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Abstract

This paper reports results of a numerical investigation on mixed convection heat transfer and entropy generation for 
water–copper nanofluid within a vertical channel. The left wall is subjected to a heat flux density of sinusoidal variation, 
while the right one is cooled at uniform density. The Buongiorno model is employed to describe the nanofluid flow in 
order to take into account the thermophoresis effect and the Brownian motion. The governing equations are solved 
numerically using the finite volume method with the SIMPLE algorithm. The effects of pertinent parameters including 
the Richardson number (Ri), the heat flux ratio  (Rq) and the nanoparticles volume fraction (ϕi) on the flow and thermal 
fields, as well as the entropy generation are analyzed for both non-uniform and uniform heating. The results show that 
the heat transfer rate and the various irreversibility modes are increased with the rise of Ri and  Rq and the reduction of ϕi. 
It is also found that a sinusoidal heating is beneficial for the mean Nusselt number but, unfortunately, it is not favorable 
for the total entropy generation with augmentation rates of up to 7% and 14%, respectively. A map of the flow reversal 
occurrence is performed and reveals that the latter is strongly affected by the control parameters. In addition, a correlation 
is proposed to predict the onset of this phenomena with a maximum deviation of 5% compared to the numerical results.

Keywords Mixed convection · Entropy generation · Nanofluid · Flow reversal · Non-uniform heating

List of symbols

A  Amplitude of oscillation
Cp  Specific heat at constant pressure (J kg−1 K−1)
df  Molecule diameter of the base fluid (m)
dp  Nanoparticule diameter (m)
DB  Brownian diffusion coefficient  (m2 s−1)
DT  Thermophoretic diffusion coefficient  (m2 s−1 K−1)
g  Gravitational acceleration (m s−2)
H  Channel width (m)
k  Thermal conductivity (W m−1 K−1)
kB  Boltzmann’s constant (J K−1)
ℓ  Channel length (m)
Le  Lewis number
NB  Brownian motion parameter

NBT  Ratio of Brownian to thermophoretic diffusivities
Ns  Entropy generation number
NT  Thermophoresis parameter
Nu  Nusselt number
p  Pressure (Pa)
Pr  Prandtl number
q  Heat flux density (W m−2)
Re  Reynolds number
Ri  Richardson number
Rq  Heat flux ratio
S  Total entropy generation
S′′′  Local entropy generation (W m−3 K−1)

S
Φ

  Source term
T  Temperature (K)
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Tfr  Freezing point of the base fluid (K)
u  Axial velocity (m s−1)
v  Transverse velocity (m s−1)
x  Axial coordinate (m)
y  Transverse coordinate (m)

Greek symbols

β  Thermal expansion coefficient  (K−1)
θ  Dimensionless temperature
μ  Viscosity (kg m−1 s−1)
ρ  Density (kg m−3)
�  Channel volume
ϕ  Nanoparticles volume fraction
Φ  Dependent variable
λ  Irreversibility coefficient
Γ
Φ

  Diffusion term

Subscripts

bt  Brownian and thermophoresis diffusion
c  Cooled
f  Fluid
fr  Fluid friction
h  Heated
i  Inlet
m  Mean
nf  Nanofluid
p  Nanoparticles
th  Thermal
w  Wall

1 Introduction

Nanofluids are mixtures of a base fluid (water, oil, ethylene 
glycol …) and nanoscale particles called nanoparticles (Cu, 
Al,  Al2O3…). The advantage of these fluids lies in the fact 
that their thermal conductivity is greater than that of the 
conventional fluids and therefore significantly improves 
the heat transfer characteristics. In addition, owing the 
size of the nanoparticles (1–100 nm), the employment of 
nanofluids leads to very low pressure drop which makes 
them more attractive than the usual enhancement meth-
ods. However, to date, dispersion stability is considered 
as one of most challenging issues that limit the practical 
usage in industrial applications and further development 
of nanofluids. The most important parameters that affect 
this stability are the fluid temperature, as well as the nano-
particles size, concentration and distribution. To improve 
this stability, various methods have been used such as 
mechanical stirring, ultrasonic treatment, introducing sur-
face charges or employing chemical surface modification 
with surfactants (e.g. oleic acid, citric acid, lauric acid). This 
will avoid aggregation and settling of nanoparticles due 
to Van der Waals forces and dipole–dipole interactions. A 

