
Minimum-Fuel Ascent of a Hypersonic Vehicle
Using Surrogate Optimization

Derek J. Dalle,∗ Sean M. Torrez,† and James F. Driscoll‡

University of Michigan, Ann Arbor, Michigan 48109

Michael A. Bolender§

U.S. Air Force Research Laboratory, Wright–Patterson Air Force Base, Ohio 45433

and

Kevin G. Bowcutt¶

The Boeing Company, Huntington Beach, California 92647

DOI: 10.2514/1.C032617

Ageneral strategy is identified to compute theminimum fuel required for the ascent of a generic hypersonic vehicle

that is propelled by a dual-mode ramjet–scramjet engine with hydrogen fuel. The study addresses the ascent of an

accelerator vehicle rather than a high-speed cruiser. Two general types of ascent trajectories are considered:

acceleration within scramjet mode, and acceleration across the ramjet–scramjet transition boundary maximum

acceleration andmaximumdynamic pressure (lowest allowed altitude) were shown to be near optimum for scramjet-

mode trajectories, but optimized trajectories were found to be more complex when both modes are considered. The

first-principlesmodel used in this paper computes the combustion efficiency using finite-rate chemistry and a fuel–air

mixing model. It also computes the inlet efficiency with a shock wave interaction code, and thus avoids empirical

formulas for efficiency that were used in previous models.

Nomenclature

A = empirical mixing constant
A = state linearization matrix
a = acceleration
B = control variable linearization matrix
d = diameter
F = specific force vector
f = generic vector function
h = geodetic altitude
I = moment or product of inertia
L = length or geodetic latitude
M = Mach number
M = specific moment vector
m = mass
N = number of injection ports per meter
n̂ = unit normal vector
P = roll rate
Q = pitch rate
q = dynamic pressure
R = yaw rate
rs = stoichiometric ratio
t, τ = time
u = flow velocity
u = vector of control variables or velocities
V = magnitude of vehicle velocity
x, y, z = spatial coordinates

x = vector of state variables
Y = mass fraction
Y = vector of mass fractions
α = angle of attack
β = sideslip angle or shock angle
γ = flight path angle
δ = deflection angle
δe = �δLE � δRE�∕2, collective elevon angle
δa = �δRE − δLE�∕2, aileron angle
δr = �δLR � δRR�∕2, collective rudder angle
ζ = interpolation variable
θ = pitch angle
λ = longitude
ξ = vector of independent variables
ρ = gas density
σ = velocity heading angle
υ = vector of dependent variables
ϕ = roll angle
ψ = yaw angle
ω = angular velocity

Subscripts and superscripts

∞ = freestream value
A = core flow
b = body frame
cg = center of gravity
f = fuel or fuel injection jet
i = trajectory segment index
n = navigation frame
∞ = freestream value

I. Introduction

T HERE have been several previous studies of the optimization of
a trajectory for a hypersonic vehicle that is propelled by a

scramjet engine [1–9]; however, there are a number of research issues
that still need to be addressed. Instead of assuming empirical relations
for the combustion efficiency and inlet efficiencies, these quantities
should be computed using a first-principles model. The tradeoffs
associated with the governing parameters should be explored
systematically. Trajectory optimization during conceptual design is
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performed using a point mass model of the vehicle, so the vehicle
should be trimmed at each time step along its ascent. For example, the
engine fuel–air equivalence ratio (ER) is not free to be selected a
priori; it is a dependent variable thatmust take on avalue that provides
just enough thrust to balance the drag, gravity, and acceleration terms.
The present work addresses all of these research issues.
The specific goal of this work is to determine the optimum vehicle

acceleration a and altitude h history that minimizes the total amount
of fuel required to accelerate a vehicle from one Mach number to
another. The vehicle considered in this work is an accelerator that
usesH2 fuel. The analysis assumes that the vehicle is able to reach or
be propelled to a certain initial Mach number at which ramjet-mode
flight is possible and flight at lower Mach numbers is not analyzed.
In thiswork, we define acceleration and dynamic pressure to be the

decision variables that can be selected by the designer. All other
variables, such as fuel–air equivalence ratio and angle of attack α are
dependent variables that are determined by the trim code. Two ranges
of Mach numbers are considered. The first range of Mach numbers
is from 7 to 13; this allows the vehicle to remain in scram mode
throughout the trajectory, which simplifies the optimization. The
second class of trajectories is from Mach 4.5 to Mach 7, which
includes a transition from ramjet (ram) mode to scramjet (scram)
mode. The efficiencies of the inlet, combustor, and nozzle are
computed using a first-principles model rather than using empirical
relations.
Previously, the optimization of the ascent of a hypersonic vehicle

was performed by Calise et al. [2], Corban et al. [3], Powell et al. [4],
Olds and Budianto [5], McGinnis [6], and Lu [7,8]. Their vehicle
models use empirical or algebraic formulas for combustion and inlet
efficiencies, and they ignored important couplings such as the
sensitivity of thrust to angle of attack. They employed some
unrealistic assumptions: for example, that lift is proportional to angle
of attack. This is not true for many scramjet-powered vehicles
because the lift is directly affected by the thrust setting. An increase in
thrust raises the pressure in the nozzle, which also increases the lift.
This result is apparent from inspection of the nozzle design, and it has
been verified experimentally by Robinson et al. [10]. Except for [4],
these previous studies did not account for trim drag.
Most important, most of the previous studies did not directly

discuss what the fuel–air equivalence ratio should be for an optimal
trajectory. For example, Corban et al. [3] assume that the scramjet
engine is operated at an equivalence ratio of unity and use an
additional rocket engine for thrust control. Lu [7] discusses
equivalence ratio, but the simplistic engine model (assumption of
100% combustion efficiency for all flight conditions) leads to an
equivalence ratio of unity. In real scramjet engines, the efficiency is
not 100%, and it decreases as the Mach number increases. The most
important contribution of the present work is that it identifies that the
engine should be operated rich (equivalence ratio greater than unity).
Enough fuel should be injected so that nearly all of the available
oxygen is used, and the remaining fuel can be used for film cooling.
There are several interesting tradeoffs that are unique to

airbreathing hypersonic engines. For example, it is well known that a
rocket wants to maximize its acceleration early in the trajectory in
order to reduce the distance that the propellant must be lifted against
gravity. With an airbreathing engine, the problem is more
complicated. A scramjet-powered vehicle uses lift rather than thrust
to counter gravity, and so potential energy is less of a concern.
Burning too much fuel may cause thermal choking in the combustor
or lead to unstart, and so the maximum acceleration may correspond
to equivalence ratios below unity. At higher Mach numbers,
combustion efficiency tends to decrease, and equivalence ratios
greater than unity may be appropriate.
There are also tradeoffs associated with the dynamic pressure. If a

trajectory with a higher dynamic pressure is selected, the vehicle
reaches higher speeds at relatively low altitudes. This increases both
the static pressure in the combustor and the combustion efficiency.
Selecting a larger dynamic pressure is also desirable because it leads
to a smaller angle of attack because the lift force and vehicle weight
are balanced. For these two reasons, in scram mode, the fuel
consumption is usually minimized by selecting the highest dynamic

pressure allowed by structural considerations [4,5,7,8]. In this work,
we show that the introduction of ram-to-scram transition into the
trajectory leads to more complex results such that lower dynamic
pressures may be favorable for portions of the trajectory.
To explore the above tradeoffs, a surrogate-based method was

applied to optimize the trajectory of a hypersonic vehicle. Surrogate-
based optimization requires that the model be run many times in
order to develop a set of response surfaces. For example, one
response surface is generated by plotting the trimmed fuel mass flow
rate _mf as a function of acceleration a, flight Mach number M, and
vehicle mass m. Curve fitting is used to interpolate between the
discrete values on each response surface. Then, the problem is
reduced to finding the path along the response surface that minimizes
the total fuel consumed.
The propulsion model that was used is called the MASIV

