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Abstract
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1 Introduction and preliminaries

Existence of fixed points in partially ordered metric spaces was first investigated by
Turinici [1], where he extended the Banach contraction principle in partially ordered
sets. In 2004, Ran and Reurings [2] presented some applications of Turinici’s theorem
to matrix equations. Following these initial articles, some remarkable results were
reported see, e.g., [3-13].

Gnana Bhashkar and Lakshmikantham in [14] introduced the concept of a coupled
fixed point of a mapping F : X x X — X and investigated some coupled fixed point
theorems in partially ordered complete metric spaces. Later, Lakshmikantham and
Ciri¢ [15] proved coupled coincidence and coupled common fixed point theorems for
nonlinear mappings F: X x X - X and g : X — X in partially ordered complete metric
spaces. Various results on coupled fixed point have been obtained, since then see, e.g.,
[6,9,16-33]. Recently, Berinde and Borcut [34] introduced the concept of tripled fixed
point in ordered sets.

XxX---XxX
For simplicity, we denote= 22 2 X2 by X* where k € N. Let us recall some

Lk times

basic definitions.
Definition 1.1 (See [34]) Let (X, <) be a partially ordered set and F: X° — X. The
mapping F is said to has the mixed monotone property if for any x, y, z€ X

X1, X3 € X/ X1 <X = F(xll)/Iz) < F(xZI)//Z)/

i 2 €X, y1 <y = F(x,y1,2) = F(x,y2,2),
21, 220€X, 71 <zp=Fxyz21) <F(xy z).

Definition 1.2 Let F : X> — X. An element (x, y, z) is called a tripled fixed point of F
if
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F(x,y,z) =x, F(y,x,y)=y and F(zy,x) =2z

Also, Berinde and Borcut [34] proved the following theorem:

Theorem 1.1 Let (X,<, d) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Let F : X> — X having the mixed
monotone property. Suppose there exist j, v, | > 0 with j + r + [ <1 such that

d(F(x,y,2), F(u,v,w)) <jd(x,u) + rd(y, v) + ld(z, w), (1)

for any x, y, z € X for which x < u, v <y and z < w. Suppose either F is continuous
or X has the following properties:

1. if a non-decreasing sequence x,, — x, then x, < x for all n,

2. if a non-increasing sequence y,, — vy, then y < y, for all n.

If there exist xq, ¥o, zo € X such that xo < F (xo, yo, 20), Yo = F (yo, %0, 20) and zy < F
(20, Yo, %0), then there exist x, y, z € X such that

F(x,y,z) =x, F(y,x,y)=y and F(z,y,x) =z

that is, F has a tripled fixed point.

Recently, Aydi et al. [35] introduced the following concepts.

Definition 1.3 Let (X, <) be a partially ordered set. Let F: X> — X and g : X — X.
The mapping F is said to has the mixed g-monotone property if for any x,y, z€ X

x1, x € X, gx1 < gx» = F(x1,y,2) < F(x2,7,2),
Y1, 2 €X, gn <82 = F(x,y1,2) = F(x,y2,2),
z1, 22 € X, gz1 <8 = F(x,y,21) < F(x,y,22).

Definition 1.4 Let F : X> — X and g : X — X. An element (x, y, 2) is called a tripled
coincidence point of F and g if

F(x,y,2) =gx, F(y,x,y) =gy, and F(zy x) =g

(g%, gy, g2) is said a tripled point of coincidence of F and g.
Definition 1.5 Let F : X> — X and g : X — X. An element (x, y, 2) is called a tripled
common fixed point of F and g if

F(x,y,2) =gx=x, F(yxy)=8 =y, and F(zyx)=8 =z

Definition 1.6 Let X be a non-empty set. Then we say that the mappings F : X> — X
and
g: X = X are commutative if for all x, y, ze X

8(F(x,y,2)) = F(gx, gy, 82).-

The notion of fixed point of order N > 3 was first introduced by Samet and Vetro
[36]. Very recently, Karapinar used the concept of quadruple fixed point and proved
some fixed point theorems on the topic [37]. Following this study, quadruple fixed
point is developed and some related fixed point theorems are obtained in [38-41].

Definition 1.7 [38]Let X be a nonempty set and F : X* — X be a given mapping. An
element (x, y, z, w) € X x X x X x X is called a quadruple fixed point of F if

F(x,y,z,w) =x, F(y.z,w,x) =y, F(zw,x,y) =2z, and F(w,xy,z)=w.
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Let (X, d) be a metric space. The mapping d : X* — X, given by
d((x, v,z w), (w,v,h,1)) = d(x,y) +d(y,v) +d(z, h) + d(w, 1),

defines a metric on X*, which will be denoted for convenience by d.