large amount of research work has been conducted on 
nanofluids over the past decade in order to highlight the 
benefits of their use. Han et al. [1] proposed a new type of 
complex nanoparticle (hybrid sphere/carbon nanotube) 
for applications in nanofluids. A MWCNT-Fe3O4/water 
hybrid nanofluid was prepared by Sundar et al. [2] to study 
the heat transfer and the friction factor for fully developed 
turbulent flow in a circular tube heated at constant heat 
flux. Arshad and Ali [3, 4] conducted an experimental study 
to characterize the heat transfer and the pressure drop of 
a  TiO2–water nanofluid in a minichannel heat sink. On 
another work, the same authors [3, 4] examined the ther-
mal and hydrodynamic performance of graphene nano-
platelets nanofluids on integral fin heat sink. Recently, 
Khan et al. [5] investigated and compared the energy and 
exergy performances of solar dish assisted s-CO2 Brayton 
cycle using three different thermal oil based nanofluids 
 (Al2O3, CuO and  TiO2). Numbers of review articles have also 
been published covering the methods of preparation, the 
characterization, the modeling and the application areas 
(e.g. [6–9]). They concluded that more research is required 
to simplify the methods of preparation of nanofluids in 
order to make them cost effective. Concerning the stability 
of nanofluids, they suggested to develop new mechanisms 
to avoid agglomeration and sedimentation.

Mixed convection in vertical channels is an important 
topic which has received considerable attention in the 
past and continues to attract researchers until now due 
to its relevance in many practical applications such as solar 
collectors, electronic equipment, nuclear reactors, heat 
exchangers, etc. In the recent years, many theoretical and 
experimental researches have been carried out to improve 
the heat exchange in these devices by using nanofluids. 
Fully-developed nanofluids flow and heat transfer in verti-
cal channels were performed both analytically and numer-
ically by Xu and Pop [10] and Fakour et al. [11]. The authors 
noticed that the addition of nanoparticles enhances sig-
nificantly the performance of such systems. A modified 
Buongiorno’s model was used by Malvandi and Ganji [12] 
for a water–Al2O3 nanofluid to take into account nanopar-
ticles migration occurring in a vertical microchannel. The 
results indicated an improvement of the heat transfer rate 
by the increase of the parameters related to mixed convec-
tion, slip condition and volume fraction of nanoparticles. 
An opposite effect of these parameters is found for the 
pressure drop. The same authors, considered in another 
work [13] the impact of a magnetic field and concluded 
that the latter has a negative effect on the performance 
of the system. A similar study to the two previous ones 
[12, 13] was undertaken by Hedayati and Domairry [14]. 
The results revealed that the direction of the nanoparticles 
migration is affected by the asymmetric thermal boundary 
conditions employed in this research work. Nanoparticles 
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migration has also been investigated by Malvandi et al. 
[15] by considering the impact of temperature-depend-
ence thermophysical properties. In another work (Mal-
vandi et al. [16]), these authors employed the modified 
two-component heterogeneous model of Buongiorno to 
resolve a similar problem than Malvandi and Ganji [15] 
in presence of heat source/sink with the microchannel 
walls heated at uniform but different heat fluxes. They 
found that the optimal improvement is reached at high 
slip velocities and for the case of one- sided heating. The 
impact of a uniform and transverse magnetic field on 
nanofluids flow and heat transfer characteristics in a verti-
cal channel was studied by Das et al. [17]. They highlighted 
the dependence of the onset of flow instability on nano-
particles volume fraction and magnetic field intensity. Li 
et al. [18] treated the problem of mixed convection in a 
vertical channel filled with two immiscible layers; one is a 
non-Newtonian nanofluid and the other a Newtonian fluid. 
The analysis of the results mainly focused on the effect of 
the power-law index on the flow and heat transfer charac-
teristics. The behavior of magnetohydrodynamic nanoflu-
ids in vertical microtubes was considered by Moshizi et al. 
[19] by taking into account the Brownian motion and the 
thermophoresis effect. They obtained an improvement of 
the thermal performance by increasing the magnetic field 
intensity and the slip velocity at the fluid–solid interface. 
The objective of the research work undertaken by Hosseini 
et al. [20] was to explain how nanoparticles motion can 
tune the thermal performance and heat transfer rate in 
microtubes filled with alumina/water nanofluid.

