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Summary. - The projection constants o] hyperplanes in the classical sequence spaces (Co) and 
(11) are determined, together with the projections of minimum ~orm. 

1 .  - I n t r o d u c t i o n .  

If Iz is a closed linear subspace in a Banach space X ,  then a project ion of X onto Y 
is a bounded linear map P:  X -> Y such that  P y  = y for all y E Y. If such a projec- 
tion exists, then Y is said to be complemented in X. In this case, there is some in- 
terest in discovering whether there exist projections of minimal norm, and if so, 
what their properties are. 

Many applications of projections occur in numerical anMysis and approximation 
theory, for/~x can be regarded as an approximation to x in IT. The quality of this 
approximation relative to the best approximation is governed by the inequality 

[]x--P~[[ ~< III--/~[[ .dist (x, I7). 

In some previous work [1, 2, 3, ~] we have drawn attention to the problem of 
determining projections of minimal norm, assuming that  a pMr Y c X has been 
prescribed, l~Iany interesting open problems remain in this area of endeavor; for 
example, the minimal projections of C[0, 1] onto the subspace of polynomials of 
degree ~ n  are still unknown! 

The present paper has the modest goal of studying projections of minimM norm 
onto hyperplanes in the classical sequence spaces (co) and (11). We give formulas 
for projection constants, identify cases in which there exist projections of norm 1, 
and so forth. In the com'se of the investigation we encounter a number of unusual 
extremM problems which must be solved to yield minimal projections. The situa- 
tion as regards hyperplanes in (co) is reasonably simple. See, for example, Theorem 2 
below. In  (ll), however, the description of the projection constants is suprisingly 
complex and seems to require the consideration of a number of eases. See, for ex- 
ample, Theorems 7, 8, and 9. 

(*) Entrat~ in Redazione 1'11 dicembre 1972. 
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We summarize here  a few defirdtions: 

(1) (co) is the space of all real sequences x ~ -  (x~, x2, ...) such tha t  lira x.---- 0. 

T h e  . o r m  is ll~It~ = sup lx~l. ~ - ~  

(2) (l~) is the space of sequences for which ~ I~1< 0% the norm being 

(3) (1¢~) is the  space of sequences for which sup /x~t < o% the  norm being 

t]xll~ = s u p  I~I .  
t l  

As is well-known, (11) is isometrically isomorphic to (co)* and (l~) is isometri- 
eMly isomorphic to (l~)*; in bo th  cases the functionals are given by  the formula 

(f, x) = ~ / ~ x . .  

A hyperplane (in any  norme4 space) X is defined here to be a set of the  form 

1-t(o) = { x e X : / ( x )  = o} (f e x* ,  / ~ o ) .  

T h e  relative project ion constant of a complemented subspace I z in a Banach  space X 
is the  number  

p(:g)----- inf {IIPtI= P projects X outo 17}. 

The subspace Y is t e rmed an g-spaee in X if t he  infimum inf {llx--YlI: Y a It} 
is a t ta ined for each x ~ X .  

L E n A  1. - Let  X be a normed linear space and let ] be a continuous nonzero l inear 

funct ional  on X .  Each project ion of X onto the hyperplane ]-1(0) is of the following form,  
for some z ~ f-I(1): 

(1) P , = Z - - f ® z  i.e. Y~x=x--f(x)z. 

P~oo]~. - I f  P is a project ion of X on to / - i (0 ) ,  select v e I-1(1) and pu t  z = v - -  Pc .  

Then f ( z ) =  f ( v ) - - f ( P v ) =  ] ( v ) =  1. Hence X is the direct sum of 1-1(0) and the 
subspace genera ted  by  z. On J-l(0), P and P~ agree since P ~ x - ~  x - - f ( x ) z  = x = P x  

if x e f-l(0). On the  subspace generade~ by  z, P and P~ agree since 1)~z= z - - ] ( z ) z =  
= 0 = . P ( v - - I v )  = Pz .  - -  

2.  - T h e  space  (Co). 

L m ~ r A  2. - Let  f be an element of norm 1 in  (11). Every  project ion of (Co) onto 

/-1(0) is of the form t ) ~ =  I - - / @ z  for some z~f- l (1) ,  and moreover 

I fPol l  = {11 --z~f,t-F Iz~i(1- If, l)}. 
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we h a v e  

PI~OOF. - Wri t ing  sup for the  s u p r e m u m  as x ranges  over  the  un i t  bal l  of (%), 

ilv0ll = su2 sup I(e~x),I = sup s p  I x , - / ( x ) z , l  

co 

i = 1  ~ = 1  

= s ~ , p { l l - / , z , l +  ) :  I / ,z , I}  
i = 1  

= sup { t a - i , z , t  + lz, t ( ~ - t i ,  I)} • - 

T~_.~ogE~ 1. - Let la(l l)  and II/II = 1. zn  order that tkere exist a projection o/ 
norm 1 /rom (co) onto the kyperplane ]-1(0) i/ is necessary and suf]icient that ]/~I~ ½ 
/or some i. In  order that/-1(0) have a unique pro~eetion o/norm 1 it is necessary and 
su]]icient that ]f~f ~ ½/or exactly one index i. 

