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A b s t r a c t  

The minimum weight  d e s i g n  o f  h e l i c o p t e r  
r o t o r  b l a d e s  w i t h  c o n s t r a i n t s  on m u l t i p l e  
coupled  f l a p - l a g  n a t u r a l  f r e q u e n c i e s  has been 
s t u d i e d  i n  t h i s  p a p e r .  A c o n s t r a i n t  h a s  a l s o  
been imposed on t h e  minimum v a l u e  of  t h e  
a u t o r o t a t i o n a l  i n e r t i a  of  t h e  b l a d e  t o  e n s u r e  
s u f f i c i e n t  r o t a r y  i n e r t i a  t o  a u t o r o t a t e  i n  
c a s e  of  a n  e n g i n e  f a i l u r e .  A s t r e s s  
c o n s t r a i n t  h a s  been u s e d  t o  g u a r d  a g a i n s t  
s t r u c t u r a l  f a i l u r e  due t o  b l a d e  c e n t r i f u g a l  
f o r c e s .  Design v a r i a b l e s  i n c l u d e  b l a d e  t a p e r  
r a t i o ,  d imens ions  o f  t h e  box beam l o c a t e d  
i n s i d e  t h e  a i r f o i l  and magni tudes  o f  t h e  
n o n s t r u c t u r a l  w e i g h t s .  The program CAMRAD h a s  
been u s e d  f o r  t h e  b l a d e  modal a n a l y s i s  and t h e  
program C O N M I N  h a s  been  used  f o r  t h e  
o p t i m i z a t i o n .  I n  a d d i t i o n ,  a l i n e a r  
approximat ion  i n v o l v i n g  T a y l o r  series 
expans ion  h a s  been used t o  r e d u c e  t h e  a n a l y s i s  
e f f o r t .  The p r o c e d u r e  c o n t a i n s  a s e n s i t i v i t y  
a n a l y s i s  which c o n s i s t s  o f  a n a l y t i c a l  
d e r i v a t i v e s  o f  t h e  o b j e c t i v e  f u n c t i o n ,  t h e  
a u t o r o t a t i o n a l  i n e r t i a  c o n s t r a i n t  and t h e  
stress c o n s t r a i n t s .  A c e n t r a l  f i n i t e  
d i f f e r e n c e  scheme h a s  been used  f o r  t h e  
d e r i v a t i v e s  of t h e  f r e q u e n c y  c o n s t r a i n t s .  
Optimum d e s i g n s  have been o b t a i n e d  f o r  b o t h  
r e c t a n g u l a r  and  t a p e r e d  b l a d e s .  Using t h e  
method d e v e l o p e d  i n  t h i s  p a p e r ,  it i s  p o s s i b l e  
t o  d e s i g n  a r o t o r  b l a d e  w i t h  reduced  weight ,  
when compared t o  a b a s e l i n e  b l a d e ,  w h i l e  
s a t i s f y i n g  a l l  t h e  imposed d e s i g n  
r e q u i r e m e n t s .  The p a p e r  a l s o  d i s c u s s e s  t h e  
e f f e c t  of  a d d i n g  c o n s t r a i n t s  on h i g h e r  
f r e q u e n c i e s  and  stresses on t h e  optimum b l a d e  
weight  and t h e  d i s t r i b u t i o n s  of mass and 
s t i f f n e s s  i n  t h e  optimum d e s i g n s .  

Nomenclature  

b box beam w i d t h  
C c h o r d  
f l ,  f 3 ,  f 4  f i r s t  t h r e e  l e a d - l a g  dominated 

f r e q u e n c i e s  ( e l a s t i c  modes) 
f 2 , f 5  f i r s t  two f l a p p i n g  dominated 

f r e q u e n c i e s  ( e l a s t i c  modes) 
9 c o n s t r a i n t  f u n c t i o n  
h box beam h e i g h t  

h ( z )  box beam h e i g h t  v a r i a t i o n  a l o n g  

n n u m b e r  o f  b l a d e s  
'i d i s t a n c e  from t h e  r o o t  t o  t h e  c e n t e r  

b l a d e  span  

J 

t l ' t 2 ' t 3  
x, y, z 
A 
A I  
E 
F 
FS 
GJ 

Y Ix# 1 

j 

j 

L 

M 

N 
NDV 
R 
W 
W ( Q )  

'b 
wO 

a 
4 
'h 

of t h e  j t h  segment 
box beam w a l l  t h i c k n e s s e s  
r e f e r e n c e  a x e s  
box beam c r o s s  s e c t i o n a l  a r e a  
a u t o r o t a t i o n a l  i n e r t i a  
Young's modulus 
o b j e c t i v e  f u n c t i o n  
f a c t o r  o f  s a f e t y  
t o r s i o n a l  s t i f f n e s s  
t o t a l  p r i n c i p a l  area moments of  
i n e r t i a  a b o u t  r e f e r e n c e  a x e s  
l e n g t h  o f  j t h  segment 

t o t a l  mass o f  j t h  segment 
t o t a l  number o f  b l a d e  segments  
number o f  d e s i g n  v a r i a b l e s  
b l a d e  r a d i u s  
t o t a l  b l a d e  weight  
b l a d e  weight  a s  a f u n c t i o n  o f  d e s i p n  
v a r i a b l e  I$ 
box beam weight  
n o n s t r u c t u r a l  b l a d e  weight  (weight  
of  s k i n ,  honeycomb, e t c .  a l o n g  w i t h  
tun ing/ lumped w e i g h t s )  
p r e s c r i b e d  a u t o r o t a t i o n a l  i n e r t i a  
d e s i g n  v a r i a b l e  increment  
t a p e r  r a t i o  i n  z d i r e c t i o n  

d e s i g n  v a r i a b l e  i t h  

mass d e n s i t y  o f  t h e  j t h  segment 

s t ress  i n  j t h  segment 
maximum a l l o w a b l e  stress 

Qi 

P j  

j 0 

"max 
n b l a d e  RPM 

S u b s c r i p t s  and Superscripts 

r r o o t  v a l u e  
t t i p  v a l u e  
L lower bound 
u upper  bound 
A approximate  v a l u e  
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I n t r oduc t ion use of modal shaping. The objective of his 
work is to reduce vibration levels by 

Computer-based mathematical programming modifying 'modal shaping parameters' which are 
methods for optimum design of structures have functions of blade mass distributions and mode 
been under rapid development during the last shapes. These modal shaping parameters have 
two decades. Using mathematical processes, been sometimes interpreted as 'ad hoc' 
engineering design synthesis problems can be optimality criteria15,17. In Ref. 14 Bennett 

combining engineering models with minimization shear from the blade the 
techniques. An extensive amount of work has mast by combining conventional helicopter 
been done in developing such design engineering analysis with a nonlinear 
optimization procedures over the past few 
years to bring the state of the art to a high programming algorithm. Friedrnann15 considered 

the problem of minimizing hub shears or hub 
These methods can now be applied to vibratory rolling moments subject to 

optimum design of practical Sf;ryctureS such as aeroelastic and frequency constraints. An 

posed as Of problems described a method for reducing the .jertical 

- - -  
aircraftLt L t  ' and helicoptersJ-'. The present early attempt at optimum blade design for 
paper focuses on helicopter rotor blade proper placement of natural frequencies with a 
desian. constraint on autorotational inertia was dse 

The helicopter rotor blade design process 
requires a merging of several disciplines, 
including dynamics, aerodynamics, structures, 
and acoustics. Two of the major criteria in 
rotor blade design have been low weight and 
low vibration. For a helicopter in forward 
flight, the nonuniform flow passing through 
the rotor causes oscillating airloads on the 
rotor blades. These loads in curn are 
translated into vibratory shear forces and 
bending moments at the hub. One important 
design technique is to separate the natural 
frequencies of the blade from the harmonics of 
the airloads to avoid resonance. Failure to 
consider frequency placement in the predesign 
stage of the design process could cause a 
significant increase in the final blade weight 
since it generally involves postdesign 
addition of nonstructural masses. To avoid 
such weight penalties it is desirable in the 
design and fabrication of the blade to 
appropriately place the natural frequencies at 
an early stage in the design process. This 
can be done by a proper tailoring of the blade 
mass and/or stiffness distribution. This 
tailoring is not an easy task because of the 
complicated vibration modes of the blade due 
to the presence of several coupling effects . 
One such coupling is between flap, lag, and 
torsional motions through the pitch angle 
blade twist and offset between the elastic and 
inertia axes. The inclusion of these coupling 
effects makes the design process highly 
complex. In the past, the conventional design 
process was controlled mainly by the 
designer's experience and the use of trial and 
error methods. 

