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We study a variation of Bayesian M-ary hypothesis testing in which the test outputs a list of L candidates
out of the M possible upon processing the observation. We study the minimum error probability of list
hypothesis testing, where an error is defined as the event where the true hypothesis is not in the list output
by the test. We derive two exact expressions of the minimum probability or error. The first is expressed
as the error probability of a certain non-Bayesian binary hypothesis test and is reminiscent of the meta-
converse bound by Polyanskiy, Poor and Verdi (2010). The second, is expressed as the tail probability
of the likelihood ratio between the two distributions involved in the aforementioned non-Bayesian binary
hypothesis test. Hypothesis testing, error probability, information theory.
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1. Introduction

Statistical hypothesis testing is the problem of deciding on one of M possible statistical hypotheses
after processing some observation data modeled by a random variable. Hypothesis testing is one of
the main problems in statistics and inference and finds applications in areas such as social, biological,
medical, computer sciences, signal processing and information theory. Depending on the subject area
and underlying assumptions, it can be referred to as model selection, classification, discrimination or
detection. Hypothesis testing problems are typically classified as binary or non-binary, depending on
the number of hypotheses, and Bayesian or non-Bayesian, depending on whether or not priors on the
hypotheses are known.

The minimum average probability of error of Bayesian binary hypothesis testing is attained by the
likelihood ratio test. Similarly, the minimum average error probability of Bayesian M-ary hypothesis
testing is attained by the maximum a posteriori (MAP) test [8]. For non-Bayesian binary hypothesis
testing, Neyman and Pearson formulated the optimal tradeoff between the pairwise error probabilities
and showed that the likelihood ratio test attains the optimum tradeoff [9].

We study a variation of Bayesian M-ary hypothesis testing, where the test outputs a list with L
candidate hypotheses. This setting has its roots in list decoding of error-correcting codes for reliable
communication [3]. The decoding process of an error-correcting code with M codewords can be naturally
cast as an M-ary hypothesis testing problem. Indeed, the intimate connections between information
theory and hypothesis testing have been noted over the years. Specifically, hypothesis testing arguments
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have been key in the derivation of lower bounds to the error probability [2, 5, 10, 14], including bounds
that connect the error probability with information measures [4, 7, 11, 12, 15], possibly with a list-
decoding option [1, 5, 11, 12]. For general hypothesis testing problems, list hypothesis testing can be
helpful when the number of hypotheses is very large and, for complexity reasons, one might wish to
implement staggered or iterative testing. At each stage, a bank of tests of smaller dimension is run, but
a candidate list is output instead of a single candidate, in order to facilitate information exchange at
the next stage or iteration. List hypothesis testing is also implicitly employed in approximate recovery
problems related to statistical estimation where a reduction to multiple hypothesis testing is performed
(see e.g. [13, Sec. 16.2.2.]). In communications, list detection is employed in large linear multiple-input
multiple-output systems iteratively exchanging information with iterative decoders of error correcting
codes (see e.g. [16]).

From a theoretical perspective, it is important to understand what is the minimum error probability
in order to establish a performance benchmark for practical tests. In this paper, we study the minimum
probability of error of list hypothesis testing. We provide two new families of bounds to the minimum
probability of error. The first one, bounds the minimum probability of error by that of a suitably optimized
non-Bayesian hypothesis test and is reminiscent of the meta-converse bound in [10]. Instead, the second
family bounds the minimum probability of error by the tail probability of the likelihood ratio, termed
the information spectrum in the information theory literature [6]. When these bounds are optimized over
an auxiliary output distribution, inspired by the work in [17], we show that the bounds are actually tight
and provide two different expressions of the minimum probability of error. We show that the solution
of the optimization of the second bound is unique and provide an expression for the optimal auxiliary
distribution. In turn, the identities not only help in better understanding the minimum probability of error,
but also help assessing the tightness of the bounds.

This paper is structured as follows. Section 2 introduces the relevant notation for binary hypothesis
testing. Section 3 describes the list hypothesis testing problem and derives the minimum probability of
error. Section 4 proves the first identity for the minimum probability of error and connects it with non-
Bayesian binary hypothesis testing. Section 5 proves the second identity for the minimum probability
of error and connects it to the information spectrum. In proving this result, it is shown that the optimal
auxiliary distribution is unique. Proofs of auxiliary results can be found the Appendix.

