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1 Introduction

A remarkable feature of supersymmetric gauge theories is the existence of infrared dualities:
two seemingly different gauge theories become equivalent at low energies. One of the most
important properties of these correspondences is the fact that quantities which are hard to
compute in one thery due to nonperturbative effects are often mapped to easier problems
in the dual description. One well-known example is the structure of the Coulomb branch of
three-dimensional A/ = 4 theories, which is subject to quantum corrections. Using mirror
symmetry [1], one can argue that this is equivalent to the Higgs branch of the mirror
theory, which instead can be reliably studied using the classical equations of motion due
to a nonrenormalization theorem.

By now we have many examples of this phenomenon and this led to many new insights
about the dynamics of supersymmetric gauge theories. On the other hand, at present we
do not have a systematic understanding of infrared dualities and an algorithm to extract
them is not available (yet). Ideally, we may wish to have the following result: starting
from a small set of prototypical examples, such as Seiberg duality in four dimensions [2] or
mirror symmetry for three-dimensional theories with eight supercharges [1], one is allowed
to modify the matter content and superpotential interactions of the theory by applying a
“canonical” set of operations. If on top of this we are able to map these operations on the
dual side, then we can systematically extract dual descriptions for other gauge theories.

The purpose of this paper is to make some progress in this direction in the context of
mirror symmetry in three dimensions: as is well known, the mirror map is understood for
a very large class of theories, especially those with eight supercharges. This was achieved
with a variety of arguments including stringy-inspired constructions [3-9]. One natural
question is then whether this family of dualities can be extended to more general 3d N = 2
theories. This is rather well understood in the case of abelian theories, since the required
modification of the matter content is rather easy to implement: in the N' = 2 language a
N = 4 vector multiplet includes a chiral multiplet ® in the adjoint representation of the
gauge group (hence we are dealing with gauge singlets in the abelian case) and extended
supersymmetry implies the presence of cubic suerpotential terms involving these chiral
multiplets in the adjoint. In order to derive a mirror dual for the pure N' = 2 abelian
theory (see [10, section 4]), it is enough to introduce by hand a gauge singlet S and turn
on the superpotential term S®. This makes both singlets massive and removes all cubic
superpotential terms, so at low energy we are left with the pure N/ = 2 theory. This
procedure can be implemented on the mirror side as-well: since in the abelian case ® is a
gauge invariant chiral operator, it should have a counterpart in the mirror description so
it is enough to add by hand a singlet S’ in the mirror theory and couple it to the mirror
image of ®.

This construction does not extend to the nonabelian case since in this case ® is no
longer gauge invariant and it is not obvious how introducing a second chiral multiplet in
the adjoint representation affects the dual theory. This is precisely the problem we will



discuss in the present note. Our basic observation is that the N/ = 4 linear quiver

—.— o -0, (1.1)

usually called T'(SU(NV)) in the literature [11], flows in the IR to a free theory consisting of
a chiral multiplet in the adjoint of the SU(N) global symmetry upon a certain monopole
superpotential deformation we will describe in detail. The idea is then the following: in
order to extract the mirror dual of a N/ = 2 SU(N) theory with zero superpotential, we
start from its N/ = 4 counterpart and we couple to it T(SU(N)). In many cases the
mirror of this N/ = 4 theory can be extracted using the methods already available in the
literature (see e.g. [10-13]). Then we activate the suitable monopole superpotential for
T(SU(N)), which reduces (due to our observation) to a chiral multiplet in the adjoint of
the now gauged SU(N) symmetry. The ordinary N/ = 4 superpotential coupling reduces
to a quadratic term which makes both the adjoint in the N' = 4 vector multiplet and
the newly-created adjoint massive, so the theory becomes equivalent at low energy to
a pure N' = 2 theory. The monopole superpotential is mapped on the mirror side to
superpotential terms involving the off-diagonal components of the meson (or more precisely
the SU(N) moment map) so in this way we extract the candidate mirror dual for the
N = 2 theory.

In principle this procedure can be repeated multiple times, allowing to vary at will
the number of adjoint chiral multiplets in the theory. We will see that for USp(2/N) gauge
theories this procedure allows to vary both the number of adjoints and also the number of
traceless antisymmetric chiral multiplets. The main issue is that, when this procedure is
used to introduce new matter fields, the theory frequently exhibits emergent symmetries
in the infrared which do mix with the R-symmetry and these are not manifest in the dual
description. One should then also understand how to detect them in order to extract
information about the infrared fixed point.

The paper is organized as follows. In section 2 we show that upon a suitable monopole
superpotential deformation T'(SU(N)) reduces to a chiral multiplet in the adjoint repre-
sentation of SU(V). We first present a field-theoretic argument using a recently discovered
duality for U(IN) SQCD with monopole superpotential and then match partition functions
on the squashed sphere. In section 3 we use this observation to extract the mirror dual
of SU(2) SQCD. Since in this case the dual model is relatively simple, we can perform a
detailed match of the chiral ring of the dual theories. In section 4 we generalize the result
to SQCD with gauge group U(NN) and SU(N). We also discuss the matching of squashed-
sphere partition functions. In section 5 we discuss the brane interpretation of our results
and in section 6 we apply the same idea to extract the mirror dual of USp(2N) SQCD
with fundamental and antisymmetric matter. In appendix B we provide a proposal for
the mirror dual of SQCD with orthogonal and symplectic gauge groups, finding nontrivial
agreement at the level of the chiral ring. The derivation in this case would require the
generalization of the arguments presented in section 2 to T'(SO(2N)) theory.



2 Monopole superpotentials and confinement

2.1 U(N) SQCD and the monopole duality

The main tool used in this paper is the monopole duality found in [14]: the following gauge
theories

e Theory A. U(N,) SQCD with N; flavors and monopole superpotential W = V'
(where VT of course denotes the monopole operator with magnetic flux +1),

e Theory B. U(N;—N.—1) SQCD with Ny flavors and superpotential W = MUQZQJHL
V=~ 4+ XV, where M;; and X are gauge singlets

flow to the same IR fixed point. This is derived by reducing to 3d the 4d Intriligator-
Pouliot duality for Usp(2N,.) SQCD and turning on real masses to break the gauge group
to U(NV;). We will be primarily interested in the special case Ny = N.+1, in which theory
B reduces to a Wess-Zumino model and the duality becomes

U(N.) with Ny = N.+ 1 with W =V"
— NJ% singlets M and a singlet (2.1)
with W = ydet(M),

where « is dual to the monopole V™~ in theory A and M is the counterpart of the meson
Q'Q’ in theory A. For N, = 1 (2.1) can also be extracted from mirror symmetry (see [15]).
We will now see that by turning on a suitable monopole superpotential and repeatedly
using (2.1), T(SU(N)) can be converted into a single chiral multiplet in the adjoint of
SU(N). Our construction is essentially a variant of the method described in [16].

2.2 Monopole deformation of T'(SU(N))

Let us start from the simplest case, namely T'(SU(2)) which is just N' =4 SQED with two
flavors. We now introduce a singlet X and turn on two monopole superpotential terms:
W = VT 4+ XV~. The full superpotential of the theory is now (we denote with ¢ the
chiral mutiplet in the N' = 4 vector multiplet)

W =6QiQ' + VT + XV~ (2.2)

Using now (2.1) we conclude that this theory is equivalent to a WZ model with super-
potential
W =~ydet(M) + ¢ptr(M) + X7. (2.3)

We immediately see that ¢, v, X’ and tr(M) are massive and at low energy we are left with
the traceless part of M (i.e. an adjoint of SU(2)) and zero superpotential. This is precisely
the claim made above.

The idea for the general case is simply to iterate the above steps. In order to understand
how this works, let us discuss T'(SU(3)), which is the following N = 4 linear quiver with
two gauge nodes:

o—o —g . (2.4)



In N = 2 notation, the above quiver can be written as
Q P
N N
o " o " N. (2.5)
1 @ 2

We denote with ¢ and ¢y the adjoint chirals in the U(1) and U(2) vector multiplets
respectively. We denote the U(1) x U(2) bifundamental hypermultiplet with @ and Q and
the three U(2) doublets with P; and P;. We denote with V% the monopoles with magnetic
flux a relative to the U(1) gauge group and magnetic flux (b, 0) under the U(2) group. The
superpotential of the theory is

W = ¢1QQ + tr[po(PiP' — QQ)]. (2.6)

As in the previous case, we turn on superpotential terms involving the monopoles charged
under the U(1) group: W = V0 + X1V~ From (2.1) we conclude that the U(1) node
confines and is traded for an adjoint of SU(2). The resulting theory is U(2) SQCD with 3
flavors, two chirals in the adjoint and superpotential

W = X1y + v det(M) + ¢y tr M + tr[go(PiP* — M)). (2.7)

Because of the mass terms both adjoints can be integrated out and we are left with U(2)
SQCD with three flavors and the singlet tr ¢o. The superpotential is simply

W = tr ¢ tr PP’ (2.8)

Since this theory has no adjoints, we are in the position to apply (2.1) again, provided we
add the superpotential terms §WW = W + XoW~ (where W+ are the U(2) monopoles with
topological charge +1). Once this deformation is turned on, the U(2) group confines and
we are left with an adjoint of SU(3) (the trace part becomes massive due to (2.8)) and zero
superpotential as desired.

Our goal is then to find the proper monopole superpotential which reduces, once the
U(1) group is confined, to W + XoW ™. A very similar setup was already considered
in [16], where it was observed that V% is mapped to W after confinement of the U(1)
and analogously V=~ is mapped to W~. This prompts us to turn on the superpotential
terms VO + X,V ~~. VO~ instead becomes equivalent in the chiral ring to V=° (or more
precisely v appearing in (2.7)) once the U(2) node as well is confined (see the discussion
around [16, eq. (3.9)]). In conclusion, our prescription is to deform 7°(SU(3)) by turning
on the superpotential

W=V vt L (VO v+ v (2.9)

At this stage it should be clear how to proceed in general: we deform T'(SU(NV)) by
adding singlets X7, ..., Xxy_1 and turning on the following superpotential
W = (V000 | /000 | /0040 4 17000y
+ Xy [V 000 0700 4y 00=-0 1 (terms with one minus)]

—_0--0 O——--0 . . (2'10)
+ X[V +V + ... (terms with two minuses)] + ...



where V717233IN-1 are (the notation is the same as before) the monopole operators car-
rying flux (j1, (j2,0),...,(jn=1,...,0)) under U(1), U(2), ---, U(NN — 1) gauge groups.
Repeatedly applying the monopole duality (2.1) and integrating out massive fields, we
conclude that all the gauge nodes confine and the SU(N) moment map turns into a free
chiral multiplet in the adjoint of SU(V). This observation constitutes the main tool of the
present paper.

2.2.1 The mirror dual of monopole deformed T(SU(IV))

It is instructive to analyze the mirror dual of the superpotential deformation (2.10) to get
a better insight into our procedure. As is well known, T'(SU(NNV)) is self-mirror and the
monopole operators appearing in (2.10) are mapped to components of the Higgs branch
SU(N) moment map. As a result, the superpotential deformation (2.10) is equivalent to
introducing a field-dependent mass matrix (which depends on the singlets X;) of the form:

0 1 0 ... 0
X 0 1 0

M=| x x - - . (2.11)
0 1

Xn_q ... X X 0

We can now make the following observation: introducing a field-dependent mass of this
type is equivalent to coupling to the moment map a chiral multiplet in the adjoint of SU(N)
and turning on a principal nilpotent vev for it. As a result, all the flavors become massive
except one (which we call ¢, ¢) and integrating out massive fields we are left with (see the
appendix A of [16])

N-1
W=ge"g+ > Xge"N g, (2.12)
i=1
where ¢ is the chiral multiplet in the A’ =4 U(N — 1) vector multiplet. We shall discuss
further details regarding the first term of this superpotential in section 4 and in appendix A.
This type of superpotential will appear several times below.

