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1. INTRODUCTION

Nanofl uids are produced by suspending nanometer-sized particles (less than 100 nm) 

in a pure fl uid such as water, ethylene glycol or propylene glycol. The fi rst to coin 

the "nanofl uids" for these fl uids with superior thermal properties was Choi (1995). 

The existence of high thermal conductivity metallic nanoparticles (e.g., copper, alu-

minum, silver, and titanium) increases the thermal conductivity of such mixtures, thus 

enhancing their overall heat transfer capability (Xuan et al., 2003). In recent years, 

nanofl uids have attracted attention as an innovation in using heat transfer fl uids in the 
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heating of buildings, in various heat exchangers, in plants, and in automotive cooling 

applications, because of their excellent thermal performance. Various benefi ts from 

the application of nanofl uids include: improved heat transfer, heat transfer system size 

reduction, minimal clogging, microchannel cooling, and miniaturization of systems 

(Choi, 1995).

Numerous investigations have been conducted on the thermophysical properties 

of nanofluids (effective dynamic viscosity, thermal conductivity, etc.) and the energy 

transport in nanofl uids. Studies of the thermophysical properties of nanofluids were 

carried out by Lee et al. (2001), Xie et al. (2002), Patel et al. (2005), and Chang et al. 

(2005). Also many theoretical, numerical, and experimental studies on the infl uence of 

the existence of nanoparticles on convective heat transfer have been reported.

On the other hand, fl uid fl ow and heat transfer in a cavity fi lled by a pure fl uid 

which is driven by buoyancy and shear have been studied extensively in the literature. 

Mixed convection (a kind of convection including both natural and forced convection) 

NOMENCLATURE

dimensional Cartesian coordinates, mx, yspecifi c heat, J·kg–1·K–1cp

dimensionless Cartesian coordinatesX, YGrashof numberGr

Greek symbols
gravitational acceleration, m·s–2g

heat transfer coeffi cient, h

thermal diffusivity, m2·sαW·m–2·K–1

thermal expansion coeffi cient, K–1βenclosure length, mL

dimensionless temperatureθthermal conductivity, W·m–1·K–1k

dynamic viscosity, kg·m–1·s–1μNusselt numberNu

kinematic viscosity, m2·s–1νpressure, N·m–2p

density, kg·m–3ρdimensionless pressureP

volume fraction of nanoparticlesφPrandtl numberPr

Subscripts
heat fl ux, W·m–2q

Reynolds numberRe

coldcRichardson numberRi

effectiveeffdimensional temperature, KT

fl uidfdimensional velocity componentsu, v

hothin the x and y directions, m·s–1

nanofl uidnfdimensionless velocity compo-U, V

solid particlessnents in the X and Y directions

wallwlid velocityU0
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has a signifi cant role in many applications in industry and engineering: lakes and res-

ervoirs (Imberger and Hamblin, 1982), food processing, crystal growth (Moallemi and 

Jang, 1992), electronic cooling devices, drying technologies, solar ponds (Cha and 

Jaluria, 1984), solar collectors (Ideriah, 1980), and fl oat glass production (Pilkington, 

1969), to cite but a few.

Several investigations on mixed convection in single or double lid-driven enclosure 

fl ow and heat transfer including different cavity geometries and confi gurations, dif-

ferent base fl uids and boundary conditions have been reported. Particularly in recent 

years some interesting researches have been done such as by Saedodin et al. (2011), 

Abu-Nada and Chamkha (2010), Fereidoon et al. (2013), Zarei et al. (2013), and Ab-

basian Arani et al. (2012).

Another work that was done by Nikfar and Mahmoodi (2012) also verifi ed the 

above statement. They studied natural convection in a square cavity fi lled with an 

Al2O3–water nanofluid. The horizontal walls of the cavity were insulated, while the 

left and right wavy side walls of the cavity were maintained at high and low constant 

temperatures. They demonstrated that an increase in the volume fraction of nanoparti-

cles increases the average Nusselt number of the hot wall.

