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Abstract Realisations of associahedra with linear non-isomorphic normal fans can be
obtained by alteration of the right-hand sides of the facet-defining inequalities from
a classical permutahedron. These polytopes can be expressed as Minkowski sums
and differences of dilated faces of a standard simplex as described by Ardila et al.
(Discret Comput Geom, 43:841-854, 2010). The coefficients y; of such a Minkowski
decomposition can be computed by Mobius inversion if tight right-hand sides z; are
known not just for the facet-defining inequalities of the associahedron but also for all
inequalities of the permutahedron that are redundant for the associahedron. We show
for certain families of these associahedra:

(1) How to compute the tight value z; for any inequality that is redundant for an
associahedron but facet-defining for the classical permutahedron. More precisely, each
value z; is described in terms of tight values z; of facet-defining inequalities of the
corresponding associahedron determined by combinatorial properties of /.

(2) The computation of the values y; of Ardila, Benedetti & Doker can be significantly
simplified and depends on at most four values z, (1), Zu(1), Zc(ry and zq(r).

(3) The four indices a(I), b(I), c(I) and d(I) are determined by the geometry of the
normal fan of the associahedron and are described combinatorially.

(4) A combinatorial interpretation of the values y; using a labeled n-gon. This result
is inspired from similar interpretations for vertex coordinates originally described by
Loday and well-known interpretations for the z7-values of facet-defining inequalities.
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1 Introduction

Postnikov defined in [18] generalised permutahedra as a subfamily of all convex poly-
topes that have the following H-description:

P,({z;}) = {x eR” | Zie[n] xi=zppand >, x>z fora C I C [n]},

where [n] denotes the set {1, 2, ..., n}. The classical (n — 1)-dimensional permuta-
hedron, as described for example by Ziegler, [29], corresponds to z; = W for
@ C I C [n] (we distinguish between C and C!). Obviously, some of the above
inequalities may be redundant for P,({z;}) and, unless the value z; is tight, suffi-
ciently small increases and decreases of z; for a redundant inequality do not change
the combinatorial type of P,({z;}). Although the encoding by all values z; is not
efficient, Proposition 1.2 below gives a good reason to specify tight values z; for
all I C [n]. The subfamily of generalised permutahedra is now characterised by the
additional requirement that P,({z;}) is an element of the deformation cone of the
classical permutahedron. Equivalently, this means that the normal fan of the gener-
alised permutahedron is a coarsening of the normal fan of the classical permutahedron
or that no facet-defining hyperplane of the permutahedron is moved past any ver-
tices, compare Postnikov et al. [19]. This fine distinction and additional condition
is easily overlooked but essential. For example, Proposition 1.2 does not hold for
arbitrary polytopes P,({z;}), we illustrate this by a simple example in Sect. 5. Fun-
damental examples of generalised permutahedra are dilations of the standard simplex
A, = conv{ey, es, ..., e,} where ¢; denotes the ith standard basis vector of R”.
For any two polytopes P and Q, the Minkowski sum P + Q is defined as

{p+qlpeP,qge 0}

In contrast, we define the Minkowski difference P — Q of P and Q only if there is
a polytope R such that P = Q + R. For more details on Minkowski differences we
refer to [23]. We are interested in decompositions of generalised permutahedra into
Minkowski sums and differences of dilated faces A; A of the (n — 1)-dimensional
standard simplex A,, where the faces Ay of A, are given by conv{e;};<; for I C [n].
If a polytope P is the Minkowski sum and difference of dilated faces of A,, we
say that P has a Minkowski decomposition into faces of the standard simplex. The
following two results are known key observations.

Lemma 1.1 ([1, Lemma 2.1]). P,({z7}) + P,({z}}) = P.({z1 + 2} D).

If we consider the function / —— z; that assigns every subset of [n] the corre-
sponding tight value z; of P, ({z7}), then the M&bius inverse of this function assigns
to I the coefficient y; of a Minkowski decomposition of P,({z;}) into faces of the
standard simplex:
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Fig.1 Two 3-dimensional associahedra As§ = P4({Z§ }) with vertex coordinates computed for differently
chosen Coxeter elements according to [11]. The different Coxeter elements are encoded by different label-
ings of hexagons as indicated. The images shown are isometric copies of 3-polytopes contained in the affine
hyperplane x| + x + x3 + x4 = 10 of R4

Proposition 1.2 ([1, Proposition 2.3]) Every generalised permutahedron P, ({z1})
can be written uniquely as a Minkowski sum and difference of faces of A,:

Pu{zid) = D yiAg,

1<(n]

where y; = ng(—l)”\”z/f()r each I C [n].

In particular, we also have z; = > ;; ys. A basic example is the classical permu-
tahdron: it is known to be a zonotope and it is the Minkowski sum of the edges and
vertices of A,. The reader is invited to check that the corresponding z;-values obtained
by this formula yield precisely the right-hand sides mentioned earlier.

We will study Minkowski decompositions of generalised permutahedra that have
the same normal fan as As;_,. Two 3-dimensional examples of As§ (with distinct
normal fans) are shown in Fig. 1, we describe their construction in detail in Sect. 2.
The normal fans of these polytopes are determined by a Coxeter element ¢ of the
symmetric group, but we will avoid the explicit use of Coxeter elements and use a
partition D, U U, of [r] induced by ¢ instead. The main result is that the relation
between z;- and y;-coordinates of Proposition 1.2 simplifies significantly: each y;
can be computed from at most four values z; which depend on / and the normal fan
of the polytope (or, equivalently, the Coxeter element ¢ or the corresponding partition
of [n]). Moreover, we give an explicit combinatorial description how to determine these
terms z . If we further restrict to the realisations As{, _, as described by Hohlweg and
Lange in [11], we show that the coefficients y; can be described as signed product of
path-lengths of a labeled polygon.

We now give examples of Minkowski decompositions of realisations of
2-dimensional associahedra Asgl and As§2 which are contained in the affine hyperplane
X1+ x2+x3 =6o0f R3. We immediately see that the Minkowski decompositions are
distinct since the set of coefficients y; differs. These associahedra are pentagons that
are obtained from the classical permutahedron by making the inequality x; + x3 > 3
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(respectively xp > 1) redundant. They are described by the following complete set of
tight z;-values z}' and z:

1 {1 {2 {3} {1,2} {1,3} {2,3} {1,2,3}
2! 1 1 1 3 2 3 6
2 1 0 1 3 3 3 6

Using Proposition 1.2, the reader may verify that
ASEI =1Am+ 1Ay + 1A+ 1A +0A 3+ 1A R 3+ 1A (12,3
and
Asy = 1A(1) +0Apy + 1Ay + 2A712) + 1A (13 + 28023 + (D Af1,2,3).

Illustrations of these decompositions are given in Figs. 2 and 3.

We could stop here and be fascinated how the Mobius inversion relates the descrip-
tion by half spaces to the Minkowski decomposition. But we go beyond this alternating
sum description for y; and significantly simplify the formula for each y; in Therom 4.2.
In fact, each y; can be expressed as an alternating sum of at most four non-zero values
Za(ly, Zb(I)> Ze(ry and zg(7y which are tight right-hand sides for certain facet-defining
inequalities as specified in the theorem. In other words, we extract combinatorial
core data for the Mobius inversion of the function z; and answer the question which
subsets J of I are essential to compute y; if the associahedron’s normal fan is the
normal fan of As{_,. Figure 9 illustrates how Theorem 4.2 can be used to compute
the coefficients y; for one of the two examples shown in Fig. 1. If the associahedron
coincides with some As; | of Hohlweg and Lange [11], Theorem 4.3 states a purely
combinatorial interpretation of the values y;. To illustrate this theorem, we recompute
yi for As3' and As5? in Examples 4.6 and 4.7.

The outline of the paper is as follows. Section 2 summarises necessary known facts
about As; _, and indicates some occurrences of the realisations considered here in the
mathematical literature. In Sect. 3 we introduce the notion of an up and down interval

(r—(3)
(1)
(1)

A+ Ay + A
AS;1 = A{l’g’g} + ( ! 2 3 )

+A¢1,2) + D23y

Fig. 2 The Minkowski decomposition of the 2-dimensional assiciahedron Asg' into faces of the standard
simplex is actually a Minkowski sum of some faces of a standard simplex
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Asg? + A At s
S {1,2,3} =
’ +2- Aoy +Ansp+2- Ay

Fig. 3 The Minkowski decomposition of AS%2 into dilated faces of A

decomposition for subsets / C [n]. This decomposition depends on the choice of a
Coxeter element ¢ (or equivalently on a partition of [n] induced by ¢) and is essential
to prove Proposition 3.8. This proposition gives a combinatorial characterisation of
all tight values z; for A8;;71 needed to evaluate y; using Proposition 1.2. The main
results, Theorems 4.2 and 4.3, are then stated in Sect. 4. The proof of Theorem 4.2 is
long and convoluted and deferred to Sects. 6 and 7, while Theorem 4.3 is proved under
the assumption of Theorem 4.2 in Sect. 4. To show that Proposition 1.2 and Theo-
rem 4.2 do not hold for polytopes P,({z;}) that are not contained in the deformation
cone of the classical permutahedron, we briefly study a realisation of a 2-dimensional
cyclohedron in Sect. 5.

About the same time as some of these results were achieved, Pilaud and Santos
showed that the associahedra As;,_, are examples of brick polytopes [16,17]. One
of their results is that any brick polytope can be expressed as a Minkowski sum of
other brick polytopes. As a consequence, we have two Minkowski decompositions of
As; _, that are extremal in the following sense. The first decomposition of As, | has a
relatively complicated structure with respect to the coefficients y; (possibly negative
numbers) but is very simple with respect to the polytopes used (faces of a standard
simplex). On the other hand, the second decomposition of As{, _, has a simple structure
in terms its coefficients (they are either O or 1) but is more complicated with respect
to the polytopes used (brick polytopes). At the time of writing, the exact relationship
of these two decompositions is not properly understood and remains a joint project of
Pilaud with the author.