Today, one of the more promising 
approaches to the helicopter rotor design 
process is the application of optimization 
techniques. A considerable amount of work has 
been aimed at optimum designs of vibrating 
structiLres. For example, minimum weight 
designs with constraints on natural 
frequencies have been addressed in Refs. 7-9 
and the dual problem of maximizing the 
frequencies with a constraint on the total 
weight has been addressed in Ref. 1 0 .  
Frequencies of coupled bending-torsion modes 
caused by an offset between the elastic and 
inertia axes have been addressed in Refs. 9 
and 10. Recently there have been a number of 
applications of optimization techniques to 
rotor blade design5t6t11-19. Some of this 
work has been devoted to reducing vibration by 
controlling the vertical hub shears and 
moments l 2 - I 7 .  In Ref. 13 Taylor described the 
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to Peters'' where he started with a baseline 
blade design and attempted to refine the 
design by trying to find a mass and stiffness 
distribution to give the desired frequencies. 
Reference 17 addressed the optimum design for 
a typical soft in-plane hingeless rotor 
configuration for minimum weight - s i n ?  
optimality criteria approach. The res,Jlrs :?. 
Ref, 17 indicate that application 2 :  
optimization techniques leads to ber.efizs in 
rotor blade design not only ~ ? . r z , ~ q h  
substantial weight reduction but also 9 
considerable reduction in the vibratory h-b 
shears and moments at the blade root. In Xef. 
18, Peters addressed a problem of the optimum 
design of a rectangular blade for proper 
placement of frequencies. However, he did not 
use the blade weight as the objective function 
due to a difficulty in finding a feasible 
initial design. Rather, he started his design 
with an objective function involving measures 
of the closeness of frequencies to desirable 
frequencies. 

Currently at the NASA Langley Research 
Center, there is an effort to integrate 
several technical disciplines in rotorcraft 
design. The present work is part of this 
effort and deals with the dynamics aspect of 
design. The problem addressed in this paper 
is an extension of the problem addressed by 
the authors in Ref. 19 where constraints were 
imposed on the first lead-lag dominated mode 
and the first flapping dominated mode along 
with a rotary inertia constraint to assure 
that the blade could autorotate. The 
structural safety of the design was included 
as a first approximation by imposing lower 
bounds on the structural design variables. 
However, the danger of the higher frequencies 
falling in the critical ranges and causing 
resonance remained. The current work i?.volves 
minimum weight designs of helicopter rotor 
blades subject to the following constraints: 
a) upper and lcwer bounds ('windows') sn 
multiple ad;acent natural frequencies, b) 
minimum prescribed value on the blade 
autorotational inertia, and c) upper limit on 
the blade centrifugal stress. In Xef. 18 . 
Peters addressed the necessity of using a 
stress constraint in frequency placement 
optimization but did not include it in the 
optimization formulation. The expression for ; 
the stress presented here differs from that of 
Ref. 18 and is a more conservative estimate. 
An existing adequate blade which will be 
referred to as the 'reference blade' has been 
selected. In rotor blade design it is 
essential for natural frequencies to be 
separated from values which are certain 



. 

integer multiples o€ the rotor speed to avoid 
resonance. These critical values are referred 
to as 'n per rev' where n denotes the total 
number of blades. A modal analysis of the 
reference blade showed that the frequencies of 
interest were away from tho n per rev values. 
Hence, it was dacided to define the frequency 
constraint. to fotco the frequencies to be 
close to those of the reference blade. This 
is done by o p t i M l l y  tailoring the blade 
stiffness and masa distributions by the 
procedure developed in this paper. The 
purpose of this paper is to describe the 
formulation and implementation of the 
optimization procedure, present results from 
the procedure and assess the effects o f  
additional frequency and stress constraints on 
the optimum designs. 

Optimization Problem Formulation 

The purpose of the optimization procedure 
is to reduce the weight of a blade while 
constraining the natural frequencies to be 
within the 'windows' of the reference blade 
frequencies. The concept of 'windows' has 
been used since the nonlinear programming 
method used in this work cannot handle 
equality constraints. These windows are on 
the frequencies of the first three lead-lag 
dominated modes and the first two flapping 
dominated modes (elastic modes only). A 
prescribed lower limit on the blade 
autorotational inertia and an upper bound on 
the blade centrifugal stress have also been 
used. Side constraints have been imposed on 
the design variables to avoid impractical 
solutions. The design variables include box 
beam dimensions, taper ratio and magnitudes of 
the nonstructural weights located inside the 
box beam. The optimization process begins 
with an arbitrary set of design variable 
values. 

The blade weight, W, has two components 
as follows: 

W - Wb + Wo (1) 

where Wb denotes the box beam weight and Wo 
represents the nonstructural weight of the 
blade which includes the weight of the skin, 
honeycomb, etc., along with the weight of the 
tuning/lumped masses added to the blade. The 
blade is discretized into finite segments and 
the blade weight in discretized form is given 
below: 

N N 

J 
j-1 j-1 

where N denotes the total number of segments 
and p j ,  Aj, LA and Wo denote the density, the 

cross sectional area, the length and the 
nonstructural weight of the jth segment, 
respectively. 

The autorotational inertia (AI) of the 
blade is calculated as follows 

j 

( 3 )  

where W, is the total weight and r .  is the 
distance from the root to the center of the 
jth segment. The expression for the blade 
stress is 

3 

N 
ui - C ~ ~ d r ~ / ~ ~  ( 4 )  

j-i 

where ui is the stress due to centrifugal 
forces and Ai is the cross sectional area of 

the ith segment, Mj is the total mass of the 

jth segment and n is the blade RPM. The 
frequencies associated with the first fi7re 
elastic modes of coupled vibration are denoted 
by fl, ,fZ, f3, f4 and f5, (includes three 
lead-lag and two flapping). 

The optimization problem can now be 
mathematically posed as follows: 

minimize W ( Q )  

where the weight W is given by equation ( 2 )  
and Q denotes the vector of design variables, 
subject to the normalized constraints 

k-l,2, . . , 5  ( 5 )  

and side constraints 

In equations ( 5 )  and ( 6 ) ,  f and f denote 

the upper and lower bound on the kth frequency 
fk. In equation ( 7 )  a represents the minimum 
prescribed autorotational inertia value. In 
equation ( 8 )  Uk is the stress in the kth 
segment given 5 y  equation ( 4 ) ,  bmax is the 
maximum allowable stress in the blade and FS 
is a fact3r of safety. In equation (9) Oi 

denotes the it' design -Jariable 3rd 0; and 

QiL represent the associated upper and lower 

bounds, respectively. By convention a 
constraint g(Q) is satisfied when g ( @ ) S O .  

kU kL' 

"3 

Analysis 

The modal analysis portion of the program 
CAMRAD2' which uses a modified Galerkin 
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approach2' h a s  been  u s e d .  According t o  R e f .  
2 2 ,  t h i s  approach  i s  t h e  p r e f e r r e d  method f o r  
computing mode s h a p e s  and  f r e q u e n c i e s  of 
s t r u c t u r e s  h a v i n g  l a r g e  r a d i a l  v a r i a t i o n s  i n  
bending  s t i f f n e s s .  A n a l y t i c a l  e x p r e s s i o n s  
have been o b t a i n e d  f o r  t h e  d e r i v a t i v e s  o f  t h e  
o b j e c t i v e  f u n c t i o n ,  t h e  a u t o r o t a t i o n a l  i n e r t i a  
c o n s t r a i n t  and  t h e  stress c o n s t r a i n t s .  A 
cen t ra l  d i f f e r e n c e  scheme h a s  been  u s e d  f o r  
t h e  d e r i v a t i v e  of t h e  f r e q u e n c y  c o n s t r a i n t s  
( i n i t i a l  a t t e m p t s  u s i n g  a f o r w a r d  d i f f e r e n c e  
scheme gave h i g h l y  inaccurate d e r i v a t i v e s ) .  