The effect of the existence of an obstacle within the cavity is one of the interest-

ing challenges for researchers. Recently a free-convection fl uid fl ow and heat trans-

fer were investigated numerically by Mahmoodi and Mazrouei Sebdani (2012). Their 

work dealt with a Cu–water nanofl uid around adiabatic square bodies at the center of 

a square cavity. They showed that for the majority of Rayleigh numbers the Nusselt 

number increases with the volume fraction of the nanoparticles. They also showed 

that at low Rayleigh numbers on increase in the size of the adiabatic square body, the 

rate of heat transfer decreases and that the opposite is true for high Rayleigh numbers.

Mixed convection of an Al2O3–water nanofl uid in a cavity with a hot moving bot-

tom wall and cold right, left, and top walls was investigated numerically by Mahmoo-

di (2011). Also, the effect of the nanofl uid variable properties on mixed convection in 

a rectangular cavity was analyzed by Mazrouei Sebdani et al. (2012).

Motivated by the investigations mentioned above, the purpose of the present work 

was to consider mixed-convection fl ows of an Al2O3–water nanofl uid in a square cav-

ity with an inside heated obstacle and an upper lid moving uniformly in the horizontal 

plane. Also, the effects of the Richardson number, height of the hot obstacle, position 

of the hot obstacle on the bottom wall, and the solid volume fraction of the Al2O3 

nanoparticles on the fl ow and thermal fi elds and heat transfer inside the cavity are 

studied.

2. MATHEMATICAL MODELING

Figure 1 shows a two-dimensional square cavity, considered in the present study, with 

physical dimensions. The cavity is fi lled with an Al2O3–water nanofl uid and has an 
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adiabatic upper moving lid. The bottom, top, and left walls are adiabatic, while the 

right wall is maintained at a low temperature (Tc). A hot rectangular obstacle is locat-

ed on the bottom wall of the square cavity. The height and the width of this obstacle 

are denoted by h and d. The distance between the left wall and the hot obstacle is de-

noted by X. The length of the cavity perpendicular to its plane is assumed to be long 

enough; hence, the study is considered two-dimensional.

The cavity is fi lled with a suspension of Al2O3 nanoparticles in water without slip 

between them. The nanofl uid is assumed to be incompressible, with the nanoparticles 

and the base fl uid being in thermal equilibrium. The thermophysical properties of the 

nanoparticles and water as the base fl uid at T = 25˚C are presented in Table 1.

The governing equations for a steady, two-dimensional laminar and incompressible 

fl ow are expressed as

 

0 ,
u v

x y

∂ ∂
+ =

∂ ∂
 (1)
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 (2)

FIG. 1: Schematic diagram of current study 

TABLE 1: Thermophysical properties of water and Al2O3

Physical propertiesFluid phase (Water)Solid (Al2O3)

Cp, J/kg·k4179765

ρ, kg/m3997.13970

K, W·m
–1·K–10.625

β × 10–5, 1/K21.0.85

μ × 10–4, kg/ms8.9……..
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The dimensionless form of the above governing equations, (1) to (4), becomes
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2.1  Thermal Diffusivity and Effective Density

The thermal diffusivity and effective density of the nanofl uid are

 ,
( )

nf
nf

p nf

k

c
α =

ρ
 (11)

 (1 ) .nf s fρ = ϕρ + − ϕ ρ  (12)
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2.2  Heat Capacity and Thermal Expansion Coeffi cient

Heat capacity and thermal expansion coeffi cient of the nanofl uid therefore are

 ( ) ( ) (1 )( ) ,p nf p s p fc c cρ = ϕ ρ + − ϕ ρ  (13)

 ( ) ( ) (1 )( ) .nf s fρβ = ϕ ρβ + − ϕ ρβ  (14)

2.3  Viscosity

The effective viscosity of nanofl uid was calculated by

 ( )
2

3(1 2.5 ) 1 1 .
p

eff f

d

L

−2ε⎡ ⎤⎛ ⎞⎢ ⎥μ = μ + ϕ + η ϕ ε +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (15)

This well-validated model is presented by Jang et al. (2013) for a fl uid containing a 

dilute suspension of small rigid spherical particles, and it accounts for the slip mech-

anism in nanofl uids. The empirical constants ε and η  are –0.25 and 280 for Al2O3, 

respectively.