A method for evaluating the performance of a system 
consists on the analysis of entropy generation based on 
the second law of thermodynamics. In heat transfer pro-
cesses different sources of irreversibility can be respon-
sible for entropy generation: temperature gradients, vis-
cous effect, magnetohydrodynamic effect, etc. Studies on 
entropy generation using nanofluids are mainly focused 
on differentially heated enclosures [21–25]. However, 
those related to horizontal and vertical channels are lim-
ited especially under mixed convection regime. Entropy 
generation analysis in presence of a transverse magnetic 
field was numerically performed by Hajialigol et al. [26] 
inside a horizontal three-dimensional microchannel with 
alumina/water nanofluid as the work fluid. By increasing 
the strength of the imposed magnetic field, their results 
revealed a diminution of the entropy generation due to 
heat transfer and an augmentation of the fluid friction and 
magnetic irreversibilities. Mixed convection heat transfer 
and entropy generation of  Al2O3–water nanofluid in a ver-
tical channel were investigated by Chen et al. [27]. They 
found that in the regions adjacent to the walls, the entropy 
generation due to fluid friction is dominant, whereas in the 
central region of the channel, it is the thermal irreversibility 

that dominates. In another study [28], the same authors 
considered the effect of magnetohydrodynamic which 
acts favorably on entropy generation. Numerical simula-
tions were made by Fersadou et al. [29] to study the impact 
of an external magnetic field on mixed convection and 
entropy generation in a nanofluid filled vertical porous 
channel.

Flow reversal phenomenon induced by both assisted 
and opposed mixed convection in vertical channels has 
been extensively studied due to its deep effect on flow and 
heat transfer characteristics. Jeng et al. [30] investigated 
numerically the mixed convection heat transfer inside a 
vertical channel with asymmetric wall temperatures. They 
found that the fluid flow and heat transfer characteristics 
are independent of the Reynolds number for both the 
situations with or without flow reversal. The effect of the 
rheological behavior of a power-law fluid on the condition 
of flow reversal occurrence for fully-developed mixed con-
vection was considered analytically by Barletta [31]. Crite-
ria for flow reversal appearance were established by Cheng 
et al. [32] by studying the problem of assisted mixed con-
vection in the entrance region of a vertical rectangular 
duct both numerically and analytically. Flow reversal in a 
vertical duct whose walls are either isothermal or main-
tained at uniform heat flux was analyzed by Barletta [33, 
34]. The analytical solution developed allowed the author 
to delimit the domains within the duct where the flow 
reversal takes place. Nguyen et al. [35] employed the full 
3D-transient-model and Boussinesq’s approximation to 
analyze flow reversal and instability within a vertical tube 
for both assisted and opposed mixed convection. Using a 
time-dependent wall heat flux, the authors highlighted the 
development of the flow reversal in the tube versus time. A 
numerical investigation was conducted by Desrayaud and 
Lauriat [36] to study the flow reversal occurrence at the 
entry region of a symmetrically heated vertical channel. 
Heat and mass transfer with phase change inside a vertical 
parallel-plate channel in laminar mixed convection regime 
were investigated by Oulaid et al. [37]. Charts and correla-
tions were established in order to predict the flow rever-
sal. This phenomenon was also considered by Tehrani and 
Nazaripoor [38] for the case of combined assisted mixed 
convection—radiation heat transfer in parallel plates. 
Their results revealed an increase of both heat transfer 
rate and fanning friction coefficient with the occurrence 
of reversed flow. Fu et al. [39] analyzed numerically the 
flow reversal and heat transfer mechanisms in a three 
dimensional vertical channel. The effect of aspect ratio of 
a vertical three dimensional channel on the onset of flow 
reversal phenomenon for assisted mixed convection was 
treated numerically by Yang and Wu [40]. Gao et al. [41] 
analyzed the flow reversal occurrence for assisted mixed 
convection of supercritical  CO2 flowing through a vertical 
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annular channel under asymmetrical heating conditions. 
Two maps of flow reversal occurrence were constructed 
using the most relevant control parameters of the study.