2.3 The Sg partition function

The purpose of this section is to test our dual description of T'(SU(N)) at the level of
squashed sphere partition function. Our conventions are as follows: the contribution of
each chiral is [17, 18]

Z, =5 (zg — T7LX> , (2.13)
where sp(z) is the double sine function (b denotes the squashing parameter):
bm +nb~!t +Q/2 —ix 1
= ; =b+ —. 2.14
s@= ]I b 1 Q2 i 00T (2.14)

n,mezZ>0

m, denotes the following quantity: for every U(1) symmetry R; we can turn on a real mass
m; and consider its mixing with the R-symmetry R = Ry + ), c¢;R;. Here Ry denotes



some R-symmetry and ¢; is the mixing coefficient. An important observation is that the
partition function on the squashed sphere is holomorphic in m; + i%ci for every U(1)
symmetry including topological symmetries (in the latter case the real mass is identified
with the FI parameters £) [19]. We then define

My = ZQ; (mZ + zgcz> , (2.15)

where q; denotes the charge of the chiral multiplet under R;. Notice that mo = 0 (there is
no real mass relative to the R-symmetry Ry) and ¢y = 1.

Using this notation the partition function of T'(SU(2)), i.e. SQED with two flavors,
can be written as follows:

_ > 2miué Q 7’4 @ ‘Q_%_ @ 1
Z sb(mA)/ due sb(z4 5 +u+ 5 >3b<z4 5 uT 5 >, (2.16)

— 00

where ¢ denotes the FI parameter, mp is the fugacity for the SU(2) symmetry acting on
the two flavors and m 4 is the real mass associated with the U(1) “axial” symmetry H —C
(C and H denote respectively the Cartan generators of the SU(2)c x SU(2) g R-symmetry
of the N' = 4 theory). This real mass term breaks SO(4) g, hence extended supersymmetry
and is usually neglected in writing down the partition function of a theory with eight
supercharges and actually several simplifications occur if we set myg = 0. However, this
parameter will play an important role in the present paper so we prefer keeping it from
the start. The partition function of T'(SU(V)) can then be written recursively as follows:

N—-1
1 ! U
ZIEUN) = N =1 / [T duse®™en =100 20y (i, €6, ma) (2.17)
=1

H%;llsz;(uz‘—uijmA)H H] 1sb( :tul:':mj_%>
N—-1 . )
Hi<j Sp (l% + (u; — u])>

where the factor ]_[]-V_-1 ('Q + (u;i — uj)) denotes the contribution from the U(N — 1)
gauge group, the factor Hz =1 sb(ui —uj +my) denotes the contribution from the adjoint

chiral field under the U(N — 1) gauge group, and H 156 (zg +u; Fm; — —) denotes
the contribution from the bifundamental hypermultiplet between the U(N —1) gauge group
and the U(N) flavour symmetry. In the above formula £y_1 denotes the FI parameter of
the U(IV — 1) gauge symmetry, the parameters m; (subject to the constraint jmj = 0)
are the SU(NN) real masses and m4 is again the real mass for the “axial” U(1) symmetry
described before. The parameters & (i = 1,..., N — 2) denote instead the FI parameters
of the gauge groups inside T'(SU(N — 1)). All these parameters can be complexified and
the imaginary part describes the mixing with the R-symmetry.

In order to write down the partition function of the monopole deformed T'(SU(N))
theory, we need first of all to identify the R-symmetry of the theory. The effect of the
monopole superpotential is to break N/ = 4 supersymmetry to N' = 2 and to mix the



R-symmetry with the topological symmetries T; of the theory: our monopole deformation
breaks completely the SU(N) Coulomb branch symmetry and the corresponding N — 1
Cartan generators mix with the R-symmetry. The mixing coeflicients are determined de-
manding that the monopole operators V%0 . appearing in (2.10) have R-charge 2. The
monopole operator with magnetic flux (1,0...,0) under U(k) and trivial flux under all
other gauge groups has charge one under T} and zero charge under all other topological
symmetries. Apart from the T;’s, we have to take into account the two U(1) symmetries
C and H. Our trial R-symmetry can be parametrized as follows:

Ro=C+H+a(C-H)+(1-a)) T. (2.18)

Under this combination,

e the adjoint chirals in the N/ = 4 vector multiplets have C = 1, H = 0, T; = 0 and
thus have charge R, =1+ «,

e the bifundamental hypermultiplets have C' =0, H = %, T; = 0 and thus have charge
Ry = I_Ta; and

e the monopole operators with charge +1 under one 7; generator, i.e. those appearing
in the first line of (2.10), have C' =1, H = 0; hence they carry charge R, = 2.

As a result, all superpotential terms in (2.10) have R-charge exactly 2 provided we assign
charge (i + 1)(1 — a) to the singlets Aj. The parameter a cannot be determined with
these considerations alone and we need to perform Z-extremization in order to fix the R-
symmetry [19]. In the rest of this section we will work in terms of the trial R-symmetry
R,.! Notice that, since the superpotential (2.10) breaks all the topological symmetries and
C — H except the combination C' — H — ), T;, all the FI parameters and the real mass for
H — C are identified. Throughout this section we will call the resulting parameter &.

The strategy is to prove our claim by induction: we first check the claim is true for
N = 2 and then show that it holds for T'(SU(/V 4 1)) assuming it holds for T'(SU(N)). Let
us start by analyzing the T'(SU(2)) case: the theory is simply SQED with two flavors and
monopole superpotential V* 4+ X,V . The singlet X} has charge 2 — 2 under (2.18). The
partition function then reads:

Z =g <iQa — z% — 2f> S <§ — i§a> / due™HE+iQ1—0))

Q § mpg Q § mp
—(1 -2 + — —(1 -2 — — .
sb<z4(+a) g Tut—)s 14(—1—(1) 5 T UF
Here mp denotes again the fugacity for the SU(2) symmetry acting on the two flavors.
The first term on the r.h.s. represents the contribution from the singlet &;. Our claim
is now a straightforward consequence of the results presented in [20], where it was shown

"We would like to notice that in the ' = 4 theory without the superpotential (2.10), the mixing with
the topological symmetries can be discarded and we are left with Ro = C' + H 4+ a(C — H). The result of
Z-extremization is a = 0 for all good or ugly theories.



that applying twice the pentagon identity for the double sine function (see e.g. [21]) the
partition function (without the contribution from &}) is identical to that of three chiral
multiplets of charge 1 — o (under (2.18)) and one chiral of charge 2. More precisely, we
find the identity

Z =35 (iQa — z% — 25) Sp <2§ + 1% — iQoz) Sp <i§a — §> Sp <:|:mp — £+ i§a>

where we recognize in the last two terms the contribution of an SU(2) adjoint with charge
1— o under (2.18) and real mass £ under the unbroken U(1) symmetry H —C'+7'. The first
two terms cancel out simply because of the identity sp(x)sy(—z) = 1, which is manifest from
the definition of the double sine function. We thus conclude that the partition function

of the monopole deformed T'(SU(2)) is equivalent to that of an SU(2) adjoint. From this

observation it is clear that the partition function is extremized at a = %,
N =4 case in which a = 0.

We would now like to make the following observation: instead of the SU(2) fugacity

contrary to the

mp we could have used two fugacities mq o satisfying the relation m1+mso = 0. By formally
dropping this constraint, the partition function picks a phase

Z ewim(Q{—l—iQ(l—a))Z’

where m = %

. This fact can be simply understood as a shift of the integration variable
in the partition function. This observation will be relevant below.

We now set up the inductive step. To this purpose, it is useful to notice that
T(SU(N + 1)) is equivalent to a U(N) gauge theory with N + 1 flavors and coupled to
T(SU(N)). Using (2.17) we then conclude that the partition function of the monopole

deformed T™ (SU(N + 1)) theory can be written as follows:

(Xn) N
S e i2(1—a S Uj
ZpM(SUN+1)) = z}\”/ du; ™ EH O Z 1 vy (i, €) X (2.19)
' 1

1=
Hi,j Sp (ul —uj +§— i%a) Hfil H;V:'El Sp (i%(l +oa)Eu; Fmy— %)

Hf\ij Sp (z% + (u; — u])>

where m; (subject to the constraint Zj mj = 0) denote real masses associated with the
Higgs Branch SU(N + 1) symmetry rotating the N +1 flavors and SZ()XN ) is the contribution
from the singlet X, which reads

SIEXN) = s <—Ni§ —(N+1)¢+ Z%(N + 1)a> .

As explained above, once we have turned on (2.10), the only unbroken U(1) symmetry for
which we can turn on a real mass is C—H —) . T; (apart from the HB SU(N +1) symmetry
rotating the N + 1 flavors), so the corresponding real mass and the N FI parameters are
identified. This is the reason why the parameter { enters in Zpar gy vy as well.



By induction, we have the identity

Eru sy = N TR0, [I= (u —uj— &+ @§a> s <Z§a - £>
i#]
where we included the phase mentioned before due to the fact that the fugacities u; do not
satisfy the constraint ), u; = 0. Plugging this in (2.19), we find that the contribution from
Zrm(gu(ny) neatly cancels against the contribution from the adjoint in the N' = 4 U(N)
vector multiplet, leaving just one singlet ¢ of charge 1 + « under (2.18). This is simply
because of the identity s,(z)sy(—x) = 1. Therefore, the final result for Zpm gun41y) s

1 N o
il | | N+ i(E+is (1-a)) (32, wi) Q)9
N!/i:1duze Sb <(N—|—1) (1204 5) Nz2> X

0 \ TN s (190 + ) +us  my — §)
Sy <§ - 120[) N ' o —
ITicjsv (z 5 £ (u u]))

N
— % / T duiet +mitei§(a-an (T (3 o) (2.20)
’ i=1

N TN ,
| Y Hj:ﬁl Sb (1%(1

where
s,(f) =5 <§ - i§a> . (2.21)

We can now observe that (2.20) can be interpreted as the partition function of a U(N)
theory with N +1 flavors, two singlets (Xx and ¢) and superpotential V*+XxV . Notice
that this theory actually has a SU(N)? global symmetry rotating Q’s and @’s independently
and we are considering real masses only for their diagonal combination, under which @Q;
and sz have opposite charge.

The desired conclusion can now be obtained simply by exploiting the monopole dual-
ity (2.1). At the level of S} partition functions, the result follows by noticing that (2.20)
(with the contributions from X and ¢ removed) is equivalent to the L.h.s. of equation (8.7)
of [14], once we impose on the fugacities y, the constraint pu, = % + i%(l — a) for every
a,? we set ; = —u; and we identify the fugacities M, with m; appearing in (2.20). Using
the integral identity (8.7) of [14] (notice that in the case Ny = N, + 1 we should neglect
the last line of the integral identity), we then conclude that

x Q Q phz Q
Zrvsuen) =55 s <z’2N+(N—|—1) <£—i2a>> S TI <mi_mj_£+i2a>7
ij=1

(2.22)

2 At first sight it might look strange to trade a real mass such as ji, for a complex parameter. However,
this is just a manifestation of the fact that we are mixing the axial U(1) (in our notation H — C, which
assigns charge 1/2 to all @’s and @’s) with the R-symmetry. As we have already explained around (2.15),
this operation is precisely equivalent to “complexifying” the real mass.



The result can be simplified by noticing that the first two terms cancel out and sl(f) cancels

against one of the Cartan components of the meson, leaving just an adjoint of SU(N) with
trial R-charge 1 — . This is precisely the desired conclusion:

The S; partition function of the monopole deformed T(SU(N)) theory is
identical to that of a chiral multiplet in the adjoint of SU(N).