It is worth mentioning that the viscosity of the base fl uid (water) is considered to 

vary with temperature and the fl owing equation is used to evaluate the viscosity of 

water:

 

2
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where

 log ( 273) .rcT T= −  (16b)

2.4  Dimensionless Stagnant Thermal Conductivity

The effective thermal conductivity of the nanoparticles in the liquid as stationary is 

calculated by the Hamilton and Crosser (1962) (H–C model), which is
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2.5  Total Dimensionless Thermal Conductivity of Nanofl uids
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This model was proposed by Xu et al. (2006) and it has been chosen in this study to 

describe the thermal conductivity of nanofl uids. Here c is an empirical constant (e.g., 

c = 85 for deionized water and c = 280 for ethylene glycol) which is independent of 

the type of nanoparticles. Nup is the Nusselt number for a liquid fl owing around a 

spherical particle and equal to two for a single particle in this work. The fl uid mo-

lecular diameter df = 0.45 nm for water in present study. The fractal dimension Df is 

determined by
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where dp,max and dp,min are the maximum and minimum diameters of nanoparticles, 

respectively. The ratio of minimum to maximum nanoparticles dp,min/dp,max is R. In 

this study, R is constant and equal to 0.007.

3. NUMERICAL IMPLEMENTATION

The governing equations (including continuity, momentum, and energy equations) are 

discretized using the fi nite volume method with a staggered grid system. The SIM-

PLER algorithm has been adopted for the pressure velocity coupling. The convection 

terms are approximated by a blend of the central difference scheme with the upwind 

scheme (hybrid scheme) which is conducive to a stable solution. Besides, a second-or-
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der central differencing scheme is used for the diffusion terms. The algebraic system 

arising from the numerical discretization is computed using the Tridiagonal Matrix 

Algorithm (TDMA). The solution process is repeated until an acceptable convergence 

criterion is reached. A FORTRAN computer code has been developed to solve the 

equations as described above. The process is repeated until the following convergence 

criterion is satisfi ed:

 

1
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∑ ∑

∑ ∑
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Here, M and N correspond to the number of grid points in the x and y directions, re-

spectively, n is the number of iteration, and λ  denotes any scalar transport quantity. 

To verify the grid independence, the numerical procedure was carried out for 11 

different mesh sizes. The average Nu of the hot body wall at X = 0.4L, Ri = 0.1, h = 

0.2L, and 0.03ϕ =  is obtained for each grid size as shown in Fig 2.

As can be seen, an 101 × 101 uniform grid size yields the required accuracy and 

was hence applied for all simulation exercises in this work as presented in the follow-

ing section.

To ensure the accuracy and validity of this new model, we analyze a square cavity 

fi lled with a base fl uid at different Re and Ri numbers. Table 2 shows the compari-

son between the results obtained with our new model and the values presented in the 

literature. The quantitative comparisons for the average Nusselt numbers indicate an 

excellent agreement between them.

FIG. 2: Average Nusselt number for different uniform grids
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4. RESULTS AND DISCUSSION

In this paper, heat transfer inside a square cavity fi lled with a nanofl uid is studied re-

lying on streamlines and isotherms plots as well as Nusselt number diagrams. All dia-

grams are plotted assuming that Gr = 104 and that the nanofl uid has a temperature and 

volume fraction of 300° and 0.05, respectively. The obstacle height is also assumed to 

be constant and equal to 0.1L.

Variation of the isothermal lines and streamlines at different diameters of the 

nanoparticles dispersed in water is illustrated in Fig. 3 at Ri = 1 and X = 0.4L. As in-

ferred from the streamlines in this range of parameters and at all diameters, a primary 

clockwise cell produced by the shear force of the top moving lid and buoyancy force 

due to the fl uid temperature difference occupies almost the whole cavity. The intensity 

and shape of this cell at all the diameters studied are approximately the same, whereas 

a changing nanoparticle diameter practically has no effect on the fl ow condition. The 

isothermal lines also show the presence of a thermal boundary layer at the boundaries 

of the warm walls. The isothermal lines near the hot walls are very dense indicating a 

high temperature gradient and heat transfer rate there. By precise analysis of tempera-

ture diagrams, it is inferred that as the nanoparticle diameter increases, the isothermal 

lines near the isothermal walls slightly become less crowded and, therefore, it is ex-

pected that this reduction in the temperature gradient causes the Nusselt number and 

total heat transfer inside the cavity to reduce.