P~ooF. - By  L e m m a  1, a necessary and sufficient condition for the  existence of 

a norm-1  project ion is t h a t  there  exist  a point  z in (co) such t ha t  

(~) i1-1,~,t  + Iz, l(]--fs',l) < 1  
co 

(2) ~ ],z,= 1. 
i = 1  

for  all i 

F r o m  inequal i ty  (1) it  is clear t ha t  s g n z ~ =  sgnf~ for all i. Hence  (1) implies 

a n d  

l - / , z , +  Iz , l - z , / ,< l  

I ~ , t (1 -2 t / , I )  < o .  

For  each  i sat isfying }/~I<½ we m u s t  therefore  have  z~= 0. Since f (z)= 1, there 
m u s t  exis t  a t  least  one index j such t h a t  [fJl> ½. On the  other  hand,  this  condit ion 

is sufficient, because  if 1]~[ ~> ½ then  z can be defined so t h a t  z~= 1If5 and z~ = 0 for 
i # i .  Then ] ( z ) = l  and  []P~]l = 1, as can  be easily verified f rom (1). I f  exac t ly  

one index ] exists  for which ]f¢] ~> ½ then  z is un ique ly  de te rmined  in the  above  man-  

ner.  I f  two components  of ] exis t  such t h a t  If, I= ½= []~](i=/=]), t hen  two projec- 
t ions exis t  as described above,  and  all convex l inear  combinat ions  of these  two projec-  

t ions have  n o r m  1. m 

R ~ .  - I n  (Co) there  exis t  hyperp lanes  which are not  8-spaces bu t  which never-  

theless possess min ima l  projections.  I n  the  construct ions above,  t ake  for  example  
/ =  (½, t,  18, ...) and z =  2, 0, o, ...). 
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T I ~ o ~ r  2. - I, et / e ( l J  an~ I t G =  1. The relative projection constant o! F~(O) 
o o  

in (Co) i~ ~ iy llitlo>}, an~ otherwise if is ~ + ( ~ l ] , I / ( ~ - a ] , l ) ) - l .  

P ~ o o ~ .  - The  c~se  1] /1<>~ h~s  been  cons idered  ~bo~e .  ~ s s u m e  tha t  1]/11o <}" 

Then the  numbers  1 - 2 1 h  I are bounded away f rom zero and we pu t  £ , =  I/,I/ 

/ ( 1 - 2 I L l ) ) -  % n being f~xed. We shall  define a project ion of norm 1 + ~.~. Let  
z , = ~ . ( s g d L ) / ( 1 - 2 l h l )  for all i < n  and let  z~=O for all i > n .  Then ] ( ~ ) =  
= ~ h z ~ = l .  Since 0 < z d ~ < ~ z J ~ = l ,  we have (for i < n )  

IZ -~d , I  + I~, I (1- I f ,  I) = 1 - ~ d , +  lz, t - z d ,  

= 1 q- lz, I ( z - 2 1 f ,  I) = :t + )... 

The corresponding expression reduces to 1 when i > n. Therefore by  Lemmu 2, 
IIP~]I---- 1 q- ,~.. The project ion constant  is thus  at most  1 q- ,l---- 1 ÷ l im) . . .  

In  order to show tha t  the project ion constant  is not  less than  1 ~-~, suppose 
on the  cont rary  tha t  for some z ~ (co) we huve ](z)----1 and 

(3) 

Since 1 - [ z { l { I < l - z d { < l l - z d { I ,  a consequence of (3) is t h a t  

1-I~d,I + l~, l - I~,; ' ,1 < ]- + ~ ,  

whence !~,1(1-21/,I)< ~. Then the following contradict ion ~rises: 

o o  c ~  o o  

{=i {_-'r£ " '= {=l 1--21]~ 

COI~OL~_g¥. - Let ]e( l l )  and II111t=1. ~r/tt/il.>~, then the hyperplane ]-1(0) 
in (Co) k s  a min imal  proje~ion. _rn the case tlfllo < ~, he.ever, I -1(0) has a ,,~inima~ 
projection i / a n d  only i / a t  most a finite number o/l~ arc different ]tom O. 

COZOLLA~Y. -- The totality o] projection constants ]or all the hyperplanes in (co) is 
precisely the interval [1, 2). 

