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Abstract: The concept of minimum aberration has been extended to choose blocked
fractional factorial designs (FFDs). The minimum aberration criterion ranks blocked
FFDs according to their treatment and block wordlength patterns, which are often ob-
tained by counting words in the treatment defining contrast subgroups and alias sets.
When the number of factors is large, there are a huge number of words to be counted,
causing some difficulties in computation. Based on coding theory, the concept of min-
imum moment aberration, proposed by Xu (2003) for unblocked FFDs, is extended to
blocked FFDs. A method is then proposed for constructing minimum aberration blocked
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1 Introduction

Fractional factorial designs (FFDs) are widely used in designing experiments. Blocking is an effec-
tive method for reducing systematic variations and therefore increasing precision of effect estima-
tion. Experimenters would often face the problem of choosing optimally blocked FFDs.

FFDs are typically chosen according to the mazimum resolution criterion (Box and Hunter,
1961) and its refinement, the minimum aberration (MA) criterion (Fries and Hunter, 1980). The
study of blocking in FFDs is complicated by the presence of two defining contrast subgroups, one for
defining the fraction and another for defining the blocking scheme, and therefore, resulting in two
types of wordlength patterns, one for treatment and another for block. Bisgaard (1994) proposed
resolution for choosing blocked FFDs. However, resolution alone is not significant enough to rank
order blocked FFDs. The MA criterion can be applied to the treatment and block wordlength
patterns separately. However, MA designs with respect to one wordlength pattern may not have
MA with respect to the other wordlength pattern. One approach, as done by Sun, Wu and Chen
(1997) and Mukerjee and Wu (1999), is to consider the concept of admissible blocking schemes, but
it is often to have too many admissible designs. Another approach is to combine the treatment and
block wordlength patterns into one single wordlength pattern so that the criterion of MA can be
applied to it in the usual way; see Sitter, Chen and Feder (1997), Chen and Cheng (1999), Zhang
and Park (2000), and Cheng and Wu (2002).

Sun, Wu and Chen (1997) provided collections of admissible blocked FFDs with 8, 16, 32, 64,
and 128 runs up to 9 factors. Sitter, Chen and Feder (1997) provided collections of MA blocked
FFDs with all 8 and 16 runs, 32 runs up to 15 factors, 64 runs up to 9 factors, and 128 runs up to
9 factors. Chen and Cheng (1999) developed a theory to characterize MA blocked FFDs in terms
of their blocked residual designs and gave collections of MA blocked FFDs with all 8 and 16 runs,
and 32 runs up to 20 factors. Cheng and Wu (2002) compared MA blocked FFDs with respect to
different combined wordlength patterns for 8, 16, 32, 64, and 128 runs up to 9 factors; they also
provided collections of MA and admissible blocked FFDs with all 27 runs, and 81 runs up to 10
factors.

The MA criterion ranks blocked FFDs according to the treatment and block wordlength pat-
terns, which are often obtained by counting words in the treatment defining contrast subgroups and
alias sets. When the number of factors is large, there are a huge number of words to be counted,

causing some difficulties in computation. For example, when an FFD with 32 runs and 20 factors is



215 1 = 32,767 words in the treatment defining contrast subgroup

arranged in 8 blocks, there are
and 7 block effects, each block effect being confounded with 2'° = 32, 768 treatment effects. When
an FFD with 81 runs and 20 factors is arranged in 27 blocks, there are (3'6—1)/(3—1) = 21,523, 360
words in the treatment defining contrast subgroup and 13 block effects, each block effect being con-
founded with 3'® = 43,046,721 treatment effects. It is very time consuming to count all these
words or effects. This explains, partially at least, why MA blocked FFDs are available only up to
9 or 10 factors in most cases in the literature.

The purpose of this paper is to construct more MA blocked FFDs with a large number of factors.
This is challenging due to aforementioned computational difficulties. Based on coding theory, we
propose new methods to compare and rank blocked FFDs without using defining contrast subgroups
and alias sets. The idea was originally due to Xu (2003), who proposed the concept of minimum
moment aberration and established its equivalence to MA for unblocked FFDs. We extend the
concept of minimum moment aberration to blocked FFDs. Then we propose a construction method
to obtain MA blocked FFDs for all 32 runs, 64 runs up to 32 factors, and all 81 runs.

In Section 2, we review basic concepts and definitions for unblocked and blocked FFDs, and
optimality criteria for choosing blocked FFDs. In Section 3, we review the minimum moment
aberration criterion for unblocked FFDs and extend it to blocked FFDs. Section 4 describes the
construction method. Tables of MA blocked FFDs with 32, 64 and 81 runs are given in Section 5

with comments. Concluding remarks are given in Section 6.

2 Basic concepts and definitions

2.1 Unblocked and blocked FFDs

Consider an experiment to study n treatment variables, each having s levels. A full factorial design
requires s” runs to be performed and is rarely used in practice for n > 7 treatment variables. For
economic reasons, fractional factorial designs (FFDs), which consist of a fraction of the full factorial
design, are commonly used.

A regular FFD, denoted by s~ %, is an s *th fraction of the s” full factorial design in which
the fraction is determined by k treatment defining words. The k treatment defining words form
the treatment defining contrast subgroup, which consists of s* elements. Each element other than
the identity I is called a word, and the number of letters in a word is called its length. Words

2 s—

w,w?, ..., w*! represent the same treatment contrast; therefore, they are viewed as the same.



There are in total (s* —1)/(s — 1) distinct words in the treatment defining contrast subgroup.
The resolution is defined to be the length of the shortest word in the treatment defining contrast
subgroup. The larger the resolution, the better the design. This is called the maximum resolution
criterion, proposed by Box and Hunter (1961). Fori =1,...,n, let A;( denote the number of words
of length i in its treatment defining contrast subgroup. Then Y7 ; A; ¢ = (s —1)/(s—1). As often
done in the literature, we only consider designs with resolution III or higher so that A; g = A2y = 0.
The vector Wy = (A3z0, ..., Ano) is called the treatment wordlength pattern.

To reduce systematic variations and to increase the accuracy of the effect estimation, blocking
is commonly used in the design of experiments. For blocking to be effective, the units should
be arranged so that the within-block variation is much smaller than the between-block variation.
When studying blocked FFDs, we assume that there are no interactions between block variables
and treatment variables. This assumption states that the treatment effects do not vary from block
to block.

To arrange an s % FFD in s? blocks of size s" *7P, we can choose p independent columns
b1,...,b, as block defining words. The p block defining words form the block defining contrast
subgroup, which consists of n, = (s” —1)/(s — 1) distinct words, each representing a block effect. A
blocking scheme is infeasible if at least one of the treatment main effects is confounding with some
block effects; otherwise, it is feasible. Let by, ...,bp,byi1,...,b,, be the n, block effects, where
bpi1,...,by, are “generalized interactions” of by,...,b,. Because the treatment defining contrast
subgroup has s* elements, each block effect is confounded with s* treatment words (or effects). For
i=1,...,n, let A;; denote the number of treatment words of length ¢ that are confounded with
some block effects. Then } ;" A;1 = sknp. A nonzero A indicates that some treatment main
effects are confounded with some block effects. Therefore, a blocking scheme is feasible if and only
if A;; = 0. The vector Wy, = (Aa1,..., A1) is called the block wordlength pattern. Let Ag; = 0

for convenience.

Example 1. Consider a 2672 design in 2% blocks with treatment defining words £ = ABC and
F = ABD, and block defining words by = AC'D and by = BC'D. The treatment defining contrast

subgroup is
I =ABCFE = ABDF = CDEF, (1)
and the treatment wordlength pattern is W; = (0, 3,0,0). The block defining contrast subgroup is

I,by = ACD,by = BCD,bs = biby = AB. (2)



Combining (1) and (2) yields the following alias sets

by = ACD = BDE = BCF = AEF,
b = BCD = ADE = ACF = BEF,

by = AB=CFE = DF = ABCDEF.
Therefore, the block wordlength pattern is W;, = (3,8,0,0,1).

