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▼✐♥✐♠❛❧ t✐♠❡ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❜✐❧✐♥❡❛r ❝♦♥tr♦❧ ♦❢

❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s
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❑❛r✐♥❡✳❇❡❛✉❝❤❛r❞❅❡♥s✲r❡♥♥❡s✳❢r
❜❙♦r❜♦♥♥❡ ❯♥✐✈❡rs✐tés✱ ❯P▼❈ ❯♥✐✈ P❛r✐s ✵✻✱ ❯▼❘ ✼✺✾✽✱ ▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s

▲✐♦♥s✱ ❋✲✼✺✵✵✺✱ P❛r✐s✱ ❋r❛♥❝❡✱ ❡♠❛✐❧✿ ❝♦r♦♥❅❛♥♥✳❥✉ss✐❡✉✳❢r
❝❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ❆❝❛❞✐❛ ❯♥✐✈❡rs✐t②✱ ❲♦❧❢✈✐❧❧❡✱ ◆❙✱ ❈❛♥❛❞❛✱

❡♠❛✐❧✿ ❤t❡✐s♠❛♥❅❛❝❛❞✐❛✉✳❝❛

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ❛ q✉❛♥t✉♠ ♣❛rt✐❝❧❡ ✐♥ ❛ ♣♦t❡♥t✐❛❧ V (x) ✭x ∈ R
N✮ ✐♥ ❛ t✐♠❡✲

❞❡♣❡♥❞❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞ E(t) ✭t❤❡ ❝♦♥tr♦❧✮✳ ❇♦s❝❛✐♥✱ ❈❛♣♦♥✐❣r♦✱ ❈❤❛♠❜r✐♦♥
❛♥❞ ❙✐❣❛❧♦tt✐ ♣r♦✈❡❞ ✐♥ ❬✷❪ t❤❛t✱ ✉♥❞❡r ❣❡♥❡r✐❝ ❛ss✉♠♣t✐♦♥s ♦♥ V ✱ t❤✐s s②st❡♠
✐s ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥tr♦❧❧❛❜❧❡ ♦♥ t❤❡ L2(RN ,C)✲s♣❤❡r❡✱ ✐♥ s✉✣❝✐❡♥t❧② ❧❛r❣❡
t✐♠❡ T ✳ ■♥ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ✇❡ s❤♦✇ t❤❛t ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❞♦❡s
♥♦t ❤♦❧❞ ✐♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ t✐♠❡✱ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s✳ ❚❤✐s
❣❡♥❡r❛❧✐③❡s ♦✉r ♣r❡✈✐♦✉s r❡s✉❧t ❢♦r ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✇❡
♣r♦✈❡ t❤❛t t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ ❝❛♥ ✐♥ ❢❛❝t ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳

❑❡②✇♦r❞s✿ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ q✉❛♥t✉♠ ❝♦♥tr♦❧✱ ♠✐♥✐♠❛❧ t✐♠❡✳

✶✳ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧t

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❝♦♥s✐❞❡r q✉❛♥t✉♠ s②st❡♠s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

{
i∂tψ(t, x) =

(
−1

2
∆+ V (x)− 〈E(t), x〉

)
ψ(t, x), (t, x) ∈ (0, T )× R

N ,

ψ(0, x) = ψ0(x), x ∈ R
N .

✭✶✮

❍❡r❡✱ N ∈ N
∗ ✐s t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ 〈., .〉 ✐s t❤❡ ❡✉❝❧✐❞✐❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦♥

R
N ✱ V : x ∈ R

N → R✱ E : t ∈ (0, T ) → R
N ❛♥❞ ψ : (t, x) ∈ (0, T )×R

N → C

❛r❡ ❛ st❛t✐❝ ♣♦t❡♥t✐❛❧✱ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛♥❞ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts ❛ q✉❛♥t✉♠ ♣❛rt✐❝❧❡ ✏tr❛♣♣❡❞✑ ❜② t❤❡
♣♦t❡♥t✐❛❧ V ❛♥❞ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E✳ P❧❛♥❝❦✬s ❝♦♥st❛♥t

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❈▼P ❏✉♥❡ ✶✼✱ ✷✵✶✻



❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ♠❛ss ❤❛✈❡ ❜❡❡♥ s❡t t♦ ♦♥❡ ✭t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♣❤②s✐❝❛❧
❝♦♥st❛♥ts ✐s ❞✐s❝✉ss❡❞ ❜r✐❡✢② ✐♥ ❙❡❝t✐♦♥ ✸✳✹✮✳

❙②st❡♠ ✭✶✮ ✐s ❛ ❝♦♥tr♦❧ s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥tr♦❧ ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E
❛♥❞ t❤❡ st❛t❡ ✐s t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ψ✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ t❤❡ ✉♥✐t s♣❤❡r❡ S ♦❢
L2(RN ,C)✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✏❜✐❧✐♥❡❛r ❝♦♥tr♦❧✑ r❡❢❡rs t♦ t❤❡ ❜✐❧✐♥❡❛r ♥❛t✉r❡ ♦❢
t❤❡ t❡r♠ 〈E(t), x〉ψ ✇✐t❤ r❡s♣❡❝t t♦ (E,ψ)✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡ ❛♣♣r♦①✐♠❛t❡
❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✶✮✳ ❙✐♥❝❡ ✐♥ ✭✶✮ ❞❡❝♦❤❡r❡♥❝❡ ✐s ♥❡❣❧❡❝t❡❞✱ ✐♥ r❡✲
❛❧✐st✐❝ s❝❡♥❛r✐♦s t❤❡ ♠♦❞❡❧ ♠❛② ♦♥❧② ❜❡ ❛♣♣❧✐❝❛❜❧❡ ❢♦r s♠❛❧❧ t✐♠❡s t ✭t②♣✐❝❛❧❧②
♦♥ t❤❡ ♦r❞❡r ♦❢ s❡✈❡r❛❧ ♣❡r✐♦❞s ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡✮✳ ❙✐♥❝❡✱ t♦ ❜❡ ♣r❛❝t✐❝❛❧❧②
r❡❧❡✈❛♥t✱ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ♥❡❡❞ t♦ ❜❡ ✈❛❧✐❞ ❢♦r t✐♠❡ ✐♥t❡r✈❛❧s ✐♥ ✇❤✐❝❤
❡q✉❛t✐♦♥ ✭✶✮ r❡♠❛✐♥s ❛ r❡❛s♦♥❛❜❧❡ ♠♦❞❡❧✱ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ❝♦♥✲
tr♦❧ t✐♠❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡✳

❲❡ ❝♦♥s✐❞❡r ♣♦t❡♥t✐❛❧s V t❤❛t ❛r❡ s♠♦♦t❤ ❛♥❞ s✉❜q✉❛❞r❛t✐❝✱ ✐✳❡✳

V ∈ C∞(RN) ❛♥❞✱ ∀α ∈ N
N s✉❝❤ t❤❛t |α| > 2, ∂αxV ∈ L∞(RN) . ✭✷✮

❋♦r t❤✐s ❝❧❛ss ♦❢ ♣♦t❡♥t✐❛❧s t❤❡r❡ ✐s ❛ ❝❧❛ss✐❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ❬✽❪✱ ✇❤✐❝❤
✇❡ q✉♦t❡ ❢r♦♠ ❬✻❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❈♦♥s✐❞❡r V s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✷✮ ❛♥❞ E ∈ L∞
loc(R,R

N)✳
❚❤❡r❡ ❡①✐sts ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s ♠❛♣ (t, s) ∈ R

2 7→ U(t, s)✱ ✇✐t❤ ✈❛❧✉❡s ✐♥
t❤❡ s❡t ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs ♦♥ L2(RN ,C)✱ s✉❝❤ t❤❛t

U(t, t) = ■❞ , U(t, τ)U(τ, s) = U(t, s) , U(t, s)∗ = U(s, t)−1 , ∀t, τ, s ∈ R

❛♥❞ ❢♦r ❡✈❡r② t, s ∈ R✱ ϕ ∈ L2(RN ,C)✱ t❤❡ ❢✉♥❝t✐♦♥ ψ(t, x) := U(t, s)ϕ(x)
✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ C0([0, T ], L2(RN ,C)) ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✮ ✇✐t❤
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ψ(s, x) = ϕ(x)✳

❋♦r V s❛t✐s❢②✐♥❣ ✭✷✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r

D(AV ) :=
{
ϕ ∈ L2(RN);−1

2
∆ϕ+ V (x)ϕ ∈ L2(RN)

}
,

AV ϕ := −1
2
∆ϕ+ V (x)ϕ .