On the basis of this literature review, it appears that 
the topic dealing with the problem of mixed convection 
and entropy generation of a nanofluid has been widely 
treated in the past and continues to be extensively held 
because of the great interest that this subject represents 
for researchers and industrialists. It is against that back-
ground that this work is put forward with the particular-
ity of using sinusoidal heating and including flow rever-
sal phenomenon. To the best knowledge of the authors 
this problem has not been considered before, so that the 
reported results are new and original. The main purpose 
of this paper is to examine the effects of some pertinent 
parameters on the characteristics of the fluid flow, heat 
transfer and entropy generation, as well as the conditions 
for flow reversal occurrence. It is believed that this study 
will contribute to improve the thermal performance of 
electronic cooling systems.

2  Mathematical formulation

The physical domain considered in this study and shown 
in Fig. 1, is a vertical channel formed by two parallel plates 
of length ℓ and separated by a distance H. A copper–water 
nanofluid, which thermophysical properties are presented 
in Table 1, enters the channel at uniform velocity, tempera-
ture and nanoparticles volume fraction. The right wall is 
cooled at uniform density  qc, while the left one is heated 

with a non-uniform flux of sinusoidal spatial variation:  qh 
[1 − Asin (2πx/ℓ)]. This kind of periodic heating is encoun-
tered in many engineering applications namely the cool-
ing of electronic components.

For a mixed convection regime, the flow is considered 
laminar, steady-state, incompressible and two-dimen-
sional with the use of the Boussinesq approximation for 
density variation in the buoyancy force. The viscous dis-
sipation and internal heat generation terms are neglected 
in the energy equation.

The nanofluid flow and heat transfer in the channel are 
described using the Buongiorno’s model [42] to account 
for Brownian and thermophoresis effects.

On the basis of what has been mentioned before, the 
conservation equations are written as follows:
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Fig. 1  Physical domain

Table 1  Thermophysical properties of water and copper

Property Water Copper

Cp (J/kg K) 4179 385

ρ (kg/m3) 997.1 8933

μ (kg/m s) 0.001 –

k (W/m K) 0.613 401

β (1/K) 21 × 10−5 1.67 × 10−5
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The expressions of the Brownian diffusion  DB and ther-
mophoretic diffusion  DT coefficients are given by:

where  kB is the Boltzmann’s constant  (kB = 1.3807 × 10−23 
J K−1) and  dp the nanoparticle diameter.

The boundary conditions for the studied problem are:

2.1  Nanofluid properties

The density, thermal expansion coefficient and heat capac-
itance of the nanofluid are given by:

The Corcione model [43] is used to compute the viscos-
ity and the thermal conductivity of nanofluid:
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where  df and  Tfr are respectively the molecule diameter 
 (df = 3.85 × 10−10 m) and the freezing point  (Tfr = 273.15 K) 
of the base fluid.

Using the non-dimensional variables:

The dimensionless conservation equations can be 
expressed in the following general form:
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The dimensionless parameters appearing in the previ-
ous equations and boundary conditions are defined as:

The local Nusselt number at the heated wall is evalu-
ated as follows:

The mean Nusselt number is defined as:

2.2  Entropy generation

The local entropy generation is illustrated by the equation 
below [44]:

The first term is the local entropy generation due to 
heat transfer irreversibility, the second one is due to fric-
tion caused by the flow of nanofluid, while the last term 

(18)
�U

�X
= 0, V = 0,

��

�X
= 0,

��

�X
= 0 at X = L

(19)U = 0, V = 0,
��

�Y
= −

kf

knf

[

1 − A sin

(

2�X

L

)]

,
��

�Y
= −

1

NBT

��

�Y
at Y = 0

(20)

U = 0, V = 0,
��

�Y
= −

kf

knf
Rq,

��

�Y
= −

1

NBT

��

�Y
at Y = 1

Re =
Ui H�f

�
; Ri =

g�f
(

qhH∕kf
)

H3

(

�∕�f
)2

1

Re
2
;

Pr =
� Cpf

kf
; Rq =

qc

qh
NB = DB

(

�Cp
)

p

kf
�i ;

NT = DT

(

�Cp
)

p

kf

qhH

kf
; Le =

kf

DB

(

�Cp
)

f

;

NBT =
DB

DT

kf

qhH
�i

(21)Nu =

qh

[

1 − A sin
(

2�x

�

)]

H

(

Twh − Ti
)

kf
=

1 − A sin
(

2�X

L

)