Variation of the thermal and fl uid fl ow behaviors as a function of a changing Rich-

ardson number inside the cavity fi lled with a nanofl uid at dp = 40 nm and x = 0.2L 

is shown in Fig. 4. The fl ow pattern at Ri = 0.1 indicates the formation of a central 

clockwise vortex inside the cavity. The form of this vortex does not change signifi -

cantly on changing the Richardson number. As the Richardson number increases, the 

TABLE 2: Comparison between the results of the present study with the results of other researches

Sharif 

(2007)

Khanafer 

et al. 

(2007)

Abdel-

khalek 

(2008)

Tiwari 

and Das 

(2007)

Waheed 

(2009)

Abu-

Nada et 

al. (2010)

Present 

study

(101 × 

101)

RiRe

––––1.000331.0101340.99141001

2.021.9852.102.031162.0908372.01690.01100

4.054.013.87853.854.024624.1620573.900.000625400

––––4.526714.6636894.47600.0004500

6.556.426.3456.336.484236.5516156.39070.00011000
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FIG. 3: Streamlines (on the left) and isotherms (on the right) at Ri = 1, X = 0.4L for different 

diameters of nanoparticles
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central vortex is weakened and its intensity is reduced. In addition, with an increasing 

Richardson number, the buoyancy force dominates the shear force and few defl ections 

in the top left corner of the vortex are modifi ed and the vortex becomes approximate-

ly symmetric. The crowded isothermal lines near the hot obstacle walls at Ri = 0.1 

indicate intense forced convection in this condition. With an increasing Richardson 

number, the isothermal lines become less dense, the temperature gradient near the 

isothermal walls is reduced, and the isothermal lines are separated from each other. 

At higher Richardson numbers, heat exchange also occurs at the center of the cavity.

FIG. 4:  Streamlines (on the left) and isotherms (on the right) at dp = 40 nm and x = 0.2L for 

different Richardson numbers
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Variation of the isothermal lines and streamlines inside the cavity versus changes 

in the position of the hot obstacle on the bottom wall is demonstrated in Fig. 5. All 

streamlines and isotherms are plotted for dp = 40 nm, 0.05ϕ = , and T = 300°. De-

spite the fact that different surfaces of the obstacle are exposed to the nanofl uid fl ow 

but as the position of the obstacle over cavity bottom wall changes, no signifi cant 

change occurs in the fl ow pattern. This is clearly observed in the fi gures demonstrat-

ing isothermal lines. As the hot obstacle is moved further apart from the left wall, the 

FIG. 5: Streamlines (on the left) and isotherms (on the right) at dp = 40 nm, φ = 0.05, and T 

= 300° for different positions of the hot obstacle on the bottom wall
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temperature gradient near the hot wall increases and therefore it is expected that heat 

transfer inside the cavity increases as the hot obstacle is moved further away from the 

left wall.

Diagram of the Nusselt number versus the Richardson number for different nanopar-

ticle diameters is illustrated in Fig. 6. In this diagram it is assumed that 0.05ϕ =  and 

x = 0.4L. It is seen from this diagram that as the Richardson number increases and the 

buoyancy force starts to dominate the shear force, the Nusselt number and heat trans-

fer inside the cavity decrease. On the other hand, using formulation of variable attri-

butes in this research, it can be found that the size of nanoparticle diameter can infl u-

ence the Nusselt number and heat transfer rate inside the cavity. As is seen, a general 

trend exists for the thermal behavior of the nanofl uid at all Richardson numbers and 

different diameters. This trend indicates that the heat transfer rate at all Richardson 

numbers studied increases with a decreasing nanoparticle diameter.

Figure 7 shows variation of the mean Nusselt number as a function of the Richard-

son number for different distances of the obstacle from the left wall and at 0.05ϕ =  

and dp = 40 nm. In this range of parameters, an increasing Richardson number also 

causes the heat transfer rate inside the cavity to decrease. On the other hand, as the 

obstacle is moved further away from the left wall, the Nusselt number and heat trans-

fer rate inside the cavity increase. This increase in the heat transfer rate is mostly 

related to the rotation of the primary cell and confi guration of the obstacle upstream 

the fl ow. 