O p t i m i z a t i o n  Implementa t ion  

The b a s i c  a l g o r i t h m  u s e d  i s  a combina t ion  
of t h e  g e n e r a l - p u r p o s e  o p t i m i z a t i o n  program 
C O N M I N ~ ~  and p i e c e w i s e  l i n e a r  approximat  i o n s  
f o r  computing t h e  o b j e c t i v e  f u n c t i o n  and  
c o n s t r a i n t s .  S i n c e  t h e  o p t i m i z a t i o n  p r o c e s s  
r e q u i r e s  many e v a l u a t i o n s  of t h e  o b j e c t i v e  
f u n c t i o n  and  c o n s t r a i n t s  b e f o r e  an optimum 
d e s i g n  i s  o b t a i n e d ,  t h e  p r o c e s s  can  be v e r y  
e x p e n s i v e  i f  f u l l  a n a l y s e s  a r e  made f o r  each  
f u n c t i o n  e v a l u a t i o n .  However, a s  Miura3 
p o i n t e d  o u t ,  t h e  o p t i m i z a t i o n  p r o c e s s  
p r i m a r i l y  u s e s  a n a l y s i s  r e s u l t s  t o  move i n  t h e  
d i r e c t i o n  o f  t h e  optimum d e s i g n ;  t h e r e f o r e ,  a 
f u l l  a n a l y s i s  needs  t o  be  made o n l y  
o c c a s i o n a l l y  d u r i n g  t h e  d e s i g n ,  p r o c e s s  and 
always a t  t h e  end  t o  check t h e  r i n a l  d e s i g n .  
Thus, v a r i o u s  a p p r o x i m a t i o n  t e c h n i q u e s  can  be 
used  d u r i n g  t h e  o p t i m i z a t i o n  t o  r e d u c e  c o s t s .  
In  t h e  p r e s e n t  work, t h e  o b j e c t i v e  f u n c t i o n  
and c o n s t r a i n t s  a r e  approximated  u s i n g  a 
p i e c e w i s e  l i n e a r  a n a l y s i s  t h a t  c o n s i s t s  of  
l i n e a r  T a y l o r  series e x p a n s i o n s  f o r  t h e  
o b j e c t i v e  f u n c t i o n  and  t h e  c o n s t r a i n t s  b a s e d  
on t h e  d e s i g n  v a r i a b l e  v a l u e s  from CONMIN and 
t h e  s e n s i t i v i t y  i n f o r m a t i o n  from t h e  f u l l  
a n a l y s i s .  S p e c i f i c a l l y ,  i f  t h e  o b j e c t i v e  
f u n c t i o n  F, t h e  c o n s t r a i n t  g ,  and t h e i r  
r e s p e c t i v e  d e r i v a t i v e s  a re  c a l c u l a t e d  f o r  t h e  
d e s i g n  v a r i a b l e  $k u s i n g  a n  e x a c t  a n a l y s i s ,  
t h e i r  v a l u e s  f o r  a n  increment  i n  t h e  d e s i g n  
v a r i a b l e  AQk are  as  f o l l o w s :  

k-1 

and 

(11) 

where t h e  q u a n t i t i e s  d e n o t e d  ( A )  r e p r e s e n t  
approximate  v a l u e s  and  NDV d e n o t e s  t h e  number 
of d e s i g n  v a r i a b l e s .  The assumpt ion  of 
l i n e a r i t y  i s  v a l i d  o v e r  small i n c r e m e n t s  i n  
t h e  d e s i g n  v a r i a b l e  v a l u e s  and .Ices not  
i n t r o d u c e  l a r g e  e r r o r s  i f  t h e  F n c r e r + n t s  are  
smal l .  S i n c e  t h e  o b j e c t i v e  f u n c t i o n  and  t h e  
c o n s t r a i n t s  a re  a l l  l i n e a r i z e d ,  t h e  
o p t i m i z a t i o n  problem r e d u c e s  t o  e s s e n t i a l l y  a 
s e q u e n t i a l  l i n e a r  programming problem. 

A f low c h a r t  d e s c r i b i n g  t h e  o p t i m i z a t i o n  
p r o c e d u r e  i s  shown i n  F i g .  1. The i t e r a t i o n  
scheme i s  s t o p p e d  when t h e  o b j e c t i v e  f u n c t i o n  
c o n v e r g e s .  For  t h e  convergence  o f  t h e  
o b j e c t i v e  f u n c t i o n ,  a change w i t h i n  a 

convergence t o l e r a n c e  Of 0 . 5  X over  t h r e e  
c o n s e c u t i v e  c y c l e s  h a s  been a l l o w e d .  

Test Problem 

The r e f e r e n c e  b l a d e  ( R e f s .  18-19) shown 
i n  F i g .  2 i s  a r t i c u l a t e d  and  h a s  a r i g i d  hub. 
The b l a d e  h a s  a r e c t a n g u l a r  p lanf3rm,  a 
p r e t w i s t  and a r o o t  s p r i n g  which a l l o w s  
t o r s i o n a l  mot ion .  The box beam wi th  unequal  
v e r t i c a l  wa l l  t h i c k n e s s e s  i s  l o c a t e d  i n s i d e  
t h e  a i r f o i l .  A s  i n  Ref .  1 9 ,  i t  i s  assumed 
t h a t  t h e  box beam c o n t r i b u t e s  t o  t h e  b l a d e  
s t i f f n e s s  and t h e  c o n t r i b u t i o n s  of :he skin, 
honeycomb, e t c .  t o  t h e  b l a d e  s t i f f n e s s  a r e  
n e g l e c t e d .  The d e t a i l s  f o r  c a l c u i a t i n g  t h e  
box beam s e c t i o n  p r o p e r t i e s  can be  faund i n  
t h e  Appendix o f  R e f .  1 9 .  The p r o p e r t i e s  3 f  
t h e  box beam l o c a t e d  i n s i d e  t h e  a i r f o i l  ( ? i g .  
2 )  a r e  a s  f o l l o w s :  

* 

h-0.117 f t  
b-0.463 f t  
~ ~ 8 . 6 4 5  s l u g s / f t 3  
E - 2 . 3 0 4  x LO9 l b / f t 2  

An a l l o w a b l e  s t r e s s  U m a x = l .  93x10 'lb/f: '  a?.i a 
f a c t 3 r  3f s a f e t y  FS-3 have been -sed i n  t h e  
a n a l y s i s .  The b l a d e  h a s  been  d i s c r e t i z e d  i n t o  
t e n  segments  and d e t a i l s  of  t h e  b l a d e  segment 
d a t a  a r e  p r e s e n t e d  i n  T a b l e  1. The e n t r y  
'min .  n o n s t r u c t u r a l  segment weight '  i n  Table  1 
r e p r e s e n t s  t h e  weight  of t h e  s k i n ,  honeycomb, 
e t c .  of a segment and  ' t o t a l  n o n s t r u c t u r a l  
segment weight '  r e p r e s e n t s  t h e  weight  o f  t h e  
s k i n ,  honeycomb, e t c .  a l o n g  w i t h  t h e  
lumped/ tuning  weight  o f  t h a t  segment .  The 
r o t o r  p r e a s s i g n e d  p a r a m e t e r s  ( t h e  p a r a m e t e r s  
t h a t  remain f i x e d  d u r i n g  t h e  o p t i m i z a t i o n  
p r o c e s s )  a re  p r e s e n t e d  i n  Table  2 .  

The f r e q u e n c i e s  o f  i n t e r e s t  of  t h e  
r e f e r e n c e  b l a d e  a re  p r e s e n t e d  i n  T a b l e  3 .  The 
f i r s t  t h r e e  l e a d - l a g  dominated  and t h e  f i r s t  
two f l a p p i n g  dominated  modes a r e  away from t h e  
c r i t i c a l  f r e q u e n c i e s  ( e . g . ,  3, 1, 5 and 8 p e r  
r e v )  and need not  be  improved f u r t h e r .  
T h e r e f o r e ,  t h e  f r e q u e n c y  windows f o r  t h e  
optimum b l a d e  a re  s e t  t o  be w i t h i n  51 p e r c e n t  
of t h e s e  v a l u e s  ( T a b l e  3 ) .  

Blades  w i t h  b o t h  r e c t a n g u l a r  and t a p e r e d  
p lanforms have been c o n s i d e r e d .  I n  c a s e  of 
t h e  r e c t a n g u l a r  b l a d e ,  t h e  box beam i s  uni form 
a l o n g  t h e  b l a d e  s p a n .  For  t h e  t a p e r e d  b l a d e  
it i s  assumed, as  i n  R e f .  1 9 ,  t h a t  t h e  box 
beam i s  t a p e r e d  ( F i g .  3 a )  and t!-,e a d d i t i o n a l  
d e s i 3 2  v a r i a b l e s  a re  t h e  box beam :?eight a t  
t h e  r o o t ,  hy, and t h e  t a p e r  r a t i o ,  k h ,  which 
i s  d e f i n e d  a s  t h e  r a t i o  3f t h e  box beam he2qb.t 
3t the Toot t3 :he c o r r e s p o n d i n g  v a l u e  a t  7b.e 
t i p  ( F i g .  3 a ) .  A s  i n  R e f .  13 ,  a l i n e a r  
v a r i a t i o n  of  t h e  box beam h e i g h t ,  h ,  i n  t h e  
spanwise d i r e c t i o n  ( z  d i r e c t i o n )  h a s  been 
assumed ( F i g .  3 b ) .  