Definition 1.8 [38]Let (X, <) be a partially ordered set and F : X* — X be a map-
ping. We say that F has the mixed monotone property if F (x, y, z, w) is monotone non-
decreasing in x and z and is monotone non-increasing in y and w; that is, for any x, y,
z,we X,

x1,% €X, x1 <xp, implies F(x1,y,z,w) <F(x2,y 2z w),
yuy2€X, y1 <y, implies F(x, 2,z w) <F(x y1.,zw),

z1,20 € X, z1 <zy implies F(x,y,z1,w) <F(x v 22, w),
and
wy,wy €X, wy <w, implies F(x,y,zwy)<F(xy 2z w).

In this article, we establish some quadruple coincidence and common fixed point
theorems for F: X* — X and g : X — X satisfying nonlinear contractions in partially
ordered metric spaces. Also, some interesting corollaries are derived and an application

to matrix equations is given.

2 Main results
We start this section with the following definitions.

Definition 2.1 Let (X, <) be a partially ordered set. Let F: X* — X and g: X — X.
The mapping F is said to has the mixed g-monotone property if for any x, y, zz w € X

X1, X2 €X, gx1 <gx» = F(x1,7,z,w) < F(x2,y,z,w),

Y, 2 €X, g =8y = F(x,y1,z,w) > F(x,y2,z,w),
z1, 22 €X, g1 <8 = F(x,y,21,w) < F(x,y,22,w) and

wy, wy €X, gwi <gwy = F(x,y,z,w1) > F(x, v,z wy).

Definition 2.2 Let F : X* > X and g : X — X. An element (x, y, z, w) is called a
quadruple coincidence point of F and g if

F(x,y,z,w) =gx, F(y.z,w,x) =gy, F(zw,xy) =gz and F(w,x,y,z)=_gw.

(g%, gy, gz gw) is said a quadruple point of coincidence of F and g.
Definition 2.3 Let F : X* - X and g : X — X. An element (x, y, z, w) is called a
quadruple common fixed point of F and g if

F(x,y,z,w) = gx=x, Fly,z, w,x) =gy =y,
F(z,w,x,y) =gz =2z, and F(w,x,y,z) = gw = w.

Definition 2.4 Let X be a non-empty set. Then we say that the mappings F : X* — X
and g : X — x are commutative if for all x, y, z, w e X

8(F(x,y,z,w)) = F(gx, 8y, 8, gw).

Let ® be the set of all functions ¢ : [0, ) — [0, =) such that:

1. @(t) < ¢t for all £ € (0,+).
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2. im@(r) <t forall te (0,+c0).
For simplicity, we define the following.

_ .| d(F(x,y,z,w), gx), d(F(x, y, 2z, w), gu),

M(x,y,z,w,u,v,h,1) = min { d(F(u, v, h, 1), qu) . (2)
Now, we state the first main result of this article.

Theorem 2.1 Let (X, <) be a partially ordered set and suppose there is a metric d on

X such that (X, d) is a complete metric space. Suppose F : X* — X and g : X — X are

such that F is continuous and has the mixed g-monotone property. Assume also that

there exist 9 € © and L > 0 such that

d(F(x,y,z,w), F(u,v,, h,1)) < ¢(max{d(gx, gu), d(gy, gv), d(gz, gh), d(gw, g1)})

(3)
+LM(x, v, z,w,u, v, h, 1)

for any x, y, zz w, u, v, h, | € X for which gx < gu, gv < gy, gz < gh and gl < gw. Sup-
pose F (X*) € g(X), g is continuous and commutes with F. If there exist xo, Yo Zo, Wo €
X such that

8xo < F(xo, Yo, 20, wo), 8Yo = F(yo,zo, wo, X0),

8z0 < F(zo, wo,X0,y0), and gwo > F(wo, X0, Yo, 20),
then there exist x, y, z, w € X such that
F(x,y,z,w)=gx, F(y,zw,x)=gy, F(zwxy)=gz and F(w,x,y,z)=gw

that is, F and g have a quadruple coincidence point.
Proof. Let xo, yo, zo, Wwo € X such that