2. Binary hypothesis testing

Let Y be a random variable taking values on set %, We consider two hypotheses H, 0 and 1, which
correspond to Y being distributed according to two distributions, P or Q, respectively. A binary hypothesis
test is a probabilistic mapping % — {0, 1} that upon observing a certain y € %, decides which of the
hypothesis represents the observation. We let H be the random variable associated with the output of test
and 7', the test mapping, the random variable associated with the conditional distribution PﬁlY'

The performance of binary hypothesis testing is characterized by the type-O and type-1 error
probabilities, respectively defined as follows,

e(T,P) = D POT(1y) @.1)
S

e1(T,0) = D 0T OLy). (2.2)

y
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1250 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

In the Bayesian setting, given a prior probability Py (0), Py (1), the smallest average probability of
error is given by

é = min {PH(O) (T, P) + Py (1) - €, (T, P)} 2.3)
and the corresponding optimal 7 is known to be the likelihood ratio test [8]; the likelihood ratio g(—&; is

checked against the ratio of the priors.

In the non-Bayesian setting, no knowledge about the prior probabilities Py (h;), i = 0, 1 is assumed.
The trade-off between the error probabilities €y(T, P) and €,(T, Q) is characterized by the function
ag(P, Q) defined as follows:

og (P,Q) = T:qr(r%fg)iﬂ €y(T, P). 24

Similarly, one can define the alternative tradeoff 8, (P, Q) as

By(P,0O) = ; min  €(7, Q). 2.5)

€0(T,P)<a

It is well known that a minimizing test for (2.4) is the likelihood-ratio threshold test [9]. It is known
that every optimal test is a threshold test where the likelihood ratio between the two distributions is
compared with a threshold Ayp € R such that optimal test can be expressed by the following equation:

P(y)
1 Q_(i‘) > )\.NP
P 5
Tp(1ly) = 1 0 T(;; < Anp > (2.6)
PO _
8y Qo) = e

where in order to solve (2.4), (Sy and Ayp are chosen such that €, (7, Q) = B. The minimizing test is not
unique in general since all values of &, and Ayp with the property €, (7', Q) = g yield an optimal test.

3. List hypothesis testing

Consider now a Bayesian M-ary hypothesis testing problem, with two random variables X, Y jointly
distributed according to Pyy, such that X, Y take values on 2, %, respectively with | 2] = M. The
observation alphabet #/is a general alphabet that encompasses the Cartesian product of n-observations
and many other standard settings. Upon observing y € % we wish to decide what X was. Standard
M-ary hypothesis tests output a single candidate hypothesis X € {1,...,M}. Instead, we consider list

hypothesis testing. A list hypothesis test with list size L is a possibly random mapping PX’|Y’ where

X = ()A(] S ,)A(L) e 2 denotes the random vector containing a list of candidates {X Ire-- X ). For
simplicity of the presentation, we assume that all candidates in the list are distinct; this does not have
an effect on the structure of the test that minimizes the probability of error. We define the set of distinct
unordered sequences of length L over alphabet 2 by .7} (Z). We say that the true hypothesis has been
successfully estimated if the true X is one of the entries of the list vector X = ()A(l, ... ,)A( 1), ie., if
Xe {Xl, - ,)A(L}. The problem is of interest when L < M.
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Since the joint distribution Py defines a prior distribution Py over the alternatives, the problem is
naturally cast within the Bayesian framework. The average probability of error of a given list hypothesis
test Py, defined as E(P)}‘Y), is written as

x|y’
E(Pg,y) SP[x ¢ (Xy,....X;)] (3.1)
=P[iX; #X}N---N{X, #X)] (3.2)
=1-P[{(X;, =X}U---U{X, = X}] (3.3)
=1-E[1{{X, =X} U---U{X, =X}}] (3.4)
=1- > Pyy (s )Py Gy R LR = 1) U+ U 3y = ) (3.5)
e Lyl
Goi)eSUD)
=1- > Poy G ZINP[X € {31,081 Y =), (3.6)
Ve

where the probabilities and expectation in (3.1)—~(3.4) are computed with respect to the joint distribution
between the true hypothesis X, the observation Y and the list X, and where

P[X € (&).....5L, Y =y] = D Py 1{{&; =x} U+ U (&, = x}} 3.7
xeZ
= Pyy (R}, y) + -+ + PyyGp.p). (3.8)

Eguation (3.8) holds since all elements on the list are assumed to be distinct, and thus, the events
{X, =X} forf =1,...,L, are disjoint.
Further define

1
Pyy(xy,. o sxp,9) 2 M—_I)(ny(xpy) +- ny(xL,y))’ (3.9)

—~

a

where (b) = ﬁlb), Observe that (3.9) is, by assumption, defined only for distinct x,...,x; € Z.In
order to show that the above definition induces a probability distribution on 2 x %, we write