4 R e s u l t s  and  D i s c u s s i o n  

T h i s  s e c t i o n  of  t h e  paper  p r e s e n t s  
r e s u l t s  o b t a i n e d  by a p p l y i n g  t h e  o p t i m i z a t i o n  
procedure ,  d e s c r i b e d  p r e v i o u s l y ,  t o  t h e  
cptimum d e s i g n  o f  b o t h  r e c t a n g u l a r  and  t a p e r e d  
r o t o r  b l a d e s .  F i r s t ,  optimum d e s i g n s  a r e  
d e s c r i b e d  and  compared w i t h  t h e  r e f e r e n c e  
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b l a d e  ( R e f s .  18  a n d  1 9 ) .  Second, AJFu1PQQPaQUALIT'drder t o  s a t i s f y  t h e  r o t a r y  i n e r t i a  
s t u d y  a s s e s s i n g  t h e  effects o f  i n c l u d i n g  
c o n s t r a i n t s  on h i g h e r  f r e q u e n c i e s  are  
d e s c r i b e d .  F i n a l l y ,  t h e  e f f e c t s  of  stress 
c o n s t r a i n t s  have been  i n v e s t i g a t e d  by 
comparing t h e  r e s u l t s  o b t a i n e d  w i t h  stress 
c o n s t r a i n t s  t o  t h o s e  w i t h o u t  stress 
c o n s t r a i n t s .  A s m r y  of t h e  c a s e s  s t u d i e d  
i s  g i v e n  i n  T a b l e  4 .  R e s u l t s  of t h e s e  s t u d i e s  
are  p r e s e n t e d  i n  Tables 5 and 6 f o r  t h e  
r e c t a n g u l a r  b l a d e  (30 and  40 d e s i g n  v a r i a b l e s )  
and i n  T a b l e  7 f o r  t h e  t a p e r e d  b l a d e  ( 4 2  
d e s i g n  v a r i a b l e s ) .  I n  e a c h  t a b l e ,  column 1 
r e p r e s e n t s  t h e  r e f e r e n c e  b l a d e  d a t a :  column 2 
g i v e s  t h e  c o r r e s p o n d i n g  i n f o r m a t i o n  f o r  t h e  
optimum d e s i g n  w i t h  c o n s t r a i n t s  on t h e  f i v e  
f r e q u e n c i e s ,  a u t o r o t a t i o n a l  i n e r t i a  and 
stress ( c a s e  a ,  T a b l e  4 ) ;  column 3 g i v e s  
r e s u l t s  f o r  t h e  optimum d e s i g n  wi th  
c o n s t r a i n t s  on t h e  f i v e  f r e q u e n c i e s  and 
a u t o r o t a t i o n a l  i n e r t i a  o n l y  (no  stress 
c o n s t r a i n t s ,  c a s e  b ,  Table 4 )  and column 4 
p r e s e n t s  t h e  r e s u l t s  ( R e f .  1 9 )  f o r  t h e  optimum 
d e s i g n  w i t h  c o n s t r a i n t s  on t h e  f i r s t  two 
f r e q u e n c i e s  ( e l a s t i c  modes o n l y )  and 
a u t o r o t a t i o n a l  i n e r t i a  ( c a s e  c ,  Table  4 ) .  I n  
a l l  c a s e s  convergence  t y p i c a l l y  h a s  been 
a c h i e v e d  i n  8-10 c y c l e s .  

The t a b l e s  i n d i c a t e  t h a t  w i t h  t h e  
c o n s t r a i n t s  on t h e  f i v e  f r e q u e n c i e s ,  t h e  
a u t o r o t a t i o n a l  i n e r t i a  and  t h e  b l a d e  stresses, 
t h e  optimum r e c t a n g u l a r  b l a d e  i s  2.67 t o  4.74 
p e r c e n t  l i g h t e r  t h a n  t h e  r e f e r e n c e  b l a d e  and 
t h e  optimum t a p e r e d  b l a d e  i s  6 . 2 1  p e r c e n t  
l i g h t e r  t h a n  t h e  r e f e r e n c e  b l a d e .  The f i r s t  
l e a d - l a g  f r e q u e n c y  ( f l )  i s  a t  i t s  p r e s c r i b e d  
upper  bound a f t e r  o p t i m i z a t i o n  and  t h e  
a u t o r o t a t i o n a l  i n e r t i a  c o n s t r a i n t  i s  a c t i v e  
( i . e .  e x a c t l y  s a t i s f i e d )  i n  a l l  cases. The 
a s s o c i a t e d  d e s i g n  v a r i a b l e  d i s t r i b u t i o n s  a r e  
p r e s e n t e d  i n  F i g s .  4-6. F i g .  4a p r e s e n t s  t h e  
optimum v e r s u s  t h e  r e f e r e n c e  b l a d e  box beam 
h o r i z o n t a l  w a l l  t h i c k n e s s  ( t l )  d i s t r i b u t i o n s  
a l o n g  t h e  b l a d e  span  f o r  t h e  r e c t a n g u l a r  b l a d e  
and F i g .  4b p r e s e n t s  t h e  same f o r  t h e  t a p e r e d  
b l a d e .  I n  b o t h  cases, t h e  optimum b l a d e  h a s  a 
l a r g e r  v a l u e  o f  tl t h a n  t h e  r e f e r e n c e  b l a d e  a t  
t h e  b l a d e  t i p  and  i n  case of  t h e  t a p e r e d  b l a d e  
t h e  v a l u e  o f  t l  a t  t h e  b l a d e  r o o t  i s  much 
smaller t h a n  t h e  v a l u e  f o r  t h e  r e f e r e n c e  
b l a d e .  F i g s .  Sa  and 5b p r e s e n t  t h e  optimum 
v e r s u s  t h e  r e f e r e n c e  b l a d e  box beam v e r t i c a l  
w a l l  t h i c k n e s s  ( t 2 )  d i s t r i b u t i o n s  a l o n g  t h e  

b l a d e  span  f o r  t h e  r e c t a n g u l a r  and t h e  t a p e r e d  
b l a d e ,  r e s p e c t i v e l y .  T h e  o p t i m i z a t i o n  p r o c e s s  
does  n o t  produce  s i g n i f i c a n t  changes  i n  t h e  t 2  
d i s t r i b u t i o n  f o r  t h e  r e c t a n g u l a r  b l a d e  ( F i g .  
S a ) .  The changes  a re  more s i g n i f i c a n t  f o r  t h e  
t a p e r e d  b l a d e  ( F i g .  5b)  w h e r e  t h e r e  a r e  l a r g e r  
v a i u e s  of  t 2  towards  t h e  b l a d e  t i p .  The 
l a r g e r  d e s i g n  v a r i a b l e  v a l u e s  towards t h e  
blade t i p  are  c a u s e d  by t h e  p r e s e n c e  of t h e  
a u t o r o t a t i o n a l  i n e r t i a  c o n s t r a i n t  which 
encourages  t h e  a d d i t i o n  of  mass a t  l o c a t i o n s  
o u t b o a r d .  F i g s .  6a and  6b d e p i c t  t h e  optimum 
v e r s u s  t h e  r e f e r e n c e  b l a d e  n o n s t r u c t u r a l  
segment weight  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  
r a d i u s .  For  t h e  r e c t a n g u l a r  b l a d e  ( F i g .  6a) 
t h e  optimum b l a d e  h a s  lower n o n s t r u c t u r a l  
weight  t h r o u g h o u t  t h e  b l a d e  s p a n .  However, 
f o r  t h e  t a p e r e d  b l a d e  ( F i g .  6b)  t h e  optimum 
b l a d e  h a s  larger  n o n s t r u c t u r a l  weight  towards  
t h e  b l a d e  t i p  t h a n  t h e  r e f e r e n c e  b l a d e .  T h i s  
i s  b e c a u s e  t h e  b l a d e  i s  t a p e r e d  and  h a s  
reduced  s t r u c t u r a l  weight  a t  t h e  b l a d e  t i p  and  

c o n s t r a i n t ,  t h e  n o n s t r u c t u r a l  weight  a t  t h e  
t i p  must i n c r e a s e .  