[Michigan/U.S. Air Force Research Laboratory (AFRL) scramjet in
vehicle] [11–14], and thevehicle code is calledMASTrim (Michigan/
AFRL scramjet trim). These two codes are based on the original
Bolender–Doman model [15], but with additional complex
phenomena such as shock wave interactions, fuel–air mixing, and
finite-rate chemistry. At each time step, the model computes the
forces on the vehicle and calculates a trimmed flight condition.
Reduced-order models such as MASIV are required because high-
fidelity computational fluid dynamics (CFD) is too computer-
intensive to create the response surfaces that relate all possible
variable combinations required for the trajectory optimization. For
example, the response surfaces used for the scram-mode optimization
contain 91 trimmed flight conditions (13 Mach numbers and 7
accelerations), and each vehicle trim requires calculating the forces
and moments about 15 times (4 to calculate the initial gradient, and
about 10 guesses of input variables until trim conditions are satisfied),
so the model must be run about 1300 times to create each response
surface.
Several related previous studies did not optimize the trajectory but

instead optimized the vehicle geometry for a fixed flight condition.
These were reported by Bowcutt et al. [16–18] and others [19–23].
Other efforts focused on the development of models of hypersonic
vehicles but did not attempt any optimization. These include works
by Bolender and Doman [15], Oppenheimer et al. [24], Bolender and
Doman [25], Chavez and Schmidt [26], Starkey [27], Frendreis and
Cesnik [28], Torrez et al. [12], andDalle et al. [11,13,29]. Carter et al.
[30] analyzed a vehicle undergoing repeated climbing and gliding but
did not perform any optimization.
Previous work by the present authors led to the development of the

MASTrim code [11–13,31,32], which contains the MASIV engine
model. It includes the rotational ellipsoidal-Earth equations of
motion and tools for trim and stability analysis. As a whole,
MASTrim is a collection of first-principles models that can model
such effects as shock interactions, fuel–air mixing, and finite-rate
chemistry but can also calculate the forces on a vehicle in about 5 s
using a single processor with a clock speed of approximately
2.6 GHz. The next sections describe the vehicle and the MASTrim
code.

II. Vehicle Model

The vehicle that was selected for this work is a generic waverider
that is called Michigan/AFRL Experimental 1 (MAX-1), and is
shown in Figs. 1 and 2. Although it is not an optimized design, it
contains realistic values of the areas for the control surfaces, lifting
surface, and engine entrance. The lengths of the inlet panels, isolator,
combustor, and nozzle were selected to yield adequate performance
so that trim can be achieved for a wide range of flight conditions.
In Fig. 2, the shaded triangles show the surfaces that are analyzed

by the engine model, while the remaining surfaces are analyzed by
the external aerodynamics model. Standard body-fixed flight
mechanics coordinates are used for the vehicle: the x axis points
forward, the y axis points to the right of the vehicle, and the z axis
points downward. The origin is at the center of the vehicle
leading edge.
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The MASTrim vehicle model is split into several sections that
interactwith each other. The enginemodel, which is calledMASIV, is
split into inlet, isolator, combustor, and nozzlemodels. The rest of the
MASTrim model is a simple exterior aerodynamics model and a
program to compute the equations of motion. Figure 3 shows how
information is passed among these components with distinct
appearances for inputs (white boxes with square corners), vehicle
submodels (gray boxes), and auxiliarymodels (dark boxeswithwhite
text). In Fig. 3, solid lines represent information directly from the
inputs, dashed lines show forces and moments, and dotted lines
represent thermodynamic state information.
The MASTrim model is capable of constructing and analyzing a

range of vehicles that are based on a set of about 50 design
parameters. The vehicle shown in Figs. 1 and 2 has a length of 28.5m
and is designed to operate at Mach numbers ranging fromMach 7 to
Mach 11. It is referred to as the MAX-1Avehicle throughout the rest
of the work, and the horizontal width of the engine is 2.14 m, while
the nosewidth is 2.14 m. Themaximum vehiclewidth is 6.00 m. The
maximum vertical width of the vehicle (not counting the tails) is
2.79 m. The fuel is hydrogen for all simulations.
An alternate vehicle (called MAX-1B in subsequent references)

hasmostly the same parameters (length,width, etc.) but is designed to
operate at Mach numbers between 5 and 7. The MAX-1B design
provides better performance for investigating trajectories, which is
the subject of Sec. IV.D.
The vehicle design is not the result of a formal multidisciplinary

design optimization, but each component has been selected

according to certain design principles. For example, the changing
shock positions that result from changingMach number and angle of
attack have a significant impact on the inlet performance, and the
design has been chosen explicitly to have acceptable performance for
a range of Mach numbers and angles of attack [33,34].
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Fig. 1 Upper view of the MAX-1 vehicle.
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Fig. 2 View of the MAX-1 vehicle from below with propulsive surfaces shaded.

Fig. 3 Overview of information flow within the MASTrim program.
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A. Inlet and Exhaust Nozzle Models

The inlet is a two-dimensional design and is modeled using a fully
two-dimensional analysis called SAMURI (supersonic aerodynamic
method using Riemann interactions). In [11], we compared the static
pressure profile and stagnation pressure loss against two-dimensional
CFD (computational fluid dynamics) and a three-dimensional experi-
ment, andwe found the results to agree towithin 6%consistently. The
same model is also applied to the two-dimensional scramjet nozzle
design, and other work has showed SAMURI to predict local surface
pressure to within 6% with those of a linear plug nozzle experiment
and two-dimensional CFD [13].
The SAMURImodel tracks two-dimensional shock and expansion

waves. The properties of each wave can be calculated using simple
oblique shock analysis [35] or a discretized form of Prandtl–Meyer
expansion theory [13]. Leading edges and other vertices of the inlet
geometry each introduce at least one wave, and each wave can
interactwith the surface of the inlet or otherwaves.When twoormore
waves interact, the result is a Riemann problem as described in [13].
Figure 4 shows a contour plot of the temperature solution for the

vehicle in Figs. 1 and 2. The inlet shown here is designed for
operation at Mach numbers between 7 and 11 and angles of attack
between −0.5 and�1 deg. The angles of the external ramps are 4.7
and 11.9 deg.AtMach 8, this means that there is a substantial amount

of spillage, which can be seen from the fact that the shock in the lower
left corner of Fig. 4b is some distance away from the cowl leading
edge. Furthermore, the shock that originates at the cowl leading edge
hits the inlet body downstream of the body vertex that is often called a
“shoulder.”At the highest designMach number, 11, this shockwould
hit the body just upstream of the next body vertex downstream (or
second shoulder).