It is also instructive to look at the mirror dual theory, in which U(1)¢c and U(1)gy
are interchanged. This amounts to flipping the sign of « in (2.18). As is well known,
T(SU(N)) is self-mirror and the partition function is symmetric under exchange of FI
parameters and SU(N) real masses [22]. As we have already mentioned, the monopole
operators appearing in (2.10) are mapped to meson components in the mirror theory. In
particular, the monopoles with magnetic flux (1,0,...0) under a single gauge group are
mapped (in our convention) to the off-diagonal meson components QViQ”l. This forces us
to mix the R-symmetry with a certain combination of the Cartan components of the (now
broken) SU(N) Higgs branch (HB) symmetry. Specifically, the generator which replaces
S2.T; in (2.18) is

p:diag<]\7217]\723,...7_N237_N21), (2.23)
and the trial R-symmetry becomes
R,=C+H—-a(C—H)+ (1-a)p. (2.24)
The S} partition function of the deformed T(SU(N)) theory reads
1—[(7]}\:7_11_81(’;71) /le:lll duje%igN‘l(Zi u5) 1;[ Sp <uZ —uj —m+ i§a> X (2.25)

I Tz s (“J‘ + (m +ig(a - 1)> N%Qk) Sb (_Uj + (m +i%(a - 1)) w>
Hfi}l Sp (z% + (u; — uj))

In this formula {y_; denotes the FI parameter for the U(N — 1) gauge group, m is the real

mass associated with the symmetry H — C' — p and, analogously to the previous case, we
are not allowed to turn on any other real masses for the HB SU(N) symmetry since it is
broken. The contribution from the singlet X, whose trial R-charge is (n+1)(1 — «), reads

séxn) =5 <(n +1) <m + i§a> - m?)

and in the second line we included the contribution of the N fundamentals of U(N — 1).
The dots stand for all other terms appearing in the partition function. We omit them since
they do not play any role in our discussion. Exploiting again the identity s,(z)sy(—z) = 1,
we can simplify the second line which reduces to

H;V:_ll Sp <uj — <m +i9(a— 1)> %) Sp <—uj — (m +i9(a— 1)) %)

N-1 .
Hi<j Sp (Z% + (ul — uj)>
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Taking this fact into account, we can notice that the partition function becomes identical
to that of the linear quiver

@
N0, 0 9

o o ... " o N (2.26)
1 2 N-1 g 1

consistently with the expectation that N —1 flavors at the end of the quiver became massive.
The assignment of quantum numbers are compatible with the superpotential (2.12)

N-1
W = gdNg + Z XjZﬁI)N*"*lq—F...,
n=1
where @ is the U(N — 1) adjoint and ¢, ¢ denote the U(N — 1) fundamental flavor. The
matter content and interactions (denoted by ...) of the rest of the quiver is compatible
with N' = 4 supersymmetry.
The equality of the Sg’ partition functions of the mirror theories can be understood as a
consequence of the fact that T'(SU(N)) is self-mirror: if {; denote the N —1 FI parameters of
T(SU(N)), we can change variable and consider the N parameters e; defined by the relation

N
G=e—eqr (withi=1,...,N-1); > ¢=0. (2.27)
=1
The statement that T(SU(N)) is self-mirror implies that
Zrsuny)(ma, e, m;) = Zrsuny) (—ma, mj, e:), (2.28)

where m 4 is the real mass for the axial symmetry H — C. Explicitly, the expressions on
the left and right hand sides are (cf (2.17))

Zpsuny) (ma, ei,my)
N-—1

1 ; —e U,
= m / H dui€2m(eN71 N I)ZT(SU(N—l))(Uia et,... 7eN—1)><
’ i=1
[ s (wi —uj+ma) H,-]i_ll Hj-vzl Sp (z% +u; Fmj— %) -
Tt s, (Zgi(u-—w)) (2.29)
1<J 2 ? J
and
Zrsuny) (—ma, ei, my)
1 N-1 .
= vyt | T e Ty =y = )
=l ij
[ 1 0 (19 0, e+ 72)
o (2.30)

N-1_ (.
IL; s (2% + (ui — Uj))
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where the term in the numerator in the last line denotes the N flavours of fundamental
hypermultiplets under the gauge group U(N — 1) in quiver (1.1) and the term in the de-
nominator denotes the U(/N — 1) vector multiplet. The terms collected in --- denotes the
contribution from the rest of the quiver.

The symmetry under exchange of e; with m; was proven analytically for m4 = 0 in [22]
and from the explicit expression for the partition function of T'(SU(V)) found in the same
paper, it is clear that this holds also for complex e; and m;. This is expected since pro-
moting the parameters to complex variables is interpreted as mixing of the corresponding
symmetries with the R-symmetry.

Exploiting the fact that (2.28) is true for generic (complex) values of my4 (as was proven
in [23]), we can immediately derive the equality of Sj partition functions for our deformed
T(SU(N)) theory and its mirror since this simply follows from a specialization of (2.28):
on one side the monopole superpotential breaks the topological symmetries and H — C to
the diagonal subgroup, therefore all the &; parameters and ma should be identified. This
sets the real parts of all & and m4 to a single parameter which we shall denote by &.
Furthermore, the new interaction terms force the mixing with the R-symmetry according
to (2.18). According to (2.15), this implies that we should add imaginary parts z%(l —a)
to all & and —i%a to m 4, namely

{izf—l—ig(l—a); mAzg—i%a. (2.31)

Using this formula together with (2.27), we immediately find

€; = 9

O N41-2
2

£+ iQ(l - a)) (2.32)

and from (2.28) we conclude that

N-1 .
o Q N+1-2i Q
H sl()X )ZT(SU(N)) (f — zEa, — ({ + 25(1 — a)) ,mj>

n=1

is identical to
N-1 )
: . N-+1-2; .
H sl()X )ZT(SU(N)) <—§ + Z%a,mj, — (f + z%(l — a))) .
n=1

One can easily see that setting { = —m the last formula is equivalent to (2.25), already at
the level of the integrand.

3 SU(2) gauge theory with N flavours

In this section we derive the mirror dual of SU(2) SQCD with zero superpotential using
the monopole duality of the previous section. We also perform several consistency checks
regarding the chiral ring of the two theories.
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3.1 The N = 4 mirror pairs

We start from the following pairs of 3d N' = 4 mirror theories

SRR S

(2 i

| | (3.1)
(B) : 0—0—:--—0 —o0

2 2 2 1

N — 2 U(2) gauge groups

The white nodes with a label m represent 3d N' = 4 vector multiplets in the U(m) group
and the black lines denote the bifundamental hypermultiplets. For the group SU(m), we
indicate explicitly the label SU(m) under the corresponding node.

We can obtain a similar pair of theories but with SU(2) gauge group instead of U(2)
gauge group in theory (A) as follows. We ungauge U(1) inside the U(2) gauge group in
(A). In (B), the U(1) flavour symmetry is then gauged. Therefore, we obtain

(A : o— o —N
1 SU(2) 2N
Cl2 o1
(B) : | D S (3:2)
2 2 2 1

N — 2 U(2) gauge groups

where the blue node with a label m denotes SO(m) group.

3.2 N =2 SU(2) SQCD with N flavours and W = 0 and its mirror

The idea now is very simple: starting from theory (A’) in (3.2) we can obtain V' = 2 SU(2)
SQCD with vanishing superpotential simply by turning on the monopole deformation (2.10)
at the U(1) node. In other words, we exploit the dual description for monopole deformed
T(SU(2)) described before. The CB SU(2) symmetry associated with the T(SU(2)) in
theory (A’) is mapped to the symmetry rotating the two flavors in theory (B’) and, as was
remarked in the previous section, the monopole deformation is equivalent to introducing in
the mirror theory the field dependent mass matrix (2.11). By activating this deformation
we then land on the duality

Q
(a) o — M with W) =0
SU(2) 2N
A
b1 b2 ON_3 o]l KUEY (33)
, 4, N by N by N =3 45z 2, N .
O lgigig iy sl e
-3

S
2
b

N — 3 U(2) gauge groups

where

e the grey node with a label m represents a 3d N' = 2 vector multiplets in the U(m)
gauge group;
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e for the group SU(m), we indicate explicitly the label SU(m) under the corresponding
node;

e the notation N denotes a chiral multiplet in the adjoint representation;
e the superpotential Wy for the (b') theory is as follows:
Wiy = Xqq+ q8iq + Wiy . (3.4)

where W(/,\]{):‘l contains the cubic superpotential terms coming from N = 4 supersym-

metry; it includes, for example, —glqblbl . Here we denote the flipping field X} in the
previous section by X for the sake of brevity:

X=4x . (3.5)

Let us now discuss in more detail how we get (¥') from (B’):

1. We start from the theory

X
q (H b1 F% by %h%be‘s Ql p H
(B/): . : [ ] : [ : [) : ST.\LS : Y (36)
R B 2w O 71
PN—2
N — 3 U(2) gauge groups
and turn on the superpotential corresponding to (2.10):
Wy = 9?01 + Xq'92 + |q' o191 + 9% h192 + AW/(J\]Q# , (3.7)

where the square brackets contain of the usual terms coming from N = 4 supersym-
metry including q'¢1q1 + q?¢1q2, where ¢; is the complex scalar in the N = 4 vector
multiplet of the i-th U(2) gauge group from left to right, as well as the other terms
collected in W{\é#.

2. The F-term 0;2W(psy = 0 implies that
Q1 +¢192=0. (3.8)
Plugging this back to (3.7), we obtain
Xq'az + q' ¢ + W' (3.9)
We write

(=%, q=4q', (3.10)

and hence the new effective superpotential can be written as
Xqg+ qotq + Wi (3.11)

This is precisely the superpotential given by (3.4).
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In the following we denote by ¢;, with i = 1,..., N — 2, the adjoint fields in the U(2)
gauge groups from left to right and by ¢n_1 and ¢n the adjoint field in the U(1)
gauge group above and on the right on the (N — 2)-th U(2) gauge group.

We shall discuss further details regarding the superpotential (3.11) in section 4 and
in appendix A. In the meantime, let us proceed our discussion on the chiral ring of
the theories (a) and (b').

3.3 The generators of the chiral ring

Theory (a’) has a global symmetry SU(2N) x U(1)4 [24-26]. The two generators of the
chiral ring are (1) the basic monopole operator Y and (2) the mesons

Mij = ey Q7 QY (3.12)

They transform under the global symmetry as follows:

Ur | Ua| SUEN)
Q r 1 [1,0,...,0] (3.13)
M 2r 2 [0,1,0,...,0]
Y |2N(1—-7r)—2| —2N [0,0,...,0]
The generators of the chiral ring M and Y are subject to the relations
YM =0, 2 2NM o M, =0. (3.14)
Now let us turn to theory (). Let the R-charges of ¢ and ¢ be 1 — 2r:
R(q)=R(q)=1-2r. (3.15)
Since the superpotential W has R-charge 2, we have
R[¢] = R[pi] =2r (i=1,...,N—1), R[X]=4r, (3.16)

R[b] = R[bi] = R[b;] = R(s) = R[s] = R[p) = R[p) =1 -7 .

Therefore, the gauge invariant operator
N-3 N-3
q <H bi) 58 ( H bN2i> q (3.17)
i=1 i=1

R[(3.17)] = 2N(1 — 1) — 2, (3.18)

has R-charge

which is indeed the R-charge of the monopole operator Y in theory (a’). We propose that

Operator (3.17) in theory (V') is mapped to the monopole operator Y in theory
(a’) under mirror symmetry.
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The monopole operators in theory (b') take the form
Vimimas..smy _aimy—1imy) » (3.19)
where m; denotes the magnetic fluxes under the j-th U(2) gauge groups:
mj = (maj,mag), M =My > =00, (3.20)

and my_1, my € Z denote the magnetic fluxes of the two U(1) gauge groups. The R-charge
of the monopole operator (3.19) is

R[‘/(ml§m2§---?mN72§mN71§mN)] -

2 2
— Rlq]) Z mial + (1= R Y mag —mye

5,j=1
N—3 2
+(1-R Z Z Mk — ™ o1
& (3.21)
2
+ (1= R[) Y _(Imy—1 — min—ao| + [myx —min_a)
i=1
N—2
+ (1= R[g]) Y Imij —majl = > maj—mayl .
Jj=1 j=
It can be seen that the set of magnetic fluxes {(m1;mo;...;my_o;my_1;mN)}
such that
R[Vimyimoa;..sm_aimy_1mn)] = 27, (3.22)

with my; >mg; >0foralli=1,...,N =2, my_; >0and my >0,

are in 1 — 1 correspondence with the positive roots of SO(2/N). As an example, for N = 4,
the set of magnetic fluxes (my, ma, m3, m4) satisfying (3.22) consists of

{{0,0},{0,0},0,1}, {{0,0},{0,0}, 1,0}, {{0,0},{1,0},0,0} ,
{{0,0},{1,0},0,1}, {{0,0},{1,0},1,0}, {{0,0}, {1,0}, 1,1},
{{1,0},{0,0},0,0}, {{1,0},{1,0},0,0},{{1,0},{1,0},0,1},
{{1,0},{1,0}, 1,0}, {{1,0}, {1, 0}, 1,1}, {{1,0}, {1, 1}, 1, 1};

these fluxes are in 1 — 1 correspondence with the 12 positive roots of SO(8). The negative

(3.23)

roots of SO(2N) are in 1 — 1 correspondence with the above magnetic charges with the
sign flipped. The Cartan elements of SO(2N) are then in 1 — 1 correspondence with tr(¢;)
(withi=1,...,N —2), x and ;.