8xo < F(xo, Yo, 20, wo), 8vo = F(yo,zo, wo, Xo0),

820 < F(zo, wo, X0, y0) and gwo > F(wo, X0, Yo, Z0)-
Since F (X*) € g(X), then we can choose xy, ¥y, z;, w; € X such that

gx1 = F(xo, Y0, 20, o), 8&v1 = F(y0, 20, wo, Xo),

8z1 = F(zo, wo, x0,70)  and  gwy = F(wo, X0, Yo, 20)-

(4)

Taking into account F (xh < g(X), by continuing this process, we can construct
sequences {x,.}, (9,.}, {z,}, and {w,} in X such that

gxn+1 = F(xn/ yn/ Zn wn)/ gyn+1 = F()/n/ Zn, Wy, xn)/

(5)
82ne1 = F(zn, Wy, X, yn),  and  gwyi1 = F(Wn, X, Yns 2n).
We shall show that
8n < 8xni1,  &Vnet <8V, 8§%n < &Zns1, and gwn, < gw, for n=0,1,2,... (6)

For this purpose, we use the mathematical induction. Since, gxo < F (%o, Yo, Zo» Wo),

g)’o > F ()’o; Zp, Wo, xO): gZO <F (ZO, Wo, Xo, yO), and gWO > F (WO; X0, Yo, ZO), then bY (4),
we get

gxo < gx1, g1 < &0, &o <8z, and gwy < gwo
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that is, (6) holds for n = 0.
We presume that (6) holds for some #n >0. As F has the mixed g-monotone property
and gx, < @%,,1, Qni1 < Y 82n < g2n41 and gw,,,1 < gw,, we obtain

8Xn+1 = F(xnr YnrZn, wn) = F(xn+1:)/n: Zn, wn)
f F(xn+1/)’n/ Zn+1/wn) S F(xn+1/)’n+llzn+1/ wn)

< F(xn+1/ Yn+1:Zn+1s wn+1) = &Xn+2,

&Vn+2 = F(Yn+lrzn+1/ wn+1rxn+l) =< F(Yn+llznr Xn+1ls wn+l)
S F(Yn/ Znr Xn+ls wn+l) S F(yn/ Zns X, wn+l)

S F()’n/ Zns X, wn) = gYn+1/

8Zn+1 = F(Zn/ VYnrXn, wn) < F(zn+1/ VYnr Xn, wn)
=< F(Zn+lr Yn+1s Xn, wn) =< F(Zn+lr Yn+1rXn+1, wn)

< F(Zps1) Yns1s Xne1, Wna1 ) = §Zna2,

and

SWpi2 = F(wn+11xn+lr Yn+lrzn+1) < F(wn+1: Xn, )/n+lrzn+1)
=< F(wn/ Xns )’n+1/Zn+1) =< F(wn/ Xns Yns Zn+1)

< F(Wn, Xn, Yn/ Zn) = §Wns1-
Thus, (6) holds for any n € N. Assume for some n € N,
8Xn = &Xn+1,  8Vn = 8Vn+1,  8Zn = &Rn+1, and Wy = gWni1

then, by (5), (x,,, ¥.» 2, W,) is a quadruple coincidence point of F and g. From now
on, assume for any n € N that at least

8Xn 7 §%ns1 OT  &Yn 7 8Yns1  OT  8Zn # 8&ni1 O gWn 7 §Wny1. (7)
By (2) and (5), it is easy that

M(xn—lr Yn—1:Zn—1, Wn—1,Xn: Yns Zns wn) = M(an Znr Wany Xns Yn—1,Zn—1, wn—lrxn—l)
= M(anlz)’nflzxnflzzn/ }/n/xn) (8)
=M(wn'xﬂlyrilznlwnflrxnflz)/n—l,znfl) =0 forall n > 1.

Due to (3) and (8), we have

d(8xn, §%ne1) = A(F(Xn—1, Yn—1,Zn—1, Wn—1), F(Xn, Yn, 2n, Wy))
< ¢(max{d(gxn—1,8%n), d(&Yn—1,8Vn), d(82n—1,8zn), d(§Wn—1, §Wn)})

9)
+LM(Xn—1, Yn—1,Zn—1, Wn—1, Xn, Yns Zn, Wy )
= ¢(max{d(gxn—1,8%n), A(gVn—1,8Yn), A(82n—1,82n), A(§Wn-1, 8Wn)}),
d(gy‘rl/ g}’n+1) = d(F()/n/ Zpn, Wy, xn)/ yn—l/ F(y‘rl—ll Zp—1, Wn—1,Xn—1 ))
< ¢p(max{d(gyn—1,8yn), d(8Xn—1,8%n), A(82n—1,82n), A(§Wn—1,gwn)}), (10)