Example 2. Consider a 3°2 design in 32 blocks with treatment defining words D = ABC and
E = AB?, and block defining words by = AB and by = AC?. The treatment defining contrast

subgroup is

I =ABCD? = A’B%C?D = AB*FE? = A’BE = AC?’DE = A’CD*E? = BC?DE? = B*CD?E,
(3)
For a three-level design, words w and w? (e.g., ABC'D? and A2B?C?D) represent the same treat-
ment contrast; therefore, they are viewed as the same word. Hence the treatment wordlength

pattern is W; = (1, 3,0). The distinct words in the block defining contrast subgroup are

by = AB,by = AC?, by = biby = A’BC?, by = bib3 = BC. (4)
Combining (3) and (4) yields the following alias sets
bi = AB= A’B?CD?=C?D = A’E? = B’E = A’BC?’DFE = BCD?E? = AB>C*DE? = ACD*E,
by = AC?= A’BD? = B?CD = A’B?C*FE? = BC?E = A2CDE = D*E? = ABCDE? = AB*D*E,
by = A?BC?=DB?D?= ACD = C?E? = AB>C?’E = BCDE = ABD?E? = A’B>CDE? = A2D’E,
by = BC = AB?C?D? = A2D = ACE? = A’B?CFE = ABDFE = A’BC?D?E? = B’DE? = C*D*E.

Therefore, the block wordlength pattern is Wj = (10,9, 12,5).

2.2 Review of optimality criteria

Because resolution alone cannot determine the best design, Fries and Hunter (1980) further pro-
posed the MA criterion as its refinement. For two unblocked s”~* designs D; and Dy, let r be the
smallest integer such that A, (D) # A, o(D2). Then D; is said to have less aberration than Dy if
Ar0(D1) < Arp(Dg). If there is no design with less aberration than Dy, then D; has MA. In short,

the MA criterion sequentially minimizes A, A20,...,Anp-



The extension of MA to blocked FFDs is not unique due to the presence of two wordlength
patterns. One popular approach is to combine the treatment and block wordlength patterns into
one sequence and then apply the MA criterion to the combined wordlength pattern in the usual way.
By arguing the relative importance of confounded effects, the following three combined wordlength

patterns have been proposed in the literature

Weer = (Az0,A21,A40,A31,A50,A41,...), (5)
Wi = (As0,A10,421,A50,A60,A431,...), (6)
Wo = (A3, A21,A40,A50,A31, 460, -), (7)

where A; 1 is ranked after A; 10 in Wi.r, after Ag; o in W1, and after Ag;_10in Wa fori =2,3,....
The first sequence was proposed by Sitter, Chen, and Feder (1997), the second by Cheng and Wu
(2002), and the third by Chen and Cheng (1999), Zhang and Park (2000), and Cheng and Wu
(2002). For the pros and cons of the sequences, see Cheng and Wu (2002). Three MA criteria
result from sequentially minimizing the corresponding combined wordlength patterns. MA blocked
FFDs under the W sequence are called MA W designs. In this paper, we construct MA blocked
FFDs with respect to all three W criteria.

Recall that when an s"~* design is arranged in s blocks, there are (s* — 1)/(s — 1) words in
the treatment defining contrast subgroup and (s? — 1)/(s — 1) block effects, and s*(s? —1)/(s — 1)
treatment effects are confounded with some block effects. When k is large, it is very time consuming
to count all these words, causing some difficulties in computation. In the next section we propose a
new method for comparing blocked FFDs without using the treatment defining contrast subgroups

and alias sets.

3 Minimum moment aberration

In Section 3.1, we review the concept of minimum moment aberration for unblocked FFDs due to

Xu (2003). Then we extend the approach to blocked FFDs in Section 3.2.

3.1 Minimum moment aberration for unblocked FFDs

For a design of N runs and n factors, let X = (%) be the N X n treatment matrix, where each row

corresponds to a run and each column to a factor. For positive integers ¢, define power moments

N N
Kio=N"2>"> (65), (8)

i=1j=1
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where 6;; is the number of coincidences between the ith and jth rows, i.e., the number of k’s such
that x;, = xji.

Since the power moments K;o measure the similarity among runs (i.e., rows), it is natural
that a good design should have small power moments. The smaller the Ky, the better the de-
sign. Xu (2003) proposed the minimum moment aberration criterion which sequentially minimizes
Ki0,K20,...,Knp.

For a prime power s, let GF(s) be the finite field of s elements. It is well known that an s"*
FFD is a linear code of length n and dimension n — k over GF(s) in coding theory. If x; and z;

are two row vectors of a linear code, then their difference x; — x; (in GF(s)) is also a row vector.

Therefore, for an s"~* FFD, (8) can be simplified as
N
Ko = N7') [do(@:)]", (9)
i=1

where z; is the ith row of X, do(z;) is the number of zeros in z; and N = s" k. For an introduction
to coding theory, see MacWilliams and Sloane (1977), van Lint (1999), and Hedayat, Sloane and
Stufken (1999, Chap. 4).

Remark 1. The power moments Ko were first introduced by Xu (2003) for nonregular designs.
A regular design is determined by a defining contrast subgroup whereas a nonregular design is not.
The definition of K¢ in (8) is equivalent to the definition in Xu (2003) up to some constants, and

is consistent with the definition in Xu (2004).

For an integer k > 0, let () = z(x —1)---(z — k + 1)/k!, with (;) = 1 and () = 0 if
k < 0. For integers k,5 > 0, let S(k,j) be a Stirling number of the second kind, i.e., the
number of ways of partitioning a set of k elements into j nonempty sets. It is well known
that S(k,j) = (1/4!) zzo(—l)j_i(g)ik for K > j > 0. For integers t,i > 0, let Qi(i;n,s) =
(—1)' 52520 418 (t, 4)s ™ (s — 1)I71 (7)) and
t Mt .
ulisn, s) = (s— 1) Y (-1 (j.)n”@j(z‘;n, ). (10)

7=0

It is easy to show that S(t,t) = 1, Q4(t;n, s) = (—1)!s ¢! and Q;(i;n, s) = 0 when i > n. Therefore,
ci(t;m,s) = s (s — 1)t (11)

By applying MacWilliams identities and Pless power moment identities, two fundamental results

in coding theory (see, e.g., MacWilliams and Sloane (1977, Chap. 5)), Xu (2003) established the



connection between the power moments K; o and the wordlength patterns A; o and the equivalence
of minimum aberration and minimum moment aberration. The following two theorems are from

Xu (2003, 2004).

Theorem 1. For an s" % FFD and positive integers t,

t
Ko =Y alizn, s)Ap, (12)

i=0
where ci(i;n, s) are constants defined in (10), Ao =1/(s—1) and A; o =0 when i > n.
Theorem 2. Sequentially minimizing K1, Koy, ..., Ko s equivalent to sequentially minimizing

A0, A20,...,Ano. Therefore, minimum moment aberration is equivalent to minimum aberration.