2 Associahedra as Generalised Permutahedra

Associahedra form a family of combinatorially equivalent polytopes and can be
realised as generalised permutahedra. Since the combinatorics of a polytope is encoded
in its face lattice, we define an associahedron as a polytope with a face lattice that is
isomorphic to the lattice of sets of non-crossing proper diagonals of a convex and plane
(n + 2)-gon Q ordered by reversed inclusion.! This description immediately tells us

LA proper diagonal is a line segment connecting a pair of vertices of Q whose relative interior is contained
in the interior of Q. A non-proper diagonal is a diagonal that connects vertices adjacent in dQ and a
degenerate diagonal is a diagonal where the end-points are equal.
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5 2 3 2
0 4 0 5 0 5 0 3
1 3 1 4 1 4 1 5
2 3 2 4
D, ={1,2,3,4} D, = {1,3,4} D, = {1,2,4} D, = {1,4}
U.=2 Ue = {2} Ue = {3} Ue={2,3}

Fig. 4 The four possible c-labelings Q. of a hexagon

that the set of k-faces is in bijection to the set of triangulations of Q with k proper
diagonals removed. In particular, vertices correspond to triangulations and facets cor-
respond to proper diagonals. Since associahedra turn out to be simple polytopes, a
result of Blind and Mani-Levitska with an elegant proof due to Kalai, [3,13], guaran-
tees that the face lattice is already determined by the 1-skeleton, so it suffices to specify
the vertex-edge graph to determine the combinatorics of the face-lattice. This graph is
known as the flip graph of triangulations of Q. In 2004, Loday published a beautiful
combinatorial description for the vertex coordinates of associahedra constructed ear-
lier by Shnider and Sternberg, Shnider and Stasheff [24,25,14]. Loday’s description
is in terms of labeled binary trees dual to the triangulations of Q. The construction
of Shnider, Sternberg and Stasheff as well as Loday’s vertex description was subse-
quently generalised by Hohlweg and Lange [11]. The latter construction explicitly
describes realisations As],_; of (n — 1)-dimensional associahedra and exhibits them
as generalised permutahedra. The construction depends on the choice of a Coxeter
element ¢ of the symmetric group X, on n elements.

We now outline the construction of As¢_,. Although we use Coxeter elements in
our notation to distinguish between different realisations, we do not explicitly use
Coxeter elements. It is known that the Coxeter elements are in bijection to the certain
partitions D, LI U, of [n]. We will use these partitions to obtain labelings Q. of Q and
refer to D, as down set and to U, as up set. The partitions satisfy

De={di=1<dy<---<dy=n} and U,={u;<up<---<uy}l,

son ={¢+m, |D.| =€ > 2and |U.| = m. We now obtain the c-labeling Q. of O
with label set [n 4+ 1] U {0} as follows. Pick two vertices of Q which are the end-points
of a path with £ + 2 vertices on the boundary of Q, label the vertices of this path
counter-clockwise increasing using the label set D, := D, U {0, n + 1} and label the
remaining path clockwise increasing using the label set U.. The labeling Q. has the
property that the label set D, is always on the right-hand side of the diagonal {0, n + 1}
oriented from O to n + 1. To illustrate these c-labelings Q., observe that there are
four distinct partitions D, U U, for n = 4 which yield the four labeled hexagons Q.
shown in Fig. 4. We derive values z; for some subsets I C [r] using oriented proper
diagonals of Q. as follows. Orient each proper diagonal § from the smaller to the
larger labeled end-point of §, associate to § the set Rs that consists of all labels on
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Table 1 Rs and Zf associated to the proper diagonals § of the labelled hexagon for the associahedron on
the left of Fig. 1 (D, = 1,3,4 and U, = 2)

8 {0, 3} {0, 4} {0, 5} {1,2} {1, 4} {1,5} {2, 3} {2, 4} {3,5}
Rs {1} {1, 3} {1,3,4} {2,3,4} {3} (3,4} {1,2} {1,2,3} {4}
Z(I}S 1 3 6 6 1 3 3 6 1

the strict right-hand side of §, and replace the elements 0 and n 4 1 by the smaller
respectively larger label of the end-points contained in U, if possible. For each proper
diagonal § we have Rs C [n] but obviously not every subset of [n] is of this type if
n > 2. Now set

e W if I = R;s for some proper diagonal §,
iy =
! —00 else,

compare Tables 1 and 2 for the two associahedra As§ depicted in Fig. 1 that correspond
to two different c-labelings of a hexagon. In [11] it is shown that P, ({Z¢}) is in fact an
associahedron of dimension (n — 1) realised in R” for every choice of c. In other words,
to obtain these associahedra from the classical permutahedron, we make all inequalities
redundant that do not correspond to a proper diagonal of Q.. Of course, the right-hand
sides Z§ = —oo are not tight. Proposition 3.8 shows how we can compute the tight
values for Z{ using finite values Z¢ of facet-defining inequalities only. Throughout this
manuscript and for any choice c, the reader may refer to this set of tight values {Z}} to
illustrate the results. But we emphasise that this specific choice {Z{} is only assumed
for Statements 4.3—4.5. All other results are valid for the larger class of z;-coefficients
where is polytope P,({z;}) is an associahedron with the same normal fan as some
As{ . Proposition 3.8 and Theorem 4.2 can be applied to this more general situation
to obtain tight values for the redundant values z¢ and to obtain the coefficients y; of
the Minkowski decomposition into faces of the standard simplex.

It is known that realisations ASZL | and Asfl{ | can be linear isometric for certain
choices c¢1 and ¢y and values z;, [2]. While the two associahedra depicted in Fig. 1
are neither linear isometric nor do they have the same normal fan, we remark that the
associahedra Asy' and As5? discussed in the previous section are linear isometric and
the isometry is a point reflection ® in the hyperplane Zie[3] x; = 6. Although the z;-
and yy-values differ for both realisations, they transform according to this isometry. If
we consider a Minkowski decomposition of As.g2 with respect to the faces of ®(Aj3),
we obtain precisely the Minkowski coefficients of Asgl with respect to the faces of the
standard simplex:

Table 2 R; and Zf associated to the proper diagonals § of the labelled hexagon for the associahedron on
the right of Fig. 1 (D, = 1,4 and U, = 2, 3)

8 {0, 4} {2, 4} {3, 4} {0, 5} {0, 3} {1,2} {2,5} {1, 3} {1, 5}
Rs {1} {1,2} {1,2,3} {1,4} {1,3,4} {2,3,4} {1,2,4} {3, 4} {4}
Z%S 1 3 6 3 6 6 6 3 1
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B Gp)er() (o
(I—3) (2?:)\7 (

O(A1) + ©(A2) + <I>(A3))
+O(Ag101) + ©(Ag23y)

As3? = O(Ag1,2,3)) + (

Fig. 5 The Minkowski decomposition of AS%' into faces of the simplex ®(A[37)

AsY? = ®(Aqy) + P(Apy) + P(AE) + P(Aq12)
+O(Ap3)) + P(A,2,3),

see Fig. 5 for an illustration. We can weaken this observation a little bit to obtain
a statement about realisations with linear isomorphic normal fans. Such realisations
have been discussed for example by Ceballos et al. [6]. Suppose that @ is a linear
isomorphism that maps the normal fan of As:;'_ | to the normal fan of ASZZ_ 1- Then @
induces a transformation between the index sets of the redundant/irredundant inequal-
ities of AsflL | to the redundant/irredundant inequalities of ASZ{1 . Of course, the values
zy' forAs;' | transform only into tight right-hand sides of As;* | if As}? | = ®(As;' ).
Thus we obtain two Minkowski decompositions of Asfil: one into faces of the stan-
dard simplex A, as described in Theorem 4.2 and another one into faces A of D(A,).
The combinatorial description of the coefficients y,; for Asgﬂl with respect to faces
of ®(A,) is the same as the description of y; for Asf;]_1 with respect to faces of A,,. Of
course, to compute the coefficients y;, the values for the right-hand sides have to be
adjusted to the right-hand sides Z?‘ of ® (As;Ll ). As a consequence, the combinatorial
data that describes the simplification of the Mobius inversion of Theorem 4.2 is already
determined by the geometry of the normal fan of As, up to linear isomorphism.

We end this section relating Asy, to earlier work. Firstly, we indicate a connec-
tion to cambrian fans, generalised associahedra and cluster algebras and secondly to
convex rank texts and semigraphoids in statistics. Thirdly, we mention some earlier
appearances of specific instances of As;,_| in the literature.

Fomin and Zelevinsky introduced generalised associahedra in the context of clus-
ter algebras of finite type, [8], and it is well-known that associahedra are generalised
associahedra associated to cluster algebras of type A. The construction of [11] was
subsequently generalised by Hohlweg, Lange, and Thomas to generalised associahe-
dra, [12], and depends also on a Coxeter element c. The geometry of the normal fans of
these realisations is determined by combinatorial properties of ¢ and the normal fans
are c-cambrian fans (introduced by Reading and Speyer in [20]). Reading and Speyer
conjectured the existence of a linear isomorphism between c-cambrian fans and g-
vector fans associated to cluster algebras of finite type with acyclic initial seed (the
notion of a g-vector fan for cluster algebras was introduced by Fomin and Zelevinsky
[9]). In [21], Reading and Speyer describe and relate cambrian and g-vector fans in
more detail and prove their conjecture up to an assumption of another conjecture of
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[9]. Yang and Zelevinsky gave an alternative proof of the conjecture of Reading and
Speyer in [28]. Stella recently recovered the realizations of generalized associahedra
for finite type of [12] and describes the relationship to cluster algebras in detail [27].

Generalised permutahedra and therefore the associahedra As{, _; are closely related
to the framework of convex rank tests and semigraphoids from statistics as discussed
by Morton et al. [15]. The semigraphoid axiom characterises the collection of edges
of a permutahedron that can be contracted simultaneously to obtain a generalised per-
mutahedron. The authors also study submodular rank tests, its subclass of Minkowski
sum of simplices tests and graphical rank tests. The latter one relates to graph associ-
ahedra of Carr and Devadoss [5]. Among the associahedra studied in this manuscript,
Loday’s realisation fits to Minkowski sum of simplices and graphical rank tests.

Some instances of Aszfl have been studied earlier. For example, the realisations of
Loday, [14], and of Rote et al. [22], related to one-dimensional point configurations,
are affine equivalent to As | if U. = @ or U. = [n]\{l,n}. For U, = @, the
Minkowski decomposition into faces of a standard simplex is described by Postnikov
in [18]. Moreover, Rote, Santos, and Streinu point out in Sect. 5.3 that their realisation
is not affine equivalent to the realisation of Chapoton et al. [7]. It is not difficult to
show that the realisation described in [7] is affine equivalent to Asg if U, = {2} or
U, = {3}.

3 Tight Values for all z§ for As®_,

Since the facet-defining inequalities for As; _, correspond to proper diagonals of Q.,
we know precisely the irredundant inequalities for the generalised permutahedron
P,({Z7}) = As;,_,. In this section, we determine tight values z{ for all I C [n] cor-
responding to redundant inequalities in order to be able to compute the coefficients
y1 of the Minkowski decomposition of As;_, as described by Proposition 1.2. The
concept of an up and down interval decomposition induced by the partitioning D, LIU,.
(or, equivalently, induced by c¢) of a given interval I C [n] is a key concept that we
introduce first, it allows us to describe any I C [n] in terms of unions and intersec-
tions of sets Rs for certain proper diagonals determined by this decomposition (or,
equivalently, as unions of set differences of certain sets Rs and their complements).