P~ooF. - Le t  ,1 e [1, 2). For  ,l : 1, Theorem 1 describes the hyperplanes  having 
project ion constant  / .  I f  / e ( 1 , 2 ) ,  select n so tha t  1 <  2 < 2 - - 2 n  -1. Define ] e ( l l )  
by  pu t t ing  [1 . . . . .  [.---- r, ] . + 1 : 1  - - n r ,  and / . + 2 :  ].+3 . . . . .  0. Here  r is chosen 
in the  intervM (]/2n, l /n ]  so t h a t  

nr 1 -- nr 
(4 )  - -  4 = ( , l - ~ ) - ~ .  

1 - -  2r 2nr --  1 
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Such a ~Mue of r exists because the left  side of (4) is a cont inuous funct ion of r in 
the  prescribed interval ,  and its range is an interval  [ n / ( n -  2), oo) which contains 
( 2 - -1 )  -1. Observe tha t  1 > 0  a~d t h a t  I t l l t l :  1. By  Theorem 2, the  project ion con- 
s tunt  of t-1(0) is 

('~:: ,~. ) - :  [ nr 1--nr]-: 
+ ~ , : : : - - s i c  = ] + :-~ + f f - ~ - - l /  = '~" 

!qow we remark  t ha t  by  a theorem of Levin  and P e t u n i n  [5], eve ry  hyperplane  
has project ion constant  at  most  2. Hence in the  present  si tuation we only must  

rule out  2 us a possible value. If ttSllt=1 and llSlto< ½ the,: 

11~1(:- 211,1) - 1 :  ~ 1/,1 + 2 ~7 l f< l : (z-  21f~l) -1 > 1. 

Hence  by  Theorem 2, p[ /-~(0)]< 2. I 

3. - The space (l O. 

L]~I~A 3. - Let ] be an element of norm i in (l~). Every projection of (l:) onto the 
hyperplane ]-1(0) is of the ]orm P~= I - - /  Q z  for some z e / - l ( 1 ) ,  and moreover, 

lit>oil = sup {I ]- --t,,z,,l + l i,,l(llzll- lz:l)} • (1) 

P~ooF. - If x e ( l l )  and IIx]l < :  then 

• ~=I i = l  J = l  

g = l  i = I  J = l  ~=I  
o<) 

:/=1 i=1  

~=1 i = l  

- sup {11--1."ni + I/nl(ll.ll- I~.I)} • 

For  the  reverse inequal i ty ,  fix an index n and define xG(ll) b y  x~= 5~.  Then 

- -  I ~ - 1 . ~ . 1  ÷ lS . l ( l l~ l l -  !~.1) • 

B y  taking a sup remum in n, we complete  the  proof  of Eq.  (1). I 
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I f  f > 0  and z > 0  t h e n  the  condit ion (f, z) = 1 implies t h a t  0< /~z~<l fo r  each i. 
Hence  Eq.  (1) can be simplified in this case to  read  

(2) IIP~II = : + sp  fAI l , I [ -2zJ. 

TI:E0~E~ 3. Let 0 # f e ( l ~ ) .  The hyperplane ]-:(0) in (l~) has a projection of 
norm 1 if and only if at most two components of f are different from zero. The hyperplane 
has a unique projection of norm 1 if and only if exactly two components of ] are dif- 
[erent from O. 

PI~OOF. - }Ve assume tha t  II/tl~= 1. In  order  t h a t  f-~(O) have a project ion of 
norm 1 it  is necessary and sufficient t h a t  there  exist  z e (1D such tha* f(z) = 1 and 

(3) I x - f , z , I  + lf, l ( l lzl l -  lz, l) <a (M1 i ) .  

I t  is clear tha t  this implies f~ z< ~> 0 for all i. Hence 1 = ~ f~ z~ >f~ z~ > 0. Inequa l i ty  (3) 
is now equivalent  to 

l i , l{l l~ll- 21z,1} < o .  

I f  ] , : / :0  t hen  ttzll <21z, 1. There can be at  most  two indices for which f ,:#O since 

h~O 5#0  

Now suppose t ha t  ] has exact ly  one nonzero component ,  say fj== 1 and ] , =  0 
for i # j .  Let  k be any  index different f rom 7", and define z as follows zj-----1, 

zk e [-- 1, 1], and z~ = 0 for all remaining indices i. One verifies easily tha t  (f, z) = 1 
and IIP~ll = 1. The non-uniqueness is plain, since there  are m a n y  choices for k. 

Finally,  suppose tha t  f has exact ly  two nonzero components ,  f~ and fk. We ma y  
suppose tha t  1 =  1/~[>1/~[ > 0 .  Then the  arguments  above show tha t  ]zj]= ]z~l---- 

= ~ll~lt. Hence  for M1 i, z , =  ½Ilzlt sgnf , .  This condition, together  with the equa- 
t ion f ( z )=  1, fixes z uniquely ,  m 

Lm~A 4 . - L e t  /e(l:o), I l f l l~= l ,  and f>~O. Let ze(l~), f ( z ) = l  and m i n z , <  0. 
Then there exists an xE(l~) such that f ( x ) =  1, x>~O, and llP~tI < IIP~II. 