1
Z PXY(xlw-wa,Y) = Z W(PXY(XI’)))—’_"'+PXY(xL9y)) (310)
ICTIRIIR & ARY (CTRRRIA IR & ARMY Sl
1 M—1
= W Z(L_ I)PXY(x,y) (3.11)
L—1/) xy

=1, (3.12)

€20 Joquisydeg gz uo jsenb Aq 9G8850./872 |/€/Z | /A1011E/IEleW/ WO dNO"olWapede//:SdRY Wolj papeojumoq



1252 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

where (3.10) follows from the definition of Pyy (x|, ...,x;,y) in (3.9), (3.11) follows from the fact that

for any given x € Z’in the sum (3.11), there are (AZ:II) possible list configurations.
We now turn to the minimum probability of error over all tests, defined as

€ = I}gin E(Pqu)' (3.13)
Xy
The following result finds a test that achieves the minimal probability of error.
LEmMA 3.1. An optimal test achieving the minimal probability of error € chooses distinct (X, ...,%;) €
2T such that Pyy(%y,...,%;,y) is maximized, yielding
é=1 (M_l) Pyy (% %, ) (3.14)
e=1-— max XisenesXp, V). .
L—-1 @1t e S UL LA t
e
Proof. Any test that maximizes Pyy(X,...,%;,y) will maximize the probability of success and thus
minimize the probability of error. Thus, we set
1 A A
X[s.ousXp) €
Pgy G 3 ly) = Ton L € V) (3.15)
0 otherwise
where
T0) = {1, ) € AU Py = max  PyyGr.aien] G16)

Gl €FL(D)

is the set of list vectors that maximize Pyy; there might be more than one maximizing list in which case
the specific maximizer does not change the probability of error. With this particular choice, we obtain

€Pgy) =1- > PiyGroe o 10 (PyyGpy) + o+ Py (31, 9) (3.17)
ye
Gyt e LI
1 N o
=1-> > ——  max (P G.y) 4+ Pyy(E) (3.18)
. N |‘9(y)| (X15eees )?L)EyL(%
ye@/xl ..... xLeﬁy)
A " 1
=1- Z R Ama?;ﬂ 2 (ny(xl,)’) + ... +PXy(XL,y)) Z —|<%)| (3.19)
ye@(xl’""x“e L(A) G ine T
=1- Z max (PxyGpo) 4 -+ + Py (Rp, ), (3.20)
gy T1es i)eSUL)

where (3.17) is the same as (3.6) using (3.8), (3.18) follows from the definition of the test (3.15). The final
result is obtained from definition (3.9). Finally, observe that in order for the optimal test to maximize
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MINIMUM PROBABILITY OF ERROR OF LIST HYPOTHESIS TESTING 1253

]P’[X e{x,....x ), Y= y] it is needed that X, for £ = 1, ..., L are distinct, since otherwise there would
be fewer than L summands in (3.8). [l

4. Metaconverse

In [10] Polyanskiy, Poor and Verdi introduced a lower bound to the minimum probability of error of
conventional M-ary hypothesis testing. The bound, termed metaconverse bound, is expressed as the error
probability of a non-Bayesian binary hypothesis test as

€ > a%(ny,QX x Qy), 4.1)

where Oy (x) = L for every x € Z and Qy is an arbitrary auxiliary output distribution. It was shown
in [17] that optimizing over Qy results in the bound being tight thus providing the exact minimum
probability of error. In this section, we show a similar family of bounds for list hypothesis testing and
provide an identity that connects the minimum error probability of M-ary list hypothesis testing and the
error probability of a non-Bayesian binary hypothesis test by means of an optimization over the auxiliary
distribution.

First, define an auxiliary probability distribution over the list vector

1 ..
—— fordistinctx;,...,x; € Z
Oy ox) 2 [ 6) ! L (4.2)

0 otherwise

where X is a random vector defined on 2.
The following theorem states the main result of this paper for list hypothesis testing.

THEOREM 4.1. The minimum probability of error € of Bayesian M-ary list hypothesis testing with list
size L can be bounded as

m(l —€)<1- a(TI)(PXY,QX x Qy), 4.3)
L—1 L

where Py, and Qy are defined in (3.9) and (4.2), respectively, and Qy is an arbitrary distribution over
the observation alphabet % In addition,

1
W(l —€)=1-— néz:xot(an)(ny,QX x Qy), 4.4)
L—1

L
where the following distribution is a maximizer for expression (4.4)

1
05(y) & — max Pyy(x(,...,%7,Y) 4.5)
Y M (xy,..., XL)EyL(e% AT L
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1254 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS
with

W= max Pyy(Xq,...,%7,)) (4.6)
Z wes 2 ! t

being a normalization constant.