Definition 3.1 (Up and down intervals). LetD, = {d| = 1 < dy < --+- < dy = n}

and U, = {u; < up < --- < uy} be the partition of [n] induced by a Coxeter
element c.
(a) A set S C [n]is anon-empty interval of [n] if S = {r,r + 1, ..., s} for some

0 <r <s < n. We write S as closed interval [r, s] (end-points included) or as
open interval (r — 1, s + 1) (end-points excluded). An empty interval is an open
interval (k, k + 1) for some 1 < k < n.

(b) A non-empty open down intervalisaset S = {d, < d,41 < --- < dg} € D, for
some 1 <r <s < {. We write S as open down interval (d,_1, dy+ l)Dc where we
allowd,_1 =0and dg+1 = n + 1,ie. d-—1,ds41 € D..Forl <r<e¢—1,we
also have the empty down interval (dy, dr+1)p, -
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(c) A closed up interval is a non-empty set S = {u, < uy41 < --- < ug} < U, for
some 1 <r <s < {. We write [u,, uS]UC.

We often omit the words open and closed when we consider down and up intervals.
There will be no ambiguity, because we are not going to deal with closed down intervals
or open up intervals. Up intervals are always non-empty, while down intervals may
be empty. It will be useful to distinguish the empty down intervals (d, dr+1)p, and
(ds, ds+ I)DC. if r # s although they are equal as sets.

It might be helpful to read the following definition of the up and down interval
decomposition in combination with Examples 3.3 and 3.5.

Definition 3.2 (Up and down interval decomposition). Let D, U U, be the partition
of [n] induced by a Coxeter element ¢ and I C [n] be non-empty. The up and down
interval decomposition of type (v, w) of [ is a partition of / into disjoint up and down
intervals / IU, R Iul;J and / lD e IP obtained by the following procedure.

1. Suppose there are v non-empty inclusion maximal down intervals of / denoted
by I = (. bo)p,. 1 < k < , with by < a4t for 1 < k < . Consider also
all empty down intervals ElD = (dy;, dr;+1)p, With by < dy;, < dy+1 < ag4q for
0 < k < ¥ where by =1land as+1 = n. Denote the open intervals (a;, b;) and
(dy;, dr;+1) of [n] by I; and E; respectively.

2. Consider all inclusion maximal up intervals of I contained in some interval ;
or E; obtained in Step 1 and denote these up intervals by

IV =lar, Bily,. -, 19 = law, Buly,.-

Without loss of generality, we assume ¢; < i < tj+1.
3. A down interval Il.D = (a;, bi)p,, 1 <i < v,is adown interval obtained in Step 1
that is either a non-empty down interval /, kD or an empty down interval E ,E) with

the additional property that there is some up interval I]U obtained in Step 2 such

that I]U C Ej. Without loss of generality, we assume b; < a;41 for 1 <i < v.

Example 3.3 We describe the up and down interval decomposition for three subsets
of [4] which is partitioned into D, = {1, 3, 4} and U, = {2} and encourage the reader
to sketch the steps.

M Ji = (2.3}, )
The only non-empty inclusion maximal down interval of J; is / lD =(1,4)p.={3};
there are no empty down intervals E ZD to be considered. As inclusion maximal up
intervals of J; contained in il = (1,4) = {2, 3}, we identify IIU:[Z, 2]u.={2}.
The up and down interval decomposition of Jy is (1,4)p, U [2, 2]y,. Its type
is (1, 1).

(i) Jo = {2}.
There is no non-empty inclusion maximal down interval of J, to be considered,
but there is one empty down interval £ P = (1,3)p, suchthat £y = (1, 3) = {2}
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contains one inclusion maximal up interval / 1U = [2, 2]y, = {2} of J». It follows
that the up and down interval decomposition of J; is (1, 3)p, U [2, 2]y, . Its type
is (1, 1).

(iii) Consider J3 = {2, 4}.
The only non-empty inclusion maximal down interval of J3 is iP:(?a, S)p, ={4};
there is one empty down interval E P = (1, 3)p, such that £ contains an inclu-
sion maximal up interval of J3, this is the up interval / IU = [2, 2]y, = {2}. There

is no non-empty inclusion maximal up interval contained in I ID . It follows that the
up and down interval decomposition of J3 is ((1, 3)p, U2, 2]Uc) L ((3, S)Dc)'
Its type is (2, 1).

Definition 3.4 (Nested up and down interval decomposition, nested components)

Let D, U U, be the partition of [n] induced by a Coxeter element ¢ and I C [n] be

non-empty.

(a) The up and down interval decomposition of I is nested if its type is (1, w).

(b) A nested component of / is an inclusion-maximal subset J of / such that the up
and down decomposition of J is nested.

The definition of a nested up and down interval decomposition can be rephrased as
follows: all up intervals are contained in the interval (aj, b1) of [n] obtained from the
unique (empty or non-empty) down interval / ID = (a1, b1)p, . The following example
describes the up and down interval decompositions of / = R; for all proper diagonals
8 of Q.. The situation is illustrated in Fig. 6. As a consequence, we observe that the
up and down interval decomposition for R is always nested if § is a proper diagonal.

Example 3.5 Let D, LU U, be the partition of [n] induced by a Coxeter element c. The
proper diagonals § = {a, b}, a < b, of the c-labeled polygon Q. are in bijection
to certain non-empty proper subsets Rs C [n] that have an up and down interval
decomposition of type (1, 0), (1, 1), or (1, 2). More precisely, we have

a=d, b=ds

0={d,,d} forr <s 0 = {uy,us} forr <s

I={dy1, " ,ds—1} I =D U{ur, - yur U {ug, -+ yum}

a = u, [
0 n+1 0 n+1
d=1 de=n dy =1 dy=n
b=d, a=d,
0 = {uy,ds} for u, < ds 0 ={dy,us} for d, < us
1= {d17"' 7d571}|—|{uly'“ 7u7‘} 1= {d7'+17“' 7dl}u{u37"' 7u7n}

Fig. 6 The four possible situations for a diagonal § = {a, b} of Example 3.5
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(i) Rs = (a, b)p, iff Rs has an up and down decomposition of type (1, 0).
(i) Rs = (0,b)p, U [uy,aly, or Rs = (a,n + 1)p, U [b, uy ]y, iff Rs has a decom-
position of type (1, 1).
(iii) Rs = (0,n+1)p, Ului, aly, YU [b, unlup, iff Rs has an up and down decompo-
sition of type (1, 2).

To simplify notation, we extend the definition of Rs to the non-proper diagonals
8 ={0,u;}and 6 = {uy, n + 1} by defining R0 4} = Ry4,,,n+1) = [7]. An example
of the diagonals §; ; associated to an up and down interval decomposition defined in
the next Lemma is discussed and illustrated in Example 3.7 and Fig. 7.

Lemma 3.6 Given the partition [n] = D, U U, induced by a Coxeter element c. Let |
be a non-empty proper subset of [n] with up and down interval decomposition of
type (v, w) and nested components of type (1, wy), ---, (1, wy). For 1 <i < v and
1 < j < w;, denote by [a; j, Bi, j]u, the inclusion maximal up intervals contained in
the down interval (a;, b;)p, where B; j < a; j+1 and b; < ajy1.

Associate to the nested component (1, w;) the diagonal §; 1 = {a;, b;} if w; = 0.
If w; > 0 then associate to the nested component (1, w;) the diagonals

3i1 = {ai, o1},
8i,j = {Bi,j—1, i} for1 <j<w;, and
Si,wi+l = {IBI',U),'s b}

Then the diagonals §; ; are non-crossing and

I = U ﬂ Rs, ;= U (R(Si,w,-ﬂ\( U [n]\R‘S"’f))'

i€fv] jelwi+1] i€lv] Jj€lwi]

Proof Tt follows from the definition of nested components that §; ; and §;/ ; are non-
crossing if i # i’. That §; ; and §; ;» are non-crossing within a nested component is
implied by B; ; < o j+1.

To see the identities on I, we first remark that [ = () jelwi+1] Rs,. ; follows directly
from the the up and down interval decomposition of / and the definition of R if /
has only one nested component. If / consists of more than one nested component,

2 2 2
0 5 0 5 0 5
1 4 1 4 1 4
3 3 3
Ji = {273} Jo = {2} J3 = {2a4}

Fig. 7 The associated diagonals 8; ; for the three examples considered in Example 3.7
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we obtain the claim since it holds for each nested component separately. The sec-
ond identity is a simple reformulation of the first. This is easily seen in case of just
one nested component: instead of intersecting the sets Rs, we choose § = 81,4, +1
and remove the complements [n]\Rs, i 1 < j < w; from Rs. This yields

ﬂje{wlﬂl Rs; ;- o

Example 3.7 We briefly discuss the diagonals associated to the up and down interval
decomposition for the three subsets J; = {2,3}, J» = {2} and J3 = {2, 4} of [4]
partitioned by D, = {1, 3, 4} and U, = {2}. These examples are illustrated in Fig. 7.

1) J1 = (1,4)p, U [2,2]y, and the associated diagonals are 1,1 = {I,2} and
812 =12,4}.
(i) J» = (1,3)p, U [2,2]y, and the associated diagonals are §;;; = {1,2} and
812 =1{2,3}.
(i) /3 = ((1,3)p, U[2,2]y,) U ((3.5)p,) and the associated diagonals are
S11=1{1,2}, 812 =1{2,3}and 82,1 = {3, 5}.

The final proposition of this section resolves the quest for tight values z§ of all
redundant inequalities of an associahedron that has the normal fan of As{,_,. If we
denote this associahedron by P,({Z{}), then the inequalities that correspond to an
index set I = Rs for some proper diagonal of Q. are precisely the facet defining
inequalities and all other inequalities are redundant.

Proposition 3.8 Given the partition [n] = D. U U, induced by a Coxeter element c.
Let I be a non-empty proper subset of [n] with up and down interval decomposition
of type (v, w) and nested components of type (1, wy), ..., (1, wy). For 1 <i < v and
1 < j < w;, denote by [«; ;, Bi, j]u, the inclusion maximal up intervals contained in
the down interval (a;, b;)p, where B; j < a; j+1 and b; < a;11. The diagonals §; ;
are defined as in Lemma 3.6. For non-empty I C [n] we set

2y = Z ( z 5535”. — wiZfy)-
ielvl jelwi+11

Then P({z5}) = P({z§}) and all z§ are tight.