❋♦r ❛♣♣r♦♣r✐❛t❡ ♣♦t❡♥t✐❛❧s V ✱ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✶✮ ✐♥ S ✭♣♦ss✐✲
❜❧② ✐♥ ❧❛r❣❡ t✐♠❡✮ ✐s ❛ ❝♦r♦❧❧❛r② ♦❢ ❛ ❣❡♥❡r❛❧ r❡s✉❧t ❜② ❇♦s❝❛✐♥✱ ❈❛♣♦♥✐❣r♦✱
❈❤❛♠❜r✐♦♥✱ ▼❛s♦♥ ❛♥❞ ❙✐❣❛❧♦tt✐ ✭t❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢ ♦❢ ❬✼❪ ✐s ❣❡♥❡r❛❧✐③❡❞ ✐♥
❬✷❪❀ ✐♥❡q✉❛❧✐t② ✭✹✮ ❜❡❧♦✇ ✐s ♣r♦✈❡❞ ✐♥ ❬✼✱ Pr♦♣♦s✐t✐♦♥ ✹✳✻❪❀ ❛♥ ❛♥❛❧♦❣♦✉s st❛t❡✲
♠❡♥t ❢♦r ✈❡❝t♦r ✈❛❧✉❡❞ ❝♦♥tr♦❧s ✐s ❣✐✈❡♥ ✐♥ ❬✸✱ ❚❤❡♦r❡♠ ✷✳✻❪❀ s❡❡ ❛❧s♦ ❬✹❪ ❢♦r ❛
s✉r✈❡② ♦❢ r❡s✉❧ts ✐♥ t❤✐s ❛r❡❛✮✳

✷



❚❤❡♦r❡♠ ✶✳ ▲❡t m ∈ {1, ..., N} ❛♥❞ ❛ss✉♠❡ t❤❛t

• t❤❡r❡ ❡①✐sts ❛ ❍✐❧❜❡rt ❜❛s✐s (φk)k∈N ♦❢ L2(RN ,C) ❝♦♠♣♦s❡❞ ♦❢ ❡✐❣❡♥✈❡❝✲
t♦rs ♦❢ AV ✿ AV φk = λkφk ❛♥❞ xmφk ∈ L2(RN)✱ ∀k ∈ N✱

•
∫
RN xmφj(x)φk(x)dx = 0 ❢♦r ❡✈❡r② j, k ∈ N s✉❝❤ t❤❛t λj = λk ❛♥❞
j 6= k✱

• ❢♦r ❡✈❡r② j, k ∈ N✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥t❡❣❡rs p1, ..., pr ∈ N

s✉❝❤ t❤❛t

p1 = j, pr = k,
∫
RN xmφpl(x)φpl+1

(x)dx 6= 0, ∀l = 1, ..., r − 1 ,

|λL − λM | 6= |λpl − λpl+1
|, ∀1 6 l 6 r − 1, L,M ∈ N

✇✐t❤ {L,M} 6= {pl, pl+1}.

❚❤❡♥✱ ❢♦r ❡✈❡r② ǫ > 0 ❛♥❞ ψ0, ψf ∈ S✱ t❤❡r❡ ❡①✐st ❛ t✐♠❡ T > 0 ❛♥❞ ❛
♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ u : [0, T ] → R s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ✇✐t❤
E(t) = u(t)em s❛t✐s✜❡s

‖ψ(T )− ψf‖L2(RN ) < ǫ . ✭✸✮

▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② δ > 0✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥
u : [0, T ] → (−δ, δ) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ✇✐t❤ E(t) = u(t)em s❛t✐s✜❡s
✭✸✮ ✐♠♣❧✐❡s t❤❛t

T >
1

δ
sup
k∈N

| |〈φk, ψ0〉| − |〈φk, ψf〉| | − ǫ

‖xmφk‖L2(RN )

. ✭✹✮

■♥ ❚❤❡♦r❡♠ ✶✱ t❤❡ t✐♠❡ T ✐s ♥♦t ❦♥♦✇♥ ❛ ♣r✐♦r✐ ❛♥❞ ♠❛② ❜❡ ❧❛r❣❡✳ ◆♦t❡
t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♥tr♦❧ t✐♠❡ ✐♥ ✭✹✮ ❣♦❡s t♦ ③❡r♦ ✇❤❡♥ δ → +∞✳
❆s ❛ r❡s✉❧t✱ ❚❤❡♦r❡♠ ✶ ❣✐✈❡s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥tr♦❧ t✐♠❡ ✐❢ t❤❡
❝♦♥tr♦❧s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❞♦❡s ♥♦t ♣r❡❝❧✉❞❡
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ t✐♠❡✳ ■♥
♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✶❪✱ ✇❡ ♣r♦✈❡❞ t❤❛t✱ ❢♦r ♣♦t❡♥t✐❛❧s V s❛t✐s❢②✐♥❣ ✭✷✮✱ ❛♥❞
❢♦r ♣❛rt✐❝✉❧❛r ✭●❛✉ss✐❛♥✮ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❞♦❡s
♥♦t ❤♦❧❞ ✐♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ t✐♠❡ ✕ ❡✈❡♥ ✇✐t❤ ❧❛r❣❡ ❝♦♥tr♦❧s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡
♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✸



❚❤❡♦r❡♠ ✷✳ ❆ss✉♠❡ t❤❛t V s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ ✭✷✮✳ ▲❡t b > 0✱ x0, ẋ0 ∈ R
N

❛♥❞ ψ0 ∈ S ❜❡ ❞❡✜♥❡❞ ❜②

ψ0(x) :=
bN/4

CN

e−
b
2
‖x−x0‖2+i〈ẋ0,x−x0〉 ✇❤❡r❡ CN :=

(∫

RN

e−‖y‖2dy

)1/2

.

▼♦r❡♦✈❡r✱ ❧❡t ψf ∈ S ❜❡ ❛ st❛t❡ t❤❛t ❞♦❡s ♥♦t ❤❛✈❡ ❛ ●❛✉ss✐❛♥ ♣r♦✜❧❡ ✐♥ t❤❡
s❡♥s❡ t❤❛t

|ψf (.)| 6=
det(S)1/4

CN

e−
1
2
‖
√
S(.−γ)‖2 , ∀γ ∈ R

N , S ∈ MN(R) s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡.

❚❤❡♥ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ♥✉♠❜❡rs T ∗∗ = T ∗∗(‖V ′′‖∞, ‖V (3)‖∞, b, ψf ) ❛♥❞
δ = δ(‖V ′′‖∞, b, ψf ) s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② E ∈ C0

pw([0, T
∗∗],RN) ✭♣✐❡❝❡✇✐s❡

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s [0, T ∗∗] → R
N✮✱ t❤❡ s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✮ s❛t✐s✜❡s

‖ψ(t)− ψf‖L2(RN ) > δ , ∀t ∈ [0, T ∗∗] .

❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ✐s t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t t♦ ❛r❜✐tr❛r②
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ψ0✱ ❛♥❞ t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♠✐♥✐♠❛❧ ❝♦♥tr♦❧ t✐♠❡ ❝❛♥
✐♥ ❢❛❝t ❜❡❝♦♠❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✸✳ ❆ss✉♠❡ t❤❛t V s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ ✭✷✮ ❛♥❞ ❧❡t ψ0 ∈ H1(RN)∩
L2(‖x‖dx) ∩ S✳

✶✳ ❚❤❡r❡ ❡①✐sts ψf ∈ S✱ T ∗∗ > 0 ❛♥❞ δ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② E ∈
L∞((0, T ∗∗),RN)✱ t❤❡ s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✮ s❛t✐s✜❡s

‖ψ(t)− ψf‖L2(RN ) > δ , ∀t ∈ [0, T ∗∗] .

✷✳ ▼♦r❡♦✈❡r✱ ✐❢ V ✐s ♦❢ t❤❡ ❢♦r♠

V (x) = W (ǫx) , ∀x ∈ R
N , ✭✺✮

t❤❡♥ T ∗∗ >
C
ǫ

❢♦r ❡✈❡r② ǫ ∈ (0, 1)✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C =
C(ψ0, ψf ,W )✳

❘❡♠❛r❦ ✶✳ ■❢ V s❛t✐s✜❡s ✭✷✮ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ✭✇❤✐❝❤ ❤♦❧❞
❣❡♥❡r✐❝❛❧❧②✱ t❤✐s ❢❛❝t ♠❛② ❜❡ ♣r♦✈❡❞ ❛s ✐♥ ❬✶✵❪✮✱ t❤❡♥ s②st❡♠ ✭✶✮ ✐s ❛♣♣r♦①✲
✐♠❛t❡❧② ❝♦♥tr♦❧❧❛❜❧❡ ✐♥ S ✐♥ ❧❛r❣❡ t✐♠❡ ❜✉t ♥♦t ✐♥ s♠❛❧❧ t✐♠❡ T < T ∗∗✳ ❆
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ r❡q✉✐r❡❞ ❢♦r ǫ✲❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✲
✐t② ✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

✹



❘❡♠❛r❦ ✷✳ ■♥ ♣❛rt ✷ ♦❢ t❤❡ t❤❡♦r❡♠ t❤❡ ❞❡♠♦♥str❛t✐♦♥ t❤❛t t❤❡ ♠✐♥✐♠❛❧
❝♦♥tr♦❧ t✐♠❡ ❝❛♥ ❜❡❝♦♠❡ ✐♥✜♥✐t❡❧② ❧❛r❣❡ ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡
✭r❡s❝❛❧✐♥❣✮ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✳ ■♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡
❝♦♥❞✐t✐♦♥s ♦♥ V ✉♥❞❡r ✇❤✐❝❤ t❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡
♦❢ ✐♥✐t✐❛❧ ❛♥❞✴♦r t❛r❣❡t st❛t❡s✳ ✭❙❡❡ ❛❧s♦ ❙❡❝t✐♦♥ ✸✳✹✮