P~oo~. - Define x i =  0 if z~<0 and x~= Oz~ if z, > 0 .  Here  0 =  (~'f~z~)-% the  
summat ion  symbol  denot ing the sum for z~ > 0. This choice of 0 ensures t h a t / ( x )  = 1. 
Since l = 2 f , z , < Z ' f , z , ,  we have 0 <  0 <1 .  We now prove  t h a t  IlP~ll<llP~ll. ~y 
the  r emark  af ter  Lemma 3, Ile~ll = max  rdx), with rdx ) = 1 + [,(llxll - -  2xJ .  We dis- 
t inguish several cases. 

case 1, ~ , < o .  The~ x , = 0  and r , ( x ) = ~ + f ,  I Ix l I=~+f ,~ 'oz~<~+of ,  ll~ll< 
< 1 - b f ,  iizIt <l tP ,  II, b y  Eq.  ( 1 ) i n  Le mma  3. 

Case 2, o < / , ~ , < : .  The: r , (x )=  : + / , ( [ [ x : l - 2 x , )  = : +i , (5 'o:~-2o~, )  = : + 
+ 0fA]~' z~ -2zJ  < :  + 0/A I1~1t-2z,). if  llzll >2z ,  then  r,(x) <1  + f,(ilzll--2~,) < lleolt, 
by  Eq.  (1). If iI~ll < 2~, then r,(x)<Z<IIPoH, 
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Case 3, ] , z , > l .  Then by  Eq.  (1) - l + L I I ~ l l  <llP~l[, whence /,11~11 < 1 +  II~ll. 
As i~ Case ~, we have then ~(~) < 1  + o ~ ( I I ~ l l - ~ )  <1  + 0(~ + tlPoll ) - ~ 0  -- ~ + 
+0(11~'oI1-1)<1 + (1i~olI-1)= II~oil. " 

In  the  remainder  of the paper,  we shall assume tha t  ] > 0 .  This involves no loss 
of generatiSy since ]-1(0) and g-~(0) have the  same project ion constant  if Ill = tgl- 
Indeed,  if J is any  subset of {1, 2, ...}, then  the mapping of (l~) into (l~) defined by  

? ! 

x~ = - -  x~ if i e J and x 4 --  x, if i ~ J is an isometry.  In  accordance with the above 
lemnm, we m a y  then  restr ict  our  search for minimal  projections to those projections P~ 

for which ze(l~), / ( z ) = l ,  and z > 0 .  
We introduce now the  following definitions: 

4 = 1  

b~= ~IV ~ 
i = 1  

1 
- - - -  b~ ( n >  2) .  

n - - 2  

L s ~  5. - Let /e(l~), II]tt~= t, />o,  z e  (l~), ] (z)= 1, ann z>0. Deline 

i =  {i: ~ , ,=  0} ann J =  {i: r ~ ( ~ ) -  IIP~ll}, ~ h e , e  , ~ ( z ) =  1 + L ( I ] ~ / 1 - 2 ~ ) ,  ~y a'o is 
not a minimal projection o/ (l~) onto the byperplane /-~(0), then there exists an ele- 

ment u~(l~) such that ] (u)=O,  u~>0 ]or i ~ I ,  and ~ u~< 2 in fu~ .  
i = 1 i e J  

P~OOF. - I f  P~ is ~ot  minimal,  t hen  there  exists an x @ (l~) such t h a t  / ( x ) ~  1 

and IIi'~II</IPoII. By Lemma 4 we ma y  assume t h a t  x>O. P u t  u = x - - z .  Then 
] ( u )=  0 and u~:>O for M1 i a I  and s =  IIP, I I -  llP~ll then 

1 + i , (  Ilxll - 2~, )  = ~ ( x )  < i] P~ II = il P~II - s :  r ,(~) - s = ~ + / ~ (  II ~11 - 2~,) - s ,  

Consequently,  ttxlI--2x4< I tzl l --2zi--s] :(1< l l z l1 -2z~- s .  EquivMent ly ,  ~ x j - - 2 x ~ <  
< ~ z j - - 2 z ~ - - e ,  whence ~ u ~ 4 2 u ~ - - s .  - -  

TR-~O lCE~ 5. - Let 1 ~- ]~ > ]2 > . . . > f ~ > ] ¢ > 0  ( i > n) and assume that n > 2, ]~ > O, 
- -1  ]~ <fin, a ~ - l > n - - 3 ,  and a~< n - - 2 .  Then the projection constant of the hyperplane 

f-l(O) in (l~) is 1 q-[2anfi~--n-F ( f l~- -] ;~) (n- -2- -a)]  -1. 