Proof The verification of the inequality is a straightforward calculation:

2=, 2 m

iel i€lv] keﬂj€ fw; 1] R5. .
=2 (2w- 2 >«
ie[v] kelv] jelwi+1] ke[n]\R,g
=2 (G, + 2 (G, —Z[,,])).
i€lv] Jelw;i+1]

The first equality is an application of Lemma 3.6 and the second equality is a
simple reformulation. The inequality holds, since > ;. Ry Xi = Zfea is equivalent to
— Zie[n]\Rs Xi > Zi?a — Z|n) for every proper diagonal 6. O
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Definition 3.9 Let / be a non-empty proper subset of [n] with up and down interval
decomposition of type (v, w) and nested components of type (1, wy), ---, (1, wy).
As in Lemma 3.6, we associate diagonals §; j for 1 <i <vand1 < j < w;. The
subset Dy of proper diagonals of {§; ;|1 <i < wvand1 < j} is called set of proper
diagonals associated to /. Similarly, we say that § € Dy is a proper diagonal associated
to 1.

We end this section with some remarks. First, if a non-proper diagonal § = {0, u1} or
8={u,,, n+ 1} occurs as a diagonal associated to the first or last nested component, the
formula for z§ in Proposition 3.8 can be simplified by cancelation of the corresponding
terms ;. Second, for any proper diagonal § of Q, we obtain z = Z% . And finally,
we can characterise the face of P({Z{}) that minimises the linear functional Zi cr Xi
for a given non-empty and proper subset I C [n].

Corollary 3.10 Associate the linear functional ¢j(x) = > ;.; X; to a non-empty
proper subset 1 C [n] and denote the facet of P({Z{}) that is supported by
ZieR,s Xi = Z%B for the proper diagonal § by Fg;. Then the intersection ﬂ56D1 Fgy
is the minimizing face of P({Z}}) for ¢;.

4 Main Results and Examples

Substitution of Proposition 3.8 into Proposition 1.2 provides a way to compute all
Minkowski coefficients y; since all tight values z§ for As? | = P,({z}) are known:

y; = Z(_I)II\JIZCJ — Z(_l)uw z ( Z z%ﬁj —wiZf). (D

JcI JcI ielvy] jelwi+1] 5

The goal of this section is to provide two simpler formulae for y;. The first one, given
in Theorem 4.2, simplifies Formula (1) to at most four non-zero summands for each
I C [n]. The second one, stated in Theorem 4.3, is only valid if the right-hand sides of
the facet-defining inequalities satisfy z§ = W The values y; are then described
as a (signed) product of two numbers that measure certain paths of Q.. Theorem 4.3
can be seen as a new aspect to relate combinatorics of the labeled n-gon Q. to a
construction of As;_,: the coefficients for the Minkowski decomposition into faces
of the standard simplex can be obtained from the combinatorics of Q.. Two other
relations of the combinatorics of Q. to the geometry of As; _, were known before. It
is possible to extract the coordinates of the vertices [14,11], but it is also possible to
determine the facet normals and the right-hand sides for their inequalities [11].

From now on, we use the following notation and make some general assumptions
unless explicitly mentioned otherwise. Let [n] = D.UU, be the partition of [n] induced
by some fixed Coxeter element ¢ with

Do={di=l<dy<---<dy=n} and U, ={u; <--- <upl.

A non-empty subset I C [n] with up and down interval decomposition of type (v, w)
has nested components (1, w;), 1 <i < v, such that the inclusion maximal up inter-
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vals [; j, Bi,j]u,. contained in the down interval (¢;, b;)p, satisfy B; ; < «; j+1 and
b; < a;4+1.Fornested I, thatis, if v = 1, we simplify notation and drop one subscript:
we write (a, b)p, UlJ lf: 1leej, Bjlu, for the up and down interval decomposition where
aj < Bj < aji1 as before. Nevertheless, we do not drop an index for the associated
diagonals §;; introduced in Lemma 3.6, we continue to denote them by §; ; or § ;
to avoid a conflict with the diagonals &1, &2, 63 and 84 defined next. To that respect,
we define y (respectively I') to denote the smallest (respectively largest) element of
anested set / and associate the following four diagonals of the c-labeled (n + 2)-gon
Q. to this nested set I:

S1={a,b}, S ={a, T}, d&={y,b}, and Ss4={y, T}

In general, not all diagonals §; will be proper diagonals, but it will be useful to consider
the subset Z; of {§1, 62, 83, 84} that consists of proper diagonals only. We emphasize
that the diagonals §; should be distinguished from the diagonals §; ; defined in Lemma
3.6 and the set D; should be distinguished from 7.

Example 4.1 We discuss the four diagonals 61, 87, 83 and 84 associated to three sub-
sets Ji, J2, J3 € [4] which is partitioned into D, = {1, 3,4} and U, = {2}. These
associated set Z; are illustrated in Fig. 8.

(1) Since J1 = {2,3} = (1,4)p, U2, 2]y, is nested, we have y =2 and I' = 3. It
follows that

i ={1,4}, & ={L3}, & ={2,4} and & ={2,3}.
In this situation, all diagonals §; except diagonal §, = {1, 3} are proper diagonals.
Therefore, 97 = {81, 83, 84}
(i1) Since J» = {2} = (1, 3)p, U[2, 2]y, is nested, we have y = I' = 2. This implies
81 =1{1,3}, & ={1,2}, & =1{2,3} and 44 =1{2,2}.

In this situation, the diagonals §; and 84 are not proper while the diagonals 8,
and 83 are proper. Hence, Z; = {32, 83}.

Ji=A{2,3} J2 = {2} J3 ={2,4}

Fig.8 The diagonals of Z; (the proper diagonals among the associated diagonals §; ) for the three examples
of Example 4.1

@ Springer



918 Discrete Comput Geom (2013) 50:903-939

(iii)) The set J3 = {2, 4} is not nested since its up and down interval decomposition is
of type (2, 1). We do not associate diagonals §; to J3, the set Z; is empty.

We now extend our definition of Rs and z%s to all non-proper and degenerate
diagonals 8. If § = {0,n + 1} and U, = & we set Ry := [n] and z%s = an].
Otherwise, if § = {x, y} is not a proper diagonal (different from § = {0, n + 1} if
U, = @), we set:

@ ifx,yeD 0 ifRs =@

R::{ T T¢ and C::{ . ’
s [n] otherwise, Ry zf, ifRs = [n].

The main result, Theorem 4.2, actually combines two statements. Firstly, there is a
more efficient way to compute the coefficients of the Minkowski decomposition of
an associahedron As;_, = P({z}}) compared to the alternating sum proposed by
Proposition 1.2. Secondly, the terms z§ for redundant inequalities that are needed
to compute y; are combinatorially characterised and depend on the choice of ¢ or
equivalently on the normal fan of As;;l. Of course, their precise values depend on
the values z of inequalities that are facet-defining.

Theorem 4.2 Let I be non-empty subset of [n]. Then the Minkowski coefficient y; of
Asi | = P({z{}) is

n—1 —

I\R . . . . .
] = { (_l)l \ . | (Zﬁeﬁl o Z%ﬁz - Z%&:; + Z;QM) lf‘v = 1’
0 otherwise.

We prove Theorem 4.2 in Sect. 6. An example illustrating the theorem for the left
associahedron As§ of Fig. 1 (D, = {1, 3,4} and U, = {2}) is given in Fig. 9 where we
also explicitly compute the y;-values for this realisation with z§ = W for the
facet-defining inequalities.

For the rest of this section, we specialise to realisations with this specific choice
of zr-values. We obtain a nice combinatorial interpretation of the coefficients y; in
Theorem 4.3 and characterise the vanishing y;-values in Corollary 4.5.

If 1 has a nested up and down interval decomposition, the signed lengths K,, and K1
of I are integers defined as follows. Let | K| be the number of edges of the path in 0 Q
connecting b and I" that does not use the vertex labeled a. The sign of K is negative if
and only if I' € D.. Similarly, | K, | is the length of path in d Q connecting a and y not
using label b and K, is negative if and only if y € D.. Equivalently, we have that K,
(respectively Kr) is a positive integer if and only if y € U, (respectively I' € U.) and
that K, = —1 (respectively Kr = —1) if and only if y € D, (respectively I' € D).
We can now express the coefficients y; of As? _, interms of K, and K. The following
theorem is an easy consequence of Theorem 4.2.

Theorem 4.3 Let Kt and K, be the signed lengths of I as defined above if I C [n]
has a nested up and down interval decomposition of type (1, k). Then the Minkowski
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coefficient y; of As_, is

(=DM PDIK, K if I # {ug} € Ue and v =1,
yr=1m+1) —K,Kr if I = {us} C U,
0 ifv > 2.

Proof By Theorem 4.2, the claim is trivial if / has up and down interval decomposition
of type v > 1. We therefore assume v = 1, set K := |Rs, | and observe

Kr = |Rs,| — |Rs,| and K}, = |Rs;| — | Ry, .

Thus
84 K+ K, 4+ Kr — 1if I = {u},
as well as
. K&K+
ZRSI = B s
¢ _ (K+Kp)(K+Kp+1)
ZRSZ = ) s
K+K,))(K+K 1
ZRs =( TR Ry A+ ),and
3 2
K+Kr+K,)(K+Kr+K,+1 .
ZC B ( I y)(2 T y ) lfI ;é {us},
Rs, — .
4 (K+KF+K}/)(§+KF+K)/+1) — (4 1) ifI = {u).

A direct computation shows

(K+Kr+Ky))(K+Kr+Ky,+1)
Ry, = TRy ~ TRy T — : = Krky.

The claim is now an immediate consequence of Theorem 4.2. O
Corollary 4.4 For n > 2 and any choice D, U U., we have y[,] = (—1)|U<".

Proof The claim follows directly either from Theorem 4.2 or from Theorem 4.3. To
obtain the claim from Theorem 4.2, observe that [n]\Rs, = U, and

c c c c
ZRS] _ZRSZ _ZR33 +ZR§4 =1.

To obtain the claim from Theorem 4.3, we remark that [n]\Rs, = I\(a, b)p and
K, =Kr=-lsincea=0,b=n+1,y=1,andI' =n. O

Corollary 4.5 Let n > 2 and D, U U, be a partition induced by some Coxeter
element c. Then y; = 0 if and only if I has an up and down decomposition of type
(vy, wp) withvy > lorn=3and I = U, = {2}.
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Proof Since K, and Kr are non-zero, Theorem 4.3 implies y; # 0if I # {us}. So
we assume I = {u,}. It now suffices to prove that y; = 0 if and only if n = 3.