Proof. Since Py, is a probabilistic function for estimating X with a list X € 2, we have for all

ye¥

Y

> PoyGroo by = 1. 4.7)
@1y dr)eS L2

We proceed by defining a binary hypothesis test T between two distributions on .2 x % such that
hypothesis 0 :  (XY) ~ Pyy (4.8)
hypothesis 1 :  (XY) ~ Oy x Qy. “4.9)

The binary test T is chooses hypothesis 0 as

TOlxy,...,x.,¥) =P)A(|Y(x1,...,xL|y) (4.10)

and chooses hypothesis 1 in all other cases. Thus, the error probabilities are given by

€(T,P) =1 —P[H = 0|H = 0] @.11)
=1- Z Pyy(Ceps .o sxp, T Olx, ..o x,y) (4.12)

1y €SI ye¥
=1- Z PXY('xl"'"xL»y)Pf(‘y(xlsn-axLly) (4]3)

15 ) €L L) el

1 _
=1- W(l -, (4.14)
L-1

where (4.14) uses (3.6) and definition (3.9). As for the other error probability, we have that

€ (T,0) =Q[H = 0|H = 1] 4.15)

= > Ox(xps -, x)QyNTOlxy, . . ., xp,Y) (4.16)
@) e U ye
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MINIMUM PROBABILITY OF ERROR OF LIST HYPOTHESIS TESTING 1255

= > Ox (x5 x) Oy Py (x5 - -, X 1Y) (4.17)
()Cl ,,,,, xL)eyL(%,ye@
1
= > = Oy )Py (xps- X [) (4.18)
(X 5eees xL)eyL(%ye@( )
= Z SO0 D Py by (4.19)
ye \L ) 1ok €FL(E)
= Z Qy(y) (4.20)
ye@/
1

- (4.21)

where (4.13) and (4.17) follow from the definition of the binary test 7(0|x;,...,x;,y) and (4.18) from
the definition of Qy in (4.2).
Therefore, from the conditions above we can see that for any distribution Q) we have

- 1)(1—6) <l—a(1 (Pyy, Qx % Oy), (4.22)
L—1 L)

since the error probability €, (7, P) of the above binary test cannot be lower than the Neyman—Pearson
optimal tradeoff (2.4). This proves (4.3). In addition, since Qy is arbitrary, this also holds for the
maximizing distribution,

1
———(1 =& = 1 —maxa_1_(Pxy.Oy x Qy). (4.23)
(Z-1) or

In order to prove the tightness of the bound, we now need to show that

1 _
m(l —€) > 1—maxa_1 (Pyy,Qx x Qy). 4.24)
(221) o

In order to show (4.24) we set Q) = Q“;, defined in (4.5) and rewrite the « 8 function as (see e.g. [18, Ch.
11])

Pyy(X.Y) Pyy(X. Y) !
o e[ Py } N [XY— ,\}——/\ :
‘o Qxx 07) = ili%{ [QX(X>xQ*(Y) =H ARG < 05 ()

(4.25)
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1256 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

where the first probability is computed with respect to Py, and the second one is computed with respect

to Oy x Qy. If we set

= (1) Pty
= max XY xl,...,.xL,y
)€ S (S

we find that

ﬂ_@ﬁﬂ_<ng %ﬂﬂ_>quuqux
Ox(X) x Qy(Y) — Ox(X) x Q3 (Y) (M

where (4.27) follows since

Ox (X) Q5 (Y)i
1 max Pyy(xy,...,x7,Y) M

= ) €7 X = ( ) max Pyy(xq,
(1) zye@max(xl ..... e (25 Pxy@ps - x,y) \L ey 1 x)eSLUE)

= max PXy(-x]""’xL’ Y)
Lok €FLE)

implying that
Pyy(X, Y .
P [L*) < ,\} =P |Pyy(X,Y) < max Pyy(xXp,....x, V) [ =1
Ox(X) x Q3(Y) @) €S1(D)
Pyy(X,Y) .
Q[XY—>,\}=Q Pyy(X,Y) > max Pyy(xys...,x,Y) | =0.
Ox(X) x O}(Y) X (e (25 TR