B. Combustor/Isolator Model

The combustor model is a quasi-one-dimensional model, but fuel–
air mixing and heat release are modeled as three-dimensional
processes [12]. That is, the fuel is injected from the wall as a three-
dimensional jet in a crossflow, and the local fuel mixture fraction
profiles are determined from measured scaling relations. At each
�x; y; z� location, the fuel mixture fraction is converted into a
chemical reaction rate using turbulentmixing and combustion lookup
table. The reaction rates are integrated into the one-dimensional
fluid flow conservation equations, which are ordinary differential
equations for the thermodynamic states ρ, p, T, and u, and the mass
fractions Y. The reaction rates _Y are a function of all three spatial
coordinates given by

dY

dx
�

1

u
_Y�x� �

1

u

ZZ

_Y�x; y; z� dy dz (1)

More details on both the thermodynamic equations and the finite-rate
chemistry model can be found in [12].
When the vehicle is operating in full scrammode, the isolator does

not establish a shock train, and the solution steps directly from inlet to
isolator to combustor to nozzle without any feedback from the
downstream components. However, when the vehicle goes into ram
mode, the isolator and combustor become coupled and must be
solved simultaneously. The isolator slows the flow to subsonic speeds
(with respect to the vehicle), and the flow becomes supersonic again
at some point in the combustor. The engine code contains a submodel
that determines the correct isolator strength that causes the subsonic-
to-supersonic transition in the combustor to satisfy certain
conditions [14,36].
The engine flowpath geometry for MAX-1A is shown in Fig. 5.

The engine width is 2.14 m. The combustor geometry consists of a
constant-area section followed by another section with a 4 deg
divergence angle. The hydrogen fuel is injected from a row of
injectors that are located at a single x coordinate 0.14 m downstream
of the start of the combustor, and the injectors are only on one side of
the combustor duct. A long combustor (for hydrogen fuel) was
selected because of the very high Mach numbers considered and the
poor mixing that results from injecting the fuel from a single wall.
Each injector has a diameter of 3.45 cm, and they are spaced so that
there areN � 14 injector ports permeter in the y direction. TheMach
number at the fuel injector exit is 1.0, and it is assumed that the fuel
has a stagnation temperature of 298 K.

a) Inlet

b) Inlet cowl region

c) Nozzle

d) Nozzle cowl region

Fig. 4 Contours of temperature in kelvins at a trimmed Mach 8 flight
condition.

a) Geometry of the full flowpath

0.73 m

0.90 m
0.62 m

0.14 m 0.17 m
injector

0.14 m

12.0 m

1.83 m

2 3 5

inlet isolator combustor nozzle

station numbers: 4

b) Internal flowpath with station numbers

2.15 m

28.4 m

1.5 m
10.5 m

2.51 m

Fig. 5 Schematic of engine MAX-1A flowpath.
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Fig. 6 shows the engine geometry forMAX-1B. The enginewidth,
injector diameter, and number of injector ports remain unchanged
from the MAX-1A geometry.

C. External Model

To calculate the forces on the vehicle’s exterior, as shown in Figs. 1
and 2, we use amodification of the panel method from [16] to include
amodel for viscous forces. A triangular surfacemesh is applied to the
vehicle, the freestream velocity is projected onto the surface, and the
angle between the freestream and the projected velocity is then used
to compute the thermodynamic properties behind either an oblique
shock or a Prandtl–Meyer expansion, depending on the sign of the
angle. This method is similar in nature to Newtonian impact theory
[26] and piston theory [37], in that the pressure is calculated
independently for each triangular panel. This method was shown to
agree with the hypersonic arbitrary body program to within a few
percent, especially for small angles of attack [16], and recent work
has also verified the present external aerodynamics model against
CFD results [38].
The deflection angle for a triangular surface is calculated by

solving

sin δ � −
n̂b · ub

kubk
(2)

The pressure on the triangle is given by usual oblique shock theory
[35] usingM � ub∕a∞ as the Mach number and δ as the deflection
angle when δ is positive but less than a certain deflection δmax. When
δ > δmax, Newtonian aerodynamics is used as it is known to give
good results for large incidence angles.
Boundary-layer thickness and the friction coefficient are

computed using the Van Driest II method [39]. Each triangular
surface is modeled as a flat plate with an initial boundary-layer
thickness determined by the boundary layer of the surfaces that are
immediately upstream of it. The boundary layer is assumed to be
turbulent on the entire surface of the vehicle.

D. Mass Properties and Center of Mass

To provide a first estimate of the mass properties of a hypersonic
vehicle, correlations provided by Chudoba [40] are used. These
correlations give estimatedweights for thevehicle and howmuch fuel
it can carry, and the correlations are dependent on the planform area
of the vehicle, design Mach number, and fuel type.
We assume that the mass is distributed evenly throughout the

vehicle except for some ballast placed at the nose to shift the center of
mass forward. This assumption is used regardless of howmuch fuel is
currently in the vehicle. Table 1 lists themass properties of theMAX-
1A vehicle.

E. Ram–Scram Transition and Unstart Limits

Ram–scram) transition limits were computed using the method
described in [14]. MASIV first attempts to find a purely supersonic
combustor solution (scram mode). If none exists, it then uses a
shooting method to determine the combustor entrance Mach number
such that thermal choking (transition from subsonic to supersonic
flow in a ram-mode combustor) is consistent. An incorrect guess for
the combustor entrance Mach number will result in either a solution
that does not choke (remains subsonic) or has a singularity (namely,
M∕x > 0 for M � 1 − ε and M∕x < 0 for M � 1� ε). For each
value of combustor entrance Mach number (M3), there is a
corresponding pressure rise that occurs in the isolator region
upstream of the combustor. This pressure rise can be computed using
formulas from Heiser and Pratt [41]. If the required pressure rise
exceeds that of a normal shock, there is no physical solution, and this
introduces an incipient steady-state unstart limit, which limits the
maximum amount of fuel that can be burned in ram mode.