Ifn =2then! = {us} € U.isimpossible, so we haven > 3. From Rs, URs, = [n]
and Rs, N Rs; = {us} we conclude K, + Kt = n+ 1. On the other hand, Theorem 4.3
implies that y; = 0 is equivalent to Kr K, = n + 1. By substitution we have

Ki—@m+DKr+@n+1)=0

and solving for K gives

Krip=-

—(n+1 n+1)2 n+1) +£+/n?—-2n-3
5 + 2 —(n+1)= > )

Since KT is a positive integer, we conclude that ~/n% — 2n — 3 is a positive integer.
In particular, n?—2n -3 = (n + 1)(n — 3) must be a square. For n = 3, we
conclude K = 2, thatis I = U. = {2}. For n > 3 we derive the contradiction
n+1) =r>n—23)or (n—3)=r?n— 1) for some positive integer r. ]

We now illustrate Theorem 4.3 by recomputing the y;-values for Asg1 and Asg2
mentioned in the introduction. For n = 3, there are two possible partitions of {1, 2, 3}
that correspond to the two Coxeter elements of X3: either D.; = {1, 2,3} andU;, = &
or D, = {1,3}and U., = {2}.

Example 4.6 Consider D, = {1, 2, 3} and U,, = @ which yields Loday’s realisation.

(i) Wehave y; = 1for/ ={i}and 1 <i < 3.

The up and down interval decompositionof {i}is (i —1,i+1)pandy =T =i.
It follows that K, = Kr = —1 and I\(a, b)p = &. Thus y; = 1.

(i) Wehave y; = 1for I ={i,i +1}and 1 <i < 2.
Then! = (i —1,i+2)p, y =i,andI' =i+ 1. It follows that K, = K = —1
and /\(a, b)p = @. Thus y; = 1.

(iii) We have y; = 0 for I = {1, 3}.
Then I = (0,2)p U (2,4)p, so I is of type (2, 0) and y; = 0 by Corollary 4.5.

(iv) We have y; = 1 for I = {1, 2, 3}.
Then! = (0,4)p, y = landI" = 3 implies K, = Kr=—1and I\(a, b)p=2.
Thus y; = 1. Of course, we could also use Corollary 4.4 instead.

Altogether we have y; € {0, 1} and Asgl is a Minkowski sum of faces of the standard
simplex:

ASEI =1Am+1Apy +1AE + 1A 2y + 1A 3 + 1A 2,3

Recall Fig. 2 for a visualisation of this equation of polytopes.

Example 4.7 Consider D, = {1, 3} and U., = {2}. The associahedron Asg2 is iso-
metric to Asgl, [2], but it is not the Minkowski sum of faces of a standard simplex as
we show now.
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(i) We have y; = 1 for I = {1} and I = {3}.
The up and down interval decomposition is (0, 3)p and (1, 4)p respectively.
Therefore we have y = I' = 1 and y = I' = 3 respectively. It follows K, =
Kr = —1and I\(a, b)p = 2.

(i) We have y; = 0 for I = {2}.
The up and down interval decomposition is (1, 3)p U [2, 2]y, so [ is of type
(1,1). We have y = I' = 2 which implies K, = Kr = 2. Since n = 3, we
conclude y; = (3+ 1) —2-2 = 0. Of course, we could have used Corollary 4.5
instead.

(iii)) Wehave y; =2for I = {i,i + 1}and 1 <i < 2.
Then! = (i—1,i+2)p, y =i,andI" =i+1,thatis, K,=—1, Kr=2. More-
over,I\(a, b)p = {2}if I = {1,2}and K, =2, Ky = —1,and I\(a, b)p = {2}
if I = {2,3}.

(iv) We have y; =1 for I = {1, 3}.
Then I = (0,4)p, ¥y = 1, and I' = 3. It follows that K, = Kr = —1 and
I\(a,b)p = 2.

(v) We have y; = —1 for I = {1, 2, 3}.
Then! = (0, 4)pu(2, 2]y withy = landI" = 3.Itfollowsthat K, = K = —1
and 7\(a, b)p = {2}. Again, we could have used Corollary 4.4 instead.

Thus, we obtain the following Minkowski decomposition into dilated faces of the
standard simplex:

Asy? = 1Ay + LAy +2A0 21 + 1A[13) + 2403 + (=D A 2,3).

Recall that an illustration of this decomposition is given in Fig. 3.

5 A Remark on Cyclohedra

We now show that Proposition 1.2 does not hold if we consider a polytope obtained
by ‘moving some inequalities of the permutahedron past vertices’. The example is a
cyclohedron which also known as Bott-Taubes polytope or type B generalised per-
mutahedron [4,7,26]. A Minkowski decomposition of ‘generalised permutahedra of
type B’ (similar to Proposition 1.2 for generalised permutahedra) is not known.

The canonical embedding of the hyperoctahedral group W, in the symmetric
group Sy, induces realisations Cyy, of cyclohedra using realisations Asf, _, for certain
symmetric choices c. To obtain these realisations of cyclohedra, we follow [11] and
intersect As5, | with ‘type B hyperplanes’ x; + x2,41—; =2n— lforl <i <n. A
2-dimensional cyclohedron Cy$ obtained from As§ (with up set U. = {2}) by intersec-
tion with x; +x4 = 5is shown in Fig. 10 (the hyperplane x> +x3 = 5 is implicitly used
since Asf is contained in xj +x2 +x3+x4 = 10). A similar construction does not yield
a cyclohedron if one starts with the other associahedron of Fig. 1 where U, = {2, 3}.
The tight right-hand sides of this realisation of the cyclohedron are obviously the tight
right-hand sides of As§ except Z?l, 4= Z?2.3} = 5. The inequalities x| + x4 > 2 and
x2 + x3 > 2 are redundant for As§ and altering the level sets for these inequalities
from 2 (for As$) to 5 (for Cy5) means that we move past the four vertices A, B, C,
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cyclohedron Cy2 (black)

Fig. 10 A 2-dimensional A, w o B
obtained from AS§

!

and D, so the realisation of the cyclohedron is not in the deformation cone of the
classical permutahedron. We now show by example that Proposition 1.2 does not hold
in this situation. To this respect, we list the function z; of tight right hand-sides for all
inequalities of the permutahedron (that is, facet-defining or not for the cyclohedron)
and its Mobius inverse y;, both defined on the boolean lattice:

2{1,2,3,4} = 10
Y{1,234} =5
2{1,2,3} = 6 2{1,2,4} = 4 2{1,3,4} = 6 2{2,3,4} = 6
Y123y = —4 Y124y = =3 Y{1,34) = —2 Yg2,34y = —1
Z{1,2) =3 Z(13y =3 2{14} =9 Z{2,3} =9 Z(24y =0 Z(34} =3
Y12y =3 Y3y =1 Y14y =3 Yg2,3y =5 Y24y =0 Y34y =1
ypy =1 Yoy = —1 ypy =1 ypay =1

In other words, if Proposition 1.2 were true for ‘generalised permutahedra not in
the deformation cone of the classical permutahedron’, then the following equation of
polytopes has to hold:

Cy5 + (A2 +4A123 +3A104 + 2A134 + Ad3za)
=A1+ A3+ A4 +3A10 4+ A13+3A14+5A23 + Azg + 5A1234.

One way to see that this equation does not hold is to compute the number of vertices of
the polytope on the left-hand side (27 vertices) and on the right-hand side (20 vertices)
using for example polymake [10].

6 A Proof of Theorem 4.2

This section is devoted to the proof of Theorem 4.2 under the assumption that
Lemma 6.3 holds; Lemma 6.3 is proved in Sect. 7. We begin with an outline of
the strategy to prove Theorem 4.2.
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First, we prove Proposition 6.2 which weakens Theorem 4.2 in two senses: we
restrict to I C [n] with a nested decomposition and we restrict to the situation where
91 = {81, 82, 83, 84}, that is, where all four diagonals §; are proper. That the state-
ment of Proposition 6.2 is actually the statement of Theorem 4.2 weakened by these
additional assumptions follows from Corollary 6.7.

Lemma 6.3 states precisely which subsets of {3}, 82, 83, 84} are sets Z; for some
I C [n] with anested up and down interval decomposition. Lemma 6.4 then expresses
the Minkowski coefficients y; using these sets & if I C [n] has a nested up and
down interval decomposition and |Z;| < 4. Lemmas 6.5 and 6.6 then imply the
claim of Theorem 4.2 when I C [n] has a nested decomposition and not all §; are
proper. Finally, Lemma 6.8 covers the cases / C [n] where I does not have a nested
decomposition and Lemma 6.9 settles I = [n].

It will be convenient to rewrite Eq. (1) that was obtained at the beginning of Sect. 4
by combination of Propositions 1.2 and 3.8:

Z( i Z Z 51_ _wizfn])

JcI i€lvy] jelwi+11 %/
=2 DMV @, D (R, i)
Jci ielvy] ’"’/l jelmyi—1] %

where m ; is either wiJ or wij + 1 in order to simplify the involved sum.

Suppose now that the proper diagonal 6 occurs on the right-hand side of this rewrit-
ten formula for yy, that is, § is one of the associated dlagonals 8“’ for some J C I.
We now distinguish whether § occurs as a single summand Z¢ Ry, or as a compound

'm./l

summand (Z5 Ry z[n]) and make the following definition.
5 /
Definition 6.1 Let / C [n] be non-empty and [n] = D, U U,.
(a) A proper diagonal é (associated to J € I)1is of type Z%a (in the expression for yy),

if there exists an index i € [vy] such that § = 511 my

(b) A proper diagonal § (associated to J < I)is of type (2 ( Rs — an]) (in the expression
for yy), if there exist indices i € [vy] and j € [m;; — 1] such that § = Si{j

A geometric interpretation of these notions is the following. The proper diagonal §
(associated to J < 1) is of type Z}B (in the expression for yy), if § is the ‘rightmost’
proper diagonal associated to a nested component of J. Similarly, the proper diagonal §
(associated to J C 1) is of type (2%, — Zf,;) (in the expression for y;), if § is a proper
diagonal associated to a nested component of J, but it is not the rightmost one.

Proposition 6.2 Let [ be a non-empty proper subset of [n] = D. U U, with up and
down interval decomposition of type (1, w) and 971 = {81, 82,83, 64}. Then the
Minkowski coefficient y; of the generalised permutahedron P({Z}}) with normal fan
of As;, _, is given by

= Z(—l)”\RMZ%E.