+LM (an Zny Wny Wny Yn—1,8n—1, Wn—1, Xn—1 )

= ¢p(max{d(gyn—1,8Yn), A(8%n—1,8%n), d(82n—1.82n), d(§Wn—1,3wn)}),



Mustafa et al. Fixed Point Theory and Applications 2012, 2012:71
http://www.fixedpointtheoryandapplications.com/content/2012/1/71

d(8zn, 8zn+1) = A(F(z2n—1, Wn—1, Xn—1, Yn—-1), F(2n, Wn, X, Yn))
< ¢p(max{, d(gzn—1,82n), A(§Wn—1,§Wn), A(8Xn—1, 8%n), A(&Yn—1,8Yn)})

(11)
+LM(ZH—II Wn—1,Xn—1, Yn—l; Zny Wy, X, )’n)
= ¢(max{d(gzn—1,82n), A(§Wn—1,§Wn), A(8Xn—1,8%n), A(8Yn—1,8Vn)})
and
d(gu)nr gwn+1) = d(F(wnl Xns Yns Zn)l F(wnfll Xn—1/ Ynfllznfl))
< ¢(max{d(gwn—1, 8Wn), d(gxn—1,8%n), A(gVn—1,8Vn), A(82n—1,82n)}), 12

+LM(wn/ XnsYnr@nsr Wn—1,Xn—1,Yn—1,%n—1 )

= ¢(max{d(gwn—1, §wn), d(8%n—1,8%n), A(8¥n—1,8¥n), d(82n-1,8n)}).
Having in mind that ¢ (¢) <t for all £ > 0, so from (9)-(12) we obtain that

0 < max{d(gxn, §%n+1), A(8Vn, §Vn+1), A(82n, §2n+1), A(§Wn, §Wni1)}
< ¢(max{d(8zn—1,8zn), A(g¥n—1,8Yn), A(gxn—_1, §%n), d(gWn_1, Wn)}) (13)
< max{d(gzn—1,82n), A(8Vn—1,&¥Vn), A(8Xn—1, &%n), A(§Wn—-1, gWy)}.

It follows that

A(gxn, 8%n+1), A(8Yns &Vn+1, } { A(82n—1,82n), d(8Vn—1,8¥n), }
. (14
- { A(82n, Zens1 ), A(gW0n, QW) | max A(8xn—1,8%n), d(§Wn—1,§Wn) (14)

Thus, {max{d(gxn; gxru—l)r d(gym gyn+1)) d(gznr gzn+1): d(ng an+1)}} is a positive
decreasing sequence. Hence, there exists r > 0 such that

lim max{d(gxn, §%ns1), A(8Yn, &Vn+1), A(82n, 82ns1), A(§Wn, §Wna1 )} = 1.

n—+00

Suppose that r >0. Letting # — +c0 in (13), we obtain that

: d(gzﬂflfgzﬂ)ld(gynflrgyn)r BT
O<r= nl—l>rpoo¢ (max { A(gxn—1,8%n), A(§Wn—1, gWn) - zlglrl ¢() <r. (15)

It is a contradiction. We deduce that

lim max{d(gxn, §%n+1), d(8Yn, &¥n+1), A(82n, §2n+1), A(§Wn, Wn.1)} = 0. (16)

n—+00

We shall show that {gx,}, {gy,.}, {gz,.}, and {gw,} are Cauchy sequences in the metric
space (X, d). Assume the contrary, that is, one of the sequence {gx,}, {gy,}, {gz,} or
{gw,} is not a Cauchy, that is,

pim  d(gxm gxn) 70 or - lim  d(gym gyn) #0
or

lim d(gzm, §z2n) #0 or lim d(gwm, gw,) # 0.
n,m—+0o0 n,m—+00

This means that there exists ¢ >0, for which we can find subsequences of integers
(my) and (n;) with n; > my > k such that

max{d(gxm,, §%n, ), A(8Ym;r 8Vn; ) A(§Zmy: &Zm, ), A(§Wny W, )} = €. (17)
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Further, corresponding to m1; we can choose 7, in such a way that it is the smallest
integer with n; >my and satisfying (17). Then

max{d(gxm,, §%n—1), d(8Ymys 8¥m—1), A(82m. §nme—1), A(gWny, gWn—1)} < 6. (18)
By triangular inequality and (18), we have