The first four identities of (12) are

Kip = s '(s—1)[A10+ndog], (13)
Koo = s 2(s—1)[2400+ (2n+5—2)A10+n(n+s—1)Ag), (14)
Ksg = s 3(s—1)[6430+6(n+s—2)As0+ (3n* 4 6ns + 5% — 9n — 65 +6)A1

+n(n? + 3ns + % — 3n — 3s + 2) Ag o], (15)

Kio = s *(s—1)[24A40 4+ 12(2n + 35 — 6) Az 0 + 2(6n* + 18ns + 7s* — 30n — 365 + 36) Az
+(4n® +18n%s + 14ns* + s® — 24n? — 5dns — 14s% 4 44n + 365 — 24) A}

+n(n® + 6n%s + Tns? + s — 6n* — 18ns — 7s* + 11n + 125 — 6) Ag o). (16)

In general, by (11) and (12), we have

Kio=s"(s—1)t1Ao+ci(t —1;n,8)As—10+ - + et (0;n, 8) Ag . (17)
Then it is clear that sequentially minimizing K;o for ¢ = 1,2,... is equivalent to sequentially
minimizing Ao for t =1,2,.... This explains why Theorem 2 is true.

3.2 Minimum moment aberration for blocked FFDs

Now consider an "% FFD in s? blocks. Still let X be the N x n treatment matrix with N = s"~*.
Let Y be the NV X p matrix representing p independent block defining words. For positive integers

t, define power moments

Ky = N712[50($i)]t5b(yi)a (18)



where z; and y; are the ith row of X and Y, respectively, do(z;) is the number of zeros in z;, and

Su(i) = np=(s? —1)/(s—1) if y; is a vector of 0’s
bl = n, —sP~! otherwise

Remark 2. Let Z be the N x n, matrix generated by p independent block defining words, where
each column represents a block effect. Then d;(y;) is indeed the number of zeros in the ith row of

Z.

Similar to the unblocked case, the following theorem shows that power moments K; ; are related

to wordlength patterns A; ;.

Theorem 3. For an s" % FFD in sP blocks and positive integers t,

t
sKi1—np Ko = Z ce(isn, s)Aiq, (19)
i=0

where ny, = (s —1)/(s — 1), ct(i;m, s) are constants defined in (10), and A; 1 = 0 when i > n.
The proof of Theorem 3 involves generalized MacWilliams identities and Pless power moment

identities and will appear elsewhere.

The first three identities of (19) are

8K1,1 — npKLO = 8_1(8 — 1)[141,1 -+ nA(],l], (20)
sKag —npyKag = s 2(s—1)[2421+ (2n+s—2)A11 +n(n+s—1)Ag1], (21)
sK31—npKsg = s 3(s—1)[6431+6(n+s—2)As1 + (3n® + 6ns + s> —9n — 65+ 6) A7
+n(n? + 3ns + s — 3n — 3s + 2) Ag 1]. (22)
In general, we have
sKi1 —npKio= 57 (s — Dt'Air +ca(t—1;n,8) A1+ -+ ¢(0;n, 8)Ag 1. (23)

Analogue to (5), (6) and (7), we can define the following three sequences of combined power

moments:
Wy = (K30,Ka1,Ku0,K31,Ks50,Ku1,-..), (24)
Wy = (Kso,Kuo, Ko1, K50, Ko, K31, ..), (25)
Wy = (Ko, Ko, Kao, K50, K31, Ke0,--.), (26)

where K 1 is ranked after K1 in Wscf7 after Ko; o in Wl, and after Ko;_1 0 in WQ fori=2,3,....
We have three minimum moment aberration criteria for blocked FFDs by sequentially minimizing

the corresponding sequences.



The next theorem establishes the equivalence of minimum moment aberration and minimum

aberration for blocked FFDs.

Theorem 4. For feasible blocking schemes,

(1) sequentially minimizing K30, K21, K40, K31, Ks50,K4,1, ... is equivalent to sequentially min-
imizing Az, A1, Aao, A3 1, As0, Aa, ..

(ii) sequentially minimizing K3, K40, K21, K50, K60, K31, . .. is equivalent to sequentially min-
imizing Az, Aa0, A1, As0, 46,0, A3 1, - . ..

(iii) sequentially minimizing K3 o, K21, K40, K50, K31,Ke,0,... 15 equivalent to sequentially

minimizing A370, A271, A470, A570, A371, A6,07 e

Proof. (i) Recall that for feasible blocking schemes, A;; = 0, in addition to the usual conditions
Aig=As9 = Ap1 =0. From (13), (14) and (20), we obtain K; o = s In, Ky = s2nn+s—1)
and Ky = s_anp. Because A1 = Az = 0, (15) indicates that minimizing K3 is equivalent
to minimizing A3o. Because Kog = s 2n(n + s — 1) and Ag1 = A11 = 0, (21) indicates that
minimizing K is equivalent to minimizing Ay ;. Given A3y, (16) indicates that minimizing K4
is equivalent to minimizing Aso. Given A3z and Ag;, K3p is determined by (15), then (22)
indicates that minimizing K31 is equivalent to minimizing As ;. In general, given Azo,..., A1,
it follows from (17) that minimizing K;( is equivalent to minimizing A;o; given Asp,..., Ao
and A 1,...,Ai—1,1, K is determined by (17), then it follows from (23) that minimizing K ; is
equivalent to minimizing A; 1.

(ii) and (iii) The proofs are similar to (i) and therefore omitted. O

The main advantage of minimum moment aberration over minimum aberration is that it is
much more efficient to compute power moments K; o and K;; than wordlength patterns A; o and
A1 when n is large. Therefore, we use minimum moment aberration to rank blocked FFDs in the
computation.

Furthermore, we can compute wordlength patterns A; o and A;; from power moments K; o and

Ky 1. From (17) and (23), we have, for t =1,2,...,n,
t—1
At,o = St[(S - 1)15!]71[—’(1:,0 - Ct(i; n, S)Ai,O]a (27)
i=0
t—1
A = s'[(s — 1)t!]*1[s Ky —np Ko — Z c(i3m, 8)Aiq]. (28)
i=0

Using (27), we can compute Ay, Agy,...,Apo recursively from Kj g, Koy, ..., Ky, 0. Using (28),

we can compute Ay 1, Aa1,..., Ay 1 recursively from Ky 1, K10, Ko1,Ko2y0,..., K1, Kpp.

10



Example 3. Consider the 26=2 design in 22 blocks from Example 1 with treatment defining words
E = ABC and FF = ABD, and block defining words by = ACD and by = BCD. Here the
parameters are n =6, s =2, N =202 =16, p=2,n,=(22-1)/(2—1) =3, and n, — sP" L = 1.
Table 1 gives the treatment matrix X, block matrix Y, and computed do(z;) and d(y;) values. It

is straightforward to compute K;¢ and K;; according to (9) and (18) as follows:
K1 =3,Kog =105 K30 = 40.5, K0 = 172.5, K50 = 805.5, K¢ = 4060.5,

K11 =45, Ky =16.5, K31 = 70.5, K41 = 340.5, K51 = 1789.5, K¢ = 9916.5.

From (27) and (28), we obtain
A10=0,A420=0,430=0,A40=3,A450=0,460 =0,

A1 =0,421=3,A431=8,A441=0,451=0,461 = L.

The wordlength patterns obtained via (27) and (28) agree with that obtained via counting words

in Example 1.

In the construction of blocked FFDs, we can always select p columns other than any column of
the treatment matrix X. It is possible that the resulting blocking scheme is infeasible. The next

theorem provides an efficient way to screen out infeasible blocking schemes.

Theorem 5. When an s"* FFD is arranged in sP blocks,
Ki1 > S_anp,

with equality if and only if the blocking scheme is feasible.

Proof. Combining (13) and (20) yields
K1 =5 2(s—1)[A11+ndg1 +npAi o+ nnyAg o).
Because Ag1 = A1 =0and Agp= (s —1)71,
Kig=s%(s—1)[A11 +nny(s — 1)1 > s ?nn,.
The equation holds if and only if Ay =0, i.e., the blocking scheme is feasible. O

An example will be given in the next section to illustrate the use of Theorem 5.