F. Estimated Accuracy of Models

Although it is difficult to assess the accuracy of the entire tip-to-tail
vehicle model due to the lack of available data, several efforts have
been made to estimate the accuracy of individual aspects of the
model. These have been reported in the literature. Assessments of the
inlet and nozzle models from [11] and [13] were mentioned
previously, and their contributions to thrust were found to be accurate
to within 6%. However, three-dimensional effects that were not
consideredmay degrade this accuracy somewhat. Assessments of the
heat release were made in [12], and ram–scram transition was
addressed in [14]. These works indicate errors of less than 15%.
Finally, the external aerodynamics was assessed in [38], and the
difference between the present model and three-dimensional (3-D)
inviscid computational fluid dynamics was less than 15% for the
flight conditions considered here.

III. Equations of Motion

For hypersonic vehicles, the velocities and altitude are high
enough that the assumption of a flat Earth is no longer valid. As a
result, we implement the equations ofmotion for a rotating ellipsoidal
Earth based on a World Geodetic System 1984 (WGS84) shape and
gravity model.
The output of the MASTrim hypersonic vehicle model is an

acceleration and an angular acceleration in the body frame, which is
written as

_x � f�x; u� (3)

Here, x is a vector of state variables, and u is a vector of control
variables. Although MASTrim has been written using general rigid-
body six-degree-of-freedom equations of motion, the flight
conditions in this paper are all for equatorial flight directly eastward.

A. Trim

Given a target acceleration _x, finding a trimmed flight condition
becomes a problem of finding values of x and u such that Eq. (3) is
satisfied. Typically, we define x ∈ R

n and u ∈ R
m with n � 12. If u

hasm components, the trim problem is a system of 12 equations and

31.3 m

12.0 m
2.19 m

3.02 m

1.5 m
10.5 m

3.79 m

a) Geometry of the full flowpath

injector

1.59 m

2.50 m

0.25 m

1.09 m

0.25 m 0.31 m

2 4

inlet isolator combustor nozzle

station numbers: 3

b) Internal flowpath with station numbers

Fig. 6 Schematic of engine MAX-1B flowpath.

Table 1 Mass properties of vehicle

Symbol Name Value

Operational empty mass 1.93 × 104 kg
Maximum fuel mass 2.38 × 104 kg
gross Mass, takeoff 4.31 × 104 kg

Ixx Specific moment of inertia 2.33 m2

Iyy Specific moment of inertia 36.23 m2

Izz Specific moment of inertia 37.90 m2

Ixz Specific product of inertia 0.54 m2

xcg Center of mass location −12.88 m m
zcg Center of mass location 0.17 m
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12�m variables. It is assumed that the position, velocity, and
angular velocity are independently specified. For example, to find a
trimmed flight condition at a given velocity and altitude, V and h, are
determined before the trim analysis is computed. This reduces the
problem to six equations and 2�m variables. In our case,

x � �L λ h V γ σ ϕ α β P Q R � (4)

u � �ER δe δa δr �
T (5)

som � 4. The symbols are defined in the nomenclature section. It is
convenient to write the trim equations as

_x � f�ξ; υ� (6)

where

ξ � �L λ h V β γ σ P Q R �T (7)

is considered a vector of “fixed” parameters. The independent
variables that must be solved for are

υ � � α ϕ ER δe δa δr �
T (8)

where δe is the average of the left and right elevator deflection angles
(defined so that a positive deflection moves the trailing edge down),
and δa is the deflection angle of the right elevatorminus the deflection
angle of the left elevator.
Evaluating the function f is relatively expensive because it

requires calculating the forces and moments on the vehicle, which in
turn requires simulating each shock interaction, the fuel–air mixing,
As a result, we want to use a method to solve the trim equations that
requires as few evaluations of f as possible. We use Broyden’s
method [42] using a finite-difference approximation to the gradient
matrix ∂f∕∂υ at the initial guess.

B. Ascending Trajectory

To reduce the ascent problem to an appropriate size, we consider
trajectories with constant dynamic pressure. Using an assumed
atmospheric model [43] (1976 Standard Atmosphere), the restriction
of flying a constant dynamic pressure trajectory allows us to
determine altitude as a function of Mach number. In other words,
there is a function such that h � h�V�. Differentiating this function
with respect to time gives

_h �
dh

dV
_V �

dh

dV
a (9)

Since _h � V sin γ, we can solve for the acceleration

a
dh

dV
� V sin γ (10)

This enables an optimization problem with two sets of decision
variables: a and h, both as a function of V. Later, when general
trajectories are considered, Eq. (10) is used to constrain the flight-
path angle γ.
The initial trajectory results presented in Sec. IV consider

trajectories with constant dynamic pressure. This enables further
simplification of Eq. (10). The dynamic pressure is q � 1

2
ρV2, where

ρ is given as a function of altitude, ρ�h�. Differentiating both sides
with respect to altitude gives, for _q � 0,

dV

dh
� −

V

2ρ

dρ

dh

Substituting this result back into Eq. (10) gives

a � −
V2

2ρ

dρ

dh
sin γ (11)

Thismeans that γ is themain parameter that impacts acceleration. The
result is that the entire range of possible flight conditions with a given
constant dynamic pressure can be expressed in terms of only two
variables, and we use M and a throughout the rest of this paper.
Taking another derivative and repeating a similar analysis yields an
equation for _γ,

_γ cos γ �

�

d2h

dV2
a�

�

da

dV
−
a

V

�

dh

dV

�

a

V
(12)

In this work, the absolute value of the rate of change of the flight path
angle never exceeds 0.002 deg ∕s.
The dynamic pressures as a function of altitude and Mach number

are shown in Fig. 7. We consider the normal operating range of
dynamic pressures to be between 50 and 100 kPa, so the nongrayed
portion is the flight corridor used in this paper. For Mach 7 to 13, the
highest dynamic pressure resulted in the best performance. Although
drag and thrust are both approximately proportional to dynamic
pressure, flying at a lower dynamic pressure, and hence higher
altitude, means that a higher angle of attack is required, which
increases the drag coefficient. Furthermore, since the net thrust is
proportional to dynamic pressure, the same thrust coefficient results
in a higher acceleration.

C. Fuel Consumption

An appropriate objective for a trajectory that must connect two
fixed flight conditions is the total fuel usage. In this section, we
describe a method to calculate the total fuel consumption for a
trajectory without directly considering time. Similar approaches can
be found in [8], in which the equations of motion were written in
terms of downrange distance; and [2], where it was shown that the
fuel consumption could be calculated using energy as a variable of
integration. In the present work, we use velocity as the dependent
variable and eliminate time completely from the simulation. If time is
used as a variable, the total fuel used is defined as

mf�t� �

Z

t

0

_mf�V�τ�; a�τ�; mf�τ�� dτ (13)

Both the instantaneous rate of fuel consumption _mf and the total fuel
consumption mf are defined to be positive.
Suppose that a given trajectory is parameterized by n pairs of flight

conditions �M1; a1�; : : : ; �Mn; an�, and let V1; : : : ; Vn be the
velocities corresponding to the Mach numbers M1; : : : ;Mn. A
simple change of variables (dV � aτd) transforms Eq. (13) into

mf �

Z

Vn

V1

_mf�V; a�V�; mf�V��

a�V�
dV (14)