P~OOl~. - P u t  k ---- b, - -  (n - -  2)f~ 1, u : 2 [k - -  n q- an/~l] -1, and v ~- (1 - -  k)u. De- 
1 - -1  - -1  fine x e ( l l )  by  pu t t ing  x l :  ½ u ( ] : l - - l + k ) ,  x R :  ~u(]~ --]~ ) for 2 < i < n ,  and 

x i : 0  for  i > n .  
Observe t ha t  k - - n q - a J : ~ > O .  Indeed ,  a ~ ] ~ - - n > O  since a~][1-~( f l -k . . .q  - 

q- ]~)]~l>nf j~ l .  Also k > 0  because ]~ l< f l_~  (n_2)-lb**.  Now equal i ty  cannot  oc- 

cur s imultaneously in these two inequalit ies because if n - - - -aJ~  ~ t h e n  ]1 . . . . .  

= f~---- 1, and in tha t  event ,  b~= n > (n - -2 ) ] :  1. 

1 5  - A n n a l i  cli  3 I a t e n k a t i c a  
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Observe nex t  thu t  x > 0 .  Indeed~ u > 0 and ]~:>].~: for i :  2, ..., n. Also, k > 0  
as proved above, and ]~: --  1 ) 0. 

Next we prove tha t  ( ] , x ) = l .  Indeed,  ~]~x~= ] i½u( ]~ : - - ]~ - l )+  ½ u k =  
i = 1  i = 1  

: ½u[k "-~ ~ (]Jn I - -  1)] : ½u[k -~- ] : l a , - - n ]  : 1. 
I 

)Text we prove tha t  Ilxi]:= u]:~. Indeed ~x,---- ~ ½u(]: ~ - ] ; 1 )  ÷ ½uto: ½u[n]: ~ -  
- - b , +  k] = ½ u [ n ] : l - - ( n - - 2 ) ] :  1] = u/V:. ~ 1 

Observe next  tha t  u > v .  Indeed,  this follows at  once from the inequali ty k >  0 
proved above. 

Next  we prove the  equa¢ion 

] , ( l l x [ L - ~ , )  = 

v i = 1  

u 2 < i < n .  

] j j : u  n <  i 

Indeed,  for i - -  I we have/~(Hxll-2x~) -- u ] : l - u ( ] : l - 1  ÷ k ) =  u(1 - k ) :  v. For 
2 < i < ~  w e  h a v e  /,(HzlJ-2xJ=f,[uf;1-u(];1-l;1)]=u. For  i > n  w e  h a v e  
] , ( I t~11-  2x,) = ]~u]:  1. 

B y  ~ e m m a  3, llP~il = : + m u x  ( I t '~I t -2~ , )  = : + u. 

~Tow we prove t h a t / ~  is a minimal projection. I f  it  is not,  t hen  by Lemma 5~ 
there exists a vector 0 =  (01, 0~, ...) in (l~) h~ving the  following three properties: 

(1) (], 0 ) =  0 

(2) 0~>0 for indices i such tha t  x~= 0 

(3) ~ 0 i < 2  rain 0~ 
4=1 2 ~ i ~ n  

These conditions will lead to a contradiction. Le~ q =  min  0~. ~o te  t ha t  0~>0 
co 

Thus q C0. If q > 0, then we obtain 2 > n--a.~ contrary to hypotheses. If 
n - 1  n - I  

q < 0 ,  we use the f u c t t h a t  0 . > 0  to obtain us above 2 q >  ~ ( 1 - - ] ~ ) 0 ~ > ~ q ~ ( 1 - -  
i = 2  i = 2  

- - ] ~ ) :  q ( n ~ l - - a ~ _ : ) .  Since q<  0, this implies tha t  2 <  n - - l ~ a ~ _ :  or a~_:< n - - 3 ,  
contrary to hypotheses.  

To obtain the formul~ in the theorem, we write 1 ÷ u---- 1 ~ 2 [ b , - - ( n - - 2 ) / / 1 -  
- - n  -~ an]~ l ] - I  = I -[- 2[(n --2) i~ n -  ( n - -  2)]~ I - - n  + a n ] ; l ] - l :  : + 2[anOn-- n + (~n-- 
- - ] j : ) (n - -2 - -%) ]  -~. ,- 

T]~F~OI¢~ 6. - Le~ : : [:>]2>~. . .>f ,+1)/~>0 (i > n). Assume ]ha( n > 2, 1, > O, 
],>~fi~l~f,+~, and that a ~ > n - - 2 .  Then the pro~ection constant o] the hyperp~ane 
]-1(0) in (l~) is 1-~ 2 ( % f l . - - n )  -1. 
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PlmOF - Define u =  2(Gfl~--n) -1. Define x e(ll) by  put t ing  x~= ½U(fin--fi -1) 
for  1 < i G n ,  and x~= 0 for i > n. ~ . 