11



4  Construction method

Let N =s" % and m = (N —1)/(s —1). An s" % FFD can be viewed as n columns of an N x m
matrix H, where H is a saturated FFD with N runs, m factors and s levels. Let G consist of all
nonzero (n — k)-tuples (u1, ..., u, %)’ from GF(s) in which the first nonzero u; is 1. G is called the
generator matrix and H is formed by taking all linear combinations of the rows of GG. For example,
for s =2 and n — k = 4, the generator matrix G' and design matrix H are given in Tables 2 and 3,
respectively.

The construction of optimal blocking schemes relies on the complete catalog of non-equivalent
s"~*F FFDs. Chen, Sun and Wu (1993) developed an algorithm and constructed all non-equivalent
FFDs with 8, 16, 32 and 27 runs, and 64 runs of resolution IV or higher. Xu (2004) extended their
algorithm and constructed all non-equivalent FFDs with 27 and 81 runs, 243 runs of resolution IV
or higher, and 729 runs of resolution V or higher.

Given an s" % FFD, which corresponds to n columns in H, there are m—n remaining columns to
be used as block columns. There are (m;") ways to choose p columns as possible block generators.
We use Theorem 5 to screen out infeasible blocking schemes. For each feasible blocking scheme,
we compute the power moments K;o and K;;. Then we use three minimum moment aberration
criteria to find three optimal blocking schemes.

Given n, s, and k, we first use Xu’s (2004) algorithm to generate all non-equivalent s"~* FFDs
and use the minimum moment aberration criterion to rank them. Then for each p, 1 <p <n—k—1,
we obtain optimal blocking schemes by searching over all possible blocking schemes for all non-
equivalent s" % FFDs. Because all three MA criteria minimize As o first, there is no need to search
over designs with larger A3y whenever feasible blocking schemes for a design with smaller A3 are
available. In particular, when feasible blocking schemes for resolution IV designs exist, it is not
necessary to search over resolution III designs. This enables us to find MA blocked FFDs with 64
runs up to 32 factors, because all 64-run FFDs with resolution IV or higher are known.

For an optimal blocking scheme, we report the treatment and block wordlength patterns and the
number of clear effects. A main effect or two-factor interaction is clear if it is not aliased with any
other main effect or two-factor interaction and it is not confounded with any block effect (Sun, Wu
and Chen, 1997). We should avoid using defining contrast subgroups and alias sets, because there
are many words to be counted when k is large. We compute the treatment and block wordlength

patterns from the power moments according to (27) and (28). For unblocked FFDs, Xu (2004)

12



introduced a method for finding clear effects using power moments. His method can be extended
easily to blocked FFDs and therefore is used to find the number of clear effects. The details are

omitted.

Example 4. According to Chen, Sun and Wu (1993), the MA unblocked 26=2 design consists of
treatment columns 1, 2, 4, 8, 7, and 11. To arrange it into 23 blocks, we can choose 3 columns
from the remaining 9 columns: 3, 5, 6, 9, 10, 12, 13, 14, and 15. There are (g) = 84 combinations:
(3,5,6),(3,5,9),...,(13,14,15). For illustration, consider two blocking schemes corresponding to
the first two combinations (3,5,6) and (3,5,9). Using Table 3, it is straightforward to compute
that Ky 1 = 12 for the first scheme whereas K1 = 10.5 for the second scheme. The lower bound in

Theorem 5 is 10.5. Therefore, the first scheme is infeasible whereas the second is feasible. Indeed,

the second blocking scheme is optimal under all three MA criteria.

5 Tables of optimal blocking schemes

Using the construction method described in the last section, we obtain MA blocked FFDs with all
32 runs, 64 runs up to 32 factors, and all 81 runs; see Tables 5, 6 and 8. Table 4 and Table 7
shows generator matrices, where the columns are in Yates order and independent columns are in
boldface. Previously, Sitter, Chen and Feder (1997) gave MA W s designs with 32 runs up to 15
factors, and 64 runs up to 9 factors. Cheng and Wu (2002) gave MA W; and Wy designs with 81
runs up to 10 factors.

The tables of designs show the designs, treatment columns, treatment wordlength patterns (W),
block columns, block wordlength patterns (W;), the number of clear main effects (C1), and the
number of clear two-factor interactions (C2). The designs are labeled as n — k.i/Bp(W), where i
denotes the rank order of the unblocked s"~* FFD under the MA criterion, p denotes the number
of block variables, and W denotes the MA W-criterion, where WoW,.r means both W5 and W s
criteria, and “all” means all three criteria. To save space, independent columns are omitted in the
treatment columns, and the wordlength patterns are truncated as W; = (As, A4,0, 45,0, A6,0) and

Wy = (A2, A31,A41,A51).

Example 5. Consider choosing 272 designs in 22 blocks. Table 5 lists two designs 7-2.1/B2(W7)
and 7-2.3/B2(WyWs.f). The first design is optimal under W; criterion whereas the second is
optimal under both W5 and W, criteria. For the first design, the treatment columns given in

Table 5 are 15 and 19; therefore, it consists of columns 1, 2, 4, 8, 16, 15 and 19. Label the 7
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treatment columns as A-G, where A, B, C, D and FE correspond to 5 independent columns 1,
2, 4, 8 and 16. According to Table 4, this design has treatment defining words F' = ABCD and
G = ABE. The block columns are 7 and 25, representing block defining words by = ABC and
by = ADE. Table 5 shows that the treatment wordlength pattern is Wy = (0, 1,2,0,...) and the
block wordlength pattern is W}, = (1,6,4,0,...). All 7 main effects are clear (i.e., C1=7) and there

are 14 clear two-factor interactions (i.e., C2=14).

Example 6. Consider choosing 3%~* designs in 3% blocks. Table 8 lists one design 8-4.1/B3(all),
which is optimal under all three criteria. The treatment columns given in Table 8 are 22, 9, 24 and
31; therefore, it consists of columns 1, 2, 5, 14, 22, 9, 24 and 31. Label the 8 treatment columns as A—
H, where A, B, C, and D correspond to 4 independent columns 1, 2, 5 and 14. According to Table
7, this design has treatment defining words E = ABCD, F = AB?>C, G = AC?D and H = AB?D.
The block columns are 4, 8 and 15, representing block defining words by = AB?, by = ABC and
bs = AD. Table 8 shows that the treatment wordlength pattern is W; = (0, 10,16,4,...) and the
block wordlength pattern is W, = (28,56, 200,264, ...). All 8 main effects are clear (i.e., C1=8)

and there are 8 clear two-factor interactions (i.e., C2=8).

It is interesting to know when MA blocked FFDs under different criteria are different. We
observed that in most cases, MA blocked FFDs under three criteria are the same. (This occurs for
all 8 and 27 runs, and all 16 runs except for two cases, noted by Cheng and Wu (2002).) When MA

blocked FFDs under three criteria are not all the same, one of the following four situations occurs.

1. MA blocked FFDs under W; and W5 are the same, but are different from those under W.;.
2. MA blocked FFDs under Wa and W,y are the same, but are different from those under Wi.
3. MA blocked FFDs under W7 and W,y are the same, but are different from those under Ws.

4. MA blocked FFDs under three criteria are all different.

Situation 1 occurs once for both 32-run and 64-run designs; see 6-1.1/B1(W;W3) and 6-
1.2/B1(Wy) for 32 runs, and 7-1.1/B2(W;W3) and 7-1.3/B2(W.s) for 64 runs. Situation 1 does
not occur for 81-run designs. Situation 2 occurs 12 times for 32-run designs, 35 times for 64-run
designs, and twice for 81-run designs. Situation 3 does not occur. Situation 4 occurs only once for
64-run designs; see 12-6.1/B2(W1), 12-6.11/B2(W>), and 12-6.13/B2(Wy).