Using trapezoidal numerical integration, this integral can be
estimated as
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Fig. 7 Contours of dynamic pressure as a function ofMach number and
altitude.
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mf �
X

n−1

i�1

1

2

�

_mf;i

ai
−

_mf;i�1

ai�1

�

�Vi�1 − Vi� (15)

This formulation allows the total fuel consumption to be calculated
without a time-domain simulation, but it is still necessary to calculate
the time spent on each trajectory segment. We assume that the
acceleration is piecewise linear in time:

a�t� � ai � �ai�1 − ai�
t − ti

Δti
(16)

V�t� � Vi � ai�t − ti� �
1

2
�ai�1 − ai�

�t − ti�
2

Δti
(17)

Setting V�ti�1� � Vi�1 yields

Δti � 2
Vi�1 − Vi

ai�1 � ai
(18)

D. Direct Optimization of Acceleration Profile

The formof Eq. (14) suggests a variational approach tominimizing
the total fuel consumption. In such an approach, the goal is to select a
function a��V� that minimizes mf�Vn�. According to a standard
calculus of variations argument,

∂

∂ε
mf�a

� � εδa�

�

�

�

�

ε�0

� 0

for any perturbation δa to the optimal trajectory. Let us assume for the
moment that the fuel mass flow rate _mf does not depend on changes
in the vehicle mass (i.e., ∂ _mf∕∂mf � 0). Then, applying the
variational principle to Eq. (14) leads to the condition

∂ _mf

∂a�
�

_mf

a�
(19)

which must be satisfied for all velocities V ∈ �V1; Vn�. This is an
indirect approach because it reduces the optimization problem to
solving an algebraic equation for each velocity.
The direct approach for a discretized geometry is to minimize the

total fuel consumption as presented in Eq. (15). The decision
variables are a1; : : : ; an, and thus the optimization is a
straightforward nonlinear programming problem. It is possible to
gain more insight about the problem by looking at the optimality
conditions. Taking the derivative of Eq. (15) with respect to ai gives

∂mf

∂ai
�

�

∂ _mf;i

∂ai
−

_mf;i

ai

�

Vi�1 − Vi

2ai

and setting this equal to zero gives

∂ _mf;i

∂ai
�

_mf;i�ai; mf;i−1�

ai
(20)

Therefore, the continuous and discrete problems both give very
similar optimality conditions, and notice that the derivation of the
discrete result [Eq. (20)] did not make the assumption that
∂ _mf∕∂mf � 0. Equation (20) does provide a simple method to find
the optimum fuel acceleration ai at each velocity step, but it cannot be
used to solve for all a1; : : : ; an simultaneously. The reason is that the
equation for ai depends on the mass at the previous step, mf;i−1,
which depends on the previous accelerations a1; : : : ; ai−1. Thus it is
possible to solve for the acceleration values sequentially.

IV. Results

The results in this section begin with computed operating maps,
which show how fuel consumption relates to flight condition
variables in Sec. IV.A. Then, in Sec. IV.D, optimized trajectories for
scram-mode operation (Mach 7 to 13) are described, and the
sensitivity of these trajectories is discussed in Sec. IV.C. Results in
Sec. IV.D described optimized trajectories through ram–scram
transition (Mach 4 to 7). Because the code does not require high-
fidelity CFD or other computationally expensive techniques, it
was possible to explore a large design space and evaluate the
vehicle’s performance. The model additionally provides insights on
operational limits such as combustion efficiency, ram–scram
transition, and many others.
The analysis in this section can be split into creation of engine

operability maps, scram trajectory optimization, sensitivity analysis,
and ram–scram trajectory optimization. In the present discussion,
operating maps consist of a tabulation of the trim variables (i.e., υ
fromSec. III.A) for a range of flight conditions.Using these operating
maps simplifies the performance calculation for a trajectory, and the
maps are used for the fuel-minimization problem that follows.
In addition to finding the trajectory that minimizes total fuel
consumption subject to the constraints, we also compare fuel usage
between the trajectories.
Plots of the various trim variables are given along the optimum

trajectories, and these are compared to the results along constant-
acceleration trajectories. This provides both an idea of howmuch fuel
is saved by following the optimized trajectory andwhat the trends are
that are guiding the minimization of the trajectory. Finally, the more
challenging problem of optimizing a trajectory that includes ram-to-
scram transition is addressed. The proposed model predicts a higher
specific impulse in ram mode, which leads to preference of
trajectories that remain in rammode longer. It is shown that the usual
heuristic of flying at the maximum allowable dynamic pressure is not
optimum for such trajectories.

A. Operating Maps, Mach 7 to 13

In the current work, we characterize the flight conditions in terms
of the flight Mach number M, the vehicle linear acceleration a, the
dynamic pressure q, and the fullness fraction of the fuel tanks f.
Consider a trajectory inwhich a vehicle accelerates fromMach 7 to

Mach 13 with a constant dynamic pressure of 100 kPa. Figure 8
shows two operating maps for the flight conditions along this
trajectory with an acceleration between 0 and 6 m∕s2. For example, a
vehicle that flies with a constant acceleration of 2 m∕s2 corresponds
to moving from left to right along the horizontal line a � 2 m∕s2 in
Fig. 8a. Along this example trajectory, the equivalence ratio increases
from a value that is less than unity to a value greater than unity. The
solid black lines are for the case that the vehicle has full fuel tanks
(f � 1), and the dashed gray lines show the trim conditions for the
case that the fuel tanks are empty (f � 0). As the vehicle flies, fuel is
consumed, and the mass of the vehicle decreases. The difference in
mass of the vehicle can be substantial (more than 50%; see Table 1),
and as a result, the fully fueled vehicle has a higher trim angle of
attack. The higher angle of attack results in more drag and
approximately twice as much fuel consumption.
The inlet is designed for flight conditions with an angle of attack in

the range �−0.5 deg;�1.0 deg� and a Mach number in the range of
7–11. Figure 8b shows that there is an identifiable boundary around
M � 11.5 when the trends in the operating map change or even
reverse. This boundary does not line up exactlywithM � 11 because
raising the angle of attack has a similar effect on the inlet shock
patterns to lowering the Mach number.
Figure 8a shows the equivalence ratio at the various trimmed flight

conditions. The equivalence ratio determines how much fuel is
injected; it does not directly state howmuch fuel burns. For example,
if the equivalence ratio is 1.0 and only half of the fuel burns, themodel
indicates that injecting more fuel will increase the amount of fuel that
burns. This explains the high equivalence ratios in Fig. 8a; the amount
of fuel that actually burns is always below the stoichiometric value. In
the code, fuel is injected as a jet in crossflow, and burning is limited by
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finite-rate chemistry, so incomplete mixing and burning do occur.
Figure 8a shows that a larger equivalence ratio is required to achieve
higher accelerations, but the equivalence ratio also increases with
Mach number. This is primarily due to the less efficient combustion
at higher Mach numbers, which is a well-known property of
airbreathing propulsion systems.
It can be seen in Fig. 8b that the trim angle of attack decreases if the

