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MINIMAL HYPERSURFACES OF UNIT SPHERE
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Abstract. In this paper, a pinching theorem for minimal hypersurfaces in a unit
sphere is given and Peng-Terng’s Theorem is improved.

Let S"*! be an (n+ 1)-dimensional unit sphere and M a closed minimally immersed
hypersurface in S"**. S denotes the square of the length of the second fundamental
form of M. It is well known that if 0<S<n, then S=0 or S=n (cf. [1]). Chern-do
Carmo-Kobayashi [2] and Lawson [3] independently proved that the Clifford tori
are the only minimal hypersurfaces with S=n. In [2] Chern conjectured that for
minimal hypersurfaces in the unit sphere S"*! with constant scalar curvature, the
values S are discrete. On this conjecture, Peng and Terng [5] made a breakthrough,
and proved:

THEOREM A. Let M be an n-dimensional closed minimally immersed hypersurface
in S®* with constant scalar curvature. Then there exists a constant &(n) such that if
n<S<n+e(n), then S=n so that M is a Clifford torus.

It is natural to consider the problem without assuming that the scalar curvature
is constant. For n< S5, Peng and Terng [4] proved:

THEOREM B. Let M be an n-dimensional closed minimally immersed hypersurface
in S"*Y, n<5. Then there exists a constant a(n)=(6—1.13n)/(5+\/T7) such that if
n<S<n+e(n), then S=n so that M is a Clifford torus.

In this paper, we remove Peng-Terng’s assumption n<5 and improve Theorem B.
Our result is:

THEOREM. Let M be an n-dimensional closed minimally immersed hypersurface in
S"*1, Then there exists a constant e(n) = 2n?(n+4)/[3(n+2)*] such that if n< S<n+&(n),
then S=n so that M is a Clifford torus.

It is clear that our Theorem is better than Theorem B and this &(n) is the same as
that in Cheng [6].

The authors would like to express their thanks to the referee for valuable sugges-
tions.
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1. Fundamental Formulas. We use the same notation and terminologies as in
[4], [5] unless otherwise stated.

Let S"*! be an (n+ 1)-dimensional unit sphere and M a closed minimally immersed
hypersurface in S"*'. {e;,...,e, €,4,} is an orthonormal frame field on S"*!,
{ey,...,e,} is tangent to M, and let {w,, ..., w,,,} be the dual frame field. We use of
the following convention on the range of the indices:

A,B,...=1,...,n+1; i,j,...=1,...,n.

Then the structure equations of S"*! are given by

doy=—Y wspAwp, ©ap+05,=0,
B

1
dwp=—) W4c AOcp+ > Y. Kpcpwe A op
c cD

KABCD = 546581) - 5AD58C .

Restricting these forms to M, we get

Wy+1=0, CUn+1i=2h“w‘ hijzh
J

(7 Rt I Jjis

dw,-=——Zw,-j/\a)j, a)ij+wj,-=0,
j

1
daj=—) oy A wkj"'?z Rijuw Aoy,
k kl

where

Rijy=Kj+ hyhj— hy hjx .
We call h=Y" . h;;0,0; and H=(1/n)}, h;; the second fundamental form and the mean
curvature of the immersion, respectively. If H=0, then M is said to be minimal. Denote

by S =Zij h? the square of the length of 4. For a minimal hypersurface M in S"* 1 we
have

S=n(n—1)—R,
where R is the scalar curvature of M. It is clear that S is constant if and only if so is

R. Define h;j, h;jy and h;y,, respectively by

“Zkhijkwk =dhij_§hmjwmi_§: himwmj ,

Z h; k1O = dhijk - Z hmjkwmi - Z himkwmj - Z hijmwmk s
1 m m m

Z hijklmwm = dhijkl - Z hmjklwmi - Z himklwmj - Z hijmlwmk - Z hijkmwml .
m m m m m
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Here

hijk = hik jo

hija—Pijuc= > hynj Roniger + > himRomjui »
and

hijkln - hijknl = Z hmijmiln + Z himkijln + Z hiijmkln .

We can choose a local frame field {e,, ..., e,} such that

hij=hii5ij .
From now on, we assume that M is minimal. By calculation we have (cf. [4], [5])
(1.1) Ahyy=(n—S)h;;,
(1.2) j |Vh|2=‘[ S(S—n),
M M
3

(1.3) Y hizjk,=J |:(S—2n—3)|Vh|2+3(A—ZB)+—IVS|2:I ,

M ijkl M 2
where

A=Y h}hE, B=Y h}h.h,

ii’tjj .

ijk ijk
(1.4) Z hémzzhﬁuH Z hii'ij .
ijkl i i)
Set
') =Z.::hijhjkhki s ga= };1 hijhjkhklhli .
iji 1
Then
1
(1.5) J (A—ZB)=J <Sg4—g32—52——IVSI2>.
M M 4
(1.6) f |VS|2=2J [S*(S—n)—S|Vh|?].
M M

2. Proof of the Theorem. In order to prove our Theorem, we need the following:

LEMMA. Let M be an n-dimensional closed minimally immersed hypersurface in S"**.
If S>n, then we have
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2 _3£n +2)
2. b= n(n+4)

ijkl

S(S—n)2—%Sz(S—n)+3(Sg4—g32—Sz) .
PROOF. Since M is minimal, we have ) ;=0 and
Zh,w ;=0
From (1.1) we get Ah;=(n—S)h; and
Y hijihi=S(n—S) .
ij