When MA blocked FFDs are different, MA W; designs tend to have larger C'1 or C2 values

in most cases. MA Wj designs have larger C'1 values in the following two cases: 81 runs with
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(n,p) = (11,1),(11,2). MA W; designs have larger C2 values in the following 14 cases: 32 runs
with (n,p) = (6,2),(7,2),(8,3),(9,2),(9,3) (also reported by Cheng and Wu (2002)), and 64 runs
with (n,p) = (8,3), (10, 3), (11, 2), (11, 3), (12,2), (12, 3), (13,2), (13, 3), (13, 4).

However, MA W; designs have smaller C'2 values than MA W5 and W, r designs in the following
six cases: 64 runs with (n,p) = (14,2), (14,3), (15,3), (16,2), (16,3), (17,2). This is surprising
because Cheng and Wu (2002, page 272) wrote “it is expected that the number of clear main
effects (C'1) and the number of clear 2fi’s (C2) for an MA W; design should be larger than or equal
to the corresponding numbers for an MA W5 designs.” Note that we do not use C'1 and C2 to
select designs. It is possible to find other MA blocked FFDs with different C1 or C2 values. Cheng
and Wu (2002) reported two MA blocked 352 designs in 32 blocks, one with C2 = 16 and another
with C2 = 18.

It is also interesting to know when MA blocked FFDs originate from MA unblocked FFDs.
When MA blocked FFDs are the same for all three criteria, MA blocked FFDs originate from MA
unblocked FFDs in all cases except for the following 22 cases: n — (n — 5).i/B4(all) with n = 7-10
and 21-16.2/B3(all) for 32 runs; n — (n — 6).7/B5(all) with n = 7-20 and 7-1.2/B4(all) for 64 runs,
and 10-6.2/B3(all) and 11-7.2/B3(all) for 81 runs.

When MA blocked FFDs are different under different criteria, MA W; designs originate from
MA unblocked FFDs except for one case, i.e., 15-9.2/B3(W7), MA Wy designs originate from MA
unblocked FFDs when they are the same as MA W designs, and MA W, designs do not originate
from MA unblocked FFDs.

6 Concluding remarks

We extend the concept of minimum moment aberration to blocked FFDs and establish the equiv-
alence between minimum moment aberration and MA for blocked FFDs. We propose a method
for constructing MA blocked FFDs and obtain optimal blocking schemes with respect to three MA
criteria for all 32 runs, 64 runs up to 32 factors, and all 81 runs.

As argued by Chen and Cheng (1999), Zhang and Park (2000), and Cheng and Wu (2002), MA
Wep designs are not recommended when they are different from MA W; and W5 designs. The
choice of MA W) designs and MA Ws designs depends on the situation. Cheng and Wu (2002)
suggested that if a follow-up experiment is planned, MA W5 designs are recommended; otherwise,

MA W; designs are recommended. See Cheng and Wu (2002) for further discussions.
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Although MA W, designs are not recommended for blocking, they are useful. An s"~* FFD
in sP blocks can be viewed as a mixed (sP)s™ design, i.e., one factor at sP levels and n factors
at s levels. Then the MA W,y criterion is also known as the MA criterion (of type 0) proposed
by Wu and Zhang (1993), Zhang and Shao (2001) and Mukerjee and Wu (2001) for mixed FFDs.
Consequently, we obtain many mixed MA designs from MA W,., designs for free. In particular,
Tables 5, 6, and 8 give all MA 4127 812" and 16'2" designs with 32 runs, MA 4127, 827 16!2”
and 32'2" designs with 64 runs and n < 32, and all MA 9!3" and 27'3" designs with 81 runs.
Previously, Wu and Zhang (1993) gave all MA 4'2" designs with 16 runs, and MA 4!2" designs
with 32 runs and n < 9; Wu and Hamada (2000) further gave MA 4127 designs with 64 runs and
n < 9; Zhang and Shao (2001) gave MA 9'3" designs with 27 runs and n < 8.
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Table 1: A 2672 design in 22 blocks

6(yi)

do(ws)

by

b1

Run A B C D FE F

10
11

12
13
14
15
16

Table 2: The generator matrix for 16-run designs

11 12 13 14 15

2 3 4 5 6 7 8 9 10

1

1

1 0 0
1

1

B 0

1

c 0 0 0

1

1

1

D 0 0 0 0 0 0 O
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Table 3: The design matrix for 16-run designs

10 11 12 13 14 15

0
1

2 3 4 5 6 7 8 9

1

Run

0

0 00 00 0 0 0 O

1

1

1

2 00 0 0 0 0 O

1
1

1

1
0 0
0 0

3 0 0 0
4 0 0 O

1
1

1
1

1

0 0 0 0 1

1
1

1
1

1

1

0 0

10
11
12

10 01 O

0

1

10 01 1 0 0 1
1 1

1

13
14
15

0 0

0
1

1
1

1 0 0
1

0
0

0 0

16

Table 4: Generator matrices for 32- and 64-run designs

7T 8 9 10 11 12 13 14 15 16 17 18 19 20 21

6

1 2 3 4 5

A1 01 01010101 0101 0 1 01 01
B o011 0 01 100111 0011 0011 00

c 0 0 O

1

1

0 0 0 0 O

0
1
0

1 1

1

D 0 0 0 0 0 0 O

0 0 0 O
0 0 0 O

0

0

E 0 0 0 0 0 0 0 0 0 O
F 0 0 0 0 0O 0 0 0 0 O

0 0 0 0 O

39 40 41 42

33 34 35 36 37 38

25 26 27 28 29 30 31 32

24

22 23

0 0 0 1 0 1 O
0 1 0 0 1 1 O
0o 0 001 1 1 1 0
0o 0 0 000 0 01
0o 0 0 000 0 0 0 0 O
1 1 1 1 1

1
1
1
1
1

—— O

S — O~
— O O
OO O~

1
1
0 0o 06 00 00 0 0 O

43 44 45 46 47

51 52 53 54 55 56 57 58 59 60 61 62 63

49 50

48

o

i

o

i

1
0

1 1 0 0 0 0 1
10 0 0 0 O
1

1

0 0 0 0 O

—

—

o

0

—

—

i

1

—

i

TROQAR K

For 32 runs use the first 5 rows and 31 columns; for 64 runs use the entire matrix. The independent

columns are in boldface and numbered 1, 2, 4, 8, 16 and 32.
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Table 5: MA blocking schemes for 32-run designs