FIG. 6: Variation of the average Nu numbers with the Richardson number for φ = 0.05 and dp 

= 40 nm and different dp equal to 20 nm, 40 nm, 60 nm, and 80 nm
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5. CONCLUSIONS

In this paper, the thermal characteristics, heat transfer, and fl ow patterns inside a cav-

ity fi lled with a nanofl uid and having a hot square obstacle were investigated. The ef-

fect of different parameters such as the average diameter of nanoparticles, Richardson 

number, and the position of obstacle on the bottom wall were studied and the follow-

ing results were obtained by analyzing different diagrams and fi gures:

1) with an increasing Richardson number, the heat transfer rate and the Nusselt 

number decrease; 

2) one of the important parameters that control heat transfer inside the cavity is the 

position of the hot obstacle on the bottom wall. The results indicate that changing the 

position of the hot obstacle causes up to an 18.9% (at low Ri) increase in the heat 

transfer rate;

3) as the nanoparticle diameter decreases, the isothermal lines near the isothermal 

walls become slightly crowded and therefore the heat transfer is enhanced.

REFERENCES

Abbasian Arani, A. A., Amani, J., and Hemmat Esfe, M., Numerical simulation of mixed convection 

fl ows in a square double lid-driven cavity partially heated using nanofl uid, J. Nanostruct., vol. 2, pp. 

301–311, 2012.

FIG. 7: Variation of the average Nu numbers with the Richardson number at φ = 0.05 and x = 

0.4L and different positions of the hot obstacle



577Mixed-Convection Flow in a Lid-Driven Square Cavity Filled with Nanofl uid

Volume 45, Number 6, 2014

Abdelkhalek, M. M., Mixed convection in a square cavity by a perturbation technique, Comput. Mater. 

Sci., vol. 42, pp. 212–219, 2008.

Abu–Nada, E. and Chamkha, A. J., Mixed convection fl ow in a lid driven square enclosure fi lled with a 

nanofl uid, Eur. J. Mech. B Fluids, vol. 29, pp. 472–482, 2010.

Cha, C. K. and Jaluria, Y., Recirculating mixed convection fl ow for energy extraction, Int. J. Heat Mass 

Transfer, vol. 27, pp. 1801–1810, 1984.

Chang, H., Jwo, C. S., Lo, C. H., Tsung, T. T., Kao, M. J., and Lin, H. M., Rheology of CuO nanoparti-

cle suspension prepared by ASNSS, Rev. Adv. Mater. Sci., vol. 10, pp. 128–132, 2005.

Choi, S. U. S., Enhancing thermal conductivity of fl uids with nanoparticles, developments and applica-

tions of non-Newtonian fl ows, in: D. A. Siginer and H. P. Wang (Eds.), FEDvol. 231/MDvol. 66, 

New York: The American Society of Mechanical Engineers, pp. 99–105, 1995.

Fereidoon, A., Saedodin, S., Hemmat Esfe, M., and Noroozi, M. J., Evaluation of mixed convection in 

inclined square lid driven cavity fi lled with Al2O3/water nanofl uid, Eng. Appl. Comput. Fluid Mech., 

vol. 7, no. 1, pp. 55–65, 2013.

Hamilton, R. L. and Crosser, O. K., Thermal conductivity of heterogeneous two component systems, Ind. 

Eng. Chem. Fund., vol. 1, pp. 187–191, 1962.

Ideriah, F. J. K., Prediction of turbulent cavity fl ow driven by buoyancy and shear, J. Mech. Eng. Sci., 

vol. 22, pp. 287–295, 1980.

Imberger, J. and Hamblin, P. F., Dynamics of lakes, reservoirs, and cooling ponds, Annu. Rev. Fluid 

Mech., vol. 14, pp. 153–187, 1982.

Jang, S. P., Lee, J. H., Hwang, K.S., and Choi, S. U. S., Particle concentration and tube size dependence 

of viscosities of Al2O3–water nanofl uids fl owing through micro- and minitubes, Appl. Phys. Lett., 

vol. 91, pp. 24-31, 2007.