In fact, theory (') does not have a global symmetry SO(2N). Although theory (B’)
has the Coulomb branch symmetry SO(2N), this symmetry enhances to SU(2N) when
we arrive at theory (b’). The adjoint representation of SO(2N) becomes the rank-two
antisymmetric representation of SU(2N); the latter is realised by the monopole operator
with the aforementioned fluxes, together with tr(¢;). We thus propose that

such Coulomb branch operators in theory (b') are mapped to the mesons M;;

in theory (a’) under mirror symmetry.
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Finally, let us establish the correspondence between the operator X in theory (b') to
an operator in theory (a’). The R-charge of X is theory (') is 4r, which is equal to the
that of operator which is quadratic in M. Since X is a singlet under the manifest SO(2N)
global symmetry in theory ('), we expect that it is mapped to another singlet of the global
symmetry in theory (a’). We are thus led to identify X with Tr M? (where of course M is
the meson in theory (a')).

3.4 Chiral ring relations

We have seen that operator (3.17) gets mapped to the monopole operator Y in theory
(a"). Since theory (a’) has only one gauge group SU(2) and hence contains only one basic
monopole operator Y, mirror symmetry implies that other gauge invariant operators built
out of chiral fields in theory (V') must either vanish or can be written in terms of (3.17) in
the chiral ring. In this subsection, we derive such chiral ring relations from the F-terms in
theory (b').

The F-term dxW ) = 0 implies that the gauge invariant operator

daq” =0, (3.24)

where a = 1,2 is the U(2) gauge index. In addition, Jyy_, Wy = 0 and 9y, Wy = 0
imply that
Pap” = 548" = 0. (3.25)

Since W contains the terms bN,gqﬁN,ggN,g + pdN_2p + Sodn_95, the F-terms
Opn_, Wiy = 0 imply that the following 2 x 2 matrix equations:
(bn—3)% (bn—3)% + pap® + 543" =0 . (3.26)

Therefore,

tr(by—sby—3) =0 . (3.27)

Considering the F-terms 9y, Wy = 0 with i = 1,..., N — 2 in a similar way, we obtain

tr(bib)) =0, i=1,...,N—2. (3.28)

To obtain further chiral ring relations, let us consider the F-terms 94, W) = 0:

¢"(61)ada + " (61)ada — (01)5 (01)r =0 (3:29)
Contracting the indices a and b, we obtain
tr(f1gq) =0 . (3.30)
Multiplying (3.29) by ¢®g, and using (3.24), we obtain
(b1)2 (b1)bsdg” =0 . (3.31)

On the other hand, multiplying (3.29) by (b;)¥ (gl)g,, we obtain

(b0)2 (51 |0 (91)dda + a”(#1)da | — ((bib))? = 0 (3.32)
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We simplify this further in two steps as follows:

1. Multiplying (3.29) by (¢1);, we obtain
¢ (61)%Ga( 015 + a*((61)2)58a —(b1)2 (b1)% (¢1)5 = 0, (3.33)
0

where the second term vanishes; this follows from ¢,95, Wy = 0. Further multiplying
this by ¢.q¢, we have

" (61)2Ga(1)5dcq" — (b1)2 (b1)% (61)5Geq° = 0, (3.34)
0

where the first term vanishes due to (3.30). Now we can use this relation to sim-
plify (3.32) to be
(b1)e (1) a®(¢1)ada = ((0101))2 - (3.35)

2. Multiplying (3.29) by (¢1)4, we obtain
¢"(@1)5:(61)5 + 4 (61)2da(91)G — (br)g (b1) (61)5 =0 . (3.36)

Multiplying by ¢%g, and using (3.24) together with (3.30), we find that the first two
terms are zero and we thus obtain

(b1)% (b1) (61)59G = 0 - (3.37)
Applying the above equation to (3.35), we arrive at

((b1b1))2 =0, (3.39)

[

i.e. the operator glbl is nilpotent. As a consequence,

tr(blbl) =0. (339)
The F-terms 0y, Wy implies that
(b)g (01)f = (b2)gn (B)f) - (3.40)
Therefore,
((b2b2)?)q = (brby)gy (brby)% (bibr)G
= (b))% ((bb1)®)g(b1) (3.41)

where the first equality follows from (3.40) and the last equality follows from (3.38). It can
be shown inductively that the operator bib; is nilpotent:

(bbp)* ' =0 forall k=1,...,N — 3 and no sum over k . (3.42)
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On the other hand, we see that

(bn—3)% (by—3)2pep®se3® * =" (by—3)% (by—3)2ppp®x

[—(EN—?:)g,(bN—B)g/ - pcﬁb}

. - , - . (3.43)
=7 —(bn-3)2 (bn—3)% (bn—3)" (bn—3) g pup"

= —((bn—3bn—3)) ppp°
=0,
where the last equality follows from the fact that (EN_gb N_3)2 can be viewed as a nilpotent
1
2 x 2 matrix and so one can choose a basis such that it has a canonical form (8 0>; it

follows that

(by_3bn_3)> =0 (3.44)

with respect to this basis and thus with respect to every basis. This relation can be
generalised to

(EN_ggN_Q e 'E@)(bgbg s bN_3)p§S§: O, = 1, 2... ,N -3. (3.45)
In addition, we have
(bn—3bn—2 - b1dgbiba - - - by—3)ipap”

= (bv—3by—2 - D1dgbibs - - by_3)§ [(EN—?))Z,(I’N—fi)Z' — 548" (3.46)

344) ~ -~ _
( — ) _(bN—3bN—2 .. .bqub1b2 .. -bN_g)g’Sagb .

This gives a relation involving the generator (3.17) of the chiral ring.

4 U(N) and SU(N) SQCD with N + k flavours

The generalization to U(N) or SU(N) gauge theories is not much harder. Let us first
discuss the case of U(NV).

4.1 The mirror of U(NN) SQCD
We start with the following 3d A/ = 4 mirror theories (A) and (B):

P P Q

(A): c—o—---—o0— 0O
1 2 N N+k
Uua
q 1 b bk—ls\pE\rL P2 1 (4.1)
(B) : 0—-o0o—0—-++—0 — 0 — O --+0—0—0
N N N N N N-1 3 2 1

k U(N) gauge groups
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We then deform theory (A) with the monopole superpotential (2.10) and, as a result,
all the gauge groups in the T'(SU(V)) tail confine leaving a chiral multiplet ¥ in the adjoint
of SU(N). We end up with the model

Wrﬁv Q
—).
N = N!rk (42)
Q
with superpotential
()5 QIQ + ()5 Pe (4.3)

Both adjoints become massive and only the trace part ¢ of ¢ survives. The F-terms with
respect to @y give W0 = —(Q?@fl)o (where () denotes the traceless component), and hence
we end up with the superpotential gpr@; Introducing now by hand a singlet S which
flips ¢ we end up with /' =2 SQCD with zero superpotential. In conclusion, we arrive at
the following theory

° % [
N5 Ntk
Let us now consider theory (B). The superpotential (2.10) is mapped to the field-

(a): with Wg) =0, (4.4)

dependent mass matrix (2.11) in theory (B):

N . —
(Z qlﬁf)lai) + W(Aé)4]
i=1

N . .
D Mja | +

ij=1
N-1 N-2 i+l N -

(Z ﬁiq’“) + DX Javiad | + (Z q®¢1ﬁz‘> + W(AB[)_41 ;
i=1 i=0 =1 i=1

where the square brackets contain the cubic superpotential terms that come from N = 4

Wip)

(4.5)

supersymmetry. We isolated the term <sz\i1 qiqﬁlﬁi) out explicitly and keep the rest of

the terms in WN/(/\IQ):‘l. The latter includes, for example, —b1¢151. In this and the following
sections, we define for convenience

XNflfj:Xj, Withjzl,...,N—l. (46)

The F-term with respect to g%, for k =1,..., N — 1, gives

N-2
Gk + Gk + > Xdn 4k =0 (4.7)
=k
Substituting the expression for qi, g2, - -+, qy—1 into (4.5) recursively, we obtain
N_2 . . o~
g'ovan + | Y (10 + DXatelan + .| + W (4.8)
=0

where ... denotes the terms with higher orders in X;. However, similarly to the discussion
in appendix A of [16], such terms can be eliminated from the superpotential using the
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F-terms with respect to some Xj; this is known as the chiral ring stability. We are thus

left with
N-2

a'ovan + Y e Xatelay + Wt (4.9)
j=0
for some real numbers ¢; that depend only on j. Setting
J=dn, q¢=4q', (4.10)

and redefining X; such that c¢; are absorbed into their definitions, we arrive at the theory

1 2 -1 s - 2 1
@: Wz ezl e s S
1 7 N 1;1 N b~2 N Bk—l N gN—lN_l P2 2 P 1
¢
k —1 U(N) gauge groups g
with superpotential
N—-2
N~ j ~ TN =
a1 4 + (Z Xiqqﬁ’lq) + Wi, (4.12)
=0

Adding a flipping term S in (4.3) amounts to adding to the above superpotential the term
Sss, where S is the flipping field in theory (b). Hence we have

N—2
Wy = g0 d+ (Z Xiqd)ﬁq~> + W+ S5s . (4.13)
i=0

Let us comment on the superpotential (4.13). Although this looks very similar to
that discussed in appendix A of [16], an important difference is the term g#Yg. One
may wonder if one could apply chiral ring stability to reduce further the term g¢¥q. We
explore this possibility in appendix A of this paper. Let us mention briefly here some
consequences of doing so and focus on the case of N = 2 for the sake of simplicity. First
of all, we cannot drop this term totally; however, chiral ring stability allows to trade
the term ¢¢?¢ with a new term ngpq, where n = %tr(qﬁl) and ¢ is the traceless part of
¢1. We find the following consequences: (1) n and ¢ are not forced to have the same
R-charges; and (2) there is a possibility of an emergent U(1) global symmetry in the
infrared which is invisible in (and incompatible with) the tree-level Lagrangian. Since in
section 4.3 we manage to match the partition functions of theories (a) and (b) using the
R-charges that are compatible with (4.13), we choose to keep the term ¢¢lVq as it is in
the superpotential (4.13) and not to reduce it further using the chiral ring stability. We
believe that this provides a better motivation and justification for our choice of R-charges in
the matching of partition functions in section 4.3 than what would be in the consequence
(1). Moreover, in appendix A we will see that the emergent U(1) global symmetry can
be identified with a Cartan component of the axial symmetry in SQCD under mirror
symmetry, which of course does not mix with the R-symmetry. Hence, the emergence of
this U(1) global symmetry does not affect the R-charge assignments that we use to match
the partition functions in section 4.3. We conjecture that the theory (b) with our choice
of superpotential (4.13) flows to the same fixed point as the theory (b) with the reduced
superpotential obtained using chiral ring stability (as discussed in appendix A).
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4.1.1 Generators and relations of the chiral ring

In this section we will match the chiral rings of theories (a) and (b). The F-term dsW,) = 0
implies that
5a3" =0 . (4.14)

The F-terms Ox, W) =0 for i = 0,1,..., N — 2 imply that the “dressed mesons” are zero:
Ga(¢)8q® =0, fori=0,1,...,N—2. (4.15)

The F-terms dg, W) = 0 imply that

Ge(6™)od" + (b)) +Zquc ¢ =0, (4.16)

and so, after contracting the indices a and b, we obtain
Ga(@Y )5a" = —(b1)4 (b)) = —tr(biby) - (4.17)

Moreover, the quantity (pN_l)g/ (p. N_l)g, can be viewed as an N x N nilpotent matrix;
see the discussion around (3.4)—(3.6) of [11]. The F-terms 9y, W3y = 0 implies that

()G (b)% + (Pn—1)5 (Pn—1)% + 543" = 0 (4.18)

Contracting the indices a and b and using (4.14) together with the nilpotency of
(pn—1)% (Pn—1)%,, We obtain

(Br) (bi ) = tr(brby) =0 . (4.19)
Nilpotency of operators. Multiplying (4.16) by ¢%(¢%)? and using (4.15), we obtain
(600" (01)2 (b)hy =0 (4.20)
Hence, multiplying (4.16) by (b1)? (b1)5,, we obtain
((bab1))s = (b1)2 (b1)bs (b1)f (b1)fs
= —Ga(¢" " )d" (b1)} (b1)fy — ZXﬁd(éf)i_l)ﬁfqb(bl)2/(51)5/ (4.21)

(120

Thus, biby is nilpotent. Using the F-terms dy, W(3) = 0, we obtain

(b1)2 (b1)is = (o) (b2) (4.22)

It thus follows that

((b2b2)®)% = (b1by)gy (b1by) (bib1)%
= (01))7 ((b1b1)*)2(01)4, (4.23)
=0.
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It can be shown inductively that the operator gkbk is nilpotent:
(bebi)*' =0 forall k=1,...,N — 3 and no sum over k . (4.24)
As a consequence, have
0 = tr(bp_1bp_1bp_1bs—1) = tr[(pN_1DN—1 + $5)7], (4.25)
and, since tr(py_1pN_1PN—1PN—1) = 0, it follows that
tr(bp_1bp_155) =0 . (4.26)

R-charges of various fields. Since the R-charge of the superpotential is 2, we can
assign the R-charges of ¢ and b; to be as follows:

Rlé] =142,  Rlb) = Rl = %(1 _3). (4.27)

Since the superpotential W) contains the cubic terms coming from W(/\]g):‘l, we have

Rlp) = Rlp] = 5(1 - ).