E f f e c t  of  C o n s t r a i n t s  on Hiqher  F r e q u e n c i e s  

T h i s  s e c t i o n  o f  t h e  paper  i n v e s t i g a t e s  
t h e  e f f e c t  o f  h i g h e r  f r e q u e n c y  c o n s t z a i n t s  on 
t h e  optimum b l a d e  weight  and t h e  optimum 
d e s i g n  v a r i a b l e  d i s t r i b u t i o n s .  T h e r e f o r e ,  t h e  
r e s u l t s  o f  t h e  c u r r e n t  work which i n v o l v e s  
c o n s t r a i n t s  on f i v e  f r e q u e n c i e s  and r o t a r y  
i n e r t i a  ( c a s e  b, T a b l e  4 )  a r e  compared wi th  
t h e  r e s u l t s  o b t a i n e d  by t h e  a u t h o r s  i n  R e f .  1 9  
w i t h  c o n s t r a i n t s  on two f r e q u e n c i e s  and t h e  
r o t a r y  i n e r t i a  ( c a s e  c ,  Table  4 ) .  The r e s u l t s  
of t h i s  s t u d y  are  summarized i n  t h e  l a s t  two 
columns of T a b l e s  5 and  6 f o r  r e c t a n g u l a r  
b l a d e  ( 3 0  and  40 d e s i g n  v a r i a b l e s ,  
r e s p e c t i v e l y )  and Table 7 f o r  t a p e r e d  b l a d e  
( 4 2  d e s i g n  v a r i a b l e s ) .  Table  5 i n d i c a t e s  t h a t  
f o r  t h e  r e c t a n g u l a r  b l a d e  w i t h  30 d e s i g n  
v a r i a b l e s ,  t h e  optimum b l a d e  weight  i n c r e a s e s  
from 89.92 l b s  i n  t h e  two f requency  c a s e  LC) 

95.28 l b s  i n  t h e  f i v e  f r e q u e n c y  c a s e .  
However, t h e  optimum b l a d e  w i t h  f i v e  f requency  
c o n s t r a i n t s  i s  s t i l l  3 p e r c e n t  l i g h t e r  :?.an 
t h e  r e f e r e n c e  b l a d e .  Tables 6 and 7 i ~ . , d i z a : s  
s i m i l a r  t r e n d s  f o r  t h e  r e c t a n g u l a r  b l s 2 e  ,wi:h 
4 0  d e s i g n  v a r i a b l e s  and  t h e  t a p e r e d  bissp r l : h  
4 2  d e s i g n  v a r i a b l e s .  T h e r e  i s  a l s o  a :?.anqe 
i n  t h e  v a l u e  of  t h e  t a p e r  r a t i o  hh f r s m  1.1 t5 
1 . 5  as  shown i n  T a b l e  7 s u g g e s t i n g  t h a t  t h e  
b l a d e  t a p e r  i n c r e a s e s  w i t h  an i n c r e a s e  i n  t h e  
number  of  f r e q u e n c y  c o n s t r a i n t s .  The  
o p t i m i z a t i o n  p r o c e s s  raises t h e  f r e q u e n c y  f l  

( f i r s t  l e a d - l a g )  t o  i t s  p r e s c r i b e d  upper  bound 
and t h e  a u t o r o t a t i o n a l  i n e r t i a  c o n s t r a i n t  i s  
a c t i v e  i n  a l l  t h e  c a s e s .  

F i g u r e s  7-9 d e p i c t  t h e  d e s i g n  v a r i a b l e  
d i s t r i b u t i o n s  (optimum v e r s u s  r e f e r e n c e )  f 3 r  
t h e  f i v e  and two f r e q u e n c y  c o n s t r a i n t  c a s e s .  
F i g .  7a d e p i c t s  t h e  h o r i z o n t a l  box beam w a l l  
t h i c k n e s s  ( t l )  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  
span w i t h  30 d e s i g n  v a r i a b l e s  f o r  t h e  
r e c t a n g u l a r  b l a d e .  F i g .  7b d e p i c t s  t h e  same 
d i s t r i b u t i o n  f o r  t h e  t a p e r e d  b l a d e  w i t h  4 2  
d e s i g n  v a r i a b l e s .  T h e r e  a r e  s i g n i f i c a n t  
r e d i s t r i b u t i o n s  o f  t h e  wal l  t h i c k n e s s e s  
between t h e  f i v e  and two f requency  c o n s t r a i n t  
c a s e s .  For  example,  f o r  t h e  r e c t a n g u l a r  b l a d e  
( F i g .  7 a ) ,  i n  t h e  f i v e  f requency  c o n s t r a i n t  
c a s e  ( c a s e  b )  t h e  w a l l  t h i c k n e s s  (tl) i s  
s m a l l e r  i n  magni tude  a t  t h e  b l a d e  r o o t  t h a n  
t h e  r e f e r e n c e  blade v a l u e  b u t  l a r g e r  t h a n  t h e  
two f r e q u e n c y  c o n s t r a i n t  c a s e  (case c ) .  
However, a t  t h e  b l a d e  t i p  t h e  v a l u e  of t l  i n  
t h e  f i v e  f r e q u e n c y  c o n s t r a i n t  c a s e  i s  
s i g n i f i c a n t l y  smaller t h a n  i t s  v a l u e  i n  t h e  
two f r e q u e n c y  c o n s t r a i n t  c a s e ,  a l t h c u g h  both  
t h e s e  v a l u e s  a r e  l a r g e r  chan t h e  r e f e r e n c e  
b l a d e  v a l u e .  The s i t u a t i o n  d i f f e r s  a t  t h e  
b l a d e  r o o t  i n  t h e  t a p e r e d  b l a d e  c a s e  ( P i g .  7b)  
where t h e  v a l u e  of t l  i n  t h e  f i v e  f requency  
c o n s t r a i n t  c a s e  i s  smaller t h a n  t h e  v a l u e  f o r  
t h e  two f r e q u e n c y  c o n s t r a i n t  case. F i g s .  8a 
and 8b p r e s e n t  t h e  box beam v e r t i c a l  wall  
t h i c k n e s s  ( t Z )  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  
span f o r  r e c t a n g u l a r  and t a p e r e d  b l a d e s ,  
r e s p e c t i v e l y .  The f i g u r e s  show t h a t  t h e  v a l u e  
of  t 2  i n  t h e  f i v e  f r e q u e n c y  c o n s t r a i n t  c a s e  i s  
l a r g e r  a t  t h e  b l a d e  r o o t  t h a n  it i s  i n  t h e  two 
f requency  c o n s t r a i n t  case whereas  t h e  
t e n d e n c i e s  are  r e v e r s e d  a t  t h e  b l a d e  t i p  f o r  
bo th  t h e  r e c t a n g u l a r  and t a p e r e d  b l a d e s .  
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F i g s .  9a and 9b d e p i c t  t h e  n o n s t r u c t u r a l  
segment weight  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  
span f o r  t h e  r e c t a n g u l a r  and  t h e  t a p e r e d  
b l a d e s ,  r e s p e c t i v e l y .  There  i s  a s i g n i f i c a n t  
r e d u c t i o n  and change i n  t h e  n o n s t r u c t u r a l  
weight  d i s t r i b u t i o n  between t h e  r e f e r e n c e  
b l a d e  and  t h e  optimum b l a d e  i n  t h e  two 
f requency  c o n s t r a i n t  case t h a n  it  i s  i n  t h e  
f i v e  f r e q u e n c y  c o n s t r a i n t  case. I n  o t h e r  
words, t h e  n o n s t r u c t u r a l  weight  d i s t r i b u t i o n s  
f o r  t h e  f i v e  f r e q u e n c y  c o n s t r a i n t  case i s  
c l o s e r  t o  t h a t  o f  t h e  r e f e r e n c e  b l a d e .  T h i s  
i s  because  t h e  r e f e r e n c e  b l a d e  was d e s i g n e d  
wi th  a l a r g e r  number of  d e s i g n  r e q u i r e m e n t s  on 
f r e q u e n c i e s .  There  are  s i g n i f i c a n t  
d i f f e r e n c e s  i n  t h e  optimum d e s i g n  v a r i a b l e  
d i s t r i b u t i o n  a l o n g  t h e  b l a d e  span  between t h e  
two and f i v e  f r e q u e n c y  c o n s t r a i n t  c a s e s .  T h i s  
can be  e x p l a i n e d  as  f o l l o w s .  The  mass a n d / o r  
s t i f f n e s s  d i s t r i b u t i o n  t e n d s  t o  f o l l o w  t h e  
p a t t e r n  o f  t h e  c o u p l e d  mode s h a p e s  i n  t h e  
f requency  c o n s t r a i n e d  o p t i m i z a t i o n .  I n  t h e  
two f requency  c o n s t r a i n t  c a s e s ,  t h e r e f o r e ,  t h e  
mass d i s t r i b u t i o n s  f o l l o w e d  t h e  mode s h a p e s  of 
:he c o u p l e d  f i r s t  l e a d - l a g  dominated f r e q u e n c y  
and t h e  f i r s t  f l a p p i n g  dominated  f r e q u e n c y .  
I n  t h e  f i v e  f r e q u e n c y  c o n s t r a i n t  c a s e s ,  t h e  
mass d i s t r i b u t i o n s  f o l l o w e d  a d i f f e r e n t  
p a t t e r n  a s  h i g h e r  coupled  f r e q u e n c i e s  a r e  
i n c l u d e d .  