�wh

(22)Num =

1

L

L

∫
0

Nu dX

(23)

S��� =
knf

T 2

i

{

(

�T

�x

)2

+

(

�T

�y

)2
}

+
�nf

T i

{

2

(

�u

�x

)2

+ 2

(

�v

�y

)2

+

(

�u

�y
+

�v

�x

)2
}

+

{

DB

�i

(

(

��

�x

)2

+

(

��

�y

)2
)

+
DB

Ti

(

��

�x

�T

�x
+

��

�y

�T

�y

)

}

represents the entropy generation associated to Brownian 
and thermophoresis effects

By dividing Eq. (23) by the rate q2
h
∕kf T
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 , we obtain the 

entropy generation number Ns as suggested by Bejan [45, 
46]:

The irreversibility coefficients λ1, λ2 and λ3 are defined 
by:

The total entropy generation is calculated as follows:
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3  Numerical procedure

The Eq. (16), for each dependent variable, with the bound-
ary conditions (17)–(22) is solved numerically using the 
finite volume method [47] with the SIMPLE algorithm for 
the pressure–velocity formulation. The power law scheme 
is adopted for the discretization of the diffusive and the 
convective terms. The resolution of the obtained algebraic 
equations is done by the line-by-line technique which is a 
combination of the Tridiagonal Matrix Algorithm (TDMA) 
and the Gauss–Seidel iterative method. A non-uniform 
mesh is considered in the transverse direction with the 
finer grids located near the channel walls. After several 
sensitivity tests, it appears that the numerical solution 
becomes weakly affected by the increase of the nodes 
number for the grids system of 250 × 50 (in the X and Y 
directions respectively), where the variation in Nusselt 
number and total entropy generation is less than 1% as it 
appears in Table 3. A convergence criterion of the iterative 
process, based on the maximum relative error between 
two successive iterations for velocity components, tem-
perature and nanoparticles volume fraction, is adopted 
with an accuracy of  10−6. The developed computation 
code is validated by comparing the results of the present 
study firstly with those of the numerical investigation 
of Desrayaud and Lauriat [36] in the mixed convection 
regime inside a vertical plate channel, and secondly with 
those of the experimental work of Osman et al. [48] con-
ducted in a rectangular channel filled with  (Al2O3–water) 
nanofluid. The velocity and temperature profiles illustrated 
in Figs. 2a and b respectively, as well as the Nusselt num-
ber variation presented in Fig. 3 show a good agreement 
with a maximum deviation not exceeding 2%.  

4  Results

The parametric study is made by fixing the length of the 
channel L = 30, the Prandtl number Pr = 7 and the Reyn-
olds number Re = 100. The main reason of the choice of 

this small value of Reynolds number lies in the fact that 
the extent of the reverse flow region increases with Re 
and this will not allow to vary the control parameters over 
a wide range as it is currently the case. The influence of 
the Richardson number (0.1 ≤ Ri ≤ 10), the heat flux ratio 

Table 3  Grid sensitivity analysis for Ri = 5,  Rq = 0.5, ϕi = 0.05 and 
A = 0.5

Grid number 
(X × Y)

100 × 20 150 × 30 200 × 40 250 × 50 300 × 60

Num 6.764 6.532 6.514 6.522 6.524

Relative error 
(%)

– 3.43 0.27 0.12 0.03

S 0.1660 0.1735 0.1772 0.1794 0.1808

Relative error 
(%)

– 4.52 2.13 1.24 0.78
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(0.1 ≤ Rq ≤ 1), as well as the nanoparticles volume fraction 
at the channel inlet (0 ≤ ϕi ≤ 0.05) on the velocity profiles, 
the mean Nusselt number on the hot wall, together with 
the entropy generation is considered for both non-uniform 
(A = 0.5) and uniform (A = 0) heating. To compute the other 
parameters appearing in the dimensionless equations and 
boundary conditions, the inlet temperature of the nano-
fluid is fixed to  Ti = 293.15 K, whereas the heat flux densi-
ties  qh and  qc are computed from the expressions of the 
Richardson number and the heat flux ratio respectively.