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ❚❤❡
♥❡①t s❡❝t✐♦♥ ❝♦♥t❛✐♥s s♦♠❡ ♥♦t❛t✐♦♥ ❛♥❞ ❛✉①✐❧✐❛r② r❡s✉❧ts✱ ✇❤❡r❡❛s ❙❡❝t✐♦♥ ✸
❝♦♥t❛✐♥s t❤❡ ♣r♦♦❢ ♣r♦♣❡r✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦♥ P❧❛♥❝❦✬s ❝♦♥st❛♥t ✭❙❡❝t✐♦♥ ✸✳✹✮ ❛♥❞ ❛♥ ❛♣♣❡♥❞✐① ❝♦♥t❛✐♥✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❛
❢✉♥❝t✐♦♥❛❧✲❛♥❛❧②t✐❝ ❧❡♠♠❛ ♥❡❡❞❡❞ ✐♥ t❤❡ ❛r❣✉♠❡♥t✳ ❲❡ r❡❢❡r t♦ ♦✉r ♣r❡✈✐♦✉s
❛rt✐❝❧❡ ❬✶❪ ❢♦r ❜✐❜❧✐♦❣r❛♣❤✐❝❛❧ ❝♦♠♠❡♥ts✳

✷✳ ◆♦t❛t✐♦♥ ❛♥❞ ❛✉①✐❧✐❛r② r❡s✉❧ts

❉❡♥♦t❡ ❜② MN(R) t❤❡ s❡t ♦❢ N × N ♠❛tr✐❝❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ R✱
GLN(R) t❤❡ ❣r♦✉♣ ♦❢ ✐ts ✐♥✈❡rt✐❜❧❡ ♠❛tr✐❝❡s ❛♥❞ IN ✐ts ✐❞❡♥t✐t② ❡❧❡♠❡♥t❀
❚r(M) t❤❡ tr❛❝❡ ❛♥❞ M∗ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ♦❢ ❛ ♠❛tr✐① M ∈ MN(R)❀ SN(R)
t❤❡ s❡t ♦❢ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✐♥ MN(R)❀ ‖.‖ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦♥ R

N ❛♥❞
t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣❡r❛t♦r ♥♦r♠ ♦♥ MN(R)❀ ẋ(t) :=

dx
dt
(t)✱ ẍ(t) := d2x

dt2
(t)✱ ❢♦r ❛

❢✉♥❝t✐♦♥ x ♦❢ t❤❡ s❝❛❧❛r ✈❛r✐❛❜❧❡ t ❛♥❞ D2
yχ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ♦❢ ❛ ❢✉♥❝t✐♦♥

χ : RN → C✱ D2
yχ(x) =

(
∂2χ

∂yi∂yj

)
16i,j6N

✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t T, L,R > 0✱

B :=
{
σ ∈ MN(R); ‖σ − IN‖ 6

1
2

}
, ✭✻✮

K :=
{
M ∈ C0 ([0, T ],MN(R))▲✲▲✐♣s❝❤✐t③; ‖M(t)‖ 6 R, ∀t ∈ [0, T ]

}
. ✭✼✮

❋♦r φ0 ∈ S ❛♥❞ M ∈ K✱ ❧❡t t❤❡ ❢✉♥❝t✐♦♥ χM
φ0

: [0, T ]× R
N → C ❜❡ ❞❡✜♥❡❞ ❛s

t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢

{
i∂τχ(τ, y) +

1
2
❚r
[
M(τ)∗M(τ)D2

yχ(τ, y)
]
= 0, (τ, y) ∈ [0, T ]× R

N ,

χ(0, y) = φ0(y), y ∈ R
N .

✭✽✮

✺



✶✳ ❋♦r ❡✈❡r② φ0 ∈ S✱ t❤❡ s❡t

V(φ0) :=
{
f ∈ S; ∃(τ, σ,M, α) ∈ [0, T ]× B ×K × R

N s✉❝❤ t❤❛t

|f(x)| = 1√
det(σ)

∣∣χM
φ0
(τ, σ−1[x− α])

∣∣ ❢♦r ❛✳❡✳ x ∈ R
N
}

✐s ❛ str✐❝t ❛♥❞ ❝❧♦s❡❞ s✉❜s❡t ♦❢ S ✭✇✳r✳t✳ t❤❡ str♦♥❣ L2(RN)✲t♦♣♦❧♦❣②✮✳

✷✳ ❋♦r φ0, φ1 ∈ S t❤❡♥ V(φ1) ⊂ V(φ0) + BL2(RN )

(
0, ‖φ0 − φ1‖L2(RN )

)
✳

❘❡♠❛r❦ ✸✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ χM
φ0

∈ C1([0, T ], L2(RN)) ♦❢
✭✽✮ s❛t✐s✜❡s ‖χM

φ0
(τ, .)‖L2(RN ) ≡ 1 ❛♥❞ ✐s ❣✐✈❡♥ ❜②

χ̂M
φ0
(τ, η) = φ̂0(η)e

− i
2

∫ τ
0 ‖M(s)η‖2ds , ❢♦r ❛✳❡✳ η ∈ R

N , ∀τ ∈ [0, T ], ✭✾✮

✇❤❡r❡ t❤❡ ❤❛t ❞❡♥♦t❡s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ❞❡✜♥❡❞ ❜②

f̂(η) =

∫

RN

e−i〈y,η〉f(y)dy , ∀f ∈ L1(RN).

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✱ ♣r♦✈❡❞ ✐♥ t❤❡
❛♣♣❡♥❞✐①✳

▲❡♠♠❛ ✶✳ ▲❡t (fn)n∈N ∈ L2(RN)N t❤❛t ❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ f ✐♥ L2(RN)✳

✶✳ ■❢ (αn)n∈N ∈
(
R

N
)N

s❛t✐s✜❡s ‖αn‖ −→
n→∞

+∞✱ t❤❡♥ ταnfn −→
n→∞

0 ✐♥

D′(RN)✳

✷✳ ■❢ (αn)n∈N ❝♦♥✈❡r❣❡s t♦ α ✐♥ R
N t❤❡♥ ταnfn −→

n→∞
ταf ✐♥ L2(RN)✳

✸✳ ■❢ (Mn)n∈N ❝♦♥✈❡r❣❡s t♦✇❛r❞ M ✐♥ GLN(R) t❤❡♥ fn ◦Mn −→
n→∞

f ◦M
✐♥ L2(RN)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✿
❙t❡♣ ✶✿ ▲❡t (fn)n∈N ∈ V(φ0)

N ❛♥❞ (τn, σn,Mn, αn)n∈N ❛ss♦❝✐❛t❡❞ ♣❛✲
r❛♠❡t❡rs ✐♥ [0, T ] × B × K × R

N ✳ ❲❡ ♣r♦✈❡ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢
(τ−αn |fn|)n∈N ❝♦♥✈❡r❣❡s ✐♥ S ✭✐♥ t❤❡ str♦♥❣ L2(RN)✲t♦♣♦❧♦❣②✮✳ ❇② ❆s❝♦❧✐✬s
t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts (τ∞, σ∞,M∞) ✐♥ [0, T ]×B×K s✉❝❤ t❤❛t✱ ✉♣ t♦ ❡①tr❛❝t✲
✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ (τn, σn) −→

n→∞
(τ∞, σ∞) ✐♥ [0, T ]×B ❛♥❞Mn(τ) −→

n→∞
M∞(τ)

✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ τ ∈ [0, T ]✳ ▲❡t

kn(y) :=
1√

❞❡t(σn)
χMn

φ0
(τn, y) , ❢♦r ❛✳❡✳ y ∈ R

N , ∀n ∈ N ∪ {∞}.

✻



❇② ✭✾✮✱ ✇❡ ❤❛✈❡

k̂n(η) =
1√

❞❡t(σn)
φ̂0(η)e

− i
2

∫ τn
0 ‖Mn(s)η‖2ds ❢♦r ❛✳❡ η ∈ R

N , ∀n ∈ N ∪ {∞},

❛♥❞ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ k̂n −→
n→∞

k̂∞ ✐♥ L2(RN)✳ ❚❤✉s✱

P❧❛♥❝❤❡r❡❧✬s t❤❡♦r❡♠ s❤♦✇s t❤❛t kn −→
n→∞

k∞ ✐♥ L2(RN)✱ ✇❤✐❝❤ ❣✐✈❡s |kn| −→
n→∞

|k∞| ✐♥ L2(RN)✱ ❛♥❞ ✜♥❛❧❧② τ−αn |fn| = |kn| ◦ σ−1
n −→

n→∞
|k∞| ◦ σ−1

∞ ✐♥ L2(RN)✱

❜② ▲❡♠♠❛ ✶✳✸✳

❙t❡♣ ✷✿ ❲❡ ♣r♦✈❡ t❤❛t V(φ0) ✐s ❛ str✐❝t s✉❜s❡t ♦❢ S✳ ❲♦r❦✐♥❣
❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t S = V(φ0) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡

(fn)n∈N ⊂ S✱ ❞❡✜♥❡❞ ❜② fn(x) :=
√
nθ(nx) ✇❤❡r❡ θ(x) := π−N

4 e−
‖x‖2

2 ✳ ❇②
❙t❡♣ ✶✱ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ (nk)k∈N✱ ❛ s❡q✉❡♥❝❡ (αk)k∈N ♦❢ RN ❛♥❞
h ∈ S s✉❝❤ t❤❛t ταk

fnk
−→
n→∞

h ✐♥ L2(RN)✱ ❛♥❞ t❤✉s ✐♥ D′(RN)✳ ❍♦✇❡✈❡r✱ ❢♦r

❡✈❡r② ϕ ∈ C∞
c (RN)✱ ✇❡ ❤❛✈❡
∣∣∫

RN ταk
fnk

(x)ϕ(x)dx
∣∣ =

∣∣∫
RN

√
nkθ(nky)ϕ(y + αk)dy

∣∣
6

1√
nk
‖θ‖L1(RN )‖ϕ‖L∞(RN ) ,

t❤✉s ταk
fnk

−→
n→∞

0 ✐♥ D′(RN)✳ ❚❤❡r❡❢♦r❡ h = 0✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✱ s✐♥❝❡

h ∈ S✳

❙t❡♣ ✸✿ ❲❡ ♣r♦✈❡ t❤❛t V(φ0) ✐s ❝❧♦s❡❞ ✐♥ S✳ ▲❡t (fn)n∈N ∈ V(φ0)
N

❛♥❞ f ∈ S ❜❡ s✉❝❤ t❤❛t fn −→
n→∞

f ✐♥ L2(RN)✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s

✐♥ ❙t❡♣ ✶✳

❙t❡♣ ✸✳✶✿ ❲❡ ♣r♦✈❡ t❤❛t (αn)n∈N ✐s ❜♦✉♥❞❡❞ ✐♥ R
N ✳ ❲♦r❦✐♥❣ ❜② ❝♦♥tr❛✲

❞✐❝t✐♦♥✱ ✇❡ ♠❛② ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t ‖αn‖ −→
n→∞

∞✳ ❙✐♥❝❡ |fn| −→
n→∞

|f | ✐♥
L2(RN)✱ ▲❡♠♠❛ ✶✳✶ ✐♠♣❧✐❡s τ−αn |fn| −→

n→∞
0 ✐♥ D′(RN)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

❙t❡♣ ✶✳

❙t❡♣ ✸✳✷✿ ❲❡ ♣r♦✈❡ t❤❛t f ∈ V(φ0)✳ ❙✐♥❝❡ (αn)n∈N ✐s ❜♦✉♥❞❡❞✱ s♦♠❡
s✉❜s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ α∞ ∈ R

N ❀ ✇✳❧✳♦✳❣✳ αn −→
n→∞

α∞✳ ❋r♦♠

❙t❡♣ ✶✱ ✇❡ ❦♥♦✇ t❤❛t✱ ✉♣ t♦ ♣♦t❡♥t✐❛❧❧② ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ τ−αn |fn| =
|kn| ◦ σ−1

n −→
n→∞

|k∞| ◦ σ−1
∞ ✐♥ L2(RN)✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✳✷✱ |fn| =

✼



ταn [τ−αn |fn|] −→
n→∞

τα∞ [|k∞| ◦ σ−1
∞ ] ✐♥ L2(RN)✳ ❇② ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t✱

|f | = τα∞ [|k∞| ◦ σ−1
∞ ]✱ ✐✳❡✳ f ∈ V(φ0)✳

❙t❡♣ ✹✿ ❲❡ ♣r♦✈❡ t❤❛t V(φ1) ⊂ V(φ0) + BL2(RN )

(
0, ‖φ0 − φ1‖L2(RN )

)
✳

▲❡t f1 ∈ V(φ1)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts (τ, σ,M, α) ∈ [0, T ]×B ×K × R
N ❛♥❞ ❛

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ θ : RN → R s✉❝❤ t❤❛t

f1(x) =
eiθ(x)√
det(σ)

χM
φ1

(
τ, σ−1[x− α]

)
❢♦r ❛✳❡✳ x ∈ R

N .

▲❡t

f0(x) :=
eiθ(x)√
det(σ)

χM
φ0

(
τ, σ−1[x− α]

)
❢♦r ❛✳❡✳ x ∈ R

N .

❚❤❡♥✱ f0 ∈ V(φ0) ❛♥❞✱ ❜② ✭✾✮ ❛♥❞ P❧❛♥❝❤❡r❡❧✬s t❤❡♦r❡♠✱

∫
RN |(f1 − f0)(x)|2dx =

∫
RN |χM

φ1
(τ, y)− χM

φ0
(τ, y)|2dy

= (2π)−N
∫
RN |χ̂M

φ1
(τ, η)− χ̂M

φ0
(τ, η)|2dη

= (2π)−N
∫
RN |(φ̂1 − φ̂0)(η)|2dη

=
∫
RN |(φ1 − φ0)(x)|2dx ,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❝♦♥❝❧✉s✐♦♥✳ ✷

✸✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

■♥ t❤❡ ✇❤♦❧❡ s❡❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s ❛r❡ ❦❡♣t ✜①❡❞✳

• V s❛t✐s❢②✐♥❣ ✭✷✮✱

• ψ0 ∈ S ∩H1(RN) ∩ L2(‖x‖dx)✱

• x0 , ẋ0 ∈ R
N ❞❡✜♥❡❞ ❜②

x0 :=

∫

RN

x|ψ0(x)|dx , ẋ0 := −i
∫

RN

∇xψ0(x)ψ0(x)dx

• φ0 ∈ S ❞❡✜♥❡❞ ❜②

φ0(x) := ψ0(x+ x0)e
−i〈ẋ0,x〉 .

✽



❖✉r str❛t❡❣② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸ r❡❧✐❡s ♦♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤
❛r❡ ❝❡♥tr❡❞ ❛t t❤❡ ❝❧❛ss✐❝❛❧ ✭◆❡✇t♦♥✐❛♥✮ tr❛❥❡❝t♦r✐❡s✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡s❡ ❛♣✲

♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ψ̃E ✭❞❡✜♥❡❞ ✐♥ ❡q✳ ✭✷✵✮ ❜❡❧♦✇✮ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧
tr❛❥❡❝t♦r✐❡s xEc : R → R

N ❛♥❞ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥s QE , σE : R → MN(C)✱
✇❤✐❝❤ s❛t✐s❢② t❤❡ ❖❉❊s ✭✶✵✮ ❜❡❧♦✇✳ ❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ♦r❣❛✲
♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ♣r♦✈❡ ❛ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t ❢♦r t❤❡ s♦❧✉t✐♦♥s
♦❢ ❖❉❊s ✭✶✵✮✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❡①♣❧✐❝✐t ❛♣♣r♦①✐♠❛t❡ s♦❧✉✲

t✐♦♥ ψ̃E ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ❡rr♦r ‖ψE − ψ̃E‖L∞((0,T ),L2(RN )) ❝❛♥ ❜❡ ❜♦✉♥❞❡❞
✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ E ∈ L∞

loc(R,R
N)✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✸✳✸ ❝♦♥t❛✐♥s t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳

✸✳✶✳ ❖❉❊s ❢♦r xEc ✱ Q
E ❛♥❞ σE

❋♦r E ∈ L∞
loc(R,R

N)✱ ❧❡t xEc ∈ C1(R,RN)✱ QE , σE ∈ C1((TE
min, T

E
max),MN(R))

❛♥❞ τE ∈ C1((TE
min, T

E
max),R) ❜❡ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥s ♦❢





d2xE
c

dt2
(t) +∇V [xEc (t)] = E(t),

xEc (0) = x0,
dxE

c

dt
(0) = ẋ0,

{
dQE

dt
(t) +QE(t)2 + V ′′[xEc (t)] = 0,

QE(0) = 0,

{
dσE

dt
(t) = QE(t)σE(t),

σE(0) = IN ,

{
dτE

dt
(t) = 1

det[σE(t)]2
,

τE(0) = 0,

✭✶✵✮

✇❤❡r❡ ∇V ❛♥❞ V ′′ ❞❡♥♦t❡ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ ❍❡ss✐❛♥ ♠❛tr✐① ♦❢ V ✱ r❡s♣❡❝t✐✈❡❧②✳
◆♦t❡ t❤❛t

• xEc (t) ✐s ❞❡✜♥❡❞ ❢♦r ❡✈❡r② t ∈ R ❜❡❝❛✉s❡ ∇V ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❜②
❛ss✉♠♣t✐♦♥ ✭✷✮❀

• xEc ✐s t✇✐❝❡ ❞❡r✐✈❛❜❧❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❛♥❞ s❛t✐s✜❡s t❤❡ ✜rst ❡q✉❛❧✐t②
♦❢ ✭✶✵✮ ❢♦r ❛❧♠♦st ❡✈❡r② t ∈ R❀

• QE(t) ∈ SN(R) ❛♥❞ σ
E(t) ∈ GLN(R) ❢♦r ❡✈❡r② t ∈ (TE

min, T
E
max) ✳

❆ ♣r✐♦r✐✱ t❤❡ ♠❛①✐♠❛❧ ✐♥t❡r✈❛❧ (TE
min, T

E
max) ♠❛② ❞❡♣❡♥❞ ♦♥ E✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ✶✳ ❚❤❡r❡ ❡①✐sts T ∗ = T ∗(‖V ′′‖∞) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②
E ∈ L∞

loc(R,R
N)✱

TE
max > T ∗ , ✭✶✶✮

✾



‖QE(t)‖ 6
1

2
, ∀t ∈ [0, T ∗] , ✭✶✷✮

‖σE(t)− IN‖ 6
1

2
, ∀t ∈ [0, T ∗] , ✭✶✸✮

|τE(t)− t| 6 t

2
, ∀t ∈ [0, T ∗] . ✭✶✹✮

✷✳ ▼♦r❡♦✈❡r✱ ✐❢ V ✐s ♦❢ t❤❡ ❢♦r♠ ✭✺✮✱ t❤❡♥ T ∗ > C
ǫ
❢♦r ❡✈❡r② ǫ ∈ (0, 1)✱ ❢♦r

s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(W )✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✿ ❋✐① δ ∈
(
0, 1

2

)
❛♥❞ ❝❤♦♦s❡ T ∗ = T ∗(‖V ′′‖∞) > 0

s✉❝❤ t❤❛t

T ∗(δ2 + ‖V ′′‖∞) < δ, 2NT ∗δ 6
1

4
, eδT

∗ − 1 6
1

2
✭✶✺✮

✭t❤❡ t❤✐r❞ ✐♥❡q✉❛❧✐t② ❛❝t✉❛❧❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❡❝♦♥❞✮✳ ▲❡t E ∈ L∞
loc(R,R

N)✳

❙t❡♣ ✶✿ ❲❡ ♣r♦✈❡ ✭✶✶✮ ❛♥❞ ✭✶✷✮✳ ▲❡t

TE
♯ := sup

{
t ∈ [0, TE

max); ‖QE(s)‖ 6 δ , ∀s ∈ [0, t]
}
.