Observe first t ha t  u is well-defilled and positive. Indeed,  %b,= ~ / ~ l ( l =  
n 1 1 

_~f /~ l . .~  ~( f /7~+ -1 
- -  f'Ji ) > n  + [½n(n--1)2  = n ~. Hence  a~fl~--n>n2(n--2) -1 

1 i < J  

- - n  = 2 n ( n - - 2 )  -1 > 0. 
Observe nex t  t ha t  x > 0 .  Indeed,  by  hypothesis  f~-~<f~<fi ,  for i =  1, ..., n. 
Next  we prove  tha t  (f, x)-----1. We have 

:Zf ,x ,=  ~u~: G ~ n - 1 ) =  ~ u G a , , - n ) =  ~. 

Next  we prove  that IIx{l = ufl~. Indeed,  

2 : x , =  ~u X (~, - V ~) = ~ u ( n A  - o.) = ~ ( ~ .  - (n - 2 ) A )  = u A .  
1 I 

Next  we prove the equatiolt  t , ( I ] < t - - 2 ~ , ) =  u for i=x, . . . ,~ .  Indeed,  f,(llxiI-- 

- 2 ~ )  = l , ( u A -  u ( A - / ; 1 ) )  = ~. 
Next  we observe tha t  ],(llxi1-2x~) < u  for i > n. Indeed,  ],(]lxi] - - 2 x j  = f, ufl~< 

< f~ + lufl~ < u by  hypothesis .  
By  Eq.  (2) following L e m m a  3, llP.II = 1 + u. I f  P~ is not  u minimul projec- 

t ion  then  by  Lemm~ 5, there  exists a vector  0 = (0i, G, --.) in (10 having the  pro- 

pert ies  : 

(1) (], 0) = o 

(2) 0 , > 0  for indices i such tha t  x , =  0 

co 

(3) ~ 0 ~ < 2  rain Oi. 

oo 

These conditions will lead to a contradict ion.  P u t  q = rain G.  Then  2q > ~ 0 ~ =  
I<~.i<~.n $ = 1  oo n 

= ~.0~+ ~ 0~> ~.O,>nq. Hence  q < 0 .  Now write 
i = 1  i = n + l  i = l  

2q> Z 0,= 0-],)0,> ~(1- / , )0 ,>q ( t - f , ) = q ( n - a . ) .  
i = l  i = l  i = 1  i = l  

Since q <  0, this yields 2 <  n - - a ~  con t ra ry  to  one of the  hypotheses,  m 

LEm:~A 6. - Let l = f l > / ~ > . . . > 0 ,  f a > 0 ,  and l i m f ~ <  1. Let A~ (for n > 3 )  de- 
note the assertion that / .b ._~>n--3  and a~_l>n--3.  Then Aa is true, and there is 
a unique index n>3  such that As is ti~ue and A.+~ is false. 
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P g o o F . -  A~ is t rue  because /3b~.>~O and a~>~0. Now we observe tha t  if 

a ~ > n - -  2 then  a~_~>~n--3 because a,_~= a~-- / ~ n - -  2 - - / ~ > n - - 2 - - 1 =  n - -  3. 
Next  we observe t ha t  if ]~+lb~>~n--2 then  / . b , _ l > n - - 3  because / . b , _ l = / , ( b , , - -  
_ / j 1 )  = / ~ b ~ - - l > ~ / , + ~ b ~ - - l > ~ n - - 2 - - 1  = n - - 3 .  

The preeeeding arguments  show tha t  A~+I implies A~. Hence  ei ther  A .  is t rue  

for all n = 3~ 4, ... or there  is an index n (necessarily unique) such tha t  A .  is t rue  

and A ~  is false. 
We will show tha t  A ,  is eventuMly false. By  hypothesis,  there  is a number  0 

such t ha t  l i m f ~ <  0 <  1. Select m such tha t  / ~ <  0 and r e ( l - - 0 ) > 2 .  Then a~,~= 
= (/~ -}-... 4- ],~) 45 (].~+~ + . . .  +/~.~) < m +mO = 2 m - -  m(1 - -  0) < 2 m - -  2. Thus A~+I  
is false, inasmuch as it involves the  ~ssertion tha t  a~,,~>~2m--2, i 

LE~:~A 7. - I /  / e ( t~ ) ,  />~0, and ]]/ll ~-1,  then the projection constant of /-1(0) 
in (tl) is at least 1-F  ( a , - - 2 ) n  -z /or all n. 

P~oo~ - Let ~e(gl), z>o, and ] ( z ) =  ~ Then IIP~II = x + snp],(II~II-2z,). 
Hence  IlP~lI-l>]~Uzll-2]~z~. By summing for indices i = l , . . . , n  we obtain 

n(tl~'~ll--1)>a~ll~ll--2 ~:],~,>a~--2. i 

c o ~ o ~  - f / ] ~ ( ~ ) ,  fl]tt = ~,  a n d  l i m  s u p  l/,,I = Z then the projection con- 
stant o] ]-~(0) in (l~) is 2. 