From Lemma 3.1, we have that

- 1 (M - 1) Z P (’\ -~ )
c=1-— max Xioee s XY
L—1 @(}1 ..... i)eSL(E) A t

ye

and thus, using (4.26) and (4.33)

l——mh=1- max Pyy Xy, .00x5,Y)
() éf ,,,,, wed2y T

(4.26)

4.27)

(4.28)

ce XL Y)

(4.29)

(4.30)

431

(4.32)

(4.33)

(4.34)

(4.35)
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MINIMUM PROBABILITY OF ERROR OF LIST HYPOTHESIS TESTING 1257

which, using (4.25), implies that

(Pxy, Ox x Oy) = Sup[IF’ [M < k} +1Q [M x} — (71))\}
)

" =0 | Lox®) x 050 = 0xX) x Q1) ~ "] T
(4.36)
>P LX’?S%X +XQ[LX’?>X}—?\ (4.37)
Ox(X) x Qy(Y) = (7) Ox(X) x Qy(Y)
1 _
(L—l)
where (4.38) uses (4.35). This proves the desired result. U

The identity established by Theorem 4.1 can be rewritten in terms of the alternative pairwise error
probability tradeoff.

COROLLARY 4.1. Identity (4.4) can be rewritten as

1
@ = ngixﬂl_ﬁ(l_g) (Pyy.Ox X Oy). (4.39)

The proof of Theorem 4.1 suggests a broad family of lower bounds to the probability of error
parametrized by the auxiliary distribution Qy. In particular, for a fixed auxiliary distribution Qy, we
have that

1
— (-8 <l-a

V) (AIT)(ny, Ox x Qy), (4.40)
L—-1 L
or equivalently,
1
an =B - Pxy, Ox X Qy). 4.41)
(L) (-1

In order to efficiently compute these bounds, one must choose a convenient Qy. The specific choice
will, naturally, depend on the specifics of the problem at hand. In the case of list decoding of error-
correcting codes, these can be useful to derive converse bounds. Consider the transmission of one of M
equiprobable messages over a channel described by random transformation Py, y. The encoder maps the
message v € {1,..., M} to acodeword x(v) of codebook %. Since there is a codeword for each message,
equiprobable messages induce the following channel input distribution

1
& v YET
P = 4.42

x @) [O otherwise. ( )
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1258 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

This corresponds to a mass point with probability % where codewords are placed and zero otherwise.
The decoder runs a list decoder with list size L. The error probability for a fixed codebook %’is denoted
by €(%). Therefore, for a fixed code ¢ and a fixed auxiliary distribution Q) we rewrite (4.40) as

1 i
———(1-é®) < 1l —a (P50 x 0y), (4.43)
(z-1) A
where
1
PC (. x ) 2 = (PEC) Py 0lx) + -+ + PE )Py Olp) (4.44)
L—1
and
i for distinctx,,...,x; € €
0, ...xp 21D ! L (4.45)
0 otherwise.

The best bound is found by optimizing (4.43) over the distribution of the code, i.e.,

1 1
— (1-&=max———(1—¢ 4.46
TR VIR e

< 1-mina, (P§.0F x 0p). (4.47)

P ()

By optimizing over arbitrary distributions Py, not necessarily those of the form (4.42), we obtain the
metaconverse for list decoding

1 , .
(1 =& <1—mina_1_ (Pyy,Qx x Oy). (4.48)
(z21) Px b
where now,
A 1
Pyy(Xps.. X, ) = i (Px () Pyx(V1x)) + - - + Py () Py (V1xp)) (4.49)
L—-1

and Qy is defined in (4.2). Equation (4.48) is the metaconverse bound for list decoding. Observe that for
L =1, the above bound recovers the original metaconverse bound for channel coding [10] and can thus
be used to prove the converse statement of the channel coding theorem.
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MINIMUM PROBABILITY OF ERROR OF LIST HYPOTHESIS TESTING 1259

5. Information spectrum

In this section, we show an alternative identity for the probability of error of list hypothesis testing.
Specifically, this identity is expressed as a function of the tail probability that the likelihood ratio exceeds
a certain threshold, sometimes termed information spectrum [6].

THEOREM 5.1. For a fixed auxiliary distribution Qy and constant A > 0, we have that

! : Pyy(X,Y) 1
— _(-o=<1-{p|—xro /\}——,\ . S
In addition,
1 . Pyy(X,Y) |
ey mo9=1- Pl o A}——x 5.2
ViR %%Xi&fg[ oo =t ] 62
Pyy(X,Y) 1
=1- p| XY=~/ )\} _ 53
ililél [QX(X)xQ*mS @) ] (53)

where O} defined in (4.5) is the unique maximizer of (5.2).