(4.28)
R[S] = R[tr(¢y)] = Rtr(¢m)] =1+,
and so, from the superpotential term Spp,
Rls] = R[F] = %(1 _a). (4.29)

The N + k diagonal components of the mesons Mf =Q’ @Z in theory (a) are mapped
to tr(¢;), tr(v;) and S. It also follows that

R[M]] = R[tr(¢r)] = Rltr(¢m)] = R[S] = 1+, (4.30)
and so _ 1
RQ=RIQi] = 5(1+7). (4.31)

The R-charges for the minimal monopole operators Vi of theory (a) are

)—(N—l):k+22N—x<kzN> |

From the superpotential term g¢{q of W) gives

1+«

R[Vi] = (N +k) <1 — (4.32)
2R[g]+ NR[¢1]=2 = 2R[g]+N(1+z)=2 = R[gJ=1- %N(l + ). (4.33)

Hence the R-charges of gbibs ... bgs and E%kgk—l .. 51q~ are

R|gbibs ... by_15] = R[3be_1bp—s ... b1

zg(l_a;)+1—g(1+x) (4.34)
_ # . (’“J;N> = (4.32) .
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We thus propose that the minimal monopole operators Vi of the U(N) gauge group in
theory (a) are mapped to the following gauge invariant quantities in theory (b):

Vi +— bibs...bp_1s,
+ q~1 2~ k 1~ ) (4.35)
V_ — gbk_lbk_g...blq .

The R-charges of the basic monopole operators Em;t, with i =1,..., N + k, of the i-th
node in theory (b) are
R[] = 2N (1 - R[bi]) + (N = 1)(1 - R[$i]) — (N — 1)
1
=2N [1—2(1—@] +(N=-1)1-—(1+=z)]—-(N-1) (4.36)

=1+x.

We propose that the components MZH and M} 11 of the mesons in theory (a) are mapped
to these basic monopole operators:

MTY — oo

i " (4.37)
i1 S My

On the other hand, the diagonal components of the mesons in theory (a) are mapped to
the scalar ¢1,..., ¢k, ¥1,...,9¥N in theory (b):

M! (nosum) <—  ¢1,...,dp, 01, .., YN - (4.38)

4.2 The mirror of SU(N) SQCD

We can now easily extract a candidate mirror dual for SU(/N) SQCD with N + k flavors
and zero superpotential. We refer to this as theory (a):

(a'): z

9 o
su(N) &

Ntk with W(a’) =0 (439)
Q

To get SU(N) SQCD from U(N) SQCD it suffices to gauge the topological symmetry of
the theory, which is mapped in the mirror theory (4.11) to the U(1) symmetry rotating the

multiplets s and s with opposite charge. Performing this gauging we arrive at

S
q GH dﬁ ¢kﬁlbk 1 Ql PN 1%\[]]_1 %2 %
1 2 —1 5 — 2 1
@: mo P20 s Z 2 (4ao)
g Ny Ny N NNt R 2 e !
&
k —1 U(N) gauge groups §
with superpotential
N-2 .
Wiy = q61 G+ <Z Xm%&) + Wi, (4.41)
i=0
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Notice that in this case the superpotential term Ss5 is part of the N’ = 4 gauging. Indeed
this duality constitutes a generalization of the duality discussed for SU(2) SQCD in the
previous section. Moreover, the comment below (4.13) also applies here.

As before, we claim that theories (a’) and (b') are mirror dual to each other. The
matching of chiral rings works as in the previous cases so we will not discuss the details.
We would like to observe that the monopole operator of SQCD is mapped to the following
chain of bifundamentals

qblbz PN bk_lsggk_lgk_g .. 51(7

4.3 Matching sphere partition functions

The equivalence of the Sg partition functions essentially follows from the analysis of
section 2. The partition function of theory (A) with the monopole deformation turned on is

(& +iBD) (3, us
eI Z s vy (Ui, §) X (4.42)

ZA]VI —
ILi; 5 (ui_uj—i_g_i%a) Hz 1H§V+1ksb< (14 o) £u; Fm; —%)
N ‘
[Ti<; s (Z% + (u; — uj))

where ¢ denotes the FI parameter of the U(N) gauge group, m;’s are the real masses

for the SU(N + k) global symmetry, £ is again the real mass for the U(1) symmetry
H —C+ 5, i(N —i)T; discussed in section 2 and s;(.5) is the contribution from the singlet

S, which reads
sp(S) = sp (iga - §) :

Using the result proven in section 2
KX ZQ (63 u Q Q
Zpangsugy = e N ITEHE0-)E ) T 5, (uz_u] e+ ) N- 1(2 _§>
i#]

we find that the contributions from T (SU(N)) and S cancel against the contribution
from the chiral multiplet in the adjoint and the partition function (4.42) becomes

T T s (19 (1) 4 m; = §)
Hf\ij&,(i%i(ui—uj))

We recognize here the partition function of U(N) SQCD with N + k flavors, where
=€+ %5 is identified with the FI parameter of the theory and 3’ = 3+ %(1 —a).
The choice of exponential prefactor in the integrand of (4.42) deserves some comments:

N
1 ey sl Q
Zam =35 / [ cuie?i (€748 3) () (4.43)
i=1

a priori to identify the correct infrared R-symmetry one should consider the mixing with all
possible U(1) symmetries in the theory, compute the trial partition function and extremize
it w.r.t. the mixing parameters. In all charge conjugation invariant theories, such as N' = 4
theories and N' = 2 SQCD models discussed in this paper, we know a priori that the R-
symmetry will not mix with topological symmetries so we do not need to extremize over
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them. Even if we do so, we will just find that the partition function is extremized for zero
mixing coefficient and we simply recover the same result we would have found discarding
the mixing with the topological symmetries. On the other hand, once we have turned on
the monopole superpotential (2.10) in the N' = 4 theory, the invariance under charge con-
jugation is lost and we cannot rule out anymore the possibility that the R-symmetry mixes
with the surviving topological symmetries. This is precisely the reason why we introduced
the parameter § in (4.42):* in theory (A) the monopole superpotential (2.10) leaves the
U(N) topological symmetry T unbroken, but since charge conjugation invariance is lost,
we should consider the trial R-symmetry

Rop = Ra+ TN,

with R, given by (2.18), and then extremize over 3. Based on these considerations, (2.10) is
interpreted as the trial partition function which should be extremized. The extremization
over 8 can be circumvented with the following simple observation: (4.42) is equivalent
to (4.43), which in turn can be identified with the trial partition function of U(N) SQCD
with NV + k flavors and trial R-symmetry

Rop = Ro +f'T,

where T is the topological symmetry of the theory. Since in this theory charge conjugation
is a symmetry, we know that the partition function is extremized at 5’ = 0, or equivalently

5= —¥(1 —a). (4.44)
This is manifest in the special case { = § = m; = 0, since (4.43) is an even function of
B'. We thus conclude that the partition function extremized over f is identical to that of
N =2U(N) SQCD with N +k flavors, as we expected from our duality arguments. Notice
that here charge conjugation is an accidental symmetry emerging in the IR, like the axial
SU(N + k) symmetry which is not present in the parent N' = 4 theory.

We would like to remark another important consequence of the nonzero value of f:
in the original N' = 4 theory the monopole V*t (with unit magnetic flux under U(N)
only) has trial R-charge (in the convention of section 2) (1 + «). Once the monopole
deformation is activated and we introduce the mixing of the R-symmetry with Ty, the
R-charge of the monopole is shifted by —%(1 —«) and the resulting R-charge is precisely
that of a monopole operator in N'= 2 U(N) SQCD with N +k flavors of charge I_Ta After
confinement of the gauge nodes in the tail, the monopole V' is identified with the monopole
operator in U(N) SQCD and the R-charge assignment is automatically consistent with this
interpretation.

Let us now match (4.42) (or (4.43)) with the partition function of theory (b). The
equality of the partition functions of theories (A) and (B) (before the monopole deforma-
tion) is a consequence of N’ = 4 mirror symmetry: indeed theories (A) and (B) admit a
Hanany-Witten brane realization in Type IIB and they are related by the action of S-duality

3We would like to thank Francesco Benini for suggesting this procedure.
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on the brane system, as is expected for mirror dual theories. The matching of partition
functions for many mirror theories in this class was checked analytically in [22, 27].

In the case at hand the most convenient way to proceed is to notice that theory
(A) can be obtained via higgsing starting from T'(SU(N + k)): it actually corresponds to
TA(SU(N + k)) where A = (k,1...1) denotes the partition labelling the corresponding
nilpotent orbit. If we denote with & the FI parameters associated with the “balanced”
gauge groups U(1),..., U(N — 1) and with ¢ the U(V) FI parameter, we can introduce as
in section 2 the N + 1 parameters e; defined as follows:

& =e —eit1 (Withi: 1,...,N—1); f':eN—eN_H. (4.45)

Similarly to (2.27), the e;’s satisfy one relation which in the present case reads

N

> i+ kenpr =0. (4.46)
=1

This constraint was derived in [13, (3.14)] in the context of the Hilbert series® and gen-
eralizes (2.27) which holds in the case of trivial nilpotent orbit A = (1,...,1). As was
pointed out in the same reference, the parameters e; describe the contribution from the
various NS5 branes and so should be identified with real masses of the various flavors in
the mirror theory, in which NS5 branes are replaced by D5 branes. This constraint can be
interpreted as saying that the “real masses” associated with the cartan generators of the
SU(N) topological symmetry are €; = e; + %e N+1 for 1 <4 < N. These indeed satisfy the
relation ), €; = 0.
At the level of partition functions, the statement of mirror symmetry is

Za(ma, e, mj) = Zp(—ma, mj, €;), (4.47)

where my4 is the real mass for the “axial” symmetry H — C, the parameters e; are inter-
preted as (linear combinations of) FI parameters in theory (A) and as real masses for the
SU(N) x U(1) symmetry in theory (B). m; denote of course real masses for the SU(N + k)
symmetry in theory (A) and FI parameters in theory (B). Note that (4.47) was proven
in [23] for a general value of m4.°® Equation (4.47) implies the equality between the fol-
lowing two parition functions (as in (4.47)):

1
NI

TTij s (s — uj +ma) T, T2 s (Z% £ ui ¥ my — %)
N .
ITi<; s (Z% + (ui — Uj))

4The parameters z; appearing in (3.14) of [13] are fugacities and actually correspond to the exponentials

N
ZA(mA, @i, m]) g /H dui€2ﬂ'i(€N*€N+1)(Zi ul)ZT(SU(N))(“Z? 617 ceey 6N) X

i=1

(4.48)

of the parameters e; used in the present work. This is the reason why the constraint among e;’s involves
sums instead of products.

5We thank Sara Pasquetti for pointing this out to us. In the case ma =0 (4.47) follows from the results
of [22, 27]. For T'(SU(2)), this statement is also proven in [20].
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and

N
1 | |
Zp(-—ma, eimy) = 15 / T iy =)0 T s (g — 1y — )
o i
[T, T s (Z% +uj Fei+ %)
[T o (19 = (n - w)

where the terms in the numerator in the last line correspond to the hypermultiplet q of

. (4.49)

theory (B) in (4.1) and the term in the denominator corresponds to the contribution of
the leftmost U(V) vector multiplet. The term --- denotes the contribution from the rest
of quiver (B) in (4.1).