P~00F. - Take a pe rmuta t ion  ~ of the  na tura l  numbers  such tha t  f~,>~l--s 
for i = 1, ..., n. Pu t  g~=/,~. Then g-'(0) and ]-1(0) have the same project ion con- 
stant .  By  Lemma 7, g-~(0) has project ion constant  at least 1 ÷ [ n ( 1 - - e ) - - 2 ] n  -~. 

This can be made arbi t rar i ly  close to  2. i 

TItE0t~E]~ 7. - -  Let 1 =/1:~/2~.*. ~ O. The relative projection constant p o/ the 
hyperplane f-l(0) in (ll) is described thus: 

(1) I ]  l i m / ~ =  1 then p = 2. 

(2) I] ]~= 0 then p =  1. 

(3) I] l i m l k <  1 and ]~ > 0 then let n be the unilue index such that miu {f,b,_l,  
a.._l}>n-3 and mi-{]o+lb~, ao}< n--2. (See Zemma 6.) Then 

~,= ~ + ~ [ a ~ - - n  + (~- - / :~)m~x {n--e--a.o, 0}] -~ 

P~ooF. - The case when l i m / k =  1 (and thus / k =  1 for all k) is governed by  
Lemma  7. In  this case we take  z =  (0, ..., O, 1, O, ...) to get a minimal  projection. 

The case w h e n / ~ =  0 is governed by  Theorem 4. 
The case when l im /~<  1, / 8 > 0 ,  /~b~_l>~n--3, a~_l~>n--3,  and a ~ < n - - 2  is 

governed by  Theorem 5. We only need to  ver i fy  t h a t  ] j1 <f t , .  This is t rue  because 

]~fl~= f~b~(n-- 2 ) -1= ]n(b,_ 1 + ]j1)( n _  1 ) - ~ =  

~--- (]~bn_ 1 + 1)(n--2)-1>~ ( n - -  3 -}- 1 ) (n - -2 )  -1-~ 1. 
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The final case is when  l i m f k <  1, ]3 > O, ],,b~_~>n--3, a~,_l>n--3 , a~>n--2,  
and ],+lb~< n - - 2 .  This case is governed  b y  Theorem 6. We  mus t  ver i fy  t h a t  

]~,>fl~1>]~+1. We have  ]~>fl~ by  the  a rgumen t  of the  preceding paragraph .  We 

h a v e  fl~l>~f~+ 1 because  ]~+lfi~----]~+ib~(n--2)-l< 1. 

Corco~A~¥.  - I f  1 =f~>]~>.. .>O then the hyperplane ]-~(0) in (ll) possesses at 
least one minimal projection. 

L ~ A  S. - Let / e ( l~ ) ,  f > 0 ,  [I/11 = 1 .  For each n e N  a n d / o r  each e > 0 ther~ 

is a permutation z:  N--->N such that f,>~f.>~...>~]~,,>f~,--e ]or all i >n .  

P~OOF. - Le t  n and  e be  given. For  each k e N ,  define J ( k ) :  (i :  l > ] , > l - - k e } .  
Let  ko denote  the  first e l emen t  of N such t h a t  J(ko) contains a t  least  n e lements .  

I f  he----1, then  select integers  x~, . . . , x~  e J(1).  We rea r range  these  in tegers  so 

t h a t  ],, > . . .  > ] , .  L e t  the  set  N~{Xl ,  ..., x~,} be  e n u m e r a t e d  in a n y  convenient  order 

as ~ + 1 ,  ~,+2, .... Clearly ]~>l--e>~]~,--e  for i > n .  

I f  k o > 1 t hen  J ( k o - - 1 )  contains fewer  t h a n  n e lements .  Le t  t h e m  be  e m m e r a t e d  

as ~ ,  ..., z s wi th  f,~>...>/~o and s <  n. Since J(ko) contains a t  least  n e lements ,  

we can select integers  x~+~, ..., z ,  eJ(ko) \J(ko--1) .  These too can be  a r ranged  so 

that ],,+~>...>~f~. Now we have  

t , ,>. . .  > / , , >  1 - ( h e -  1) ~ >/~,+,>... > £ ° > 1 -  ko~. 

Let  the  set  N \ { ~ ,  ..., ~ }  be  e n u m e r a t e d  as ~+~ ,  ~,+~, .... Then for i > n we have  

f , ,< l - - ( k o - - 1 ) e =  l--koe+e.<<],~+ e. m 

L ~ A  o. - I f  o < ~ < 1 ,  ¢ 1 / , g ~ X * ,  i i  ff/11= tlgll = 1  and il  l l i - -gl I<~/72 
then the projection consta,~ts o] the corresponding hyperplanes satis]y the inequality 

lp[/-~(o)] --p[g-~(O)]l < e .  

P~oo~.  - Select z ~ X  so t h a t  (], z ) =  1 and  so t h a t  III-- /@zll  < p[]-~(O)] ÷ e/2. 