❲♦r❦✐♥❣ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t TE
♯ < T ∗✳ ❚❤❡♥✱

δ = ‖QE(TE
♯ )‖ =

∥∥∥∥∥∥

TE
♯∫
0

(
QE(s)2 + V ′′[xEc (s)]

)
ds

∥∥∥∥∥∥
6 TE

♯

(
δ2 + ‖V ′′‖∞

)
< δ ❜② ✭✶✺✮,

✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱ TE
♯ > T ∗ ❛♥❞

‖QE(t)‖ 6 δ ❢♦r ❡✈❡r② t ∈ [0, T ∗], ✭✶✻✮

✇❤✐❝❤ ♣r♦✈❡s ✭✶✶✮ ❛♥❞ ✭✶✷✮✳

❙t❡♣ ✷✿ ❲❡ ♣r♦✈❡ ✭✶✸✮✳ ❲❡ ❤❛✈❡

‖σE(t)‖ =

∥∥∥∥IN +

∫ t

0

QE(s)σE(s)ds

∥∥∥∥
✭✶✻✮

6 1 +

∫ t

0

δ‖σE(s)‖ds , ∀t ∈ [0, T ∗] ,

✶✵



t❤✉s✱ ❜② ●r♦♥✇❛❧❧ ▲❡♠♠❛✱ ‖σE(t)‖ 6 eδt ❢♦r ❡✈❡r② t ∈ [0, T ∗] ❛♥❞

‖σE(t)− IN‖ =

∥∥∥∥
∫ t

0

QE(s)σE(s)ds

∥∥∥∥
✭✶✻✮

6

∫ t

0

δeδs 6 eδT
∗ − 1 , ∀t ∈ [0, T ∗] ,

✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✺✮ ✐♠♣❧✐❡s ✭✶✸✮✳

❙t❡♣ ✸✿ ❲❡ ♣r♦✈❡ ✭✶✹✮✳ ❇② ▲✐♦✉✈✐❧❧❡✬s ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

1

det[σE(t)]2
= exp

(
−2

∫ t

0

❚r[QE(s)]ds

)
, ∀t ∈ [0, T ∗] . ✭✶✼✮

▼♦r❡♦✈❡r✱
∣∣∣∣2
∫ t

0

❚r[QE(s)]ds

∣∣∣∣ 6 2

∫ t

0

N‖QE(s)‖ds 6 2NT ∗δ 6
1

4
, ✭✶✽✮

❜② ✭✶✻✮ ❛♥❞ ✭✶✺✮✳ ❚❤✉s✱ ❜② ✭✶✼✮✱ ❛♥❞ ✭✶✽✮✱
∣∣∣∣

1

det[σE(t)]2
− 1

∣∣∣∣ 6
1

4
e

1
4 <

1

2
, ∀t ∈ [0, T ∗]

❛♥❞ s♦

|τE(t)− t| =
∣∣∣∣
∫ t

0

(
1

det[σE(s)]2
− 1

)
ds

∣∣∣∣ 6
t

2
, ∀t ∈ [0, T ∗].

❙t❡♣ ✹✿ ❲❡ ♣r♦✈❡ ❙t❛t❡♠❡♥t ✷✳ ❋♦r ǫ ∈ (0, δ)✱ t❤❡ ❛r❣✉♠❡♥t ♦❢ ❙t❡♣
✶ ✇♦r❦s ✇✐t❤ δ r❡♣❧❛❝❡❞ ❜② ǫ ❛♥❞ t❤❡♥ T ∗ = 1

ǫ[1+‖W ′′‖∞]
❢♦r ǫ s♠❛❧❧ ❡♥♦✉❣❤✳

✷

Pr♦♣♦s✐t✐♦♥ ✸ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡✈❡r② E ∈ L∞
loc(R,R

N)✱ t❤❡ ❢✉♥❝t✐♦♥ τE

✐s C1 ❛♥❞ ✐♥❝r❡❛s✐♥❣✱ ✐✳❡✳ ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠ [0, T ∗] t♦ [0, τE∗]✱ ✇❤❡r❡ τE∗ :=
τE(T ∗) ∈

[
T ∗

2
, 3T

∗

2

]
✳ ❉❡♥♦t✐♥❣ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ❜② tE : [0, τE∗] → [0, T ∗]✱

✇❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ C1 ♠❛♣

ME : [0, τE∗] → SLN(R)

τ 7→ det[(σE ◦ tE)(τ)]
(
(σE ◦ tE)(τ)

)−1∗
.

✭✶✾✮

❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✱ ME ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤❡r❡ ❡①✐sts R,L > 0 s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② E ∈ L∞
loc(R,R

N)✱

‖ME(τ)‖ 6 R ❛♥❞

∥∥∥∥
dME

dτ
(τ)

∥∥∥∥ 6 L , ∀τ ∈ [0, τE∗] .

✶✶



✸✳✷✳ ❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

▲❡t SE,ΦE : (t, x) ∈ [0, TE
max)× R

N → R ❜❡ ❞❡✜♥❡❞ ❜②

SE(t, x) :=
∫ t

0

(
1
2
‖ẋEc (s)‖2 − V [xEc (s)] + 〈xEc (s), E(s)〉

)
ds+ 〈ẋEc (t), x〉

ΦE(t, x) := SE(t, x− xc(t)) +
1
2
〈QE(t)[x− xEc (t)], x− xEc (t)〉

❛♥❞ ❧❡t χE := χME

φ0
✭s❡❡ ✭✶✾✮ ❛♥❞ ✭✽✮✮✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛♥ ❛♣♣r♦①✐♠❛t❡

s♦❧✉t✐♦♥ t♦ ✭✶✮ ❜②

ψ̃E(t, x) :=
eiΦ

E(t,x)

√
det[σE(t)]

χE
(
τE(t), σE(t)−1[x− xEc (t)]

)
, ✭✷✵✮

❢♦r ❡✈❡r② (t, x) ∈ [0, TE
max)×R

N ✳ ◆♦t❡ t❤❛t ψ̃E(t, .) ∈ S ❢♦r ❡✈❡r② t ∈ [0, TE
max)

❜❡❝❛✉s❡ ✭s❡❡ ❘❡♠❛r❦ ✸✮

‖ψ̃E(t)‖2L2(RN ) =
∫
RN

∣∣χE
(
τE(t), σE(t)−1[x− xEc (t)]

)∣∣2 dx
det[σE(t)]

=
∫
RN

∣∣χE
(
τE(t), y

)∣∣2 dy = 1 .

❘❡♠❛r❦ ✹✳ ❋♦r ❜❛❝❦❣r♦✉♥❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ψ̃E✱
s❡❡ t❤❡ ❧✐t❡r❛t✉r❡ ❝✐t❡❞ ✐♥ ❬✶❪✳ ❚❤❡✐r ❞❡r✐✈❛t✐♦♥ ♠❛② r♦✉❣❤❧② ❜❡ ❞❡s❝r✐❜❡❞ ❛s
♣r♦❝❡❡❞✐♥❣ ✐♥ t✇♦ st❡♣s✿ ♦♥❡ ✜rst ❛♣♣❧✐❡s ❛ ✇❡❧❧✲❦♥♦✇♥ tr❛♥s❢♦r♠❛t✐♦♥ ✭s❡❡
❡✳❣✳ ❬✾❪✮ t♦ r❡♠♦✈❡ t❤❡ ❝♦♥tr♦❧ t❡r♠❀ t❤❡♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭❛r✐s✐♥❣ ❜②
❚❛②❧♦r ❡①♣❛♥s✐♦♥✮ ✇✐t❤ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t q✉❛❞r❛t✐❝ ♣♦t❡♥t✐❛❧ 〈V ′′[xc(t)]x, x〉
✐s s♦❧✈❡❞ ❡①♣❧✐❝✐t❧② ✭✉♣ t♦ s♦❧✉t✐♦♥s ♦❢ ✭✽✮✮✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s r❡❧❛t❡❞ t♦ t❤❡
✭❣❡♥❡r❛❧✐③❡❞✮ ▼❡❤❧❡r ❢♦r♠✉❧❛ ❢♦r t✐♠❡✲❞❡♣❡♥❞❡♥t q✉❛❞r❛t✐❝ ❍❛♠✐❧t♦♥✐❛♥s❀ s❡❡
❡✳❣✳ ❙❡❝t✐♦♥ ✸ ♦❢ ❬✻❪✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ■❢ φ0 ∈ S(RN)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C(φ0, T
∗) > 0

s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② E ∈ L∞
loc(R,R

N)✱ t❤❡ s♦❧✉t✐♦♥ ψE ♦❢ ✭✶✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥

ψ̃E ❞❡✜♥❡❞ ❜② ✭✷✵✮ s❛t✐s❢②

‖(ψE − ψ̃E)(t)‖L2(RN ) 6 C(φ0, T
∗)‖V (3)‖∞t , ∀t ∈ [0, T ∗] ,

✇❤❡r❡ T ∗ ✐s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✿ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇r✐t❡ Q✱ σ✱ M ✱ τ ✱ χ✱ S✱ ψ✱ ψ̃
❢♦r QE✱ σE✱ ME✱ τE✱ χE