Mach number is increased while holding the acceleration constant.
This is caused by the decrease in lift coefficient that is associatedwith
increasing Mach number for supersonic flow. Although the static
pressure on the surface increases, it increases slower than M2, and
thus the lift coefficient decreases. However, the trim angle of attack in
Fig. 8b decreases for Mach numbers above 11, which is a result of
shock interactions caused by the external shocks entering into the
internal flow. These shock interactions cause a marked increase on
the drag and thus changes to the entire trim condition.
Spillage, which is typically viewed as inefficient performance

because it decreases the amount of fuel that can be burned in the
combustor, is ameasure of the difference between the actual and ideal
mass flow into the engine and is one factor in scramjet performance.
The maximummass capture is defined here as the airflow that would
be captured when the bow shock exactly hits the leading edge of the
cowl. Figure 9 shows a visualization of flow spillage. A fortunate, but
often overlooked, consequence of spillage is that it provides extra lift.
This extra lift comes from the downward component of the spilled
airflow, and the spillage also causes the shock pattern in the inlet to
change such that the pressures on the vehicle underside are increased.
In short, spillage causes has both undesirable (lower airflow to the
engine) and positive (extra lift) consequences. In the present work,
spillage has a small effect on the trajectory optimization because the
decisionvariable (acceleration) has only a small effect on the spillage.
However, spillage would be a more important consideration in the

optimization of the vehicle design. In addition, the spillage will be
significantly different (and usually higher) if a 3-D analysis is
performed.
The fact that the trim angle of attack decreases as the acceleration a

increases is a consequence of the increasing equivalence ratio. More
heat addition in the combustor leads to more lift from the nozzle, so a
lower angle of attack results. The same logic explains the decreasing
elevator angle seen in Fig. 8c because the extra lift is coming from the
nozzle creates a nosedown pitching moment that counteracts the
moment from the inlet. This causes the required δe to decrease.

B. Minimum-Fuel Trajectories, Mach 7 to 13

One possible trajectory is to fly at a constant acceleration of
2 m∕s2, which would be a horizontal line in Fig. 8, but such a
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trajectory is not optimal. The next goal is to compute an acceleration
profile that minimizes fuel usage. The constraints are that the
dynamic pressure is constant at 100 kPa, the starting and end points
are Mach 7 and 13, respectively, and only scram-mode solutions are
considered. At the initial condition,M � 7, the fuel tanks are full, so
the appropriate conditions are shown by the black lines in Fig. 8. To
make sure that the trim calculations are consistentwith themass of the
vehicle throughout the trajectory, trim calculations were performed
for 11 different values of fuel mass, which results in a three-variable
surrogate for the flight envelope of the vehicle.
Following the discussion in Sec. III.D, the goal is to choose

accelerations a1; : : : ; an at n different velocities along the trajectory.
It is expected that an acceleration near the maximum attainable,
which minimizes time overcoming the drag on the vehicle, will be
optimal. The objective function is Eq. (15), and direct optimization
was performed for the results in this section.
Figure 10 shows the solution of this fuel minimization problem for

the q � 100 kPa case. The trajectory showed good convergencewith
respect to n, the number of trajectory segments, but was affected by
the choice of initial condition. To ensure that the optimum trajectory
shown is at or near a global optimum, many initial acceleration
profiles were used. In linewith previous results [7,8] and the previous
prediction, the optimum was close to the maximum acceleration
throughout the trajectory. The difference is that the maximum
acceleration no longer corresponds to an equivalence ratio of unity.
Between Mach 7 and Mach 9, the maximum acceleration is
constrained by thermal choking in the combustor, which can be seen
from the fact that the optimized trajectory is close to the ram–scram
transition boundary (dotted line). At higher Mach numbers, the
acceleration is limited by the oxygen available to the engine, but this

occurs at equivalence ratios greater than unity due to incomplete
combustion.
Figure 11 shows a plot of two variables along the minimum-fuel

path and along several constant-acceleration trajectories. The
expected result for a fuel-minimizing trajectory would be that the
equivalence ratio stays near 1.0 or just above. However, the
equivalence ratio in Fig. 11a goes notably higher than unity, which
means that more fuel is being injected than could possibly burn in the
combustor due to the stoichiometric limit. For hydrogen fuel, rich
mixtures tend to increase the specific impulse up to a point due to the
low molecular weight of the fuel. In this case, there is an additional
factor that contributes to the high equivalence ratios.
Recall that there is no guarantee that all of the fuel injected into the

flow actually burns. If there is still more oxygen available at a given
condition, increasing the equivalence ratio should increase the
amount of fuel that burns up to the limit where all of the oxygen is
used. This is true even if the equivalence ratio is already 1 or higher.
Therefore, we look at howmuch oxygen is present at the downstream
boundary of the combustor, which is shown in Fig. 11b.
The result of this analysis is that the maximum-acceleration

trajectory is the one that injects enough fuel to burn all or nearly all of
the oxygen available except at lower Mach numbers where the
acceleration is limited by thermal choking. Looking at Figs. 11a and
11b, one can see that the combustion is efficient (i.e., burns most of
the fuel) at lower Mach numbers but quite inefficient at higher Mach
numbers. For instance, at Mach 9 with a � 3 m∕s2, the equivalence
ratio is about 1.0, and the mass fraction of oxygen remaining is 0.02,
which indicates a combustion efficiency of about 90%. At Mach 13
with an acceleration a � 3 m∕s2, the equivalence ratio is about 1.6
while there is still O2 remaining (a mass fraction of about 0.035).
With oxygen still available, adding more fuel could lead to greater
heat release, but only if the extra fuel adequately mixes with the
airstream. Based on these results, it appears that rockets may be a
better option than airbreathing propulsion for Mach numbers higher
than about 10.
In some cases, the discrete optimality condition of Eq. (20) is met

at an acceleration slightly below the maximum. This can be seen for
Mach numbers greater than 10 in Fig. 10. This represents essentially a
point of diminishing returns, where adding more fuel does increase
the acceleration, but not efficiently enough to justify the extra fuel
consumption.