A(8Xmr 8%n,) < d(8%m;, §%n,—1) + d(§Xm,—1, §Xn;.)
< & +d(8xm—1,8%n,)-

Thus, by (16) we obtain

lim d(gxm,, gxn,) < lim d(gxm,, §Xn—1) < &. (19)
k—+00 k—+00

Similarly, we have

Jim d(gym, gyn) < 1M d(8ym,, 8yn.—1) < &, (20)
> +00 k—+00
lim d(gzmk' gznk) < lim d(gzmk' g‘z'ﬂk—l) =g (21)
k—+00 k—+00
and
lim d(gwm,, gwn,) < lim d(gwp,, gwn,—1) < &. (22)
ke—+00 k—+00

Again by (18), we have

A (8% 8%n,) < A(8%m;r §Xmy—1) + d(8Xm,—1, &Xn,—1) + A(§%Xn,—1, §Xn, )
= d(g‘xmk’ 8&Xmy—1 ) + d(gxmkfl ’ gxmk)
+ d(g‘xmk’ 8Xm—1 ) + d(gxnkfl ’ gxnk)
< d(8%m,s 8%my—1) + A(Xmu—1,8%m, ) + € + A(8Xn,—1, §%n,)-

Letting kK — + oo and using (16), we get

lim d(gxm,, &xn,) < lim d(gxim,—1,8%n,—1) < €, (23)
k—+00 k—+00
lim d(gym,,8yn,) < lim d(gym,—1,8¥n—1) <&, (24)
k—+00 k—+00
Jm d(gzm,, 8zn,) = M d(gzm -1, 82n-1) < € (25)
and
lim d(gwm,, gwn,) < lim d(gwp,—1, Wn, 1) < &. (26)
k— +00 k—+00

Using (17) and (23)-(26), we have

Jim max{d(8xm,, 8%n, ), A(8Ym.s &) d(8Zms 8zn,): A(8Wm,. G, )}
= lim max{d(gxm,ﬁl, 8Xny—1 ), d(g}’mk—lr 8Vn—1 ), d(gzmkfl/ &Znj,—1 ) d(gwm)ﬁlr gwmﬁl)} (27)

k—+00

= €.
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By (16), it is easy to see that

llm M(xmkfll )’mkflz zmkfll wmkflr xnkflr )’nkflr zﬂk*ll wnkfl)
k—+00

= hm M(Ynh—lr Znh—lz wnh—lr xnk—lz }’mk—lz ka—ll wmh—lz xm;,—l)
fe—+00 (28)

= hm M(zmkfll wmkflr xmkflr )’mkflr zﬂk*ll wnkfll xnkfll )/mk—l)
k—+00

= hm M(wnk—lzxn;,—lr)/mh—lzznk—lz wmh—lrxmk—lz }’mk—lrzmh—l) =0.
fe—+00

Now, using inequality (3), we obtain

d(gxmk’ gxnh) = d(F(xmk,l, Ym—1sZmy—1, wmkfl)/ F(xmﬁl' Yr—1sZm—1, wmﬁl))
< ¢(max{d(xmk—1/ Xnp—1 )/ d()’mkfll Ym—1 )/ d(Zm,,—ll Zny,—1 )/ d(wmk—l/ Wpy,—1 )}) (29)

+LM (xmrh Vm—1,Zmy—1 Wi —1, Xy — 1, V=1, g — 1, Wy —1 )'

d(8¥n,r 8¥my) = A(F(Yme—1, Znme—1, Wn—1, X 1), F (V=10 Zm—1, Win—1, Xm—1))
< d’(max{d(ymh—l 1 Ym—1 )/ d(zmkfl 1 &my—1 )/ d(wmkflf Why—1, d(xmk—lz Xnp—1 )}) (30)

+LM()/,,,(,1,Z~,,I(,1, Why,—11 Xnge—11 Ymp—1+ Bmg—11 Winy—1, xmh,l),

A(8zm,r zn,) = A(F(Zmy—1, Win—1, Xm—1, Ym—1), F(Zne—1, Wiy—1, Xny—1, ¥Y,—1))
< ¢(max{d(zm,—1, 2m—1), (Wi, —1, W1, (X~ 1, Xn—1), AYme—1, Yn—1)1) (31)