Since p[]-~(O)] < 2 ,  [5], we have  

3 > u + ~lZ > t t z - / ® z t l >  t t / ® ~ t l - 1 .  

From this we conclude that I1~11 = II1 ®~ll < ~" Zf II/--gll < ~172 then I(g--/ ,  ~)1< 
< e/18 < ½. Hence  (g, z) > } and  it  is permissible  to define x = z/(g, z). We have  

n O W  

t l~-~tt = ii~lI i l - ( g ,  ~)-1I< ~t(g, ~ ) - l l ( g ,  ~)-1 
< 8l(g--/, z)l< 4e/9 

n(e -g  ® ~ ) - ( ± - ]  ®~11 = t1i ® = - g  ®xlt 
< It ( i -  g) ® ~ 1! +IIg ® (~ -  ~)II < It i -  g I11I ~ II + Ilgll t1~- ~11 
< 4e/72 ~- 4e/9 ~- e/2 . 
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- 1  J I_ Thus p[g (0)]~ II - - g  Qxll <~ 111-] Qzll 4- ~/2< p[/-~(0)] 4- e. Since the  hypotheses 
involve g and f symmetrical ly,  the  inequal i ty  p[]-~(0)] < p[g-~(0)] 4- e must  also be 

t rue .  ,.. 

8. -  ;et f1It1= , i > O ,  2- limsup/.<l. I /  the set 
{i: 1~ > 2} is ]inite, say i~, ..., i~, then the projection constant o/1-~(0) is the same as 
that o] g-~(0), where g== (]~, f~,, ..., f~, ),, ~, ~, ...). 

P~00F. - Select an index m > k 4- 2(1 - -  4) -1. By our hypotheses  and by  Lemma 8, 
there  exists for every  e > 0 a pe rmuta t ion  st such tha t  

l=¢,,>...>/=~>;.>L~+p...>t~,o>L,-e ( i>m). 

Since l i m s u p ] . =  X, f ~ > 2 - - e .  Define h~(l~o) by  pa t t i ng  

fro i < m  

h, = max(/~, - -  e, 0) i > m .  

Then l>h~>...>~h~,>2>hk+~>...>~h~>h, ( i > m ) .  M:oreover, if we calculate the 
numbers  a ,  for h we find tha t  

a~ = (h~ + . . .  + h~) + (h~+~ + . . .  + hm) < k + ( m - -  k) 3. 

= m - - ( m - - k ) ( 1 - - ~ t ) <  m - - 2 .  

Thus in applying Theorem 5 or 6 to h, we know tha t  n < m. Hence the  project ion 
constant  of h-~(0) depends only on h~, . . . ,h~.  Le t t ing  e ~ 0 and using Lemma 9, 
we establish the theorem.  ,,. 

Tm~ol~E~ 9. - .Let / e ( /~ ) ,  i I / I I : : l ,  f>~o, and ~ l i m s u p ] = < l .  I t  the set 
{i: 1~ >)~} is in]inite then there exist indices ml, m~, . . . ,m ,  such that 1 = ]~>~f~,> 
>~...>/m >~], /or i¢~{m~, ..., mr} and such that the projection constant o] f-~(O) in (ll) 
is the same as that of g-~(0), where 

g =  (L,,, ..., ira,, O, O, ...) 

P~OOF. - -  Le t  t h e  set { i : / , >  4} be enumera ted  as ml, m2, ... in such a way tha t  
]~1 > ]~  > .... Select k so tha t  ] ~  < ½(1 + 2). Select r > k 4- 4 ( 1 -  4) -1. Define g e (l~) 
as above. 

I f  we compute  the numbers  a ,  for the sequence g we find tha t  a, = (gl 4- ... 4- g~) 4- 
4- (g~+~ 4-. . .  4- g~) < k 4- ( r - -  k) ½(1 4- ~.) < r - -  2. Thus (by Theorem 7 and lemma 7) 
the  project ion constant  of g-~(0) depends only on the  set of numbers  {g~, . . . ,  gr}---~ 

= { io , ,  . . . ,  i o , } .  
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N o w  b y  L e m m a  8, the re  exis ts  for  each  s > 0 a p e r m u t a t i o n  z :  N--->N such 

t h a t  7Q~ ml~ : ~  ~ ...~ 7~r~-- mr and  

?n,>~fn,>~...>fn,>/n,--S ( i>r) .  

Define  h e (l~) b y  l e t t ing  h~= ]~, for  i < r ~nd h~= m a x { / , , - -  s, 0} for  i > n. T h e n  

(by L e m m a  9) t he  p ro jec t ion  cons t an t s  of h-~(0) and  ]-~(0) differ b y  a t  m o s t  72s. 
The pro jec t ion  c o n s t a n t  of h-~(0) equals  t h a t  of g-~(0). Since this  is t r u e  for  e v e r y  

s > 0, t he  p ro jec t ion  cons t an t s  of ]-~(0) and  g-~(0) are  equal .  
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