Design Treatment Wy Block Wy cl C2
5-0.1/B1(all) 000 31 0001 5 10
5-0.1/B2(all) 000 725 0210 5 10
5—0.1/B3(a11) 000 31221 2410 5 8
5-0.1/B4(all) 000 35917 10050 5 0
6-1.1/B1(W1W2) 31 0001 7 0200 6 15
6-1.2/B1(Wscyr) 15 0010 19 0110 6 15
6-1.1/B2(W1) 31 0001 313 1410 6 14
6-1.3/B2(WaWsep) 7 0100 11 21 0420 6 9
6-1.1/B3(all) 31 0001 31221 3830 6 12
6-1.1/B4(all) 31 0001 35917 150150 6 0
7-2.1/B1(all) 15 19 0120 21 0220 7 15
7—2.1/B2(W1) 1519 0120 725 1640 7 14
7-2.3/B2(WaWsep) 711 0300 1319 0740 7 6
7-2.1/B3(all) 1519 0120 71117 51262 7 12
7-2.2/B4(all) 317 0201 35917 210330 7 0
8-3.1/B1(all) 1519 21 0340 25 0340 8 13
8-3.1/B2(all) 15 19 21 0340 725 11080 8 12
8-3.1/B3(W1) 15 19 21 0340 7917 816 11 12 8 8
8-3.2/B3(W2W,r) 31711 0502 31320 7181012 8 4
8-3.2/B4(all) 31711 0502 35917 280650 8 0
9-4.1/B1(all) 1519 21 25 0680 30 0480 9 8
9-4.1/B2(W1) 1519 21 25 0680 329 48168 9 8
9-4.3/B2(W2W,ep) 3171121 0906 6 26 214912 9 0
9-4.1/B3(W1) 1519 21 25 0680 3524 12 16 32 24 9 8
9-4.3/B3(W2W,ep) 3171121 0906 31320 9271827 9 0
9-4.3/B4(all) 3171121 0906 35917 3601170 9 0
10-5.1/B1(W1) 15 19 21 25 30 010160 3 2468 10 O
10-5.2/B1(WaWser) 3171121 25 0150 15 13 0100 12 10 0
10-5.1/B2(W1) 15 19 21 25 30 010160 35 612 18 24 10 O
10-5.2/B2(WaW,er) 31711 21 25 0150 15 313 3201324 10 0
10-5.1/B3(W1) 15 19 21 25 30 010160 3517 17243664 10 O
10-5.3/B3(W2aW,ep) 317112113 016012 51019 12363060 10 O
10-5.2/B4(all) 317112125 015015 35917 4501950 10 0
11-6.1/B1(all) 31711212513 025027 14 013025 11 0
11-6.1/B2(all) 31711212513 025027 519 426 19 50 1 0
11-6.1/B3(W1) 31711212513 025027 3517 2501450 1 0
11-6.2/B3(WaW,.r) 317112113 14 026024 51019 154848112 11 0
11-6.1/B4(all) 31711212513 025027 35917 5503050 1 0
12-7.1/B1(all) 3171121251314 038 052 19 0170 44 12 0
12-7.1/B2(all) 3171121251314 038052 519 5 34 28 88 12 0
12-7.1/B3(W7) 3171121251314 038052 3517 3002170 12 0
12-7.2/B3(W2W56f) 3171121131426 0390 48 51019 1864 72192 12 0
12-7.1/B4(all) 3171121251314 038052 35917 6604570 12 0
13-8.1/B1(all) 31 7112125131419 0 55 0 96 22 022072 13 0
13-8.1/B2(all) 31 7112125131419 0550 96 6 26 6 44 40 144 13 0
13-8.1/B3(all) 3171121251314 19 055 0 96 3517 36 03100 13 0
13-8.1/B4(all) 3171121251314 19 0 55 0 96 35917 7806600 13 0
14-9.1/B1(all) 3171121251314 19 22 0770168 26 0280112 14 0
14-9.1/B2(all) 31 711212513 14 19 22 0770168 6 26 7 56 56 224 14 0
14-9.1/B3(all) 31711212513 14 19 22 0770 168 3917 42 0434 0 14 0
14-9.1/B4(all) 31 7112125131419 22 0770168 35917 9109240 14 0
15-10.1/B1(all) 31711212513 14 19 22 26 0105 0 280 28 0350 168 15 0
15-10.1/B2(all) 31 7112125131419 22 26 01050280 35 2102520 15 0
15-10.1/B3(all) 3171121251314 19 22 26 01050280 359 49 0 588 0 15 0
15-10.1/B4(all) 31711212513 1419 22 26 01050280 35917 105012600 15 O
16-11.1/B1(all) 31 7112125131419 222628 01400448 3 801120 16 0
16-11.1/B2(all) 317112125131419222628 01400448 35 24 0 336 0 16 0
16-11.1/B3(all) 31 7112125131419222628 01400448 359 56 0784 0 16 0
16-11.1/B4(all) 31 7112125131419222628 01400448 35917 120016800 16 0
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Table 6: MA blocking schemes for 64-run designs

Design Treatment Wy Block Wy, cl C2
6-0.1/B1(all) 0000 63 0000 6 15
6-0.1/B2(all) 0000 15 51 0030 6 15
6-0.1/B3(all) 0000 7 25 42 0430 6 15
6-0.1/B4(all) 0000 3122137 3830 6 12
6-0.1/B5(all) 0000 3591733 150150 6 0
7-1.1/B1(W1) 63 0000 7 0110 7 21
7-1.2/B1(W2 W) 31 0001 39 0020 7 21
7-1.1/B2(W1W2) 63 0000 725 0330 7 21
7-1.3/B2(Wcy) 15 0010 19 37 0231 7 21
7-1.1/B3(all) 63 0000 7 25 42 0770 7 21
7-1.2/B4(all) 31 0001 3122133 51274 7 16
7-1.2/B5(all) 31 0001 3591733 210350 7 0
8-2.1/B1(all) 31 39 0021 41 0121 8 28
8-2.1/B2(all) 31 39 0021 11 49 0452 8 28
8-2.1/B3(W1) 31 39 0021 7950 28106 8 26
8-2.2/B3(WaW,.f) 31 35 0102 71149 110104 8 21
8-2.1/B4(all) 31 39 0021 3122133 7181510 8 21
8-2.2/B5(all) 31 35 0102 3591733 280690 8 0
9-3.1/B1(all) 31 39 41 0142 51 0142 9 30
9-3.1/B2(all) 31 39 41 0142 19 46 0685 9 30
9-3.1/B3(all) 31 39 41 0142 6 11 49 214178 9 28
9-3.1/B4(all) 31 39 41 0142 3122133 9272623 9 23
9-3.4/B5(all) 313513 0304 3591733 3601230 9 0
10-4.1/B1(all) 31 39 41 51 0284 42 0264 10 33
10-4.1/B2(all) 31 39 41 51 0284 11 53 08168 10 33
10-4.1/B3(Wh) 31 39 41 51 0284 511 48 416 28 24 10 29
10-4.2/B3(W2aW,.p) 3139 41 19 0364 511 48 319 26 21 10 24
10-4.1/B4(all) 31 39 41 51 0284 3122133 1236 44 52 10 25
10-4.7/B5(all) 31 3513 52 05010 3591733 4502050 10 0
11-5.1/B1(all) 31 39 41 51 42 04148 60 02108 11 34
11-5.1/B2(Wh1) 31 39 41 51 42 04148 11 21 11218 14 11 33
11-5.5/B2(W2W,c¢) 3139415111 06124 22 42 0132012 11 25
11-5.1/B3(Wh) 31 39 41 51 42 04148 51118 5 24 38 42 11 29
11-5.2/B3(W2W,cp) 3139 41 19 61 051010 51049 4 25 41 42 11 21
11-5.1/B4(all) 31 39 41 51 42 04148 51118 35 15 48 70 98 11 24
11-5.14/B5(all) 31351352 14 09019 3591733 5503210 11 0
12-6.1/B1(all) 31 39 41 51 42 60 062416 11 0890 12 36
12-6.1/B2(W1) 31 39 41 51 42 60 062416 511 216 25 24 12 34
12-6.11/B2(W2) 31394119 11 22 0121312 2146 01726 31 12 17
12-6.13/B2(Wcy) 313941191113 0121412 2146 016 27 34 12 17
12-6.1/B3(W1) 31 39 41 51 42 60 062416 51118 6 32 57 72 12 30
12-6.2/B3(WaW,.p) 31 39 41 51 42 21 082014 61148 5 34 58 68 12 22
12-6.1/B4(all) 31 39 41 51 42 60 062416 5111835 18 64 105 168 12 24
12-6.17/B5(all) 31 35 13 52 14 55 014036 3591733 6604810 12 0
13-7.1/B1(all) 31 39 41 51 42 21 22 014 28 24 52 081217 13 20
13-7.1/B2(Wh) 31 39 41 51 42 21 22 0142824 1252 218 36 57 13 18
13-7.19/B2(W2aWycp) 3139 41 19 11 22 13 0201822 2146 022 35 54 13 16
13-7.1/B3(W7) 31 39 41 51 42 21 22 0142824 51148 742 78 124 13 17
13-7.3/B3(WaWicr) 31 39 41 19 21 49 62 0152432 61148 6 44 80 120 13 12
13-7.1/B4(W1) 31 39 41 51 42 21 22 0142824 35949 23 75156 297 13 16
13-7.3/B4(WaWicp) 31 39 41 19 21 49 62 0152432 3132033 2280 148 296 13 8
13-7.20/B5(all) 31 3513 52 14 55 21 022060 3591733 7806930 13 0
14-8.1/B1(all) 313941 51 13 21 11 52 0224036 58 082024 14 8
14-8.1/B2(W1) 313941 51 13 21 11 52 0224036 19 46 2 2547 85 14 8
14-8.19/B2(WaW,.r) 31 39 41 19 11 22 13 25 0312440 2146 0 28 46 88 14 15
14-8.1/B3(W1) 313941 51 13 21 11 52 0224036 52535 9 52 105 200 14 8
14-8.4/B3(WaW,.r) 3139 4119 21 49 62 11 0233256 62642 7 56 110 192 14 12
14-8.1/B4(all) 313941 51 13 21 11 52 0224036 5101933 26100209460 14 8
14-8.18/B5(all) 31 35 13 52 14 55 37 61 0310104 3591733 9109700 14 0
15-9.1/B1(all) 313941511321 115258 0306060 22 01321 36 15 0
15-9.1/B2(W1) 313941511321115258 0306060 525 33260 123 15 0
15-9.19/B2(W2 W) 31 3513 21 37 62 11 1947 0450 160 14 55 0 35 60 168 15 0
15-9.2/B3(W1) 313941511321115246 0306160 51019 1166 137297 15 O
15-9.3/B3(WaWser) 31 394119214962 1113 0334496 626 35 9 68 144 304 15 12
15-9.1/B4(all) 313941511321115258 0306060 5101933 30125285690 15 O
15-9.14/B5(all) 313513521455376111 0440165 3591733 1050 13210 15 0
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Table 6: Continued