C. Sensitivity of Fuel Consumption

This subsection compares total fuel consumption and several
different trajectories to investigate the sensitivity of the objective
function to trajectory design. In addition to the constant-acceleration
trajectories of Fig. 11, two lower values of the dynamic pressure
(q � 75 kPa and q � 50 kPa) are considered. For all three dynamic
pressures, the same range of Mach numbers is used. Holding the
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Mach number constant, a decrease in dynamic pressure is equivalent
to an increase in altitude.
Figure 12 shows the optimized trajectories for dynamic pressures

of 50 kPa and 75 Pa. TheMAX-1Avehicle does not performwell at a
dynamic pressure of 50 kPa. In fact, it was not possible to trim the
vehicle with a positive acceleration with full fuel tanks, so the
trajectories at q � 50 kPa assume that the fuel tanks are only 70%
full at Mach 7. This was the highest vehicle mass for which an
acceleration of at least 1 m∕s2 could be maintained in scram mode.
To test if the optimum trajectories were near the maximum

acceleration, we can check the plots of oxygen remaining at the
downstream boundary of the combustor. These are shown in Fig. 13.
Except for a small region between Mach 9 and 11 in for the q �
75 kPa trajectory, both optimum trajectories are at or near the
maximum scram-mode acceleration. For lower Mach numbers, the
acceleration is limited by thermal choking (i.e., it is the highest
scram-mode acceleration, although higher accelerations may be
attainable in rammode), and at higher Mach numbers, availability of
oxygen for combustion is the limiter. The bump in the optimum
trajectory of Fig. 13 between Mach 9 and 11 is an artifact of the
surrogate. In this range, the vehicle cannot accelerate at 3 m∕s2

without transitioning to ram mode, so it treats the maximum
acceleration as 2 m∕s2. In reality, an acceleration of around 2.3 m∕s2

would remain in the scram mode.
The primary difference among the three values for dynamic

pressure seems to be that the vehicle can accelerate faster at higher
dynamic pressures. There are two main reasons for this. For a fixed
vehicle mass, a lower dynamic pressure means that a higher lift

coefficient is needed to satisfy trim conditions. The result is a higher
drag coefficient, and thus a lower maximum acceleration.
The second reason that the maximum acceleration is lower for

lower dynamic pressures is that the net force on the vehicle is
basically proportional to the dynamic pressure. The acceleration of
the vehicle is given approximately by

ma ≈ qS�CT − CD� (21)

where CT is the thrust coefficient, and S is a reference area. The
previous argument showed that CD increases when q decreases, and
so a higher thrust coefficient is needed. If thrust is greater than drag, a
fixed value of CT − CD results in a lower acceleration for a lower
value of q. So even if the thrust and drag coefficients were unaffected
by dynamic pressure, we would expect a higher maximum
acceleration at higher dynamic pressures.
Figures 14 and 15 show the vehicle drag coefficient and specific

impulse, respectively, for the optimum trajectory at four dynamic
pressures. The drag is defined as the net force on the vehicle in the
direction of the relative wind excluding the forces on the inlet,
isolator, combustor, and nozzle. For the specific impulse calculation,
the thrust is defined as the component of the forces on the inlet,
isolator, combustor, and nozzle parallel to the centerline of the
combustor and isolator.
The specific impulse, which is defined as the thrust per kilograms

of fuel divided by 9.8 m∕s2, is shown in Fig. 15. The plot shows the
expected decreasing trend as the Mach number increases, but a more
interesting result is that the specific impulse is slightly higher at
higher dynamic pressures. Actual thrust numbers decrease slightly
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withMach number from 21 to 19 kN as theMach number increases at
a dynamic pressure of 100 kPa. At q � 50 kPa, the thrust is about
4 kN less throughout the trajectory. The reduced drag coefficient in
the inlet is partially responsible for this trend; another reason is likely
that the static pressure in the combustor is much higher at higher
dynamic pressures. Higher-pressure combustion leads to improved
thermal efficiencies in many types of engines. It should be noted that
the numerical value of the specific impulse is sensitive to the
definition of the thrust force.
To see how much the choice of trajectory affects the total fuel

consumption, Table 2 gives a comparison of the minimum-fuel
trajectories and several constant-acceleration trajectories for four
dynamic pressures. A dynamic pressure of 125 kPa is included to
show the effect on the engine of further dynamic pressure increases
outside the flight corridor. Table 2 reports that the total fuel
consumption is about 5000 or 6000 kg, while the total fuel available
from Table 1 is about 23 tons. The remaining fuel can be used to
accelerate to Mach 7, especially during the inefficient afterburner
mode thatmust be used from takeoff until aMach numberwhere ram-
mode operation is possible. However, analysis of this initial portion
of the flight was not performed.
Asmentioned in the previous discussion, theMAX-1Avehiclewas

not able to sustain a positive acceleration with full fuel tanks for the
q � 50 kPa case, so those trajectories are initialized with the tanks
70% full. This causes a reduction in drag due to lift compared to the
other trajectories because the vehicle is lighter, and this is the reason
that the q � 50 kPa fuel consumption numbers are lower than the
q � 75 kPa numbers.
It is known that the trajectory design has a significant effect on the

total fuel consumption because choosing a low acceleration causes
the total fuel consumption to go to infinity. This can be seen from
Eq. (15), for example. However, the effect of finding an optimized
trajectory compared to a simpler choice such as a constant
acceleration remains to be seen. As expected, increasing the dynamic
pressure reduces the total fuel consumption, and a low acceleration of

a � 1 m∕s2 requires significantlymore fuel than higher-acceleration
trajectories. However, further increasing the acceleration from 2 to
3 m∕s2 only reduces the fuel consumption a relatively small amount.
Table 2 also shows that the optimized trajectory saves very little

fuel compared to themuch simplermaximum-acceleration trajectory.
For the lowest dynamic pressure, the optimized trajectory was the
maximum-acceleration trajectory. This indicates that the maximum
acceleration is a good heuristic for trajectory optimization when
flying scram-mode trajectories. This means selecting an equivalence
ratio so that the Mach number at the end of the constant-area section
is just above unity (M4 � 1; see Fig. 5b) when the maximum
acceleration is limited by thermal choking and an equivalence ratio so
that the oxygen is almost completely burned (YO2 ;5

� 0) otherwise.
Finding such a trajectory will still require preflight calculations
because both of these quantities (M4 and YO2;5

) cannot be measured
in flight.

D. Minimum-Fuel Trajectories with Ram–Scram
Transition, Mach 4.5 to 7

Trajectories that include conditions in both ram and scram modes
may be significantly more complex than ram-only or scram-only
trajectories. In this section, acceleration from Mach 4.5 to Mach 7 is
considered, which is a range of Mach numbers traditionally
associated with transition from ram mode to scram mode. A slightly
different vehicle configuration (theMAX-1B vehicle) is used for this
section to increase the performance at lower Mach numbers. Design
of a vehicle to operate efficiently fromMach 4.5 toMach 13 (if such a
vehicle would even be practical) is a challenging problem that is not
addressed here.
Figure 16 shows optimized acceleration profiles for constant

dynamic pressures of 100 and 55 kPa; the acceleration profiles were
calculated using the same methods described in previous sections.
The unstart limit plotted in Fig. 16b was computed using the method
described in Sec. II.E. The transition from rammode to scrammode is
marked on the operating map as the dashed line, and it can be seen
that transition (where the optimized trajectory crosses the dotted
transition line) does not occur at the same Mach number for the two
trajectories. The transition boundary was computed using methods
described in [14]. This has a significant effect on the total fuel
consumption because the engine tends to perform better in rammode
due to increased mixing and longer residence times of the subsonic
flow in the combustor.
Furthermore, flying at a lower dynamic pressure (higher altitude)

tends to cause the engine to remain in ram mode to a higher Mach
number. As there is less air flowing into the engine at higher altitudes,
the equivalence ratio required to maintain a certain acceleration is
more likely to thermally choke the flow, which leads to subsonic flow
(ram-mode operation) and increased thrust. Thus, a higher-altitude
(lower dynamic pressure) trajectorymay consume less fuel simply by
remaining in ram mode longer. Optimization of the acceleration
profile was performed for 11 values of the dynamic pressure, and the
results are shown in Fig. 17. In fact the lowest total fuel consumption