Se9y
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3 10

Fig. 11 Let 7 = {3,5,6,7,8,9,10,11,12, 13} with y =3 € U, and I" = 13 € D,. Its up and down
decomposition is 7 = (2, 14)D(- U [3, 3]Uc U [6, ll]UC' The diagonal § = {5, 12} appears in the right
hand side for y; since (5, 12)Dc C (2, 14)Dc and the up and down interval decomposition
of Rs has type (1,0). Since (2,5) N I = {3} and (12,14) N I = {13},§ is
associated to S € {{8, 10}, {3, 8, 10}, {8, 10, 13}, {3, 8, 10, 13}}, the diagonals associated to the up and
down interval decompositions of S form a subset of the dashed diagonals. The contribution of § to y; van-
ishes. The only diagonals in this example associated to some J C I withup and down interval decomposition
of type (1, 0) and non-vanishing contribution to y; are §1 = {2, 14} and §, = {2, 13}

The proof is not difficult but long and convoluted, so we first outline the proof. The
goal is to simplify the rewritten Eq. (1) for y; stated above. To that respect, we first
study the potential contribution of a proper diagonal § that occurs in the sum on the
right-hand side. Given such a diagonal §, we study which sets S C [ satisfy 6 € Dg
in order to collect all terms that involve z%s. We will show that the corresponding sum
vanishes often. This resultis obtained by a case study that depends on the type of the up
and down interval decomposition of Rs. Since the up and down interval decomposition
of Rs is of type (1,0), (1, 1) or (1, 2) for any proper diagonal §, we study these cases
in detail. After the necessary information is deduced for every possible diagonal §, we
further simplify the formula for y; by another case study that distinguishes whether y
or I' is element of D, or U,.

Proof By assumption, the set / C [n] has an up and down interval decomposition of
type (1, w), thatis, I = (a, b)p, U |_|] ilej, Bjly,- Let § be some diagonal SJ that
occurs on the right-hand side of the equation for y;. In other words, § is a proper and
non-degenerate diagonal 8 a53001ated to the up and down interval decomposition of
type (v/, w’) for some J g I. By Example 3.5, the up and down interval decom-
position of Ry is either of type (1, 0), (1, 1) or (1,2). A good understanding which
sets S C I (besides J) satisfy § € Dy is essential for the simplification. The complete
proof is basically a case study of these three cases for Rs.

1. Rs has up and down decomposition of type (1, 0), see Fig. 11.
Then Rs = (a, IS)DC C (a, b)p, and we may consider / = Rs C [ as witness for
the occurrence of § in the right-hand side of (1). Let S C [ be a set with § € Dg.
Then J = (a, E)DC is necessarily a nested component of type (1, 0) of S and all
other nested components are subsets of (a,a) N I and (l;, b) N I. It follows that
S C [ satisfies § € Dy if and only if

Rs €SS RsU ((a,@)NI)U((b,b)N ).
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Fig. 12 Consider [ as in Fig. 11. For § ={6, 13}, the up and down interval decomposition of Rj is of the
required sub-type of (1, 1). § is associated to S € {{3, 5,6, 8, 10, 12}, {5, 6, 8, 10, 12}, {3, 6, 8, 10, 12},
{6, 8,10, 12}} since (2,6) NI = {3, 5} and (13, 14) N I = & and some of the diagonals are associated to
the interval decomposition of S. The contribution of § to y; vanishes. Diagonals of the required sub-type
of (1, 1) and non-vanishing contribution to y; are the diagonals §3 = {3, 14} and 64 = {3, 13}

We now collect all terms for Z%S in the expression for y;. Since § is a proper
diagonal, we have Zf% # 0 and the resulting alternating sum vanishes if and only
if there is more than one term of this type, that is, if and only if

((@aynI)u(b.b)yNI) #2

If ((a,a)N 1)U ((l;, b)N 1) = @, we obtain (—1)”\R5|2§'ea as contribution for y;.
For later use in this proof, we note that ((a, ayn I) U ((l;, b)yN I) = & guarantees
8 € ;. Note that Rs, is always of type (1, 0) if the up and down decomposition
of Rs is of type (1, 0). Similarly, we have é, € Z; with R;, of type (1,0) if
additionally " € D, 83 € Z; with Rs, of type (1, 0) if additionally y € D, and
84 € 91 with Ry, of type (1, 0) if additionally y, " € D,.
2. Rs has up and down decomposition of type (1, 1).
In contrast to Case 1, Rs < I is not true in general any more. We distinguish two
cases, either § = {B, b} with 8 < b, B € U, and b eD.ord = {a,a} with
a<a,aeD.anda € U,.
a. 8 = {B, b}, see Fig. 12
Observe first that Rg = (0, l;)DL. Ulug, B]UC with E < b < b. Since we assume
that § appears in the right-hand side of (1), we have § € I and may consider
J=RsNI.
If § € I isasubset with § € Dg then § must be the ‘rightmost’ diagonal of one
nested component for S. This means that the diagonal § associated to S is never
of type (25?5 — an]) in the expression for y;. Similarly to Case 1, we conclude
that the terms Z%a cancel if and only if

(@ANNU(b.)NI)#2 or % =0.

Again, 2525 # 0 since § is a proper diagonal and the terms for Z;ﬁ do not
cance~1 if and onl}/ if there is only one subset S C [ with § € Dy, that is, if
((a, )N DHUb,b)Nl) =9
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Fig. 13 Let/ ={3,5,6,7,8,9, 10} withy =3 € U, and " = 10 € D,. Its up and down decomposition
isl = (2, ”)DE U3, 3]Uc u [6, IO]UE' For § = {2, 8}, the up and down interval decomposition of Rg
is of the required sub-type of (1, 1). Since (2,2) NI = J and (8, 11) NI = {9, 10}, § is associated to
S e {{5,7,8},{5,7,8,9},{5,7,8,10}, {5,7, 8,9, 10}}. Thus § does not contribute to y;. In this figure,
only 8, = {2, 10} contributes 7(2%52 —Zm) toyr

For later use in this proof, we mention the two possible scenarios if

((a, )N DU (b, b)NT) = @.

Firstly, if y € U, and I" € D¢, then § € {33, 84} and the contribution of §3 and
84 to yy is

(—l)”\R53|Z§§53 and (—1)“\R54|Z§§54.

Secondly,ify, I' € U.,then$ = §3 and the contribution to y; is (—1)|I\R53|Z§?53.
b. § ={a, a} ‘
Observe first that Rs = (a,n + )p, U [&, uy ]y, witha < a < a. Since we
assume that § appears in the right-hand side of (1), we have @ € I and may
consider J = Rs N 1.
If § € I with§ € Dg, then § (associated to S) can be of type %, or (2%, —Z,})
in the expression for y;. The diagonal § is of type Z%B ifandonlyif Rs = RsN1
and S = Rs U M for some subset M C (a, a) N I. The diagonal § is of type
(Zj'{5 — an]) for all other subsets S C I with § € Dy, in particular, we conclude
Rs D Rs N S.
We distinguish two sub-cases: either § (associated to S) is of type (Z%{s — an])
(in the expression for y;) for all S C I with § € Dg or there is an § € [ with
8 € Dy such that § (associated to S) is of type Z%B (in the expression for yy).
i. & is of type (Z%a - an]) for all S C I with § € Dy, see Fig. 13.
As mentioned, we have R O RsN S forallsets S C I withd € S. Moreover,
these sets are in bijection to the subsets of ((a, ayn I) U ((&, b)N I):

S=(RsN(U\B)UA forAC (a,a)NI and B C (&,b)N 1.

If there is more than one set S € [ with§ € Dg, then collecting all summands
(Z%s - Efn]) in the expression for y; yields a vanishing alternating sum.
If there is only one set S € [ with § € Dg as associated diagonal then
((a,&) N I) U ((&,b) N I) = @ and it follows that ' = @ € U, and
a€f{a,y}NDe.
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5

Fig. 14 Consider I = {3,5,6,7,8,9,10} withy = 3 € U, and T' = 10 € D,. The up and down
interval decomposition is I = (2, ll)Dp U [3, 3]U(‘ U [6, 9]Uc' For § = {2, 6}, the up and down interval
decomposition of R has the required sub-type of (1, 1). We have Rg = Rs N I,so J = {5,6,7, 8,9, 10}
is the unique J C I such that § € Dj is of type 2315 (in the expression for y;). For all other S C I with

§ € Dg, 4 is of type (Z??a — an]) in the expression of y;. Since y € Ue, § contributes (—1)|I\R5‘an] =
—anJ to yy. In this example § = {2, 8} and § = {2, 9}, contribute —anl and EfnJ to y;

For later use in this proof, we note that y € D, implies 6 € {6, 84}. The
only possible contributions of § in the expression for y; are therefore

(—1)\1\R52|(Z§g52 - an]) and (_1)“\R‘S4|(Z%54 _ an]).

But since the corresponding subsets Rs, N [ and Rs, N I differ by y, the
contribution to y; can be simplified to
(=DIMalzg (=D Mulzg

84 :
If y € U, then § = §, and we obtain

(=DMl GG — 2

as contribution for y;.

ii. Thereisan S € I with § € Dy such that § is of type Z , see Fig. 14.
Since § must be the ‘rightmost’ diagonal associated to S if § (associated to )
is of type Zj{% (in the expression for y;), we conclude Rs = Rs N 1.

In particular, we have I' = n and b = n + 1 and thus (&, b) N [ # @ and
(¢, b) NI = (&, b). If (a,a) NI # @, then collecting terms for Z%S and
an] in the expression for y; again yields no contribution. We may therefore
assume (a,a) NI = @, thatis a € {a, y} N D.. First suppose that y € D..
Then § is either §, = {a,a} or §, = {y,a}. Now 4 is of type Z;S in the
expression of y; if and and only if § is associated to Rs, or R, . In all other
situations, § is of type (Z%E - an]) in the expression of y; and is associated
toaset Rs,\M or Rs,\M withnon-empty M < (a, n+1). Collecting terms
for Z% 5 z% )0 and Z},; yields a vanishing contribution as desired (collecting

the terms for an] for fixed & does not yield a vanishing contribution, but the
terms from &, and §,, cancel). If y € U, then a similar argument gives
(—DIIVRIze - fors = {a, &} with@ € U, and Rs = Rs N

as contribution for y;.
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Fig. 15 Consider I = {3,5,6,7,8,9,10,11} with y = 3 € U and ' = 11 € U.. The up and
down interval decomposition is I = (2, 12)Dc U [3, 3]Uc u [6, ll]Uc' For § = {3, 9}, the up and down
interval decomposition of Rg is of the required sub-type of (1, 2) and é does not contribute to y; since
(B,b) NI =(9,12) = {10, 11}. In this example, only 84 = {3, 11} contributes to y;y

3. Rs has up and down decomposition of type (1, 2).
If Rs is of type (1, 2) then § = {«, B} with «, B € U, and there is u € U, such
thata < o <u < B < b. This in turn gives

Rs = (O,n+ I)DC Uluy, Ot]Uc U (g, ”Y”]Uc

as up and down interval decomposition for Rs. By arguments as before, we con-

clude that collecting terms for Z;B and an] yields a vanishing contribution to y;

if (a, o) NI # &. We therefore assume that (a, @) N I = & which is equivalent

to y = o € U.. As a consequence, § is an associated diagonal of § C [ if and

only if S = (Rs N I)\M forsome M C (B8,b)N 1.