Design Treatment Wi Block Wy C1 C2
16-10.1/B1(all) 313941 51 13 21 11 52 58 22 0 43 81 96 25 016 27 54 16 0
16-10.1/B2(Wh) 31 39 41 51 13 21 11 52 58 22 0 43 81 96 525 34178 177 16 0
16—10.6/B2(W2Wgcf) 31 39 41 51 13 21 11 22 25 28 0 51 64 102 7 58 142 82 188 16 3
16-10.1/B3(Wh) 31 39 41 51 13 21 11 52 58 22 0 43 81 96 525 33 12 81 184 441 16 0
16—10.3/B3(W2W56f) 3139 41 51 13 21 11 52 22 25 047 72 98 727 33 11 82 186 444 16 4
16-10.1/B4(Wh) 3139 41 51 13 21 11 52 58 22 0 43 81 96 591733 45108 426 1071 16 0
16-10.18/B4(W2W,cr) 31 35 13 52 14 55 21 37 11 19 0610252 351741 35150 364 1100 16 0
16-10.10/B5(all) 31351352 145537611119 059 0 262 3591733 120017610 16 0
17-11.1/B1(all) 31 39 41 51 13 21 11 52 58 22 25 0 59 108 150 28 019 36 78 17 0
17-11.1/B2(Wh) 3139 41 51 13 21 11 52 58 22 25 059 108 150 19 46 3 50 102 256 17 0
17-11.3/B2(W2Wycr) 31 39 41 51 13 21 11 52 22 25 28 06496 156 758 2 50 104 268 17 2
17-11.1/B3(all) 31 3941 51 13 21 11 52 58 22 25 059 108 150 1519 33 13 99 242 627 17 0
17-11.1/B4(Wh) 31 3941 51 13 21 11 52 58 22 25 059108 150 791933 48 1445371524 17 O
17-11.18/B4(W2W,.r) 31 35 13 52 14 55 21 37 11 19 25 0810 384 351741 40 180 479 1560 17 0
17-11.9/B5(all) 31 351352 14 55 37 61 11 19 21 0790 394 3591733 136 02301 0 17 0
18-12.1/B1(all) 31 39 41 51 13 21 11 52 58 22 25 28 0 78 144 228 46 0 22 48 108 18 0
18-12.1/B2(all) 31 39 41 51 13 21 11 52 58 22 25 28 0 78 144 228 19 46 3 60 132 360 18 0
18-12.1/B3(Wh) 31 39 41 51 13 21 11 52 58 22 25 28 078 144 228 35 40 21 85 363 885 18 0
18-12.4/B3(W2Wscp) 31 35 13 52 14 55 37 61 11 19 21 44 01020588 52534 15 117 285 1029 18 0
18-12.1/B4(Wh) 31 3941 51 13 21 11 52 58 22 25 28 078144228 791933 57 160 710 2096 18 0
18-12.12/B4(W2aW.r) 31 35 13 52 14 55 21 37 11 19 25 38 01050570 351741 45216 615 2160 18 0
18-12.4/B5(all) 313513 52 14 55 37 61 11 19 21 44 01020588 3591733 153029580 18 0
19—13.1/B1(all) 31 39 41 51 13 21 11 52 58 22 25 28 46 0 100 192 336 61 0 25 64 144 19 0
19-13.1/B2(Wh) 31 39 41 51 13 21 11 52 58 22 25 28 46 0 100 192 336 3 61 8 49 200 488 19 0
19—13.2/B2(W2WSCJ) 3135135214553761 111921447 0 131 0 847 22 47 4 70 131 694 19 0
19-13.1/B3(Wh1) 31 39 41 51 13 21 11 52 58 22 25 28 46 0 100 192 336 3 5 56 24 97 472 1176 19 0
19-13.2/B3(W2Wycr) 3135 13 52 14 55 37 61 11 192144 7 01310847 52542 17 138 359 1402 19 0
19-13.1/B4(Wh) 3139 41 51 13 21 11 52 58 22 25 28 46 0100 192 336 3 920 33 67 176 928 2800 19 0
19-13.15/B4(W2Wcp) 31 35 13 52 14 55 21 37 11 19 25 38 7 01350823 351741 51 252 785 2940 19 0
19-13.2/B5(all) 3135135214553761 111921447 01310847 3591733 171037450 19 0
20-14.1/B1(Wh) 31 39 41 51 13 21 11 52 58 22 25 28 46 61 0 125 256 480 3 4 16 80 240 20 0
20—14.2/B1(W2Wwf) 3135135214 553761 11192144762 0164 0 1208 25 0400472 20 0
20-14.1/B2(Wh) 31 39 41 51 13 21 11 52 58 22 25 28 46 61 0 125 256 480 3 5 12 48 240 720 20 O
20—14.2/B2(W2W56f) 3135135214 553761 11192144762 0164 0 1208 22 47 5 82 160 928 20 0
20-14.1/B3(Wh1) 31 39 41 51 13 21 11 52 58 22 25 28 46 61 0125 256 480 359 34 96 560 1696 20 0
20—14.2/B3(W2W56f) 3135135214 553761 11192144762 0164 0 1208 5 25 42 19 162 448 1872 20 0
20-14.1/B4(Wh) 3139 41 51 13 21 11 52 58 22 25 28 46 61 0125 256 480 359 17 78 192 1200 3648 20 O
20-14.18/B4(W2 W) 31 35 13 52 14 55 21 37 11 19 25 38 7 26 017001170 351741 572949863920 20 O
20-14.2/B5(all) 3135135214553761 11192144762 0164 01208 3591733 190 0 4681 0 20 0
21-15.1/B1(all) 313513 52 14 55 37 61 11 19 21 44 7 62 25 0204 0 1680 49 046 0 624 21 0
21-15.1/B2(all) 3135135214 553761 1119214476225 0204 0 1680 26 33 6 94 192 1233 21 0
21-15.1/B3(all) 31351352 14 55 37 61 11 19 21 44 7 62 25 0204 0 1680 6 26 41 21 189 552 2457 21 0
21—15.1/B4(W1) 3135135214 553761 1119214476225 020401680 351740 1000 28110 21 0
21-15.11/84(W2W56f) 31351352 14 5521 37 11 19 25 38 7 26 49 021001638 351741 63343 12185145 21 O
21-15.1/B5(all) 3135135214 553761 111921 44 7 62 25 020401680 3591733 210057810 21 0
22-16.1/B1(all) 3135135214 553761 111921447 62 2549 0250 0 2304 22 0 54 0 801 22 0
22-16.1/B2(all) 3135135214 553761 1119 21 44 7 62 25 49 0250 0 2304 5 42 7 108 232 1602 22 0
22-16.1/B3(all) 31351352 14553761 11 19 21 44 7 62 25 49 025002304 31741 24 216 669 3204 22 0
22-16.1/B4(Wh) 31 3513 52 14 55 37 61 11 19 21 44 7 62 25 49 025002304 352433 1100 34350 22 0
22-16.12/B4(W2 Wy ) 31 35 13 52 14 55 21 37 11 19 25 38 7 26 49 22 025902240 351741 70392 1498 6664 22 0
22-16.1/B5(all) 31 3513 52 14 55 37 61 11 19 21 44 7 62 25 49 025002304 3591733 2310 70650 22 0
23-17.1/B1(all) 31 3513 52 14 55 37 61 11 19 21 44 7 62 25 49 22 0304 0 3105 41 0610 1033 23 0
23-17.1/B2(all) 3135135214 553761 11 19 21 44 7 62 25 49 22 0304 0 3105 5 42 8 123 278 2057 23 0
23-17. 1/B3(a11) 31 35135214 553761 11 19 21 44 7 62 25 49 22 0304 03105 31741 27 246 805 4114 23 0
23-17.1/B4(Wh) 3135135214 553761 1119 21 44 7 62 25 49 22 030403105 35933 121 0 4151 0 23 0
23-17.9/B4(W2W,.y) 31 35 13 52 14 55 21 37 11 19 25 38 7 26 49 22 28 031503024 351741 77 448 1820 8512 23 0
23-17.1/B5(all) 31351352 14553761 111921 44 7 62 25 49 22 0304 03105 3591733 253085510 23 0
24-18.1/B1(all) 3135135214 553761 11 19 21 44 7 62 2549 22 41 0 365 0 4138 38 0 70 0 1302 24 0
24-18.1/B2(all) 31351352 14553761 11192144 7622549 2241 036504138 3 56 9 141 330 2594 24 0
24-18.1/B3(all) 313513 5214553761 11 1921 44 7 62 2549 22 41 0 365 0 4138 9 20 38 30 280 961 5208 24 O
24-18.1/B4(Wh) 3135135214 553761 11192144 76225492241 036504138 351740 132049810 24 0
24-18.8/B4(WaW,.r) 31 3513 52 14 55 21 37 11 19 25 38 7 26 49 22 28 50 0 378 0 4032 351741 84 5122184 10752 24 0
24-18.1/B5(all) 3135135214553761 11192144 76225492241 036504138 35917 33 276 0 10261 0 24 0
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Table 7: Generator matrix for 81-run designs