E f f e c t  of  S t r e s s  C o n s t r a i n t s  

The  e f f e c t  of a d d i n g  c e n t r i f u g a l  s tress 
c o n s t r a i n t s  t o  t h e  optimum d e s i g n  w i t h  
f requency  and  a u t o r o t a t i o n a l  i n e r t i a  
c o n s t r a i n t s  h a s  a l s o  been  i n v e s t i g a t e d .  The 
optimum d e s i g n s  w i t h  and w i t h o u t  c o n s t r a i n t s  
on t h e  stresses a r e  compared i n  Tables 5 - 7 .  
Table  5 i n d i c a t e s  t h a t  f o r  t h e  r e c t a n g u l a r  
b l a d e  w i t h  30 d e s i g n  v a r i a b l e s ,  t h e  optimum 
b l a d e  weight  i n c r e a s e s  w i t h  t h e  a d d i t i o n  of  
stress c o n s t r a i n t s .  For  example i n  T a b l e  5 ,  
t h e  b l a d e  w e i g h t  r e d u c t i o n  d e c r e a s e s  from a 
v a l u e  of  3 . 0 4  p e r c e n t  i n  case b t o  a v a l u e  of  
2 . 6 7  p e r c e n t  i n  c a s e  a .  The d i f f e r e n c e s  i n  
weight  become more pronounced w i t h  a n  i n c r e a s e  
i n  t h e  number o f  d e s i g n  v a r i a b l e s  ( T a b l e s  6 
and 7 ) .  F o r  t h e  t a p e r e d  b l a d e  t h e r e  i s  v e r y  
l i t t l e  change i n  t h e  t a p e r  r a t i o .  I n  a l l  t h e  
c a s e s  s t u d i e d ,  t h e  o p t i m i z a t i o n  p r o c e s s  s t i l l  
moves t h e  f i r s t  lead-lag f r e q u e n c y  f l  t o  i t s  
upper  bound and t h e  a u t o r o t a t i o n a l  i n e r t i a  
c o n s t r a i n t  remains  c r i t i c a l .  

Some t y p i c a l  r e s u l t s  showing t h e  e f f e c t  
of  s tress c o n s t r a i n t s  on optimum v e r s u s  
r e f e r e n c e  b l a d e  d e s i g n  v a r i a b l e  d i s t r i b u t i o n s  
s t u d y  a r e  p r e s e n t e d  i n  F i g s .  10-11. F i g s .  10a 
and 10b d e p i c t  t h e  box beam h o r i z o n t a l  w a l l  
t h i c k n e s s  ( t l )  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  
span w i t h  and  w i t h o u t  t h e  s t ress  c o n s t r a i n t s  
f o r  b o t h  r e c t a n g u l a r  and  t a p e r e d  b l a d e s ,  
r e s p e c t i v e l y .  The p r e s e n c e  of s t r e s s  
c o n s t r a i n t s  i n c r e a s e s  t h e  w a l l  t h i c k n e s s e s  a t  
t h e  b l a d e  t i p  and r e d u c e s  them i n b o a r d  f o r  t h e  
r e c t a n g u l a r  b l a d e  w i t h  30 d e s i g n  v a r i a b l e s  
( F i g .  l o a ) .  However, t h e  t e n d e n c i e s  are  
r e v e r s e d  i n  t h e  t a p e r e d  b l a d e  ( F i g .  l o b ) .  
F i g s .  l l a  and  l l b  show t h e  n o n s t r u c t u r a l  
weight  d i s t r i b u t i o n s  a l o n g  t h e  b l a d e  span  f o r  
t h e  r e c t a n g u l a r  and  t a p e r e d  b l a d e s ,  
r e s p e c t i v e l y .  For  t h e  r e c t a n g u l a r  b l a d e  ( F i g .  
l l a )  t h e  o p t i m i z a t i o n  p r o c e s s  r e d u c e s  t h e  
n o n s t r u c t u r a l  w e i g h t s  a t  e a c h  segment ( c a s e  b )  
and t h e  i n c l u s i o n  of s tress c o n s t r a i n t s  (case 
a )  o n l y  i n c r e a s e s  them a l i t t l e .  However f o r  
t h e  t a p e r e d  b l a d e  ( F i g .  l l b ) ,  t h e  stress 
c o n s t r a i n t s  i n c r e a s e  t h e  n o n s t r u c t u r a l  segment 
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weight  a t  each  segment making them h i g h e r  t h a n  
t h e  r e f e r e n c e  b l a d e  v a l u e s  towards  b l a d e  
o u t b o a r d .  

Concludinq Remarks  

I n  t h i s  p a p e r  a p r o c e d u r e  has  been 
d e s c r i b e d  f o r  t h e  minimum weight  d e s i g n  of 
h e l i c o p t e r  r o t o r  b l a d e s  w i t h  c o n s t r a i n t s  on 
m u l t i p l e  c o u p l e d  f l a p - l a g  n a t u r a l  f r e q u e n c i e s ,  
a u t o r o t a t i o n a l  i n e r t i a  and c e n t r i f u g a l  s t r e s s .  
The d e s i g n  v a r i a b l e s  used  are  t h e  box beam 
c r o s s  s e c t i o n a l  d imens ions ,  t h e  magnitudes of  
t h e  n o n s t r u c t u r a l  segment weights  and t h e  
b l a d e  t a p e r  r a t i o .  The program CAMRAD has  
been used  t o  c a l c u l a t e  t h e  mode shapes  and 
f r e q u e n c i e s  of  t h e  b l a d e  and t h e  program 
CONMIN h a s  been used  f o r  t h e  O p t i m i z a t i o n .  I n  
addi:ion, a l i n e a r  approximat ion  t e c h n i q u e  
i n v o l v i n g  T a y l o r  s e r i e s  expans ion  has  been 
nsed t o  r e d u c e  a n a l y s i s  t i m e .  A s e n s i t i v i t y  
a n a l y s i s  c o n s i s t i n g  of  a n a l y t i c a l  d e r i v a t i v e s  
sf :he o b j e c t i v e  f u n c t i o n ,  t h e  a u t o r o t a t i o n a l  
i n e r t i a  c o n s t r a i n t  and t h e  stress c o n s t z a i n t s  
and a c e n t r a l  f i n i t e  d i f f e r e n c e  scheme f o r  t h e  
d e r i v a t i v e s  of  t h e  f r e q u e n c y  c o n s t r a i n t s  2 3 s  
been per formed.  Optimum d e s i g n s  have = s e n  
o b t a i n e d  f o r  b l a d e s  w i t h  b o t h  r e c t a n g u l a r  3 r d  
t a p e r e d  p l a n f o r m s  and compared !wi th  an 
e x i s t i n g  ( r e f e r e n c e )  b l a d e .  S t u d i e s  have a l s o  
been per formed t o  assess t h e  e f f e c t s  s f  h i g h e r  
f requency  c o n s t r a i n t s  a n d  stress c o n s t r a i n t s  
on t h e  optimum b l a d e  d e s i g n s .  