We now distinguish two cases: either there is an § € [ with § € Dg such that §

(associated to §) is of type Zj{% (in the expression for y;) or not.

a. Thereisno § C I with § € Dy such that § (associated to J) is of type Z%é, see
Fig. 15.
If (8, b) N I # & then collecting the terms Zi?s and an] cancel respectively. If
(B,b) NI = @ thenwe have ' = 8 € U, and § = &4. In this situation, § has
a unique contribution to y; which equals (—l)ll\R&tl(Zj{L54 - an]).

b. Thereis aset § € I with § € Dy such that § is of type Z% , see Fig. 16.
Since § is the ‘rightmost’ diagonal associated to S € [ and since (a, o)NI=2,
we conclude thatb =n+l andI" = n € D, (recall thatwe alsohavea =y € U,).
Now observe that the set S C I with § € Dy such that § (associated to §) is of
type Z?ea (in the expression for y;) is unique: itis Rs N /. In particular, we have
[B,n] NI = [B, n]. Collecting terms Z;Ls for all subsets S C I with § € Dy
cancel, but collecting the terms an] does not vanish: we have a contribution

of (—1)|I\R5‘an] to y;. We conclude that every diagonal § = {y, B} with
B €U, [B,nINI = [B,nland{y, B} # {u,, u, 41} contributes (—1)/"NRslze
to yy.

After this analysis of possible contributions to y; induced by proper diagonals, we
now prove

v = Z (_1)\1\Ra\2%5’

se9y;
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8 10
Fig. 16 Consider I = {3,5,6,7,8,9,10, 11, 12} with y = 3 € U.and ' = 12 € D.. The up and
down interval decomposition is I = (2, 13)Dc U [3, 3]UC u 6, ll]Uc' For § = {3, 9}, the up and down
interval decomposition of Ry is of the required sub-type of (1, 2) and since (B8,b)N = I1(9,13) NI =
{10, 11, 12} # @, the diagonal § is associated to eight sets. The contribution of § to y; is —an]. In this

example, the four diagonals 8 € {{3, 6}, {3, 7}, {3, 9}, {3, 11}} are of the required sub-type of (I, 2) each
contributes (—1)|I\R5’|Z§}y to yy

where we assume that / is a non-empty proper subset of [#] with a nested up and down
decomposition and |Z;| = 4. We distinguish the following four cases:

1. y,T €De.
Then 81, &7, &3, and 84 contribute (—1)“\R‘3|Z§'ea to y; according to Case 1 and no
other diagonal contributes according to the previous analysis. The claim follows
immediately.

2. yeDc.and T € Ug.
Then §; and 83 contribute (—1)!/\Rs |Z§€8 to y7 according to Case 1, while 8, and 84
contribute (— 1M \R5|Z§§5 to y; according to Case 2(b)i. No other diagonal con-
tributes to y;. The claim follows immediately.

3. y,T e U,.
The only diagonals with a contribution to y; are §; (Case 1), 6, (Case 2(b)i),
83 (Case 2a) and 84 (Case 3a). Taking their contribution into account, we obtain

yi = (=DINRZG o (DIl =2 + (-D!Ralzg
FEDINI = Fy.

The claim follows since 1\ Rs, and I\ R;, differ by y.
4. y €eUcand " € D,.

We distinguish the two sub-cases I' # n and I' = n.

(a) T # n implies that there is no u € U, such that [u, n] = [u,n] N 1.
In this situation, 8 and &3 contribute (—1)‘1 \R‘S‘E%B to y7 according to Case 1
and 8 and 8, contribute (—1)/"\Rs17¢, “according to Case 2a. No other diagonal
contributes, so the claim follows immediately.

(b) I' =n.
If there is no u € U, such that [u, n] = [u, n] N I then §; and §, contribute
according to Case 1 and 83 and 84 contribute according to Case 2a. No other
diagonal contributes, so the claim follows immediately.
If there exists u € U, such that [u, n] = [u,n] N I then denote by upiy the
smallest element of U, such that [tmin, ] = [Umin, n] N 1. Now diagonals §;
and &, contribute to y; according to Case 1 and diagonals §3, 84 according to
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Case 2a. But in this situation, according to Cases 2(b)ii and 3b, we also have
contributions of diagonals {a, u} and {y, u} for u € [umin, umly, . This yields

Z(_])‘I\RB|2R6 + Z (_1)|[\R5|an]

€9, §={a,a} with
a€lumin aum]U(_

bY eone,

s={y,a}¢dQ with
Ole[“mins’/‘m]uc

But the second and third sum cancel, so we end up with the claim. O

In fact, the methods used in the proof of Proposition 6.2 suffice to prove the degenerate
cases 71 # {81, 82, 83, 84} as well. But before we try to analyse these cases, we remark
that some subsets of {81, 87, 83, 84} never form a set &; associated to I C [n] and
[n] =D, UUg.

Lemma 6.3 Letn > 3 and I C [n] be non-empty with up and down interval decom-
position of type (1, w). Then

(a) There is no partition [n] = D, U U, induced by a Coxeter element ¢ and no
non-empty I C [n] such that 9y is one of the following sets:

@, {8}, {83}, {84}, {61,82}, (61,03}, {02,84}, or {83,84}.

(b) There is a partition [n] = D.UU, induced by a Coxeter element c and a non-empty
I C [n] such that 9 is one of the following sets:

{81}, {81, 84}, {82, 83}, {61, 82, 83}, {81, 82, 84}, {81, 83, 84}, {62, 83, 84},
or {81, 82, 83, 84}.

The proof of Part (a) is left to the reader, while the situation of Part (b) is carefully
discussed in Sect. 7.

Lemma 6.4 Letn > 3 and I C [n] be non-empty with up and down interval decom-
position of type (1, w) and |D;| < 4. Then

(a) Suppose that I satisfies one of the following conditions
1) 97 = {61} (Lemma 7.1),
(i) 21 = {61, 83, 84}, (a,b)p = {T'}, and y € U, (Lemma 7.6 (b) and (c)),
(iil) 97 = {61, 82,84}, (a,b)p = {y},and " € U, (Lemma 7.5 (b) and (¢)),
@iv) 27 = {81, 82, 83} and (a, b)p = {y, '} (Lemma 7.4 (a))
V) 91 = {87, 83,84} and (a, b)p = F(Lemma 7.7).
Then the Minkowski coefficient y; of As;,_, is

s€9;
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(b) Suppose that I satisfies one of the following conditions
(1) 91 = {61, 84} (Lemma 7.2),
(1) 97 = {62, 83} (Lemma 1.3),
(iii) 97 = {61, 83, 64} and Uf»‘zl[ai, ﬂi]Uf = {T'} (Lemma 7.6 (a)),
(iv) Z1 = (81,82, 84} and U\_,[e;. Bily, = {y} (Lemma 7.5 (a)),
V) Z1 = {8162, 83} and U}_,ley. Bily, = (v. T} (Lemma 7.4 (b)).

Then the Minkowski coefficient y; of As;, _, is

vy = (_1)|{)/,F}|Z[n] + Z (_l)ll\Ra|ZR8_
se9;

Proof The proof of the claim is a study of the 14 mentioned cases that characterise
the non-empty proper subsets I C [n] with Z; # {81, &2, 83, 84}. These 14 cases are
described in detail in Sect. 7, the proofs are along the lines of the proof of Proposi-

tion 6.2. o

Lemma 6.5 For n > 3, let I be non-empty proper subset of [n] with up and down
interval decomposition of type (1, w) and |Z;| < 4.

(a) In all cases of Lemma 6.4 (a) we have Rs = @ if § € {81, 62, 83, 841\ ;. Thus

4
yr= (=) lz
i=1

(b) In all cases of Lemma 6.4 (b) there is precisely one § € {81, 82, 83, 84}\ D1 with
Rs # @:
(1) Rs, = [n] (Lemma 7.2 (a) and Lemma 7.6 (a)) and we have

4
yy = (_])|1\R52|ZR62 + z (—DIN\Rsl g = Z(—l)u\R‘s’lsti~
sey i=1

(ii) Rsy; = [n] (Lemma 7.2 (b) and Lemma 7.5 (a)) and we have

4
v = (_l)ll\R63lst3 + Z (—1)”\R5|ZR5 — Z(_l)\l\RsiIZRsi_
S i=1

(iii) Rs, = [n] (Lemma 7.3 and Lemma 7.4 (b)) and we have

y = (COINRHIETN S Rl
5e9;

Moreover, we have y # T except for Lemma 7.3 (a) where y =T € U,.
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Proof The first case is trivial, since we only add vanishing terms to

> (=p\Rlzp,.

5e9;

The second case is a bit more involved. First observe that y # I' except for
Case (a) of Lemma 7.3 when y = I' € U.. Now, using the description given in
Sect. 7, it is straighforward to check (—1)!-Tll = (=D\Bs | for the first subcase,
(— DI = (= 1)\Bs3] for the second subcase and (— 1)/ TI = (— 1)/ \Rs; I+ 1y, T
for the third subcase. m|

Lemma 6.6 Let I be non-empty subset of [n] with up and down interval decomposition
of type (1, w). Then

(_1)|1\R51\ — (_I)II\RJZI-H — (_I)II\R53\+1 — (_1)\1\R54|+|{%F}|.

Proof The claim for §, follows from

(Rs; NH)u{I'}, I e U,

Ry, N1 = {(R,;1 ND\{I'}, T eD,.

The case for 83 is similar. For 64 we have to consider

(Rsy N1 u{l, v} v, I' e,
(R, NDHu{y)\I[} y €U, T €D,
(R, N ) u{TH)\{y} T €U, y €D,
(th N D\, v} y,I' € De.

Rs,NI =

m}

We combine Proposition 6.2, Lemmas 6.5 and 6.6 to obtain Theorem 4.2 if I C [n]
has an up and down interval decomposition of type (1, w):

Corollary 6.7 Let I be non-empty proper subset of [n] with up and down interval
decomposition of type (1, w) and 91 C {81, 82, 83, 84}. Then

_ (_1\WI\Rs;l(,c _ c _ _c c
yi= (DN (g =2k, =2k, +2k,)-

The techniques to prove Proposition 6.2 also enable us to compute the Minkowski
coefficient y; of As;_, if the up and down interval decomposition of I is of type
(v,w), v>1,and I # [n].

Lemma 6.8 Let I be a non-empty proper subset of [n] with up and down interval
decomposition of type (v, w) with v > 1. Then y; = 0 for the Minkowski coefficient
of As¢

n—1-
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Proof For every proper diagonal § = {d;, d>} with di < d; that appears in the
expression for y;, there is a nested component N = (a;, b;)p L Uj};l [eti . Bi,jluof I
such that a; < d; < dy < b;. Now § appears in the expression for y; for every set S
where Rs "N € § C [. Since v > 1, the diagonal § never contributes to y;. O

We now analyse the remaining case I = [n] and consider (0, n + 1)p U [u1, umm]u as
up and down interval decomposition of /.