φ0
✱ SE✱ ψE ❛♥❞ ψ̃E✳

✶✷



❙t❡♣ ✶✿ ❊q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② ψ̃✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ g(x) := f(Ax) ✇❡
❤❛✈❡ ∇xg(x) = A∗∇yf(Ax) ❛♥❞ ∆xg(x) = ❚r[AA∗D2

yf(Ax)]✳ ❚❤✉s✱ ❢♦r ❡✈❡r②
(t, x) ∈ [0, TE

max)× R
N ✱

∇xψ̃(t, x) = i
(
ẋc(t) +Q(t)[x− xc(t)]

)
ψ̃(t, x)

+σ(t)−1∗∇yχ (τ(t), σ(t)
−1[x− xc(t)])

eiΦ(t,x)√
det[σ(t)]

,

❛♥❞

∆xψ̃(t, x) =
(
i❚r(Q)− ‖ẋc(t) +Q(t)[x− xc(t)]‖2

)
ψ̃(t, x)

+2i
〈
ẋc(t) +Q(t)[x− xc(t)], σ(t)

−1∗∇yχ
(
τ(t), σ(t)−1[x− xc(t)]

)〉 eiΦ(t,x)

√
det[σ(t)]

+❚r
[
σ(t)−1σ(t)−1∗D2

yχ
(
τ(t), σ(t)−1[x− xc(t)]

) ] eiΦ(t,x)

√
det[σ(t)]

.

❉❡✈❡❧♦♣✐♥❣ t❤❡ sq✉❛r❡ ✐♥ t❤❡ ✜rst ❧✐♥❡ ❛♥❞ ✉s✐♥❣ ✭✶✾✮ ❣✐✈❡s✱ ❢♦r ❡✈❡r② (t, x) ∈
[0, TE

max)× R
N ✱

1

2
∆xψ̃(t, x) =( i
2
❚r[Q(t)]− 1

2
‖ẋc(t)‖2 −

1

2
‖Q(t)[x− xc(t)]‖2 − 〈ẋc(t), Q(t)[x− xc(t)]〉

)
ψ̃(t, x)

+i
〈
σ(t)−1 (ẋc(t) +Q(t)[x− xc(t)]) ,∇yχ

(
τ(t), σ(t)−1[x− xc(t)]

)〉 eiΦ(t,x)

√
det[σ(t)]

+
1

2
❚r
[
M [τ(t)]∗M [τ(t)]D2

yχ
(
τ(t), σ(t)−1[x− xc(t)]

) ] eiΦ(t,x)

det[σ(t)]5/2
.

✭✷✶✮
▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥s τ̇(t) = 1

det[σ(t)]2
❛♥❞

d

dt

[
det[σ(t)]

]
= det[σ(t)]❚r[σ(t)σ̇(t)] = det[σ(t)]❚r[Q(t)] ,

d

dt

[
1√

det[σ(t)]

]
= − 1

2 det[σ(t)]3/2
d

dt

[
det[σ(t)]

]
= − ❚r[Q(t)]

2
√
det[σ(t)]

,

d
dt
[σ(t)−1[x− xc(t)]] = −σ(t)−1σ̇(t)σ(t)−1[x− xc(t)]− σ(t)−1ẋc(t)

= −σ(t)−1
[
Q(t)[x− xc(t)] + ẋc(t)

]
,

✶✸



t❤❛t ❤♦❧❞ ❢♦r ❡✈❡r② t ∈ [0, TE
max)✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡✈❡r② x ∈ R

N ❛♥❞ ❛❧♠♦st
❡✈❡r② t ∈ (0, TE

max)✱

i∂tψ̃(t, x) =(
− 1

2
‖ẋc(t)‖2 + V [xc(t)]− 〈xc(t), E(t)〉 − 〈ẍc(t), x− xc(t)〉+ ‖ẋc(t)‖2

−1

2
〈Q̇(t)[x− xc(t)], x− xc(t)〉+ 〈Q(t)[x− xc(t)], ẋc(t)〉

− i

2
❚r[Q(t)]

)
ψ̃(t, x)

+
i

det[σ(t)]5/2
∂τχ

(
τ(t), σ(t)−1[x− xc(t)]

)
eiΦ(t,x)

−i
〈
∇yχ

(
τ(t), σ(t)−1[x− xc(t)]

)
, σ(t)−1 (Q(t)[x− xc(t)] + ẋc(t))

〉 eiΦ(t,x)

√
det[σ(t)]

.

❆♥❞ ✜♥❛❧❧②✱ ❜② ✭✶✵✮✱ ❢♦r ❡✈❡r② x ∈ R
N ❛♥❞ ❛❧♠♦st ❡✈❡r② t ∈ (0, TE

max)✱

i∂tψ̃(t, x) =(1
2
‖ẋc(t)‖2 + V [xc(t)]− 〈xc(t), E(t)〉 − 〈∇V [xc(t)], x− xc(t)〉

−〈E(t), x− xc(t)〉+
1

2
‖Q(t)[x− xc(t)]‖+

1

2
〈V ′′[xc(t)][x− xc(t)], x− xc(t)〉

+〈Q(t)[x− xc(t)], ẋc(t)〉 −
i

2
❚r[Q(t)]

)
ψ̃(t, x)

+i∂τχ
(
τ(t), σ(t)−1[x− xc(t)]

) eiΦ(t,x)

det[σ(t)]5/2

−i
〈
∇yχ

(
τ(t), σ(t)−1[x− xc(t)]

)
, σ(t)−1 (Q(t)[x− xc(t)] + ẋc(t))

〉 eiΦ(t,x)

√
det[σ(t)]

.

✭✷✷✮
❈♦♠❜✐♥✐♥❣ ✭✷✶✮✱ ✭✷✷✮ ❛♥❞ ✭✽✮ ❣✐✈❡s ❢♦r ❡✈❡r② x ∈ R

N ❛♥❞ ❛❧♠♦st ❡✈❡r②
t ∈ (0, TE

max)✱

i∂tψ̃(t, x)+
1

2
∆ψ̃(t, x)−V (x)ψ̃(t, x)+ 〈E(t), x〉ψ̃(t, x) = R(t, x)ψ̃(t, x) ✭✷✸✮

✇❤❡r❡

R(t, x) := −V (x) + V [xc(t)] + 〈∇V [xc(t)], x− xc(t)〉
+1

2
〈V ′′[xc(t)][x− xc(t)], x− xc(t)〉 . ✭✷✹✮

❙t❡♣ ✷✿ ❈♦♥❝❧✉s✐♦♥✳ ❯s✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✱ ✇❡ ❣❡t

|R(t, x)| 6 ‖V (3)‖∞
3!

‖x− xc(t)‖3 , ∀(t, x) ∈ [0, TE
max)× R

N .

✶✹



❚❤✉s✱ ❢♦r ❡✈❡r② t ∈ (0, T ∗✮✱

‖R(t)ψ̃(t)‖2L2(RN )

6

(
‖V (3)‖∞

3!

)2 ∫
RN ‖x− xc(t)‖6 |χ (τ(t), σ(t)−1[x− xc(t)])|2 dx

det[σ(t)]

=
(

‖V (3)‖∞
3!

)2 ∫
RN ‖σ(t)y‖6 |χ (τ(t), y)|2 dy

6

(
‖V (3)‖∞

3!

)2 (
3
2

)6 ∫
RN ‖y‖6 |χ (τ(t), y)|2 dy ❜② ✭✶✸✮

6 C‖V (3)‖2∞
∫
RN

∣∣D3
ηχ̂ (τ(t), η)

∣∣2 dη
6 C‖V (3)‖2∞

∫
RN

∣∣∣D3
η

[
φ̂0(η)e

− i
2

∫ τ(t)
0 ‖M(s)η‖2ds

]∣∣∣
2

dη ❜② ✭✾✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ E✱ V ❛♥❞ φ0✳ ❲❡
❞❡❞✉❝❡ ❢r♦♠ ▲❡✐❜♥✐③ ❢♦r♠✉❧❛✱ ✭✶✹✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹ t❤❛t

‖R(t)ψ̃(t)‖2L2(RN ) 6 C(φ0, T
∗)2‖V (3)‖2∞ , ∀t ∈ [0, T ∗]

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C(φ0, T
∗) > 0 t❤❛t ✐s ✜♥✐t❡ ❜❡❝❛✉s❡ φ0 ∈ S(RN)✳

◆♦t❡ t❤❛t C(φ0, T
∗)2 ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ 6 ♦❢ T ∗✱ ✇❤✐❝❤ ✇✐❧❧

❜❡❝♦♠❡ r❡❧❡✈❛♥t ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳ ▲❡t U(t, s) ❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❢♦r
❡q✉❛t✐♦♥ ✭✶✮ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✮✳ ❚❤❡♥✱

(ψ − ψ̃)(t) =

∫ t

0

U(t, s)[R(s)ψ̃(s)]ds ✐♥ L2(RN) , ∀t ∈ (0, T ∗) ,

❛♥❞ U(t, s) ✐s ❛♥ ✐s♦♠❡tr② ♦❢ L2(RN) ❢♦r ❡✈❡r② t > s > 0✱ t❤✉s

‖(ψ−ψ̃)(t)‖L2(RN ) 6

∫ t

0

‖R(s)ψ̃(s)‖L2(RN )ds 6 C(φ0, T
∗)‖V (3)‖∞t , ∀t ∈ [0, T ∗] .