Proof. As shown in the proof of Theorem 4.1, we have that,

Pyy(X,Y) Pyy(X,Y) 1
Pyy, = p|l—Xr—-’ x} A [—XY ){|——)~
a(}\f#)( xv> Ox X Oy) i‘i%’[ |:QX(X) x Qy(Y) = +2Q Oy (X) x Qy(Y) ” "
(5.4)
Pyy&X.Y) } |: PyyX, Y) } 1
= [me <o, =T G < oy () o

Py (X,Y) 1
p|—Xr=—-7 A]——k 5.6
= [QX(X)XQY(Y) e G0

where (5.5) holds for any fixed A > 0 and (5.6) follows since the second term is always non-negative.
Applying this to (4.3), the bound (5.1) follows.
For the particular choice A in (4.26) we have,

| ) Py (X, Y) Pyy(X,Y) 1
a1 p| _fxy& 1) ,\} A [XY— ’\}__)‘ 3.7
gt ii%[ Geam = aat gw N

L-1
:1_]}D|:MS){|_L): (5.8)
0y (X) x 0}(Y) ™
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1260 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

SR (5.9)
(L)
|

-9 (5.10)
(1)

where (5.8) and (5.9) follow from (4.32) and (4.31), respectively. Equations 5.75.10 imply that Xin (4.26)
is a maximizer of (5.7), and thus,

1 _ Pyv(X,Y) 1
— (-6 =1- p|—Xr—" k]——)\ . 5.11
I i‘é‘é[ [Qx(X) <oy =T } G40

We now proceed with the proof that Q*{, as defined in (4.5) is the unique maximizer of (5.2). We divide
the proof in two parts, depending on whether or not Qy x Q3 is absolutely continuous with respect to

ny.

Qx x Qy is absolutely continuous with respect to Pyy

Using (5.4), we rewrite (4.4) as

1 _ Pyv(X,Y) Pyv(X,Y) 1
L i i- T x} A [XY— x}__x.
I %?Xii‘o)[ [QX(X)XQY(Y) =R g <o, T T

L—1 L
(5.12)

The above expression and (5.2) are both exact characterizations of the error probability. However, (5.12)
has an additional non-negative term compared to (5.2). Thus, any maximizing distribution and constant
0% and A* of (5.2) are also maximizers of (5.12). As aresult, by comparing both equations, we have that

PXY(X, Y) *:|
—a S A =0. 5.13
Q [QX(X) < OL(Y) 613

Using the definition of Qy in (4.2), and the absolute continuity of Qy x Q7 with respect to Py, this
implies that

)\‘*
Pyy(eps. s x,y) < = oy () (5.14)

()

forall (x;,...,x;) € # (&) andy € # Since this expression holds for arbitrary (x,...,x;) € .7 (Z),
in particular it holds for the maximizing (x;,...,x;) € /7 (Z), yielding

*

A
max Pyy(xys. o uxp,y) < — 07 (). (5.15)
(1) L) (h
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Summing over y € #yields

)\’*
max Pyy(X1,...,%,Y) < —— 05 () (5.16)
yeg(xl ,,,,, x)eSUL) v L (AZ) yez@ Y
)\’*

(z)
where (5.17) follows from the fact that O} is a probability distribution.
We have shown that for the maximizing Q%, A* must satisfy (5.17). Therefore, since the first term of

(5.2) is increasing with A, for any A satisfying (5.17), the smallest A satisfying (5.17) is the maximizer
of (5.2), and thus, equality in (5.17) must hold, i.e.,

*
max Pyy(Xqy.ooyXp,y) = — (5.18)
yeg/(xlwwa)EyL(% e L (AZ)

Substituting A* in (5.18) into (5.15) yields

max(xl ~~~~~ xL)ef%‘(% PXY(x] se e XL, y) < Q* (y) (5 19)
= UyW). .
2y MAX (e S 2 Pxr s X1)

Observe that the left hand side of (5.19) is itself a probability distribution on % and thus, (5.19) holds
with equality for all y € %, recovering (4.5).
Oy x Oy is not absolutely continuous with respect to Pyy

Consider a distribution V on #/and a non-Bayesian binary hypothesis test between Pyy and Qy x Vy.
Then, if there exists some y € #'such that Vy(3) = 0, any optimal test in the Neyman—Pearson setting
T is such that

T(lxy,....x0, %) - Pyy(x,....x.,9) =0 (5.20)
for every (x|,...,x;) € #;(Z). The interpretation of this statement is that whenever Vy(3) = 0, any
optimal test would not choose hypothesis 1, unless Pyy (xq,...,x;,¥) = Oforall (x,...,x;) € S (X).