Lemma 6.9 For any partition D. UU, = [n] induced by some Coxeter element c, the
Minkowski coefficient y,) satisfies

R .
Yim = (=DM 5"(13%51 — 2Ry, — Thy, T ks,)-

Proof For I = [n], wehavea =0,y = 1, ' = n,and b = n + 1. We associate
to the up and down interval decomposition of [r] precisely one diagonal that is not
proper and rewrite the formula for yy,,) as

Y =2+ Y (=DM,
JC[n]

We are now interested in the contribution of proper diagonals that are associated to
J C [n] and distinguish four cases. To find the contributions in each case, we proceed
along the lines of the proof of Proposition 6.2.

(1) U. #@and D, # {1, n}.
Then %, = {81, 82, 63, 64} and each diagonal of 7, contributes to yp,] as well
as all proper diagonals {0, u#} and {1, u} with u € U, sincea = O and y = 1.
Hence we have

Z (_l)l['l]\Rs\Z%{5 + Z (—l)l[n]\R‘SlZ[cn]—i- Z (_l)l[n]\Ralz[Cn]

8€Dm 8={0,a} with s={1,a} with
ae[“Zv“m]U ae[ul,um]u
c c

for ZJC[,L](—I)“”]\”ZJ. Since {0, 1} is not a proper diagonal, the second

and third sum do not cancel and the term (—l)l["]\R“'“l}lzfn] remains. Now
I[nI\R{1,uyy| = 1 and

D (IRl = (R (g — 2 — 2+ 25 )
56@[,,]

imply the claim.

(2) U, = @ and D, # {1, n}.
Then Z,1 = {62, 83, 84} and we have

Z (—1)“n]\J|ZJ — Z (_1)‘[“\&'2%5'
]

JCln 56.@[,,]
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3)

“4)

The claim follows now from Rs, = [n] and Lemma 6.6.

U. # @ and D, = {1, n}.

We have Z,1 = {61, 62, 83}. Now each diagonal of Z,] and all proper diagonals
80« = {0, u} and 61, = {1, u} with u € U, contribute to y; since a = 0 and
y = 1. Similar to the first case, a term (—1)|[”]\R“*“1’|zfn] is not canceled and we
obtain

g = (DI (G — 2 —2&,)-
Since IRy, =10 = 0, the claim follows.

U. =@ and D, = {1, n}.
We have Z,) = {62, 63}, Rs, = [n] and R;, = &. Hence

Yo = 2+ D (FDIlZG = (DI (o 2f 2k, 2k, )-
3€Dn)

7 Characterisation of 7 # {81, 82, 83, 84} for I C [n]

As stated in Lemma 6.3, not all 15 proper subsets of {1, 2, 83, 84} appear as set of
proper diagonals &; for I C [n] with up and down decomposition of type (1, w) and
some Coxeter element c. The proof that a subset does not appear is not difficult, for
example, we can show that if &; contains certain diagonal(s) then &y is forced to
contain certain others. In this section we discuss Lemma 6.3(b) in detail and study the
sets I with | Z;| < 4. The seven proper subset of {81, 8>, §3, 84} that are possible are
characterised in Lemmas 7.1-7.7. We identified 14 conditions that characterise these
seven subsets.

Lemma 7.1 If 27 = {61}, then I = {d,} with1 <r < L.

Proof 81 € 2; implies (a, b)p, # 2 and 82, 83,84 & 2y imply y =T € D.. O

Lemma 7.2 (compare Fig. 17). If 91 = {81, 84}, then either

(a)
(b)

I ={dy,ui1}andu, < dy, or
I =A{uy,de}and dy—1 < up,.

b=dy a=dy_

@ I={l,u;} and uy < do () I = {upm,n} and dr_1 < up,

Fig. 17 Schematic illustrations: the two cases of 27 = {81, 84} (Lemma 7.2)
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Proof 8,683 € 9 imply that {a, I'} and {y, b} are (non-degenerate) edges of Q.. In
particular, neither y, I' € D, nor y, I" € U, is possible.

Firstly, suppose ¥ € D, and I € U.. Then 8, ¢ &; impliesa = 0, I’ = uy, and
y =d; = 1.Now 83 ¢ 9 yields b = dp and I' = u requires u| < dp and we have
shown (a).

Secondly, suppose y € U. and " € D.. Then §3 € &y impliesb =n+1, y = uy,
and ' = dy = n. Now 8§y &€ 9; yieldsa = dy—1 and y = u,, requires dy—1 < uy,.
This gives (b). m]

Lemma 7.3 (compare Fig. 18). If Z; = {82, 83} then either

@) I ={us}withl <s <m, or
) I ={ug, usgr1}withl <s < m.

Proof From é; ¢ Z;, we obtain (a,b)p, = @,thusa <y <T' <bandy,I' € U..
Now 84 € Z; implies that {y, I'} is either degenerate or an edge of Q.. This proves
the claim.

Lemma 7.4 (Compare Fig. 19) If 27 = {81, 62, 83}, then either

@ I ={d;,dr1}uUMwithl <r <fand M C [d,,d,+1]1 N U, or
b) I =MU{us,us1}withl <s <mand M = [ug, ug41] N D, # O.

Proof 81 € 9; implies (a, b)p, # @, while 64 ¢ Z; implies that {y, I'} is either an
edgeof Q. ory = I'. Supposefirsty = I'.Theny =I' € D, implies the contradiction
1 = {61}, while y = I' € U, implies (a, b)p, = &, contradicting §; € Z;. We
therefore assume y # I' and only have to distinguish the cases y,I" € D, and

=T =u, =us I'=1usq1
n+1 b=n+1
de=n F=d,=n
a=d_1 a=d 1 b=d,
@I={usfand1<s<m () I = {ug,usy1} and 1 < s<m

Fig. 18 Schematic illustrations: the two cases of 27 = {57, 63} (Lemma 7.3)

Ug Ut =us [=wusp

0 n-4+1 b=n+1
dy =1 g
@=dio v =d, F—dr+b1:dr+2 a=dg
@7I={d,d1}UM b)I=MU {us,us_H}
with 1 <r </ with 1 <s<m
and M C [d,,dr+1] NU, and M = [ug, us+1]ND, # @

Fig. 19 Schematic illustrations: the two cases of 7 = {81, 8>, 63} (Lemma 7.4)
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a=d,

@ I={d1,...,di}U{un}
with d, < Uy, < dpy1 < dg

us = wuy r=u
Uy S
0 n+ 1 L n+1
dy =1 dg =mn y=di =1 dg=n
a=d,_
Loy =d, b=dq11 b= do

b) I={d.}UM
with 1 <7 </,
and M C [d,,d,4+1]NU,
and M # &

© I={di}uM
with M g [dl,dg} N Uc
and M\ {u1} # @

Fig. 20 Schematic illustrations: the three cases of Z; = {81, 82, 84} (Lemma 7.5)

y, I € U, the other cases y € D, I' € U. and y € U, and I" € D, are not possible
since 84 & Y.

Firstly, suppose y,I" € D.. Then y =d, and ' = d, 41 forsome | <r < ¢ — 1,
since 84 ¢ &;. Thisimplies I = {d,, d,_H}U([dr, d,+1]ﬂUC),Which proves claim (a).
Secondly, suppose y, I' € U.. Then y = ug and I' = usyg forsome 1 <s <m — 1.
But this implies [uy, us41] N De = (dy, dy)p,. # < and

I = ([Ms» Us1]N Dc) U [us, MS‘H]UC’
which proves (b). O
Lemma 7.5 is symmetric to Lemma 7.6, the proofs are along the same lines.

Lemma 7.5 (Compare Fig. 20). If 1 = {81, 82, 84}, then either

@ I ={dr+1,...,de}U{up}withd, < uy < dry1 < dg, or
®) I ={d}UMwithl <r <fand & # M C [d,dr+1]1 N U, or
©) I ={d1}UMwithM C [dy,d2] NU. and M\{u,} # @.

Proof Since 81 € 9, wehave (a, b)p, # 2, thatis, a, b are not consecutive numbers
inD.. From 83 ¢ Z;, we deduce that {y, b} is anedge of Q. and y, I" € U, is therefore
impossible unless y = I'. Moreover, §4 € Z; implies that y = I is impossible. We
now have two cases to distinguish.

Firstly, suppose ¥ = u,, and b = n+ 1. ThenI' = dy = n and 8, € 2 implies
(a,T")p, # 2. Together with a = max{d € D.|d < u,,} we have a = d, for some
1<r=<t-2withuy, <dyyyand I = (d,,n+ 1)p, U [un, um]UC, this shows (a).

Secondly, we suppose y = d and b = dy41 for some 1 < r < £ — 1 and
I''e (y,b) NU.. If y = 1 then §, € Z; implies I' # uj, so we distinguish the
cases y =1 and y # 1. Suppose first that y=d, with r > 1. If [d,, d,11]NU.#D
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b=d,

@ I1={d,....dp11} U{u}
with dy < d,_1 < uy <d,

Y =us @ Y= Us
0 n+1 0 b=n+1
dy =1 dy =n dy =1 I'=d¢e=n

a=dq_1 T=d, b=dr1 a=do1
(b) I={d}uM
with 1 <r </,
and M C [d,—1,d,]NU,
and M # @

©) I={d}uM
with M C [dgfl, d[]ﬂUc
and M\ {upn} # 2

Fig. 21 Schematic illustrations: the three cases of Z; = {81, 63, 84} (Lemma 7.6)

then we immediately have the claim for every non-empty M C [d,,d,+1] N U,.
If [dr,dr+11NU, = @ then y = I' € D, which is impossible. Thus we have
shown (b). Suppose now that y =d; = 1. Thena = 0, b = dy, and §; € Z; implies
I' € Uc\{u1}. This proves (c). m]

Lemma 7.6 (Compare Fig. 21). If 1 = {81, 83, 84}, then either

(a) I =1{dy,...,dr—1}U{u} withd, <d,—1 <uy <d,, or
(b) I ={d,}UMwithl <r <land @ # M C [d,—1,d,]N U, or
(c) I ={d¢g} UM with M C [d¢—1,d¢] NU; and M\{u,,} # @.

Lemma 7.7 If 9; = {62, 83, 84}, then
I ={ug,...,u;ywiths +1 <t and (ug,u;) "D, = .

Proof From 8| ¢ %y, we obtain (a, b)p, = O, in particular, a = d, and b = d, 4 for
some 1 <r <€ —1.Thus y,T" € U, and because of §4 € Z; we have y = u; and
I'=u, forsome 1 <s <s+1 <t < uy.Butthen I = M for some M C [uy, u;]uy,
with ug, u; € M. O
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