The first parameter whose effect is studied is the inten-
sity of the buoyancy force given by the Richardson num-
ber. In Fig. 4a are presented the stream-wise velocity pro-
files for various Ri in the case of non-uniform heating. With 
the increase of the magnitude of the buoyancy force, the 
symmetrical shape obtained at low Ri, corresponding to 
forced convection, changes to an asymmetrical profile. This 
can be explained by the fact that, since this force acts in 
the same direction as the main flow at the heated wall and 
in the opposite direction at the level of the cooled plate, 
this results in an acceleration of the nanofluid motion in 
the first region and its slowing-down in the second one. 
From a given Ri, whose value depends on the other control 
parameters, the axial component of the velocity becomes 
negative on the cooled wall side; attesting to a reversal of 
the flow direction in this region.

This change in velocity profiles will have a direct influ-
ence on the rate of heat transfer as shown in Fig.  4b. 
Whether the heating is uniform or non-uniform, the mean 
Nusselt number increases with the rise of Richardson num-
ber, and this augmentation becomes significant from a 
value of Ri of the order of 5. Indeed, at low values of the 
latter, the additional acceleration of the nanofluid motion 
at the heated wall is caused solely by the buoyancy force 
which acts in the same direction as the main flow. At large 
values of Ri, there is in addition the appearance of the flow 
reversal on the cooled wall side, which causes an increase 
of the nanofluid velocity in the vicinity of the heated wall 
to maintain the flow rate. The comparison with the uni-
form heating case, shows that the application of a heat flux 
density with sinusoidal spatial variation is better. In fact, 
for A = 0.5, the left wall is heated on the first half-length of 
the channel at a density lower than the average value  qh, 
corresponding to the case of uniform heating, and con-
versely for the second half. The temperature of the coolant 
fluid is then lower on the first half, and the nanofluid starts 
cooling the remaining wall length with a higher capacity 
of absorption of the thermal energy released. This results 
in a better heat exchange with an improvement ranging 
between 4 and 7%.

Figure 4c depicts the impact of the buoyancy force on 
the total entropy generation S, as well as those due to heat 
transfer  Sth and fluid friction  Sfr. The irreversibility due to 
Brownian and thermophoresis diffusions  Sbt being very 
small in comparison to the two others (variation between 
 10−7 and  10−8), it will not be represented then. Initially, 
the increase of Ri causes an acceleration of the nanaofluid 
flow and therefore a reduction of  Sfr. However, with the 
appearance of the flow reversal, at Ri near the value of 4, 
and the augmentation of its extent in the channel with the 
strengthen of the buoyancy force, large velocity gradients 
are then induced leading to an increase in the irreversibil-
ity due to fluid friction from Ri = 6. At Richardson number 
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equal to 0.1, the total entropy generation is controlled by 
the fluid friction since  Sfr represents 95% of S. Its contribu-
tion decreases and it equalizes the thermal irreversibility 
at Ri ≈ 0.45. From Ri = 5, the amount of entropy generation 
due to fluid friction does not exceed 1%. At low values of 
the Richardson number, entropy generation due to heat 
transfer occurs at an almost constant rate. However, with 
the onset of the flow reversal, strong temperature gradi-
ents are generated and then  Sth increases with Ri. In con-
trast to  Sfr, its contribution in the total value S increases 
with the rise of the buoyancy force intensity and becomes 
dominant from Ri = 1 where it represents 85% of the total 
entropy. This figure reveals that, unfortunately, the heating 

at non-uniform density rises the entropy generations S 
and  Sth by a rate which can reach 8%.

Figure 5 illustrates the influence of the heat flux ratio 
on the various characteristics. Since Ri is kept fixed for this 
case, increase  Rq is to cool the right wall with a higher heat 
flux density  qc. The velocity profiles (Fig. 5a) show asym-
metrical shapes where the nanofluid flow is accelerated on 
the side of the heated wall and decelerated in the vicin-
ity of the cooled one. This slowdown is accentuated with 
the increase of  Rq, and from a value of the latter close to 
0.35, there is appearance of the flow reversal. To maintain 
the flow rate constant, the nanofluid velocity increases 
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considerably near the left wall. As a consequence, the 
heat transfer increases with augmenting  Rq as it appears 
in Fig. 5b. This rise is not very appreciable at low cooling 
densities  qc, but becomes rather important from  Rq ≈ 0.4 
due to the flow reversal. As seen above, a non-uniform 
heating seems better regardless of the intensity of the 
cooling flux, with an improvement in comparison to the 
case of a constant heating flux density between 4 and 5%. 
Regarding the entropy generation, Fig. 5c shows that the 
two types of irreversibility are accentuated by increasing 
the heat flux ratio with dominance of the heat transfer irre-
versibility mode which represents 99% of the total entropy 
generation. This behavior is due to the strong velocity and 
temperature gradients that are generated by the appear-
ance of the flow reversal and its amplification with  Rq. A 
sinusoidal heating is however unfavorable for total and 
heat transfer entropy generations with an augmentation 
rate of up to 8%.