✷

✸✳✸✳ ❈♦♥❝❧✉s✐♦♥

▲❡t T ∗ ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✱ R,L > 0 ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹ ❛♥❞ T :=
3T ∗

2
✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✱ t❤❡r❡ ❡①✐sts ψf ∈ S\V(φ0) ❛♥❞ δ0 := ❞✐stL2(RN )(ψf ,V(φ0))

✐s ♣♦s✐t✐✈❡✳

❙t❡♣ ✶✿ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ψ1 ∈ S ∩ S(RN) s✉❝❤ t❤❛t

‖ψ0−ψ1‖L2(RN ) <
δ0

4
,

∫

RN

x|ψ1(x)|dx = x0 , −i
∫

RN

∇xψ1(x)ψ1(x)dx = ẋ0 .

✶✺



❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ξǫ)ǫ∈(0,1) ✐♥ S ∩ S(RN) s✉❝❤ t❤❛t

‖ψ0 − ξǫ‖H1(RN ) + ‖ψ0 − ξǫ‖L2(‖x‖dx) −→
ǫ→0

0 .

❚❤❡♥

xǫ :=

∫

RN

x|ξǫ(x)|dx , ẋǫ := −i
∫

RN

∇xξǫ(x)ξǫ(x)dx

❝♦♥✈❡r❣❡✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ x0 ❛♥❞ ẋ0✳ ❚❤✉s✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s

x 7→ ξǫ(x− x0 + xǫ)e
i〈ẋ0−ẋǫ,x〉

❝♦♥✈❡r❣❡s t♦ ψ0 ✐♥ L2(RN) ❛♥❞ ❣✐✈❡s t❤❡ ❝♦♥❝❧✉s✐♦♥✳

❙t❡♣ ✷✿ ❉✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❛ss♦❝✐❛t❡❞
t♦ ψ0 ❛♥❞ ψ1✳ ❙t❡♣ ✶ ✐♠♣❧✐❡s t❤❛t

• ❢♦r ❡✈❡r② E ∈ L∞
loc(R,R

N)✱ t❤❡ q✉❛♥t✐t✐❡s T ∗✱ xEc ✱ Q
E✱ σE✱ τE✱ tE✱ SE

❛ss♦❝✐❛t❡❞ ✇✐t❤ ψ0 ❛♥❞ ψ1 ❛r❡ t❤❡ s❛♠❡❀

• t❤❡ ♠❛♣ φ1 ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

φ1(x) := ψ1(x+ x0)e
−i〈ẋ0,x〉 ❢♦r ❛✳❡✳ x ∈ R

N ,

s❛t✐s✜❡s

‖φ1 − φ0‖L2(RN ) = ‖ψ1 − ψ0‖L2(RN ) <
δ0

4
;

• ❢♦r ❡✈❡r② M ∈ C0([0, T ],MN(R))✱ t❤❡ ❢✉♥❝t✐♦♥s χM
φ0

❛♥❞ χM
φ1

✭s❡❡ ✭✽✮✮
s❛t✐s❢②

‖χM
φ1
(τ)− χM

φ0
(τ)‖L2(RN ) = ‖φ1 − φ0‖L2(RN ) <

δ0

4
, ∀τ ∈ [0, T ];

• ❢♦r ❡✈❡r② E ∈ L∞
loc(R,R

N)✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ψ̃E ✭r❡s♣✳ ψ̃E
1 ✮

❞❡✜♥❡❞ ❜② ✭✷✵✮ ✭r❡s♣✳ ❞❡✜♥❡❞ ❜② ✭✷✵✮ ✇✐t❤ φ0 r❡♣❧❛❝❡❞ ❜② φ1✮ s❛t✐s❢②

‖ψ̃E
1 (t)−ψ̃E(t)‖L2(RN ) = ‖χME

φ1
(τ(t))−χME

φ0
(τ(t))‖L2(RN ) <

δ0

4
, ∀t ∈ [0, T ∗].

✶✻



❙t❡♣ ✸✿ ❈♦♥❝❧✉s✐♦♥ ♦❢ ❙t❛t❡♠❡♥t ✶✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷ ✭♣❛rt ✷✮ ✇❡
❤❛✈❡ t❤❛t

‖ψf − ψ̃E
1 (t)‖L2(RN ) >

3δ0
4
, ∀t ∈ [0, T ∗] . ✭✷✺✮

▲❡t C(φ1, T
∗) ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✺ ❛♥❞

T ∗∗ := min

{
T ∗;

δ0

4C(φ1, T ∗)‖V (3)‖∞

}
. ✭✷✻✮

Pr♦♣♦s✐t✐♦♥ ✺ ❛♥❞ ✭✷✺✮ ✐♠♣❧② t❤❛t✱ ❢♦r ❡✈❡r② t ∈ [0, T ∗∗]✱

‖ψf − ψE(t)‖L2(RN )

>

∣∣∣‖ψf − ψ̃E
1 (t)‖L2(RN ) − ‖ψ̃E

1 (t)− ψE
1 (t)‖L2(RN ) − ‖ψE

1 (t)− ψE(t)‖L2(RN )

∣∣∣
>

3δ0
4

− C(φ1, T
∗)‖V (3)‖∞t− ‖ψ1 − ψ0‖L2(RN )

>
δ0
4
> 0 .

❙t❡♣ ✹✿ Pr♦♦❢ ♦❢ ❙t❛t❡♠❡♥t ✷✳ ■❢ V (x) = W (ǫx)✱ ✇❡ ♦❜t❛✐♥

T ∗∗ := min

{
C(W )

ǫ
;

δ0

4C(φ1, T ∗)ǫ3‖W (3)‖∞

}
,

✇❤✐❝❤ ❜❡❤❛✈❡s ❧✐❦❡ C
ǫ
❛s ǫ→ 0✳ ✷

✸✳✹✳ ❉❡♣❡♥❞❡♥❝❡ ♦♥ P❧❛♥❝❦✬s ❝♦♥st❛♥t

❚❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r ❛ q✉❛♥t✉♠ ♣❛rt✐❝❧❡ ✐♥ ❛ ✭st❛t✐❝✮ ♣♦t❡♥t✐❛❧ V0✱
✇❤✐❝❤ ✐s s✉❜❥❡❝t❡❞ t♦ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ✭❛♥❞ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s✮ ❡❧❡❝tr✐❝
✜❡❧❞ E0✱ ♠❛②✱ ❛❢t❡r ❛♣♣r♦♣r✐❛t❡ r❡s❝❛❧✐♥❣✱ ❜❡ ✇r✐tt❡♥ ✐♥ ❞✐♠❡♥s✐♦♥✕❧❡ss ❢♦r♠✿





iε∂τΨ(τ, y) =
(
− ε2

2
∆y + V0(y)− 〈E0(τ), y〉

)
Ψ(τ, y) , (τ, y) ∈ (0,Θ)× R

N ,

Ψ(0, y) = Ψ0(y) y ∈ R
N .

✭✷✼✮
❍❡r❡ t❤❡ ♣❛r❛♠❡t❡r ε ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ P❧❛♥❝❦ ❝♦♥st❛♥t ~❀ s♦ ✐t ✐s ♥❛t✉r❛❧
t♦ ❛ss✉♠❡ t❤❛t ε ≪ 1✳ ❖❜✈✐♦✉s❧②✱ ❡q✉❛t✐♦♥ ✭✶✮ ❛r✐s❡s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✼✮ ❜②
t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

t = τ
ε
, x = y

ε
, t ∈ [0, T ] ⇔ τ ∈ [0, εT ], x, y ∈ R

N

ψ(t, x) = εN/2Ψ(εt, εx), V (x) = V0 (εx) , E(t) = εE0(εt)

✶✼



✭t❤❡ ❢❛❝t♦r εN/2 ❝♦✉❧❞ ❜❡ ♦♠✐tt❡❞❀ ✐t ❡♥s✉r❡s t❤❛t ‖Ψ‖L2 = ‖ψ‖L2 = 1✮✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ T ∗∗ ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ ❢♦r ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧✲
❧❛❜✐❧✐t② ♦❢ s②st❡♠ ✭✶✮ ♣r♦✈✐❞❡s ❛ ❧♦✇❡r ❜♦✉♥❞ Θ∗∗(ε) ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ ❢♦r
s②st❡♠ ✭✷✼✮✳ ❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❤❛✈❡ Θ∗∗(ε) = εT ∗∗✱ ✇❤❡r❡ T ∗∗✱
✐♥ ❣❡♥❡r❛❧✱ ❞❡♣❡♥❞s ♦♥ ε ✭✇❤❡♥ ✜①✐♥❣ V0 ✜rst✮✳