Let fi;=h;;;. We consider f=Y, fi+3).,,f3+6),(hih;—hih;)f; as a function
of f;. Solve the following problem for the conditional extremum:

(2.1) F_Zf,, +3) .+6Z(hj?,.h,.i-hgh,.,.)f,.j+,1<2f,.jhﬁ—S(n—S))+qu,.jh,.,.,
t tJ t

i#j

where 4 and u are the Lagrange multipliers. It is clear that the critical point of F is the
minimum point of f. Taking derivatives of F with respect to f;;, we get

(2.2) Fr.=2fu+ A+ ph;=0, i=j,

(2.3) Fy, =6f+6(hkhy—h3hy)+ Ahy+phy=0,  i#j,

and they satisfy

(2.4) Zh“ =0, Zhiifij=s(n_s)’ Zhizi=S» Z=hii=0

ij i i

From (2.2) and (2.3) we get

2.5) Y fiFr =2 fR+GAw Y fihi=0,

(26) ; ./;]Ff =6 Z f3+6 z (huhu i ]j)f;]+2' Z fuhu+u Z "hjj=0 ’
i#j

(27) Z huFf =6 Z huf;1+6 z ( u h:%hu)hu'{_i Z h +# Z huh _0
i#j i#j

(2.8) ;h,.,.F, =6 Z hj; fi;+6 ; (h3hy—h3hy)hj;+ A Z hihyi+ 2 h%=0,
i#) 1]

(29) ZhuFI. _Zzhufu'*"q'zh +/"Zh121_0

From (2.5) and (2.6) we get
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(Z.f;l +3 Z .f;_] +6 Z (h ii hl%hjj)f;]>

i#j i#j

-6 Z (h i hz%hu)fu_i-'lzhuﬂj"')uz

i#j
and so, in view of (2.4),
(210) Z.f;l +3 Z j:] +6 Z (huhu 'hjj)fij
i#j
_3§(h —hZhy) fi— AZhiiﬁj
i#j ij

=3 (h}hy hzh”)fu+ 4 S(S—n).

i#j

Using (2.4), from (2.8) and (2.9) we get

2.11) —4Zh,,f,,+6 Y. (h3hy—h2h;)h;;+npS=0,

i#j

and from (2.7), (2.9) we get

(2.12) —42h,,f,,+62(h h2h;)h;+nAS+6S(n—S)=0.

i*j
Notice that S>#n. Thus by (2.11) and (2.12) we obtain
n(u—A)S=6S(n—S)+1252,
that is,

12
2.13) p—i=lmos)+ 25,
n n

On the other hand, (2.11)+(2.12)+4 x (2.9) shows

4+ WS +n(A+w)S+6S(n—S)=—6 Y. (h3hy—hZh;)h;—6 Y (h2hy—h

i#j i#j
that is,
(2.14) Atu= J (S—n)
’ # 4+n '
Combining (2.13) with (2.14), we get
6(n+2 6
2.15) S0+ ¢ O
n(n+4) n

427

u j])hll - 0



428 H. SUN AND K. OGIUE
(2.10) and (2.15) show that

Zf;l +3 Z .f;j +6 Z (h.l.l i " Jl)f;.l

i+j

_ 302 S(S—ny*— SZ(S m+3 2 (hihi—hithy)) s
n(n+4) i#j
and so,
(@16) Yhiu+3 T iy 30+2) Sy =2 SAS—m)=3 T (h2ha— hZhy ),
<, n(n+4) n i%j
_3(n+2)

3
= S(S—n)?—=8S*(S—n)+3(Sg,—g*—S?).
nn+4) (S—n) " (§—n)+3(59,—9;3 )

Combining (1.4) with (2.16), we get the Lemma.

PrROOF OF THE THEOREM. Using (1.3) and the Lemma we get

(2.17) J [(S—2n—3)1Vh|2+3(A—2B)+%|VS|2:I
M

zj [3("+2) S(S—n)z—iSZ(S—nH3(Sg4—g§—52)]'
uLn(n+4) n

Noting (1.5), from (2.17) we obtain

J [(S—Zn—3)|Vh|2+3(A—ZB)+i|VS|2:|
M 2

3(n+2) v 3 cae _ 3 2]
>I [n(n+4) S(S—n) nS(S n)+3(A ZB)+4IVSI ,

namely,

3(n+2)
n(n+4)

Substituting (1.6) into (2.18), we get

f[(S—2n—3)|Vh|2 3(n+2)S(S ny+ S2(S—n)
M n(n+4) n

(2.18) ~[l:(S 2n—3)|Vh|*— S(S— )2+3S2(S n)+— IVSP]

+iS2(S—n)-iSl Vhlz]zo
2 2
that is,

s n ) ivap e 20D oy 30ED) _]
2.19) L[( 5=2n 3>1Vhl+2n(n+) (5—n)+= "2 S(5—n)
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Now, we assume that n<S<n+e. Then using (1.2) we get
(2.20) j S’(S—n)s(n+s)J S(S—n)=(n+s)j |Vh|>.
M M M

By (2.20), (2.19) yields

.21 J[—lS—lHMs]wh}zzo.
wl 27 27 2n(n+4)

Taking e=2n2(n+4)/[3(n+2)*] in (2.21), we get

1.1
f (———S+—n>|Vh|220.
w\ 272

Since S>n, we see that S=n so that M is a Clifford torus. This completes the proof
of the Theorem.
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