Figure 6a, depicting the effect of the nanoparticles 
volume fraction on the velocity profiles, shows that by 
increasing ϕi there is on the one hand, a deceleration of 
the nanofluid motion in the region adjacent to the hot wall 
and on the other hand, a decrease in the intensity and the 
extent of the flow reversal occurring near the cold wall. 
This is due to the fact that the addition of nanoparticles 
to the base fluid leads to a reduction in the viscosity of 
the mixture which will cause a decrease in the convective 
motion.

By using copper nanoparticles, the convective heat 
transfer of the mixture will be controlled by two param-
eters which effects are opposite. First, due to the enhance-
ment of thermal conductivity there is an increase in heat 
exchanges. Secondly, heat transfer is reduced because of 
the augmentation of the nanofluid viscosity. Figure 6b 
shows that in the present study, it is the second effect 
which has prevailed since  Num decreases with the increase 
of ϕi. In fact, by loading the base fluid by more nanoparti-
cles, the nanofluid flow on the hot wall side is less accel-
erated (see Fig. 6a) and the exchange is then weaker. An 
improvement, between 4 and 5%, is obtained by apply-
ing a non-uniform heating. In contrast to the heat transfer 
between the hot wall and the nanofluid, Fig. 6c indicates 
that the increase of the nanoparticles volume fraction is 
very favorable for the total entropy generation and for 
those due to fluid friction and heat transfer since it leads 
to their decrease. This is probably due to the weakening 
of the intensity of the flow reversal and thus the diminu-
tion of the velocity and temperature gradients inside the 
channel. The comparison between the contributions of the 
two modes of irreversibility to the total one, shows that 
the entropy generation due to the fluid friction represents 
only 1%. Also, it appears from this figure an increase in 

entropy generations varying between 2 and 14% when the 
left wall is heated with a non-constant density.

The map giving the conditions for the onset of flow 
reversal as a function of the control parameters (Ri,  Rq and 
ϕi) is illustrated in Fig. 7. The curves indicate that for a low 
cooling density, a large buoyancy force is required for the 
flow to be inverted, and vice versa at high values of  Rq. 
Concerning the effect of ϕi, this phenomenon appears 
faster by less charging the base fluid with nanoparticles. 
Based on these results, a correlation, given by Eq. (28), 
is proposed to find the critical Richardson number from 
which the flow reversal appears. Figure 7 indicates that 
the Eq. (28) predicts very satisfactorily the onset of this 
phenomenon with a maximum deviation of 5%.

5  Conclusion

Mixed Convection heat transfer and entropy generation 
characteristics of a nanofluid (copper–water) inside a verti-
cal channel subjected to a sinusoidal heating have been 
studied numerically. The main findings can be summarized 
as follow:

– The onset of the flow reversal is strongly related to the 
governing parameters of the present study. This phe-
nomena affects considerably the flow, the heat transfer 
as well as the entropy generation, and becomes more 
pronounced with the increase of Ri and  Rq, and the 
decrease of ϕi.

– The Richardson number and the heat flux ratio have 
increasing effect on the heat transfer rate, while the 
nanoparticles volume fraction acts oppositely.

(28)Ri =
(

0.597 e20.88 �i + 0.578
) (
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– The entropy generation due to heat transfer is the 
dominant mode with a mean contribution of the fluid 
friction irreversibility around 1%.

– The entropy generation increases with the augmenta-
tion of Ri and  Rq and the reduction of ϕi.

– The non-uniform heating enhances the thermal per-
formance of the present physical system and leads to 
an improvement rate of up to 7% for the mean Nusselt 
number. However, it is not favorable for the entropy 
generation with an augmentation which can reaches 
14%.

– A correlation, foreseeing the onset of the flow reversal, 
is proposed with a deviation from the numerical results 
not exceeding 5%.
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