▲❡tt✐♥❣ δ = ε ✐♥ ✭✶✺✮ s❤♦✇s t❤❛t T ∗ ♠❛② ❜❡ ❝❤♦s❡♥ ❛s T ∗ = C(‖V ′′
0 ‖∞)ε−1

✭♥♦t❡ t❤❛t ‖V ′′‖∞ = ε2‖V ′′
0 ‖∞✮✳ ❙♦✱ ❜② ✭✷✻✮✱

T ∗∗ = min

{
C(‖V ′′

0 ‖∞)

ε
;

δ0

4C(φ1, T ∗)ε3‖V (3)
0 ‖∞

}
✭✷✽✮

❚❤✐s s❡❡♠s t♦ ✐♠♣❧② T ∗∗ ∼ ε−1 ✭❛♥❞ ❤❡♥❝❡ Θ∗∗(ǫ) ∼ ❝♦♥st✳✮✱ ❜✉t t❤✐s ✐s ♥♦t
❝♦rr❡❝t✱ s✐♥❝❡ C(φ1, T

∗) ❛❧s♦ ❞❡♣❡♥❞s ♦♥ ε✳ ■♥❞❡❡❞✱ C(φ1, T
∗)2 ✐s ❛ ❞❡❣r❡❡✕s✐①

♣♦❧②♥♦♠✐❛❧ ✐♥ T ∗ ✇✐t❤ ❝❡rt❛✐♥ φ1✕❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts Cj(φ1)❀ ✐✳❡✳✱

ε3C∗(φ1, T
∗) = ε3

(
6∑

j=0

Cj(φ1)(T
∗)j

)1/2

∼
(

6∑

j=0

C ′
j(φ1)ε

6−j

)1/2

∼ C6(φ1)

❛s ε → 0✳ ❙♦ ❢♦r s♠❛❧❧ ε > 0✱ T ∗∗ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
Θ∗∗(ε) ∼ ε≪ 1✳

❖♥❡ ♠❛② ✇♦♥❞❡r ✇❤❡t❤❡r t❤❡ r❡❛s♦♥✐♥❣ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❝♦✉❧❞ ❜❡ r❡✲
✜♥❡❞ t♦ ♦❜t❛✐♥ str♦♥❣❡r ❡st✐♠❛t❡s ♦♥ t❤❡ ❝♦♥tr♦❧ t✐♠❡✱ ✐♥❝❧✉❞✐♥❣✱ ♣♦t❡♥t✐❛❧❧②✱
❜♦✉♥❞s s❛t✐s❢②✐♥❣ Θ∗∗(ε) → ∞ ❛s ε→ 0✳ ❚✇♦ ♦❜s❡r✈❛t✐♦♥s s✉❣❣❡st t❤❛t t❤✐s
♠❛② ❜❡ ♣♦ss✐❜❧❡ ✐♥ ❝❡rt❛✐♥ ❝❛s❡s✿

✭❛✮ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ∗] ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡

❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ψ̃E ✐s ✈❛❧✐❞ ❜❡❤❛✈❡s ❧✐❦❡ ε−1 ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
ε ❢♦r ❡q✳ ✭✷✼✮✳ ■t ♠❛② t❤❡r❡❢♦r❡ ❜❡ ♣♦ss✐❜❧❡ t♦ ✐t❡r❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥
t♦ ❡♥❧❛r❣❡ t❤❡ r❡❧❡✈❛♥t t✐♠❡ ✐♥t❡r✈❛❧s❀ ✭❜✮ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ q✉❛♥t✐t②

C(φ1, T
∗)

w.l.o.g.≈ C(φ0, T
∗) ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ✭✷✽✮

s✉❣❣❡sts t❤❛t ❢♦r ❝❡rt❛✐♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ψ0 t❤❡ s❡❝♦♥❞ t❡r♠✱ ❛♥❞ ❤❡♥❝❡
Θ∗∗✱ ♠❛② ❜❡❝♦♠❡ ❧❛r❣❡✳

❚❤✐s ❝✐r❝❧❡ ♦❢ ✐❞❡❛s ✇✐❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

✹✳ ❆♣♣❡♥❞✐①✿ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶

✶✳ ❲❡ ❤❛✈❡ ταnfn = ταnf+ταn(f−fn) ✇❤❡r❡ ταn(f−fn) ❝♦♥✈❡r❣❡s str♦♥❣❧②
t♦ 0 ✐♥ L2(RN) ❛♥❞ t❤✉s ✐♥ D′(RN)✳ ❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t
ταnf −→

n→∞
0 ✐♥ D′(RN)✳

✶✽



▲❡t ϕ ∈ C∞
c (RN) \ {0} ❛♥❞ ǫ > 0✳ ❚❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

∫

‖y‖>A

|f(y)|2dy < ǫ

‖ϕ‖L2(RN )

.

▲❡t R > 0 ❜❡ s✉❝❤ t❤❛t ❙✉♣♣(ϕ) ⊂ B(0, R)✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ‖αn‖ −→
n→∞

+∞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ n0 ∈ N s✉❝❤ t❤❛t B(−αn, R)∩B(0, A) = ∅ , ∀n >

n0✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② n > n0✱∣∣∣∣∣
∫
RN

ταnf(x)ϕ(x)dx

∣∣∣∣∣ =

∣∣∣∣∣
∫

B(−αn,R)

f(y)ϕ(y + αn)dy

∣∣∣∣∣
6 ‖f‖L2(B(−αn,R))‖ϕ‖L2(RN ) < ǫ .✷

✷✳ ❙❡❡ ❡✳❣✳ ❬✺❪✱ ▲❡♠♠❛ ✹✳✸✳
✸✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛tM = IN ✳ ❲❡ ❤❛✈❡ fn◦Mn = (fn−f)◦Mn+f ◦Mn

✇❤❡r❡ (fn−f)◦Mn ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ L2(RN)✳ ❚❤✉s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡
t❤❛t f ◦Mn −→

n→∞
f ✐♥ L2(RN)✳ ▲❡t ǫ > 0✳

❈❛s❡ ✶✿ f ∈ C0
c (R

N)✳ ❚❤❡r❡ ❡①✐stsR > 0 s✉❝❤ t❤❛t ❙✉♣♣(f) ⊂ B(0, R)
❛♥❞ ❙✉♣♣(f ◦Mn) =M−1

n ❙✉♣♣(f) ⊂ B(0, R) ❢♦r ❡✈❡r② n ∈ N✳ ❇② ❍❡✐♥❡
t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t

|f(y)−f(z)| < ǫ√
RN✈♦❧[B(0, 1)]

, ∀y, z ∈ R
N s✉❝❤ t❤❛t ‖y−z‖ < η .

❲❡ ❝❤♦s❡ n0 ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ‖Mn − IN‖ < η
R
❢♦r ❡✈❡r② n > n0✳

❚❤❡♥✱

‖Mnx− x‖ 6 ‖Mn − IN‖‖x‖ < η , ∀x ∈ B(0, R) , n > n0 .

❚❤✉s✱ ❢♦r n > n0✱

‖f ◦Mn − f‖L2(RN ) =

(∫

B(0,R)

|f [Mn(x)]− f(x)|2 dx
)1/2

< ǫ .

❈❛s❡ ✷✿ f ∈ L2(RN)✳ ❚❤❡r❡ ❡①✐sts f̃ ∈ C0
c (R

N) s✉❝❤ t❤❛t ‖f −
f̃‖L2(RN ) <

ǫ
4
✳ ❇② ❈❛s❡ ✶✱ t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t ‖f̃ ◦Mn −

f̃‖L2(RN ) <
ǫ
4
❢♦r ❡✈❡r② n > n0✳ ❖♥❡ ♠❛② ❛ss✉♠❡ t❤❛t

√
det(Mn) >

1
2

❢♦r ❡✈❡r② n > n0✳ ❚❤❡♥✱ ❢♦r n > n0✱

‖f ◦Mn − f‖L2(RN ) 6 ‖f ◦Mn − f̃ ◦Mn‖L2(RN )

+‖f̃ ◦Mn − f̃‖L2(RN ) + ‖f̃ − f‖L2(RN )

6

(
1√

det(Mn)
+ 1

)
‖f̃ − f‖L2(RN ) +

ǫ
4
< ǫ .

✶✾



❆❝❦♥♦✇❧❡❞❣♠❡♥ts✿ ❚❤❡ ❛✉t❤♦rs ✇❡r❡ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ✏❆❣❡♥❝❡
◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡✑ ✭❆◆❘✮ Pr♦❥❡t ❇❧❛♥❝ ❊▼❆◗❙ ♥✉♠❜❡r ❆◆❘✲✷✵✶✶✲
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❬✶❪ ❑✳ ❇❡❛✉❝❤❛r❞✱ ❏✳✲▼✳ ❈♦r♦♥✱ ❛♥❞ ❍✳ ❚❡✐s♠❛♥♥✳ ▼✐♥✐♠❛❧ t✐♠❡ ❢♦r t❤❡
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❬✷❪ ❯❣♦ ❇♦s❝❛✐♥✱ ▼❛r❝♦ ❈❛♣♦♥✐❣r♦✱ ❚❤♦♠❛s ❈❤❛♠❜r✐♦♥✱ ❛♥❞ ▼❛r✐♦ ❙✐❣❛✲
❧♦tt✐✳ ❆ ✇❡❛❦ s♣❡❝tr❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r
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