We have the following result, whose proof can be found in Appendix A.
LeEMMA 5.1 Let Qy be a distribution on % If there exists a y such that

L.9y(» =0

2. Ixl,x? € 2L, withx' = (x,...,x}) such that Py, (x!,5)Pyy, (x2,3) > 0,

then, there exists a distribution QY on #'such that

o1 (Pyy.Qy x Qy) < a_i_(Pyy,Qx X 0y). (5.21)
(L) (L)
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1262 E. ASADI KANGARSHAHI AND A. GUILLEN I FABREGAS

The above Lemma shows that, if there are two (or more) hypotheses for which Py, (x!,3)Pyy
(x2,%) > 0, an auxiliary distribution Qy that associates zero mass to observation y cannot be optimal. In
particular, the lemma shows the existence of a distribution that places non-zero mass to all y € #'that is
better than one that places zero mass at y, thus bringing us back to the case where Qy x O} is absolutely
continuous with respect to Pyy.

There is a remaining trivial case, where there are observations y € % that can only be obtained
from only one individual hypothesis. In this case, there is no ambiguity as to what hypothesis caused the
observation. Thus, then the problem reduces to removing those observations, i.e., the optimal distribution
places zero mass on those and non-zero on the others. 0
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A. Proof of Lemma 5.1

Let (T, A™) be an optimal non-Bayesian likelihood-ratio test and the corresponding threshold for testing
between Py, and Qy x Qy with fixed type-1 error probability €, (T, Qy x Qy) = -

@.
Consider the distribution QY defined as
N i) max 72 Pxy(xqs o sxp,y) y=y
QY(y) — )ﬁf (X150 Xp) €S L(A) _ (Al)
Oy y#Y
where j = () max . o 25 Py (¥, x,0) + A%
We first show that Qy is a probability distribution on %] i.e., that
> 0y =1 (A2)
y
We write
>0y =D 0y + 0y (A3)
Y Y#Y

-2 2.0y + () max - Pyy(x,.... X)) (Ad)
R K Gxtenr) e S UL

1)
: max Pyy(xp,....x0,y) + )»*) (AS5)
((L ¥t xr)€SLL)

=1, (A6)

where (A4) follows from the definition of Qy, (AS5) follows from the fact that Q) is a probability
distribution with Qy(y) = 0, and (A6) follows from the definition of .
We now proceed with the proof that for the distribution QY in (A1) we have that

o1 (Pxy.Qx x Qy) < a1 (Pyy.Qx x Qy). (A7)
(1) (r)

In particular, we construct a binary test 7" to test between Pyy and Oy x QY and show that
N A 1
(T, Qx x Qy) = 1= (A8)

(Z)

o(T, Pxy) > €(T, Pyy). (A9)
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In addition, if we show that the test 7" is an optimal test in the Neyman—Pearson sense, the proof will be

complete.
Consider the set defined in (3.16)
Ay) = {(xl,...,xL) € (X)) Pxy(xy,. .. xp,y) = max PXY()%I,...,ch,y)} (A10)
G ) €S LUZ)
and let

X=Q&,....x) € AY). (A11)
We construct the test 7" as follows:

T(lxy, .. uxp,y) Y #Y
Ty, ox, ) =1 Y= (s xy) 7 G X)) (A12)
0 yz}_]’(xl""’xL)=()_Cl»--~7)_CL)~

We next validate equality (AS),
1—€(T, 0x x Qy)

= Z Z Qx(xp-~-,XL)Qy(y)f(1|x1,...,xL,y) (A13)
e (1) e SLUE)

=D D OxCpe )0y WT g, )
YEY (x1,000) €L LT)

+ > Ox(xp,s . x) Oy M T(lxy, - X7, ) (Al4)
1) €SLL)

.
D D S N v Nt IR
YEY (1) €S LD
(1)
+ > Ox(po .o x) 2L max  Pyy(,.... X 0TIx,. . x5 (AlS)
O1reex) €S UL H () )E

(X150 XL) (X e XL)

*
= > > Ox(xps s x) Oy TNy, -y xp,Y)
YEY (K14 €L
(7) _
+ L max Pyy (s . X, 9) > Ox(xy,....x;) (A16)
Hoewe (2 1o €T