The desired result simply follows from a specialization of (4.47) by setting (for 1<j<N)

ma =& — i%a ; (4.50)
k N2 - N
6j:]\f—|—/~c<£,+i§5)+<N_j_2N+2k> <£+i§(1_a)>a (4.51)
d
" ___N 9 Ne-N Q 1 4.52
CN+LE TN TR (5 +Z2B>_2N+2k‘<£+22( —a)>. (4.52)

These formulas can be obtained in a similar way to the discussion around (2.31): solving
simultaneously the system of equations (4.45) and (4.46) and identifying all the FI param-
eters & with the real mass m 4 for the “axial” symmetry to a single parameter £, we obtain
the real parts of mu, e; (for j = 1,...,N), and ey as above. The imaginary parts are
fixed by the consistency with the aforementioned trial R-symmetry

Rap = Ro+ BTN, (4.53)

with R, given by (2.18). According to (2.15), this implies that we should add imaginary
parts z%(l —a) toall & (with ¢ =1,...,N —1), i%ﬁ to ¢, and —i%a to ma. Solving
again (4.45) and (4.46), we obtain the imaginary parts of the above results.

Once we introduce the contribution of the singlets S and X; and extremize w.r.t. 3,
the left hand side of (4.47) reduces to the partition function of U(N) SQCD in the way
that have already discussed around (4.43). The right hand side instead, in which e;’s
represent real masses for the flavors, reduces to (b): because of the choice made above for
the parameters e;, the contributions from N — 1 out of the IV flavors at the end of the
quiver cancel out thanks to the identity sy(z)sp(—x) = 1. In particular, it can be seen

from (4.50) that the terms s (z% +u; —e; + %) and s (@'Q —uj +ejp1 + %), with

4

i=1,...,N —1, in (4.49) cancel each other. In conclusion, we are left with one flavor ¢
and ¢, corresponding to the terms s (Z% +uj —en + %) and sp (z% —uj +er+ %),
whose trial R-charge is given by

k3 N2 +k

=14+——-(1—-a)——— 4.54
kg3 N2 + 2Nk —k
R =1l-—— - (1—-a)— 4.55
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where these values can be easily extracted from the term z%(l — R, 5(q,q)) inside the
argument of sp.
The singlets s and s appearing in (b) correspond to the terms sy, (z% —Uj +ent1 +%>

and sp (z% +uj —eny1 + %) in (4.49). Their R-charges are

Ros(e.d) = 252 7 (-0 Gl + e ) (456)

2 2N+2k  N+k

with — for s and + for 5. This assignment of R-charge is compatible with all the super-
potential terms appearing in (b), but as we can notice it is not compatible with charge
conjugation invariance since chiral multiplets with and without tilde have different trial
R-charge. This fits perfectly with the previous discussion for SQCD: the off-diagonal mass
terms forces the mixing with a baryonic symmetry and breaks charge conjugation invari-
ance, so we should extremize over all surviving baryonic symmetries as well. However,
charge conjugation reappears as an accidental symmetry in the IR and this immediately
tells us that the trial partition function will be extremized for the value of 8 which sets
to zero the difference between the R-charge of fields with and without tilde. Imposing

Ro5(q) = Rap(q) and Ry 5(s) = Ra p(s) we find
N -1

8= —T(l —a), (4.57)

in perfect agreement with (4.44) of the mirror side.

The case of SU(IN) gauge theory. The above discussion can be easily generalized to
the case of SU(N) SQCD with N+k flavors: it is enough to gauge the topological symmetry
T (or its baryonic counterpart in the mirror theory). This has the effect of removing the
central U(1) inside U(NN) in theory (A) and gauge the U(1) symmetry acting on s and s
fields in theory (B) (notice that this gauging combined with the superpotential term Sss
produces an N' = 4 gauging). At the level of partition functions, this just amounts to
integrating over the parameter &’ in (4.47). We have as before
myg =& — iga

but we have only N parameters e;, with ¢ = 1,..., N, satisfying the constraint

N
>
i=1
as in section 2. We thus have as in the T(SU(N)) case

e,-zW(f—i—ig(l—a)).

The parameter 5 does not arise this time: technically this is due to the fact that (in theory
(A)) the integration over &’ sets to zero the sum of the integration variable, reproducing
the correct Haar measure for SU(N). This directly removes the phase coming from the
T(SU(NV)) tail. This result is indeed expected physically, because in a SU(V) gauge theory
there is no topological symmetry which can possibly mix with the R-symmetry.
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A comment on the flavour symmetry. A U(N) gauge theory, resp. SU(N) gauge
theory, with N + k flavours and zero superpotential has a flavour symmetry SU(N + k) x
SU(N + k) x U(1) 4, resp. SU(N + k) x SU(N + k) x U(1)4 x U(1)g. However, from the
perspective of the mirror theory (b) in (4.11), resp. theory (V') in (4.40), we see that the
number of U(1) topological symmetries is N + k — 1, resp. N + k. Thus, not all Cartan
elements of SU(N+k)xSU(N+k) are visible in the mirror theory; only those of the diagonal
subgroup are manifest in the quiver description. In other words, the SU(N +k) x SU(N +k)
symmetry is “hidden” in the mirror theory and only arises at low energies. In appendix A,
we discuss about the possibility that there may exist an extra U(1) global symmetry that
emerges in the infrared due to the chiral ring stability condition. Nevertheless, this does
not explain the remaining hidden Cartan elements. It would be interesting to get further
insight on this point in future work.

The symmetry enhancement can also be seen from the perspective of the partition
function: the N/ = 4 theory has the SU(N + k) flavour symmetry but, as remarked be-
low (2.20), once the singlet is flipped this symmetry enhances to SU(N + k) x SU(N + k).
In the partition function of the A" = 4 theory, one can turn on real masses for only the
diagonal combination of SU(N + k) x SU(N + k) and these are mapped to FI parameters
in the mirror theory. Indeed, when the adjoint field is removed, one is allowed to introduce
real masses for both SU(N + k) symmetries and these should correspond to a “doubling”
of the FI parameters on the dual side. It would be nice to get a better understanding of
this “doubling” in the mirror theory in the future.

5 Brane realisation

In this section, we discuss a brane realisation [3, 28-30] of the mirror pairs (a) and (b) given

by (4.4) and (4.11). It is instructive to describe this using a particular example, say for

N =3 and k = 3, depicted in figure 1. This can be generalised for any value of N and k.
The branes in the left diagram span the following directions

0 1 2 3 4 5 6 7 8 9
D3 [X X X X

NS5 [ X X X X X X (5.1)
NS5 | X X X X X X

D5 | X X X X X X

As described in [28-30], this corresponds to U(N) SQCD with N + k flavours and zero
superpotential; this is indeed theory (a) described in (4.4).

In order to determine the mirror theory, we apply the S-duality to the brane system
described above [3]. The NS5-brane becomes a D5-brane, the NS5'-brane becomes a D5’-
brane, and the D5-brane becomes an NS5-brane. Arranging the leftmost NS5-brane in
the right diagram to cut the D3-branes, we see that the motion of the leftmost D3-branes
segment along the 8 and 9 directions corresponds to turning on the nilpotent VEV (M) # 0.
This VEV higgses the flavour symmetry to U(1) and leads to the first two terms in the
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D5’ NS5

D5 s
(I ) : D5 ‘
b : °
S-dual —

nilpotent VEV (M) # 0

Figure 1. The brane realisation of mirror pairs (4.4) and (4.11) with N =3 and k = 3.

superpotential (4.12). Observe that the remaining part of the brane configuration is still
N = 4 supersymmetric. We thus expect the presence of the term W{\é):‘l in (4.12).

This idea can be generalised to other classical gauge groups. From the perspective of
branes, this corresponds to introducing an appropriate orientifold plane to the system. We
shall present such results in the following section and in appendix B.

6 USp(2k) with Ny fundamental flavours and one antisymmetric
traceless chiral multiplet

As proposed in [11, figure 61, p. 139], we have the following 3d N = 4 mirror pairs:

(A): o—o0o—:-— o —eo—
1 2 2%-1 2k 2N,
ok
6.1
(B): O-o—wmo0—b—o (6.1)
2k 2k 2k 2k k
S —
N;—3

We can apply a similar procedure as in the previous section and obtain the following
3d N = 2 mirror pairs:

A! Q
N .
(a) : o — N with Wigy =0
2k 2Ny
. 3 (6.2)
q %1 b1 %2 ba Nrf773 be_3 T.J,Ii p dr}']l
(b) : B e 0o 7 - e o o with W)
1 = 2k ~ 2k ~ 2k — 2k 5 k
g b1 b2 bn; -3 U p
PNp—2

where the red node denotes the gauge group USp(2k), A’ denotes the rank-two traceless
anti-symmetric chiral multiplet, and

2k—2
Wy =36 g+ > X;q¢/q+ W™ . (6.3)
j=0

Note that for k = 1, we recover the mirror pair (3.3)
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R-charges and operator maps. Let the R-charges of ¢ and ¢ be 1 — kr:
R(q)=R(q) =1—2kr. (6.4)

Since the superpotential W) has R-charge 2, we have

Therefore, the gauge invariant operator

N¢=3 N-3
q H b; | ss ( H ng_g_Z) q (6.6)
i=1 i=1
has R-charge
R[(6.6)] =2N¢(1 —7r) +2(k—1)(1 —2r) — 2k . (6.7)
If we assign the R-charges of the fields @ and A’ in theory (a) to be
R[Q] =, R[A"] = 2r, (6.8)

then the R-charge of the minimal monopole operator Y of the USp(2k) gauge group in
theory (a) is (see e.g., [31, section 5])

R[Y] =2N;(1 —r)+2(k — 1)(1 — 2r) — 2k . (6.9)

Indeed, we propose the following operator map

Ny—3 N-3
Y «— g I b s'§<H beQZ) 7, (6.10)
=1 i=1

which is to be expected from mirror symmetry. The mesons M%Y = J“bQé g, with
i,j =1,...,2Ny, in theory (a) has R-charge:

R[M] = 2r, (6.11)

The operator maps of each component of M to the operators of theory (b) are similar to
those stated around (3.19)—(3.22). In particular, if we view M as a matrix transforming
in the adjoint representation of SO(2Ny), then the Cartan elements are mapped to tr(¢;)
(with i =1,..., Ny —2), tr(x) and tr(z1); and the element of the root are mapped to the
minimal monopole operators in theory (b), whose R-charge are 2r.

Notice that we can match the chiral rings of the two theories only if we assume the R-
charge assignment (6.8). Such a relation between the R-charges of traceless anti-symmetric
and fundamental fields is not expected in general and we interpret this fact as evidence
that the mirror theory (b) has an emergent U(1l) symmetry which mixes with the R-
symmetry. Equation (6.8) is not very surprising after all: both the USp(2/V) adjoint and
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the anti-symmetric chirals originate as components of the SU(2/N) adjoint which emerges
upon confinement of the gauge groups in the T(SU(2N)) tail. Because of the N' = 4
superpotential terms of theory (A), this field is constrained to have the same R-charge
as the meson built out of the USp(2/N) fundamentals, reproducing (6.8). This relation
is maintained until the very last confinement step, in which a symmetry acting on the
anti-symmetric chiral only emerges. In the dual theory this is just a hidden symmetry.

7 Concluding remarks

In this paper we have seen that in three dimensions there is a precise method to introduce a
chiral multiplet in the adjoint representation of a unitary gauge group: it is enough to couple
the theory to a T'(SU(N)) theory and turn on a monopole superpotential deformation. This
procedure allows to modify in a controlled way the matter content of a three-dimensional
gauge theory and, as we have explained extensively, this can be used to generate new dual
descriptions of N' = 2 SQCD. We tested our duality proposal with a variety of methods,
including analysis of the chiral rings and of sphere partition functions.

In principle our construction can be iterated coupling several T'(SU(N)) tails and
activating the monopole superpotential deformation for all of them. This has the effect of
introducing several adjoint chirals. As we have illustrated in section 6, the price we have
to pay, if we want to use this method to introduce new matter fields rather than removing
them, is the presence of accidental symmetries. One then needs to understand how to
detect them.