14-10.1/B1(all)
14-10.1/B2(all)
14-10.1/B3(all)

22924313251337618
22924313251337618
229243132513 376 18

10 140 334 1236 7
10 140 334 1236 7 16
10 140 334 1236 4 8 15

3 52 161 819
18 168 736 3182
91 354 2863 9676

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
A1 0 1 1 0 1 0 1 1 1 0 1 1 0 1 0 1 1 0 1
B 0 1 1 2 o0 0 1 1 2 0 1 1 2 0 0 1 1 2 0 O
c o o o o1 1 1 1 1 2 2 2 2 0 0 0 0 0 1 1
b o0 o o0 o o o o o0 o0 o o0 o0 o0 1 1 1 1 1 1 1

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
A 0 1 1 1 o0 1 1 1 0 1 1 0 1 0 1 1 1 0 1 1
B 1 1 2 0 1 1 2 i1 2 o0 o0 1 1 2 0 1 1 2
c 1 1 2 2 2 2 0 0 0 0O 1 1 1 1 1 2 2 2 2
»p 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2

The independent columns are in boldface and numbered 1, 2, 5 and 14.
Table 8: MA blocking schemes for 81-run designs

Design Treatment Wi Block W, Ccl1 C2

4-0.1/B1(all) 00 22 001 4 12

4-0.1/B2(all) 00 818 040 4 12

4-0.1/B3(all) 00 3615 643 4 6

5-1.1/B1(all) 22 001 9 0210 5 20

5-1.1/B2(all) 22 001 324 1731 5 19

5-1.1/B3(all) 22 001 3615 1010154 5 10

6-2.1/B1(all) 229 0220 24 0341 6 18

6-2.1/B2(all) 229 0220 618 212108 6 18

6-2.1/B3(all) 229 0220 3615 1520 43 28 6 11

7-3.1/B1(all) 229 24 0561 31 05103 7 15

7-3.1/B2(all) 229 24 0561 618 3202527 7 14

7-3.1/B3(all) 229 24 0561 3615 2135100 99 711

8-4.1/B1(all) 229 24 31 01016 4 34 08208 8 8

8-4.1/B2(all) 22924 31 01016 4 618 4325072 8 8

8-4.1/B3(all) 229 24 31 010 16 4 4815 2856 200 264 8 8

9-5.1/B1(all) 22924 31 34 018 36 12 39 01236 18 9 0

9-5.1/B2(all) 229 24 31 34 018 36 12 420 930117 162 9 0

9-5.1/B3(all) 22 9 24 31 34 018 36 12 4817 36 84 360 594 9 0

10-6.1/B1(all) 22 9 24 31 34 39 03072 30 3 31239 102 10 0

10-6.1/B2(all) 22 9 24 31 34 39 030 72 30 36 12 48 156 408 10 0

10-6.2/B3(all) 229243134 3 2 28 57 65 4817 451186021203 5 0

11-7.1/B1(W1) 22924 31 3439 3 342 111 132 6 318 63 180 4 0

11-7.2/B1(WaW,ep) 22924 3132513 348 84 177 37 124 60 177 2 0

11-7.1/B2(Wh) 22924 31 3439 3 342 111 132 615 1369 252 729 4 0

11-7.3/B2(WaW,op) 2292425712 18 354 63 195 320 10 81 234 735 2 0

11-7.2/B3(all) 22924 31 32513 348 84 177 4815 551629422226 2 1

12-8.1/B1(all) 22924 31 3 25 13 37 472 144 354 6 330 75 336 0 0

12-8.1/B2(all) 22924 31 3 25 13 37 472 144 354 618 141003601272 0 0

12-8.1/B3(all) 22924 31 3 25 13 37 472 144 354 4815 6621614133816 0 0

13-9.1/B1(all) 22924 3132513376 7102 219 690 18 338 115 546 0 0

13-9.1/B2(all) 229243132513376 7102219690 716 161305262055 0 0

13-9.1/B3(all) 22924 3132513376 7102219690 4815 782792043 6216 0 0

0 0
0 0
0 0
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