Table 2 Fuel usage for several trajectories at four dynamic pressures

Trajectory 50 kPaa 75 kPa 100 kPa 125 kPa

Minimum
fuel

5639.9 kga 6032.1 kg 5368.1 kg 5062.3 kg

Maximum a 5639.9 kga 6038.8 kg 5377.1 kg 5066.9 kg
a � 1 m∕s2 6056.5 kga 7836.9 kg 7142.7 kg 7288.4 kg
a � 2 m∕s2 5772.2 kg

(8.5)ab
6424.1 kg
(7.5)b

5938.1 kg 5719.4 kg

a � 3 m∕s2 — 6049.1 kg
(9.0)b

5553.8 kg
(7.5)b

5311.7 kg

a � 4 m∕s2 — — 5380.7 kg
(9.5)b

5162.4 kg
(7.5)b

aThese trajectories are initialized 70% of the maximum fuel mass at Mach 7.
bThe number in parentheses indicates minimum Mach number for which acceleration is

achievable. Lower accelerations are used for lower Mach numbers.
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Fig. 16 Optimized acceleration profiles for trajectories with constant dynamic pressure at q � 100 kPa and q � 55 kPa.
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(898 kg) occurred with the dynamic pressure set at 55 kPa, which
corresponds to the trajectory in Fig. 16b.
In Fig. 18, a more detailed comparison is made between the 55 kPa

trajectory and the 100 kPa (lower altitude) trajectory. Fig. 18a shows
the cumulative fuel consumption along the two trajectories. Notice
that the higher dynamic pressure (gray dotted curve) consumes less
fuel for the initial portion of the trajectory (from Mach 4.5 to Mach
5.5), but the lower dynamic pressure (solid black curve) remains in
rammode longer and consumes less fuel over the latter portion of the
trajectory. The difference in the final values of these two curves
corresponds to a 12% decrease in fuel consumption (from 1019 to
898 kg). In ram mode, the highest thrust occurs at the lowest Mach
number, highest acceleration, and highest dynamic pressure. The
maximum thrust for the MAX-1B vehicle in this work was 40 kN,
which corresponds to Mach 4.5, a dynamic pressure of 100 kPa, and
an acceleration of 3 m∕s2. In rammode, the required thrust decreases
by about 5 kN for every increase of 0.5Mach; and for every decrease
of 5 kPa in the pressure, the required thrust decreases by about 1 kN.
Figure 18b shows the instantaneous fuel consumption as a function

of time for the two trajectories, and Fig. 18c shows the integrand
of Eq. (14). The figure shows that the higher-altitude trajectory
performs better over the intermediate Mach number range, while
lower altitudes are preferred outside this range.
Therefore, it was decided to investigate what improvements could

bemade by no longer remaining on a constant dynamic pressure path.
This creates a new trajectory optimization problem where both the
acceleration and altitudemay vary as a function ofMach number. The
flight-path anglewas constrained to be between−4 and�4 deg, and
the altitudewas constrained such that the dynamic pressure remained
between 50 and 100 kPa. Figure 19 shows the results for two separate
cases. Trajectory A is the optimum path from Mach 4.5 to Mach 7
with no additional constraints on the initial and final altitude. The
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Fig. 17 Total fuel consumption for constant dynamic pressure
trajectories with optimized acceleration profiles.
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result can be described roughly as flying at a constant dynamic
pressure of 55 kPa until ram–scram transition and then flying near
the maximum dynamic pressure after transition. The total fuel
consumption for trajectory A is 826 kg.
Trajectory B shows a case where both the initial and final altitudes

are constrained to specific values, which correspond to a dynamic
pressure of 100 kPa. The total fuel consumption is 936 kg. The
optimization produced a trajectory that initially climbs faster than the
constant dynamic pressure curve, which allows the engine to remain
in rammode for a longer period. After passing through ram-to-scram
transition during a descent, the vehicle then flies at the maximum
dynamic pressure. Interestingly, both trajectories A and B contain
descent phases. The descent is caused by the combination of a desire
to remain in ram mode longer by flying at a higher altitude and the
advantage of flying at the highest dynamic pressure allowable in
scram mode. Maintaining ram mode to higher Mach numbers faces
additional operational constraints including internal temperature and
pressure limits (due to higher compression in rammode) and blowout
(due to higher altitudes). These constraints were not fully considered
here. This shows that, for dual-mode engine operation, the optimum
trajectory may not be obvious, and an accurate model is required to
determine the best trajectory to fly.

V. Conclusions

It was found that a generic hypersonic vehicle could be trimmed
along many ascent trajectories, and its performance could be
computed and optimized. This has not been presented previously
with a first-principles model with this level of fidelity. To do so, it was
necessary to combine the MASTrim and MASIV codes that were
developed by the authors. The resulting model is a significant
improvement over previous efforts because it uses first-principles
conservation equations to compute the inlet efficiency (including
shock wave interactions), the combustion efficiency (based on finite-
rate chemistry and a fuel–air mixing model), and the nozzle
efficiency.
It was found that trajectorieswithminimum total fuel consumption

may be fairly complex for cases including transition from subsonic
combustion (ram mode) to supersonic combustion (scram mode).
Because of lower airspeeds in the combustor during subsonic
combustion, ram-mode operation tends to producemore thrust for the
same amount of fuel. As a result, optimized trajectories were shown
to favor strategies to keep the engine in ram-mode operation as long
as possible.
When operating in scrammode, maximum acceleration combined

withmaximumdynamic pressurewas found to be a good heuristic for
a true optimized trajectory in most cases. However, the maximum
acceleration was not found to be associated with a fuel–air
equivalence ratio of unity. In general, the acceleration is limited by
the availability of oxygen. If a small portion of the fuel burns, this
may result in equivalence ratios above 1.0. This excess fuel is
potentially beneficial because it can be used for film cooling of the
walls. Flying at a higher dynamic pressure leads to lower trim angle of
attack and lower flight-path angle, which lowers the drag coefficient,
and thus total fuel consumption for an ascent trajectory.
By replacing timewith velocity as the variable of integration in the

trajectory fuel consumption calculation, it was possible to derive an
informative condition for the optimum acceleration. The result
indicates that the maximum acceleration is optimal when the
acceleration is not a smooth function of fuel mass flow rate and it
slightly below the maximum acceleration otherwise. This was
consistent with the results of directly optimizing the acceleration
profile.
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