T h e  f o l l o w i n g  c o n c l u s i o n s  have been 
drawn from t h e  p r e s e n t  s t u d y .  The 
o p t i m i z a t i o n  program CONMIN a l o n g  w i t h  t h e  
l i n e a r  a p p r o x i m a t i o n s  b a s e d  on Taylor  series 
expans ions  h a s  been v e r y  e f f i c i e n t  and optimum 
r e s u l t s  have been o b t a i n e d  i n  t y p i c a l l y  e i g h t  
t o  t e n  c y c l e s .  The r e s u l t s  o f  t h e  s t u d y  
i n d i c a t e  t h a t  t h e r e  i s  a n  i n c r e a s e  i n  t h e  
b l a d e  weight  and a s i g n i f i c a n t  change i n  t h e  
d e s i g n  v a r i a b l e  d i s t r i b u t i o n s  w i t h  a n  i n c r e a s e  
i n  t h e  number of  f r e q u e n c y  c o n s t r a i n t s .  T h e  
o p t i m i z a t i o n  p r o c e s s  t e n d s  t o  r e d i s t r i b u t e  
mass toward  t h e  b l a d e  t i p  due t o  t h e  p r e s e n c e  
of t h e  a u t o r o t a t i o n a l  i n e r t i a  c o n s t r a i n t .  The 
i n c l u s i o n  of  t h e  s t ress  c o n s t r a i n t s  has 
d i f f e r e n t  e f f e c t s  on t h e  w a l l  t h i c k n e s s  
d i s t r i b u t i o n s  of  t h e  r e c t a n g u l a r  and t h e  
t a p e r e d  b l a d e s ,  b u t  t e n d s  t o  i n c r e a s e  t h e  
magnitude o f  t h e  n o n s t r u c t u r a l  segment weight  
d i s t r i b u t i o n s  i n  b o t h  cases.  
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Table 1. Reference blada data ( F i g .  2 )  

Seg- Length Box beam dimension ( f t )  Bending s t i f f -  T O K -  Nonstructural Pre- 
ment ( f t )  n e s s  x LO4 s i o n a l  segment weight t w i s t  
NUln- (lb - f t  1 s t i f f -  (lbs) l d e g . )  

be r n e s s  

2 

wo 

x lo4 
( l b - f t ‘ )  

EXx E1 G3 Total  M i n .  
Y t 1 t 2  t3 L 

1 1.37 0.0116 0.0080 0.0280 7.349 78.58 11.111 6.718 0.89 1 . 7 4 5  

2 2.2 0.0100 0.0100 0.0440 6.957 84.68 10.139 9.088 L.435 2.6i7 

3 2.2 0.0075 0.0075 0.0325 5.548 66.55 7.778 1.978 1.435 5.534 

4 2.2 0 .0060  0 . 0 0 5 0  0.0050 4.128 35.40 5.833 1.435 1.435 a.725 

5 2.2 o.oo50 o.oo50 0.0045 3.537 31.20 5.000 2.352 1.435 6.ao5 

6 2.2 0.0050 0.0050 0.0035 3.514 29.89 4.861 5.852 1.435 5.235 

7 2.2 0.0050 0.0050 0.0040 3.526 30.55 4.931 6.342 1.435 3.43 

8 2.2 0.0050 0.0050 3.0046 3.539 31.31 5.000 6.573 1.435 3 . 2 3  

9 2.2 0.0050 0 , 0 0 5 0  0.0035 3.514 29.89 4.961 6.372 1.435 -0.175 

10 2.2 0.0050 0.0050 0.0021 3.481 27.91 2.778 5.962 1.435 -1.315 

Table 2 .  Blade preassigned propert ies  

Number of blades 

Blade radius 

Chord 

F lap  h i n g e  o f f s e t  

Inplane hinge o f f s e t  

S o l i d i t y  (based on 
mean chord) 

Precone angle 

Droop angle 

Tip sweep 

Pitch a x i s  droop 

Pi tch  a x i s  sweep 

Rotor speed 

4 

2 2  f t .  

1 . 3  f t .  

0 . 8 3 3  f t .  

0 . 8 3 3  f t .  

0 . 0 7 4 8  

0 degree 

0 degree 

0 degree 

0 degree 

0 degree 

2 9 3  rprn 

Table 3. Reference b lade  frequencies  and bounds 
(windows) 

Reference Blade Prescr ibed Bounds 
Frequency 

HZ per rev Hz per rev Hz per rev 
lower upper 

El 12.295 2.52 12.162 2.49 12.438 2 . 5 4  

f2 1 6 . 0 9 8  3.30 15.936 3.26 16.258 3.33 

f3 23.913 4.28 20.704 4.24 21.122 4.33 

f4 34.524 7.09 34.272 7.32 34.966 7 . 1 6  

f 5  35.361 7 . 3 4  35.532 7.27 36.214 7 . 4 2  

C 
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Table 4 .  Summary o f  c a s e s  s t u d i e d  T a b l e  5 .  O p t i m i z a t i o n  r e s u l t s  f o r  r e c t a n g u l a r  
b l a d e :  c a s e s  a - c .  30 d e s i g n  v a r i a b l e s  
(see T a b l e  4 )  

Con- N O .  o f  P l a n f o r m  Derrign 
s t r a i n t  D e s i g n  v a r i a b l e s  
C a s e  var iables  ( i = 1 , 2 ,  . . . ,  10) R e f e r e n c e  Opt  hUln 

b l a d e  b l a d e  

b 

30 

30 

30 

40 

40 

40 

42 

42 

R e c t a n g u l a r  t:,,t2i.t3i 
I. 

R e c t a n g u l a r  t li ,  t2i, t j i  

R e c t a n g u l a r  t l i l t2 i l t3 i  

R e c t a n g u l a r  t l :  f t 2 i l t 3 i , w o i  

R e c t a n g u l a r  , t 2 ;  , t 3 i , w o i  - -  
R e c t a n g u l a r  t l i ,  t 2 i , t 3 i , W 3 ;  

T a p e r e d  h:' I , ,  tii< t 2 ;  

T a p e r e d  h r ' h h ' t l , ' t 2 i ~  

r31'aoi 

1 

3 Wo 

C 42 T a p e r e d  

Case C o n s t r a i n t  d e f i n i t i o n  A b b r e v i a t i o n  u s e d  

a Windows o n  f i r s t  t h r e e  5 f r e q , A I , U  
l e a d - l a g  a n d  f i r s t  two  
f l a p p i n g  f r e q u e n c i e s ,  
a u t o r o t a i o n a l  i n e r t i a  
a n d  stress c o n s t r a i n t s  

b Windows o n  f i r s t  t h r e e  5 f r e q , A I  
l e a d - l a g  a n d  f i r s t  two  
f l a p p i n g  f r e q u e n c i e s  a n d  
a u t o r o t a t i o n a l  i n e r t i a  
c o n s t r a i n t  

c Windows o n  f i r s t  l e a d - l a g  2 f r e q , A I  
a n d  first f l a p p i n g  f req.  
a n d  a u t o r o t a t i o n a l  i n e r t i a  
c o n s t r a i n t  ( R e f .  19) ' 

5 F f e q  5 F r e q  2 r ' r e q  
AL A I A I  
U 

case a c a s e  5 3358 c 
- 

fl (32) 1 2  . 2 8 5  

f 2  (32) 16 . ' 398  

f 3  (32) 2 2 . 9 1 3  

f 4  I H Z )  3 4 . 6 2 4  

f j  1 3 2 )  35.361 

xut3- 
r 3 t a t l ; n a l  5 1 7 . 3  
ine rc i B 

( l b - f t - )  

3 l a d e  w e i g h t  9 8 . 2 7  
(ib) 

D e r r e n t  r e d u c -  
t i o n  i n  b l a d e  - 
w e i g h t  

i 2 . 4 3 8  1 2 . 4 C 8  1 2 . 4 7 9  

16.056 16 , : . ; 4  1 5 . 3 4 5  

20.968 2 1 . 3 2 7  2 1 . 3 7 7  

3 4 . 5 4 6  34 .594  3 3 . 3 6 3  

3 5 . 5 3 2  3 5 . 5 0 2  34.2:: 

5 1 7 . 3  5 1 7 . 3  511.2 

9 5 . 6 2  9 5 . 2 3  5 3 . 2 2  

2 . 6 7  3 . 0 4  3 . 5 0  

* - From r e f e r e n c e  blade 

T a b l e  6 .  O p t i m i z a t i o n  r e s u l t s  f a r  r e c t a n g u l a r  
b l a d e ;  cases a - c ,  40 d e s i g n  v a r i a b l e s  
(see T a b l e  4 )  