There are many directions worth investigating. First of all it would be interesting to
obtain the analogous result for T'(SO(2N)) theories. This would shed more light on the
dualities we conjecture for orthogonal or symplectic SQCD in appendix B. It would also
be interesting to generalize our construction to the case of N/ = 2 quiver theories, as well
as to case in which tensor matter is included. Yet another interesting question is to study
the reduction of the mirror pairs in this paper to two dimensions along the line of [32, 33].
This could potentially lead to new mirror theories in two dimensions that have not been
studied before.
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A Chiral ring stability and emergent global symmetries

In this section we discuss in more detail emergent symmetries in our mirror theories,
especially in connection with the chiral ring stability criterion of [34] (see also [16]). Before
proceeding with the analysis, let us briefly review the findings of [10] in the abelian case.
The mirror of N' = 4 SQED with N flavors (plus a free hypermultiplet) is a circular
quiver with N U(1) gauge groups and bifundamental hypermultiplets ¢;,q; (i = 1...N)
charged under consecutive U(1) groups. We denote the singlets in the vector multiplets as
¢; (i=1...N). The superpotential of the mirror theory is

W = Z — ¢ir1)0iqd (dni1 = ¢1).

To recover N' = 2 SQED we introduce a chiral multiplet A and couple it to the singlet in
the N/ = 4 vector multiplet to make it massive. In the dual theory this is implemented by
coupling the extra singlet (which we call again A) to all the mesons. The superpotential

W = Z — ¢ir1)@iq + A (Z qﬂ)

If we now perform the followmg ﬁeld redefinition on the singlets:

Si=¢i—dir1+A (i=1..N); ¢=> ¢,

becomes

we find that ¢ drops out of the superpotential and decouples (together with the diagonal
combination of the U(1) vector multiplets) and we conclude that ' =2 SQED is dual to
the U(1)" /U(1) theory with superpotential

W=> Sigq"

The above field redefinition is unitary, hence the Kéahler potential is not affected. This
model has N —1 U(1) topological symmetries, a baryonic symmetry and N U(1) symmetries
under which the bifundamentals have charge 1 and the singlets S; have charge —2. This
precisely reproduces the rank 2N of the global symmetry SU(N) x SU(N) x U(1) 4 x U(1) s
of SQED with N flavors.

Let’s now turn to the analysis of nonabelian theories and for definiteness we focus
on the simplest nontrivial case: the mirror dual of SU(2) SQCD with three flavors. The
arguments can easily be extended to higher rank cases. As we have argued in section 3.2,
the mirror theory is the quiver (') in (3.3) with superpotential (we use the same notation)

W = X§q + qpiq + X35 + Y1Pp — 5615 — PP1p. (A1)

It is now convenient to rewrite the adjoint of U(2) ¢y as nls + ¢, where I3 is of course the

t 2
r;’ Ir, we can

2 x 2 identity matrix, n = %tr(m) and ¢ is the traceless part. Since ¢? =
rewrite the superpotential as

2
W= (x P+ tj) G0+ 203da + (x — m)Fs + (b1 — )fp — s — pop.  (A.2)
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By applying chiral ring stability we can simplify the first term and rewrite it simply as
Xqq since the F-term for X sets gq to zero in the chiral ring. Overall we can rewrite the
superpotential as

W = Xqq + 20'Goq + X'Ss + '\ pp — 3¢5 — pop, (A.3)

where we have also performed the field redefinition X’ = x —n, ¥} = ¢1 —nand ' =n. We
are then led to the conclusion that 7' is no longer forced to have the same charges under
global symmetries as x’, 1] and ¢ and we gain a new U(1) symmetry under which X, n’
have charge —2; ¢, ¢ have charge 1; and all other fields are uncharged. The issue is that,
contrary to the abelian case discussed before, the field redefinition

(x—mv1—nm) — X, ¢.7) (A.4)

we have just performed is not unitary and makes the Kéahler potential off-diagonal. The
requirement that it is uncharged under all global symmetries of the theory reinforces the
constraint that x,n and ; have the same charge. We thus conclude that classically the
Lagrangian is not invariant under the aforementioned symmetry.

Of course, this does not rule out the possibility that it emerges in the infrared. As-
suming it does, can we match it with a global symmetry of SQCD? In order to answer
this question, we recall that the monopole operators of this theory are mapped to meson
components of SU(2) SQCD with three flavors and in particular all the monopole operators
with charge +1 under the topological symmetry of the U(2) central node (whose charge
under the aforementioned U(1) symmetry is %[(—g) +(=2)+141] = —1) can be mapped
in to meson components of the form Q1Q" and Q;Q' (i = 2,3). All other monopole op-
erators are uncharged. Moreover, the operator ¢ssq which is mapped to the monopole of
the SU(2) theory has charge +2. This is precisely compatible with the U(1) symmetry
of SQCD which assigns charge —1 to @1 and @)1 and zero to the other flavors. In other
words, this emergent U(1) global symmetry is mapped to a Cartan element of the axial
symmetry of SQCD under mirror symmetry. This gives supporting evidence for this emer-
gent symmetry and, moreover, it indicates that the emergent U(1) symmetry does not mix
with the R-symmetry. Hence, the emergence of this U(1) global symmetry does not affect
the R-charge assignments that we use to match the partition functions in section 4.3.

Assuming this extra U(1) is there, we find in theory (A.3) a rank five global symmetry,
coming from three U(1) topological symmetries, one U(1) flavour symmetry and the afore-
mentioned U(1), whereas SU(2) SQCD with three flavors is known to have U(6) symmetry,
so we are missing a U(1) generator which is not manifest from the above Lagrangian de-
scription. In the case of SQCD with N flavors the global symmetry has rank 2N, whereas
on the dual side we see manifestly N + 2 U(1) symmetries, including the emergent one.
As we have said in the main body of the paper, we leave the discussion of the remaining
hidden symmetries for future work. The main difference with respect to the abelian case
discussed at the beginning is that the presence of the adjoint chiral multiplet ¢ prevents
us from assigning independent charges to x’ and v]. The discussion for U(2) SQCD is
unchanged since the superpotential is the same, the only difference being that a U(1) tail
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is now ungauged. Again, the emergent symmetry in the mirror theory can be matched
with the U(1) symmetry acting on one flavor only: in this case we have two monopole
operators of charge +1 under the topological symmetry, which are mapped in the mirror
to gs and $q respectively. Both monopole operators of U(2) SQCD have charge +1 under
such a symmetry. Again, the SQCD model has a rank six global symmetry whereas in our
dual description we see a rank five symmetry group. The mismatch grows linearly with
the number of flavors. Following the same reasoning, in the case of SU(N) SQCD we find
that the superpotential can be written as follows:

N-1
W= Xigd'q+ Y osbb! +x'5s +iip + .. (A.5)
i=0 j

where ¢ denotes again the traceless part of the U(N) adjoint. Every bifundamental is
coupled to a different singlet (this is analogous to the abelian case) and the dots stand for
cubic terms involving the traceless part of the adjoint chirals ¢;. These are the same as in
the N = 4 theory.

B Quivers with alternating orthogonal and symplectic gauge groups

In this appendix, we state various conjectures about mirror theories of 3d ' = 2 SQCD
with orthosymplectic gauge groups and zero superpotential. The proposed mirror theories
involve quivers with alternating orthogonal and symplectic gauge groups. In order to
motivate such conjectures, we start with N' = 4 mirror pairs of linear quivers. These
models are studied in detail in [11, 13, 35-37] and they admit brane realizations. We then
proceed in a similar way as described in section 5, namely turn on the nilpotent VEVs for
one of the flavour symmetry in the N’ = 4 mirror theory. In this way, we can obtain the
mirror theories of N = 2 SQCD as well as their superpotentials.

We emphasise that the results in this appendix are conjectural for the following rea-
sons. First of all, we do not have a solid statement of the duality analogous to (2.1) for the
orthosymplectic gauge group. One of the reasons is that for the an orthosymplectic gauge
group, there is no U(1) topological symmetry and the symmetry generators are usually
hidden [13, 35, 38]. This makes the explicit charge assignment in the level of Lagrangians
difficult. Moreover, as pointed out in [11], N = 4 mirror theories of certain linear quiv-
ers in this section are “bad theories” in the sense that the dimension of some monopole
operators falls below the unitarity bound. In the latter case, the best we could do is to
map the “dressed” monopole operators in the mirror theory whose dimensions stay above
the unitarity bound to the chiral operator of original theory. In any case, since the results
could be interesting and potentially be useful for future work, we simply state the results
without derivations, along with the R-charge of the chiral fields and basic operator maps.
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B.1 USp(2k) gauge theory with Ny flavours
B.1.1 AN = 4 mirror pairs
Let us first consider 3d A" = 4 USp(2k) gauge theory with Ny flavours,

e — N (B.l)
2%k  2N;

There are two known mirror theories of (B.1). One can be obtained by using the brane
construction involving an O3-plane (see [35, figure 13]):

Tl F1
e—0—0—90—---— @6 — 6 —0—0— 6 — 0 —---— O —0—0— 0 — O — - -—0—0—0—0 <B2)
2 2 4 4 2k—2 2k—2 2k 2k 2k+1 2k 2k+1 2k 2k 2k—2 2k—2 4 4 2 2

kf—2k—1 blue nodes
kf—2k—2 red nodes

The other mirror theory can be obtained by using the brane construction involving an
Ob5-plane (see [39, section 4.1.1 & figure 12]):

T
0O—0—:++— O — O —0—...— 0 —O, <B3)
1 2 2k—1 2k 2k 2k k

'

(kf—2k—1) (2k)-nodes

Observe that we can recover the theory (B’) in (3.2) from (B.3) as follows. First, we
consider USp(2) gauge theory (i.e. N = 1) with Ny + 1 flavours:

[ Jp— (B.4)
2 2 2N

Gauging the SO(2) flavour symmetry in the above quiver, we obtain

e—0o— N (B.5)
2 2 2N,

On the mirror side, this amounts to ungauging the leftmost U(1) node (with & = 1 and
Ny — Ny +1) in (B.3) and hence we obtain

FZ c|>1
0 —o0—...— 0o, (B.6)

(Nf—2) (2)-nodes

Observe that (B.5) and (B.6) are indeed the mirror pairs in (3.2).

In addition to (B.6), one can indeed obtain another mirror theory of (B.5) in a similar
manner from (B.2). Taking K =1 and Ny — Ny + 1 in (B.2) and ungauging the leftmost
SO(2) gauge group, we obtain

K] m
l—o—o—u-—o—l—o (B,?)
2 3 2 3 2 2

| —
Ny —2 blue nodes
Ny —3 red nodes
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Generalisation. Let us generalise such mirror pairs by considering the following quiver:

(A): e—0o—0eo—0o—---—0o—0o— N (B.8)
2 2 4 4 2k 2k 2N;
This theory is also known as Tjyy, op—1,12v+1](SO(2Ny)) in the notation of [11]. The

mirror of (B.8) is denoted by T[QNf*Qk*MMH](SO(QNf)). It admits the following quiver
description [36]:

[}
(B) : B —¢e— ¢ —0o—---— o —l—o—u-—o—o—o—o (B.9)
2k+1 2k 2k+1 2k 2k+1 2k 2k 4 4 2 2
Njy—Fk—1Dblue nodes
Ny—k—2red nodes
For k = 1, this is in agreements with (B.7).
B.1.2 N = 2 USp(2k) SQCD with W = 0 and its mirror
We obtain the following 3d N = 2 mirror pair as in the previous sections:
Q@ .
(a): o — M  with W) =0
2k 2Ng
#1 b2 b3 Pt ) Yap—1 vy vz Wy ¥
g Nb N b2 bs N bm 5| P2e—1 N pa (P33 (P2 PN
b): M—e — o —0o—...— o — o — e -.-—e—e—9—e (]
1 2k 2k+1 2k 2k+1 2k 2k 4 4 2 2 :
U

Ny—k—1 blue nodes
Njy—k—2 red nodes

with W(b’) and m/ = 2Nf — 2k — 2.
where the above quivers are written in the A/ = 2 notation, in which
e cach node denotes a 3d N = 2 vector multiplet;

e each — denotes a chiral multiplet in the SO x USp bi-fundamental representation;
and

e cach [ denotes the adjoint chiral field.