(X1 500 XL) (X 50X

¥ (1—€,(T,0x x Oy) + (z) ma Pyy(x x y)(l ! ) (A17)
—_ — s _ X sy 5 - TN
M : X Y M () €SL(D) A L (AZ)
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J# (1 1 )+ ) o P )(1 ! ) (A18)
T My T max XiseoasXp,y _
® (Alf) Mo (xq,.., xL)GtEﬂL(% XY\ L (AZ)
1
- (A19)

e
()
where (A15) follows from the definition of the distribution QY in (A1), (A16) from the definition of

the test 7 in (A12), (A17) follows from the definition of the type-1 probability of error for test 7 and
from the definition of the distribution Qy in (4.2), (A18) follows from the fact that by the definition of

test 7, its type-1 error probability is %, and (A19) follows from the definition of the normalization
constant L. -
Now, we turn to inequality (A9). We have that
eo(T, Pyy) = D > Pyy(ps s X, DT(X, X, Y) (A20)

e (x1,..x)€SL(L)

:z Z PX)/(,X'I,..-,xL’y)T(llx]"""xL’y)
YEY (1o x)€SL(L)

+ > PG DT ) (A21)
(1ot ELL(E)

<z Z ny(xl,...,.xL,y)T(llx]’---axL’y)
YEY (x1,ex) €SI

+ Z PXY(x]a'~-7'xL’5)) (A22)
(X1 5ns XL)EyL(%

(X1 XL) A (X1 e XL)

=> > Py Ty
YEY (K14 €L

+ > Pyy(ps. o xp NT(x, . xp, ) (A23)
¥t seex) €SLL)

(15w XL) F (X1 500, XL)

= ¢y(T, Pyy) (A24)

where (A21) follows from splitting the sum over y in two, (A22) follows from the fact that for y the
test T'is such that T(1|xy,...,x;,¥)Pyxy(x;,...,X;,y) = 0, and from the fact that there are at least two
hypotheses for which Pyy (x{,...,x;,y) # 0 from the statement of the lemma; we thus upper bound it
by a non-zero term. Finally, (A22) follows from the definition of Tin (A12) and (A24) follows from the
definition of type-0 probability of error.

We now will be done if we show that the test 7 is an optimal test in the Neyman—Pearson sense.

Since we have shown that ¢, (f", Oy % QY) = —L__ all we need to show is that there exists a threshold for

)
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the likelihood ratio Ayp such that (2.6) holds for 7. We will now show that w is indeed this threshold for
test 7. We divide the proof in several cases:

*  When y # y, we have that

Pyy(xy, .0 xp,y) _ PyyCeys.oix,y)
2 L (A25)
H’QX(XI,‘--’XL)QY(.Y) MQX(XM""-XL)FQY(.V)
Pyy(xXqy,....x1,y) (A26)

- MOy (xq, . x) 0y ()’

where (A25) follows from the definition of the distribution QY in (A1). Thus, since A* was an optimal
threshold for test 7', w is an optimal threshold for test 7 in this case.

e Wheny=yand (x{,...,x;) # (x;,...,X), according to the definition of Tin (A12), we have that
T(1lxy,...,x;,y) = 1. In addition,

- (1) .
UOx(xq,....,x1)00@) = uOx(xy,...,x5)—= max Pyy(x(,...,x7,y) (A27)
x X L x X L L e S (D xy X L

= max Pyy(xX1,...,x1,¥) (A28)
1) €S LE)

> Pyy ey x,y), (A29)

where (A27) follows from the definition of QY in (A1) and (A28) from the definitions of Qy in (4.2)
and of (X;,...,x;) in (All). This implies that when y = y and (x,...,x;) # (x;,...,X),
Pyy(xy,...,x1,Y) "
Ox(xp,- ., x)DOG) ~
. \ZVhen y=yand (xq,...,x;) = (X{,...,X), according to the definition of Tin (A12), we have that
T(1lxy,...,Xx;,y) = 0. In addition,

(A30)

A NG .
UOx(Xy,....,x)00@) = uOx(Xy,...,X5)—= max Pyy(X{,...,X7,Y) (A31)
x X L x X L I oo S xy X L

= Pyy Gy, .., X0, ), (A32)
where (A31) follows from the definition of QY in (A1) and (A32) from the definitions of Qy in (4.2)
and of (x{,...,X;) in (All). This implies that fory =y, (x;,...,x;) = (x;,...,Xx;), we have that

PyyGeysoo oy x,y)

Z N
QX(x]’ ... ,XL)Q()’)
As aresult, the test 7 is an optimal Neyman—Pearson test according to (2.6) and satisfies

o Py Oy X Qp) < a3 (Pry O X Oy)- (A34)
(L

1
h

(A33)
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