R e f e r e n c e  
b l a d e  

Opt  imum 
b l a d e  

5 Freq 5 F r e q  2 F r e q  
a1 a1 a1 

c a s e  a c a s e  b c a s e  2 
U - - 

f l  (Hz) 12.285 1 2 . 4 0 8  1 2 . 4 0 8  1 2 . 4 0 8  

1 6 . 0 9 8  1 6 . 3 7 5  1 6 . 0 2 5  1 5 . 9 4 0  

f 3  (Hz) 2 0 . 9 1 3  2 1 . 0 8 1  2 1 . 0 6 0  2 2 . 6 0 0  

f 2  ( H Z )  

f 4  1x2) 3 4 . 5 2 4  3 4 . 8 2 3  3 4 . 6 8 9  3 7 . 3 5 0  

f j  (Hz) 3 5 . 3 6 1  3 5 . 8 3 s  3 5 . 5 9 5  38.711) 

Adto-  
r o t a t i o n a l  5 1 7 . 3  5 1 7 . 3  5 1 7 . 3  5 1 7 . 3  
i n e r t i a  

2 ( i b - f t  ) 

B l a d e  w e i g h t  9 8 . 2 7  
( l b )  

P e r c e n t  r e d u c -  
t i o n  i n  b l a d e  - 4 . 7 4  7 . 7 8  1 3 . 2 3  

9 3 . 6 1 3  90 .624  9 5 . 2 7 3  

w e i g h t  

- From r e f e r e n c e  b l a d e  
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Table 7 .  Optimization r e s u l t s  f o r  tapered 
blade;  c a s e s  a-c ,  42 d e s i g n  v a r i a b l e s  
(see Table 4) 

Optimum 
blade  

5 Freq 5 Freq 2 Freq 

c a s e  a c a s e  b c a s e  c 

AI AI AI 
a - - 

1.0 xh 

f l  ( H z )  12.285 

f 2  ( H z )  16.098 

f3 ( H z )  20.913 

f4 (Hz) 34.624 

f 5  (Hz) 35.861 

AutO- 
r o t a t i o n a l  517.3 
i n e r t i a  
( l b - f t ' )  

Blade weight 98.27 
( l b )  

Percent reduc- 
t i o n  i n  blade - 
weight 

f 

1.490 

12.408 

16.066 

20.888 

34.678 

35.507 

517.3 

92.16 

6.21 

1.508 1.111 

12.408 12.408 

16.064 15.938 

20.959 22.504 

34.646 36.753 

35.525 38.447 

517.3 517.3 

89.24 84.24 

9.19 14.28 

- From reference  b lade  

I Initialize deslgn variables I 
-1 Cycle = cycle + 1 

ana aooroxirnate analysis I 

i Calculate obleclive function 
and constraints 

I 
l 

No f 

- .  r i g .  1 Flowchar t  of t h e  o p t i m i z a t i o n  p r o c e s s  

l 

a )  Tapered  box beam 

I ht 
I 

0 R 
, z  

h(z)  = h,(l -z/R) + hi  z/R 

5 )  Roto r  b l a d e  t a p e r  

F i g .  3 Rotor  b l a d e  
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L _--- -------; 
,002 

"83 4.4 8.8 13.2 17.6 22.0 
Blade radius, ft 

a )  Rec tangu la r  b l a d e ,  30 d e s i g n  v a r i a b l e s  

-1 Vertical 

Reference blade 
----- 

008 r L - -  
Horizontal 

wall thickness (11) 006 r 
I - - - - -  n 

004 + L - I  
002 p I 

I 
, 

0 "  I ' I ' I ' 
83 4 4  8 8  132 176 220 

Blade radius fl 

5) Tapered  b l a d e ,  4 2  d e s i g n  v a r i a b l e s  

F i g .  4 Optimum d i s t r i b u t i o n  of box beam 
h o r i z o n t a l  w a l l  t h i c k n e s s  (t a l o n g  
b l a d e  r a d i u s  

I--; --- 

Nonstructural 

Reference blade 
5 frequency. AI. a 

- 
---_- 

- Reference blade 
5 frequency AI. a -_---  

4 6 4  - 
Nonstructural --I 

segment weight. 4 8 - 
Ib I 

O L  83 4 4  8 8  132 ' 7 6  2 2 9  
Blade radius. ft 

5)  Tapered b l a d e ,  4 2  des ign  ' , 'sr-ables 

F ig .  6 Optimum d i s t r i b u t i o n  of n o n s t r u c t u r a l  
segment weight  a l o n g  b i a d e  rad1-s  

012 - 

010 'L1 
- Reference blade 

5 kequency. AI 
--- 2 frequency AI 

----- 

I- - 
, I  
1 :  

008 - '--L I /  

n 

b)  

F i g .  7 

11 

006 k----- 

I 

I 
0 
83 4 4  8 8  132 1 7 6  220 

Blade radius. fl 

Tapered b l a d e ,  4 2  des ign  v a r i a o l e s  

Optimum d i s t r i b u t i o n s  of  m x  beam 
h o r i z o n t a l  w a l l  thickness (tl) a l o n g  
b l ade  z a d i u s ;  e f f e c t  of h i g h e r  
f r equency  c o n s t r a i n t s  
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I 
002 t 

I I 

Reference blade 
5 frequency. AI 
2 frequency, AI 

- 
----- 012 r 

Vertical 
wall thickness (tz), 

n 

,002 1 I 
"83 4.4 8 8 13.2 176 22.0 

Blade radius. li 

I a) Rec tangu la r  b l a d e ,  30 d e s i g n  v a r i a b l e s  

Reference blade 
5 frequency. AI 
2 frequency. AI 

- 
----- 

018 r 

015 - 
012 - '-1 I ,  

I 
i-'-' I---, I I 

Vertical 

--I wall thickness (t2) 009 a -- 

01 5 1 - Reference blade 
_---- j'reauency AI 6 

5 frequency AI 

fl 

b)  

Fig. 8 

----- 

0 
83 4 4  8 8  132 176 2 2 0  

Blade radius. fi 

Tapered b l a d e ,  4 2  d e s i g n  v a r i a b l e s  

Optimum d i s t r i b u t i o n s  of box beam 
v e r t i c a l  w a l l  t h i c k n e s s  ( t 2 )  a l o n g  
b l a d e  r a d i u s ;  e f f e c t  of h i g h e r  
f r equency  c o n s t r a i n t s  

-- I-- 

I 
003 r 

J 
83 4 4  8 8  132 1'6 2 2 :  

Blade radius fl 

0 ' " " '  

5) Tapered b l a d e ,  4 2  d e s i g n  :arraD;es 

Fig. 1 0  Optimum d i s t r i b u t i o n s  sf > o x  beam 
h o r i z o n t a l  w a l l  t h i c k n e s s  (tl) a l o n g  
b l a d e  r a d i u s :  e f f e c t  sf s t r e s s  
c o n s t r a i n t s  

9 6  

8.0 R 9 6  7 

80 - R - Reference blade 
----- 5 frequency. AI. a 

5 frequency. AI --- 
- Reference blade 

5 frequency. AI 
2 frequency. AI 

_---- 

Nonstructural 
segment Ib weight. 4 8 1 Nonstructural 

Ib 
segment weight. 4.8 

3.2 1 
1 6 L  

r -  ___---- 

0 I 
83 4 4  8 8  1 3 2  175 2 2 0  

Blade radius fi 

Xec tangu la r  Dlade, 40 clesrgn v a z i a 3 l e s  

0 ' .  I ' ' ' ' ' 
.83 4.4 8.8 13.2 17.6 22.0 

Blade radius. fl 

R e c t a n g u l a r  b l a d e ,  4 0  d e s i g n  v a r i a b l e s  a )  a )  

1 9 6  r 
8 0 -  j 

I--1 

- Reference blade 
----- 5 frequency. AI 
--- 2 frequency. AI 

- Seference blade 
_----  S'reabeniy AI 0 

5 'requency AI 

9 6  

Nonstructural 

lb 
segment weight. 4 8 p 

--- 

1 
6 4  -1 

segment Nonstructural Ib weight. 4 8 =' - !dm 
3 2  L 

1 6 -  
~ 

I 
83 4 4  8 8  132 176 220 

Blade radius fl 

0 

5) Tapered Dlade,  4 2  d e s i g n  varlaol5s 

Fig .  11 Optimum d i s t r i b u t i o n  of  n o n s t r u c t u r a l  
segment weight  a l o n g  b l a d e  Zadius: 
e f f e c t  of  s t r e s s  c o n s t r a i n t s  

o ' i ' i ' l  1 8  

83 4 4  8 8  132 176 220 
Blade radius. fl 

b)  Tapered b l a d e ,  4 2  d e s i g n  v a r i a b l e s  

F i g .  9 Optimum d i s t r i b u t i o n s  of n o n s t r u c t u r a l  
segment weight  a l o n g  b l a d e  r a d i u s  
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