Khanafer, K. M., Al-Amiri, A. M., and Pop, I., Numerical simulation of unsteady mixed convection in a 

driven cavity, using an externally excited sliding lid, Eur. J. Mech. B Fluids, vol. 26, pp. 669–687, 

2007.

Lee, S., Choi, S. U. S., Li, S., and Eastman, J. A., Measuring thermal conductivity of fl uids containing 

oxide nanoparticles, Int. J. Heat Mass Transfer, vol. 121, pp. 280–289, 2001.

Mahmoodi, M. and Mazrouei Sebdani, S., Natural convection in a square cavity containing a nanofl uid 

and an adiabatic square block at the center, Superlattice Microstruct., vol. 52, pp. 261–275, 2012.

Mahmoodi, M., Mixed convection inside nanofl uid fi lled rectangular enclosures with moving bottom 

wall, Thermal Sci., vol. 15, no. 3, pp. 889–903, 2011.

Mazrouei Sebdani, S., Mahmoodi, M., and Hashemi, S. M., Effect of nanofl uid variable properties on 

mixed convection in a square cavity, Int. J. Thermal Sci., vol. 52, pp. 112–126, 2012.

Moallemi, M. K. and Jang, K. S., Prandtl number effects on laminar mixed convection heat transfer in a 

lid-driven cavity, Int. J. Heat Mass Transfer, vol. 35, pp. 1881– 1892, 1992.

Nikfar, M. and Mahmoodi, M., Meshless local Petrov–Galerkin analysis of free convection of nanofluid 

in a cavity with wavy side walls, Eng. Anal. Bound. Elem., vol. 36, pp. 433–445, 2012.

Patel, H. E., Pradeep, T., Sundararajan, T., Dasgupta, A., Dasgupta, N., and Das, S. K., A micro 

convection model for thermal conductivity of nanofl uid, Pramana-J. Phys., vol. 65, pp. 863–869, 

2005.

Pilkington, L. A. B., Review lecture: the fl oat glass process, Proc. Roy. Soc. London A, vol. 314, pp. 

1–25, 1969.



Heat Transfer Research 

578 Hemmat Esfe et al.

Sadodin, S., Hemmat Esfe, M., and Noroozi, M. J., Numerical simulation of mixed convection of fl uid 

fl ow and heat transfer within car radiator with an inside obstacle fi lled with nanofl uid, E-Model., vol. 

9, no. 25, pp. 33–46, 2011.

Sharif, M. A. R., Laminar mixed convection in shallow inclined driven cavities with hot moving lid on 

top and cooled from bottom, Appl. Therm. Eng., vol. 27, nos. 5–6, pp. 1036–1042, 2007.

Tiwari, R. K. and Das, M. K., Heat transfer augmentation in a two-sided lid-driven differentially heated 

square cavity utilizing nanofl uids, Int. J. Heat Mass Transfer, vol. 50, pp. 2002–2018, 2007.

Waheed, M. A., Mixed convective heat transfer in rectangular enclosures driven by a continuously mov-

ing horizontal plate, Int. J. Heat Mass Transfer, vol. 52, pp. 5063–5055, 2009.

Xie, H. Q., Wang, J. C., Xi, T. G., Li, Y., and Ai, F., Dependence of the thermal conductivity of nanopar-

ticle–fl uid mixture on the base fl uid, J. Mat. Sci. Lett., vol. 21, pp. 1469–1471, 2002.

Xu, J., Yu, B., Zou, M., and Xu, P., A new model for heat conduction of nanofl uids based on fractal dis-

tributions of nanoparticles, J. Phys. D, vol. 39, pp. 4486–4490, 2006.

Xuan, Y. and Li, Q., Investigation on convective heat transfer and fl ow features of nanofl uids, J. Heat 

Transfer, vol. 125, pp. 151–155, 2003.

Zarei, H., Rostamian, S. H., and Hemmat Esfe, M., Heat transfer behavior of mixed convection fl ow in 

lid driven cavity containing hot obstacle subjected to Nanofl uid with variable properties, J. Basic 

Appl. Sci. Res., vol. 3, no. 2, pp. 713–721, 2013.