The superpotential W) contains the following terms

k—1

a6 g+ Xojad¥ g+ Wiy, (B.11)
=0

where the power of ¢ in these terms are fixed using the principal orbit [2k+1] of SO(2k+1).
Note that the number of flipping fields is equal to the number of independent Casimirs of
USp(2k). As before, WN:4 denotes a collection of the cubic superpotential terms that
comes from N = 4 supersymmetry.
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The special case of k = 1 deserves a special attention.

2 2N
Hofufn o T
q 1 m! s p
(b’): H — 0o — o — o — — e — e — o (B.12)
o1 2 3 2 3 2 2
Ny—2 b}:le nodes ¢mL,J+1

Ny —3 red nodes
with Wy and m’ = 2Ny — 4.

This provides the another duality frame for the SU(2) gauge theory with Ny flavours in
addition to (3.3).

R-charges and operator maps. Let us denote the R-charge of @ in theory (a) by r:
RQl=r. (B.13)

From the superpotential terms ¢o,+1b2m+1b2m+1, the R-charges R[¢]| of ¢1, ¢3, &5, ...,
¢m/—1 can be written as
R[¢] := R[¢pom+1] =2 — 2RI}], (B.14)

where R[b] := R[bi] = R[b2] = --- = R[bny].
We propose that the meson M = QQ in theory (a) is mapped to the minimal monopole
operator Y (") of any USp(2k) gauge group in theory (b):

M s Y® (B.15)

It follows that
2r =22k +1)(1 — R[b)) + (2k)(1 — R[¢]) — 2k, (B.16)

where the right hand side is the R-charge of the monopole operator Y (?); see e.g. [31, (3.7)].
Plugging (B.14) into the above equation, we obtain

R =1—r, (B.17)

and hence
R[¢] = 2r . (B.18)

The superpotential term (gﬁ%kﬂ)qq implies that
2 =2R[q| + 2k + 1)R[¢] (B.19)
We thus obtain the R-charge of g to be
Rlq] = RDJ(1+2k) —2k=(1—7r)(1 +2k) —2k=1— (1 + 2k)r . (B.20)
The R-charges of the flipping fields Xo; (with j =0,1,2,...,k — 1) are thus

R[X;] = 2 — 2R][q] — 2jR[¢] = 2(1 + 2k — 2j)r . (B.21)
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The R-charge of the minimal monopole operator Y@ of the USp(2k) gauge group in
theory (a) is

R[Y @] =2N;(1—r) — 2k . (B.22)

This turns out to be equal to the R-charge of the gauge invariant combination gbibs . .. b, s
in theory (b):

Rlgb1bs .. .byys] = Rlq] + m/R[b] + R[b] = 2Ns(1 —r) — 2k . (B.23)

We thus conclude that the minimal monopole operator Y (@ in theory (a) is mapped to the
operator in theory (b) as follows:

Y@ e gbiby. . byys . (B.24)
This is as expected from mirror symmetry.

B.2 SO(2k) gauge theory with 2Ny flavours
B.2.1 N = 4 mirror pairs
Let us start by considering the following 3d A = 4 theory:

e—0o—---— o — o —o— N (B.25)
4 4 %—2 2—2 2k 2N;

(A g-9-

where the blue node with a label m denotes an SO(m) group and the red node with an even
2N

label m denotes a USp(m) group. This theory is also known as T[ngJi}%H’l%](USp(2Nf))

_ 2k
in the notation of [11]. The mirror of (B.25) is denoted by T[[f;y\,ff] kL ](SO(2Nf +1)),

whose quiver is given by [36]

m
(B): .—o—o—o—u-—o—l— e — --—e—0—0—o (B.26)
2k 2k 2k 2k 2k 2k 2k—1 4 3 2 1

Ny —kblue nodes
Njy—kred nodes

B.2.2 SO(2k) SQCD with 2N flavours, W = 0 and its mirror

We obtain the following 3d N = 2 mirror pair as in the previous sections:

Q
(a) : e — WM with W(a) =0

% 2N,
$1  da @3 Ppnt b Yok—1 s v3 Wy Y
4, NbiNb2N0b N b 5| P2e-1 pa NP3 (P2 P1N
b): M~ oeo—9e—9o—---— e — ¢ — @ ---—0e—0—90o—9 (B.27)
1 7 2k 2k 2k 2k 2k 2k—1 4 3 2 1 '
U

Ny —k blue nodes
Ny—k—1 red nodes

with W) and m' = 2Ny — 2k.

¢m’+1
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The superpotential W,y contains the following terms

k—1
QO NG+ ada+ Y XojGeY G+ XpGotq + W=, (B.28)
j=0
where the power of ¢; in these terms are fixed using the principal orbit [2k—1, 1] of SO(2k)
in the same way as in [40]. Note that the number of flipping fields is equal to the number
of independent Casimirs of SO(2k).

R-charges and operator maps. Let us denote the R-charge of @ in theory (a) by 7:
R[Q]=1r. (B.29)

From the superpotential terms ¢9,,+1b2/m+1b2m+1, the R-charges R[¢] of ¢1, ¢3, ¢s5, ...,
¢m/—1 can be written as
R[¢] == Rlpam+1] = 2 — 2R[}], (B.30)

where R[b] := R[bi] = R[b2] = --- = R[bny].
Let us denote the monopole operator in any USp(2k) gauge group in theory (b) dressed
with the adjoint matter field ¢ by

Y = (v ¢) (B.31)

where Yo(b) is the minimal monopole operator of any USp(2k) gauge group in theory (b).
The R-charge of Yj(b) is (see e.g. [31, (3.7)]):
(B.30)

RIY") = 2(2k)(1 — R[b]) + (2k)(1 — R[¢]) + jR[¢] — 2k * = 2j(1—R[b]) . (B.32)

Let us point out that for j = 0, R[Yb(b)] = 0. This means that the dimension of the minimal
monopole operator Yo(b) falls below the unitary bound. Indeed for the theory with N =4
supersymmetry, namely (B.26) with R[b] = 1/2, a USp(2k) gauge group with 2k flavours
renders the theory “bad” in the sense of [11]. Hence, to make sense of this, we consider
Y with j > 1.

We propose that the meson M = QQ in theory (a) is mapped to the monopole operator
Yl(b) in theory (b):

M s Y. (B.33)
It follows that
or = R[Y,\"”] = 2(1 — RJ})) . (B.34)
Thus,
Rb=1—1r. (B.35)
We therefore obtain
R[¢p] =2r . (B.36)

The R-charge of the operator Yj(b) is thus

RV = 2jr . (B.37)
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The superpotential term ¢1qq imposes the condition

R[] =R =1—1. (B.38)

The superpotential term (gb%k*l)&’q” imposes the condition
2R[q] + (2k — 1)R[¢] = 2, (B.39)

and so
R[q] =2+ 2kR[b] — R[b] —2k=1—(2k— 1)r . (B.40)
The R-charges of the flipping fields are as follows:

R[Xy] =2 — 2R[G] — 2jR[¢] = 2(2k — 1 —2j)r, j=0,....k—1 (B.41)
R[Xi] =2 —-2R[q] — kR[¢] =2r(k—1) . (B.42)

The minimal monopole operator Y@ of gauge group SO(2k) theory (a) has R-charge
R[Y@] =2N;(1 —7r) — (2k —2) . (B.43)
The baryon-monopole operator 3(® of theory (a) has R-charge
R[] = (2k — 2)r + R[Y W] = 2N;(1 —r) — (2k — 2)(1 — 1) . (B.44)
These can be matched with the following R-charges of the operators of (b):
R[gbibs . ..byys) = R[g) + m'R[b] + R[b] = 2Ns(1 —r) — (2k — 2)(1 — r)

R[sbyy ...bob1q) = R[b] + m'R[b] + R[q) = 2Ns(1 —r) — (2k — 2) . (B.45)
We thus propose that Y@ and 3(®) are mapped to the operators of (b) as follows:
@ gbibo.. byys
5@ — me, . bobiG (B.46)
Moreover, the R-charge of the baryon B in theory (a) is
R[B] = 2kr . (B.47)

The baryon B in theory (a) is mapped to the monopole operator in theory (b) as follows:
B «— Y. (B.48)

B.3 O(2k + 1) gauge theory with 2NNy flavours

B.3.1 AN = 4 mirror pairs

Let us start by considering the following 3d N = 4 theory:

e—90o—0—0—---—0o— o — N (B.49)
1 2 3 4 2%k  2k+1 2Ny
2N
This theory is also known as T[[ZlefJQk 12,c](USp(2Nf)’) in the notation of [36]. The mirror
_ 2k
of (B.49) is denoted by T[[fg\,’;] 2l ](USp(QNf)’), whose quiver is given by
I
H— ¢ —¢o— ¢ —0o—..-— o —L— e — . ..—0e—0—0—0o (B.50)
2k 2k+2 2k 2k+2 2k 2k+2 2k 2k+1 4 5 2 3

Ny —kblue nodes
Njy—k—1red nodes
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B.3.2 O(2k + 1) SQCD with 2N, flavours, W = 0 and its mirror

We obtain the following 3d N = 2 mirror pair as in the previous sections:

Q
(a): o — B with W, =0
O(2k+1) 2Ny
b1 bo b3 o [ |l Yok —1 Py Y3 Yo Y1
g N biNb N b3 N b 5| P21 Pa (\P3 (P2 (\P1L)
b)y: W — o —e— o —---— o — o — o --— e —0—0o— o
SU(1)  2k+2 2k 2k+2 2%k+2 2% 2%k+1 4 5 2 3
Ny—k—1 blue nodes ¢"E,J+1
Ny—k—1 red nodes
with Wy and m’ = 2Ny — 2k — 1. (B.51)
The superpotential W) contains the term
k
o —
q(61")g + Z Xojq¢y"q + Wn=s . (B.52)

§=0
R-charges and operator maps. Let us denote the R-charge of @ in theory (a) by r:
RQ] =1 . (B.53)

From the superpotential terms ¢9,,+1b2/m+1b2m+1, the R-charges R[¢] of ¢1, ¢3, ¢, ...,
¢m/—1 can be written as
RI6) = Rlgom 1] =2 — 2R[b]. (B.54)

where R[b] :== R[b1] = R[b2] = --- = R[b] = R]s].
Let us denote the monopole operator in any SO(2k + 2) gauge group in theory (b)
dressed with the adjoint matter field ¢ by

b b
Y = (v ") (B.55)
where Yo(b) is the minimal monopole operator of any SO(2k + 2) gauge group in theory (b).
The R-charge of Yj(b) is (see e.g. [31, (3.7)]):

R[Y,"] = 2(2k)(1 — RIb]) + [(2k + 2) — 2)(1 — R[¢]) + jRI[¢]

—[(2k+2) - 2] (B.56)

B2Y 50 ruG -8 .

Let us point out that for 0 < j < k, R[Yo(b)] < 0, assuming that 0 < R[b] < 1. Indeed
for the theory with N' = 4 supersymmetry, namely (B.51) with R[b] = 1/2, a SO(2k + 2)
gauge group with 2k flavours renders the theory “bad” in the sense of [11]. Hence, to make
sense of this, we consider Yj(b) with j > k+ 1.
We propose that the meson M = QQ in theory (a) is mapped to the monopole operator
Yéi)l in theory (b):
M o Y (B.57)
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It follows that

2r = RY,"\] = 2(1 - R[b)) . (B.58)
Thus,
Rp=1-r, (B.59)
and hence
R[¢] = 2r . (B.60)

The R-charge of the operator Yj(b) is thus

(o) _ :
R[Y] |=2r(j—k). (B.61)
The superpotential term gb%qu imposes the condition

2R[q) + 2kR[¢] =2 . (B.62)

Therefore,
Rlgl=1—kR[¢] =1 —2kr . (B.63)

The R-charges of the flipping fields Xo; (with j =0,1,...,k) are thus
R[X3;] = 2 — 2Rlq] — 2jR[6] = 4r(k — j) . (B.64)
The minimal monopole operator Y@ of gauge group SO(2k) theory (a) has R-charge
RYW] =2N;(1—7) - (2k+1-2) . (B.65)
This can be matched with the following R-charges of the operators of (b):
Rlgbiby .. .byys) = Rlg] + m'Rb] + Rb) =2Ns(1—7r) — (2k+1-2) . (B.66)
We thus propose that Y@ is mapped to the operator of theory (b) as follows:
Y@ s gbiba.. byys . (B.67)
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