift. In the absence of an externally ap-
lied electric field, the electric field Esc associated with
he resultant space charge distribution can be expressed
s [46,51]

Esc�r� = �EI
sc exp�ikI · r� + c.c.�uI + �EII

sc exp�ikII · r�

+ c.c.�uII. �A4�

he resultant electric field Esc is the sum of two compo-
ents originating from each interference pattern. The re-

ation between the electric field amplitude EI,II
sc and the

nterference pattern amplitude II,II is [46,51]

Fig. 13. (Color online) Grating vectors k and k .
I II
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EI,II
sc = − i

II,II

I0

EI,II
d

1 + EI,II
d /EI,II

p . �A5�

d and Ep are electric fields characteristic of diffusion and
aximum space charge, respectively,

EI,II
d =

kBTkI,II

e
, EI,II

p =
eNA

�eff,I,II
S kI,II

, �A6�

here kB is the Boltzmann constant, T is the tempera-
ure, e is the electron charge, NA is the acceptor density,
nd �eff

S is the effective static permittivity (or dielectric
onstant).

The last step of the hologram writing process is the
rating formation. The electric field operates through the
lectro-optic effect to modulate the index of refraction.
he change in permittivity � due to an electric field Esc is
iven by

��ij = − �iirijkEk
sc�jj, �A7�

here R=rijk is the electro-optic tensor. For crystals of
he point group 4 mm such as BaTiO3, the non-zero
lectro-optic coefficients and their conventional con-
racted notations are rwww�r33, ruuw�r13, and
uwu�r42.The directions �u ,v ,w� are the principal dielec-
ric axes, with w aligned along the direction of the c-axis.
n our configuration, the crystal axis is in the opposite di-
ection to the z-axis; hence �u ,v ,w�= �−x ,y ,−z�. A simpli-
ed expression of the permittivity variation tensor �� can
e derived from Eq. (A7),

�� = � no
4r13Ez

sc no
2ne

2r42Ex
sc

no
2ne

2r42Ex
sc ne

4r33Ez
sc � . �A8�

f we inject the expression of the space charge field Esc

Eq. (A4)], �� can be derived as the sum of two compo-
ents associated with the transmission and the reflection
ratings, respectively,

�� = ��Ie
ikI·r + ��IIe

ikII·r + c.c. �A9�

. Coupled Wave Equations
e now tackle the reading step. To that aim, we consider

he scalar wave equation that the probe and conjugate
lane waves are supposed to verify along their directions
f polarization ê	,

��E3
+ + E4

−� + �n�

c �2

�E3
+ + E4

−� = −
�2

c2 �ê	 · �� · ê���E1
+ + E2

+�.

�A10�

he source term that appears on the right of the last
quation denotes the reading of the hologram by the
ump beams E1 and E2. Substituting expressions of the
ave fields Ej and of �� [Eq. (A9)] in Eq. (A10), recogniz-

ng that k=n� /c, neglecting the second derivative terms
ompared to those involving the first derivatives, and
quating separately synchronous terms with the same ex-
onential factors lead to the coupled wave equations [46],
dA3
+

dz
=

�I
+

I0
�A1

�A3
+ + A2A4

−��A1 +
�II

+

I0
�A1A4

−� + A2
�A3

+�A2,

�A11�

dA4
−

dz
=

�I
+

I0
�A1A3

+� + A2
�A4

−�A2 +
�II

+

I0
�A1

�A4
− + A2A3

+��A1.

�A12�

he real coupling coefficients �I,II
+ are given by

�I,II
+ = −

�

2nc cos 	

rI,IIEI,II
d

1 + EI,II
d /EI,II

p cos�� − 	�, �A13�

here rI,II are the effective electro-optic coefficients,

rI = − no
4r13 sin�� + 	

2 �cos � cos 	

− no
2ne

2r42 cos�� + 	

2 �sin�� + 	�

− ne
4r33 sin�� + 	

2 �sin � sin 	, �A14�

rII = − no
4r13 cos�� + 	

2 �cos � cos 	

+ no
2ne

2r42 sin�� + 	

2 �sin�� + 	�

− ne
4r33 cos�� + 	

2 �sin � sin 	. �A15�

The problem can then be simplified assuming that the
wo pump intensities are of equal intensities: 
A1
2= 
A2
2
I0 /2. The coupled wave equations reduce to

dA3
+�

dz
−

�+

2
A3

+� =
�+

2
e−i�A4

−, �A16�

dA4
−

dz
−

�+

2
A4

− =
�+

2
ei�A3

+�, �A17�

ith �+=�I
++�II

+ and ei�=2A1A2 /I0. In our study, we as-
ume that �=�, i.e., A1=−A2. This is the case experimen-
ally if one pump beam is obtained by reflection of the
ther pump beam on a silvered mirror.

. Overall Coupling Coefficient
n our study, we assume that a second couple of counter-
ropagating pump beams E1

− and E2
−, symmetric to the

rst one (i.e., with an angle of incidence −�), is added (see
ig. 2). This couple of pump beams also interacts with the
robe wave to give rise to the phase-conjugated wave. The
ssociated coupling coefficient �− can be expressed simply
s a function of �+, such that
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�−�	,�� = �+�	,− ��. �A18�

inally, assuming that all pump beams are of equal inten-
ities, the PC process between E3

+ and E4
− taking place in

he PR slab can be modeled by an overall coupling coeffi-
ient �, such that

��	,�� = �+�	,�� + �−�	,�� = �+�	,�� + �+�	,− ��.

�A19�
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