+LM(ka—l » Winge—17 Xmy—17 Ymy—11 Znge—1, Wiy —1, Xny—14 }’mk—l)
and

d(gwﬂk' gwmlz) = d(F(w"k—]’ Xn—11 V=11 Zmy—1 )' F(w"’lk—l’ Xn—17 Yy —17 Zny—1 ))
= ¢(max{d(wmk*1 s Why—1, d(xm}ﬁl ’ x”)rl)' d(ymkflr yn)ﬁl)' d(zm;rlr Znp—1 )}) (32)

+LM(Wpy,—1, Xny—10 V=11 Zrg—1r Wing—1s Xmy—11 Yim—1 Zmy—1)-
From (29)-(32), we deduce that

max{d(8xm, §%n, ), d(8Ym,s &Vn,): A(82m, . &&n,), A(§Wm, , §Wn, )}

< ¢(max{d(xXm,—1, Xn,—1), d(Ym—1, Vn—1), d(Zmy—1, 2, —1), A(§Wm, , §Wn, )})
+LM(xm;,71r Ym—1r Zmp—1r Wig—1, Xnjy— 11 Ynp— 17 Zmg—1+ wnkfl)

+LM (Yn—1/ Zry—1, Wry— 1, X1 Yime—17 Zmy—1, Wing—1 Ximy—1)

+LM(zmk—1’ Wiy —11 Xmy—1+ Ymy—1s Zng—15 Wy —1, Xpy—14 mG—l)

+LM(wn;lflr Xny—1r Ymp—11 Zmp—1 Wiy— 10 Xmp—17 Ymy—1+ zmkfl)-

(33)

Letting kK — +oo in (33) and having in mind (27) and (28), we get that
0<e< tlim+¢>(t) <e,
it is a contradiction. Thus, {gx,}, {gy.}, {gz.}, and {gw,} are Cauchy sequences in (X,

d).

Since (X, d) is complete, there exist x, y, z, w € X such that

lim gx,=x, lim gy, =y, lim gy, =y, and lim gw, =w. (34)
Nn—>+00 Nn—>+00

n—+00 n—+00
From (34) and the continuity of g, we have

Jim g(ga) =gx,  lim g(gya) =gy,  lim g(gz) =gz and  lim g(gw,)=gw.  (35)
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From (5) and the commutativity of F and g, we have

8(8%n+1) = 8(F(Xn, ¥Yn, 20, wn)) = F(8%n, 8Vns 82n, §Wn), (36)

8(8Vn+1) = 8(F(Yn Zns W, xn)) = F(8Vn, 82n, §Wn, §%n), (37)

8(82n+1) = 8(F(2n, Wy, X, ¥n)) = F(82n, §Wns §%n, Yn), (38)
and

8(8wni1) = §(F(Wn, Xn, Yns zn)) = F(8Wn, 8%ns Vs §2n)- (39)

Now we shall show that gx = F (%, y, z, w), gy = F (v, z, w, %), gz = F (z, w, x, ), and
gw=FWw x, 2).
By letting n — +oo in (36) - (39), by (34), (35) and the continuity of F , we obtain

gx= lim g(gxn+1) = lim F(g%n, gYn, §2n, §Wn)
n—+00 n—+00

- F(nlirpw 8ns nlirpw 8 nlirpw &n/ nLiIJrnoo gu}n) (40)
= F(x,y,z,w),

gy = lim g(gyni1) = Lim F(gyn, 8zn, §Wn, 8¥n)

n—+00
=F( lim gy, lim gz,, lim gw,, lim gw,) (41)
n—+00 n—+00 n—+00 n—+00
= F(y,z, w, x),

gz = lim g(gzns1) = lim F(gzn, Wn, §%n, 8Vn)
n—+00 n—+00

=F( lim gz, lim gw,, lim gx, lim gy,) (42)
n—+00 n—+00 n—+00 n—+00
=F(z,w,x,7),

and

gw= lim g(gwy,1) = lim F(gwy,, §n, &/n, 82n)
n—+00 n—+00
= F( lim gw,, lim gx,, lim gy, lim gz,) (43)
n—+00 n—+00 n—+00 n—+00

= F(w, x,y,2).

We have proved that F and g have a quadruple coincidence point. This completes
the proof of Theorem 2.1.

In the following theorem, we omit the continuity hypothesis of F. We need the fol-
lowing definition.

Definition 2.5 Let (X, <) be a partially ordered metric set and d be a metric on X.
We say that (X, d, <) is regular if the following conditions hold.:

(i) if non-decreasing sequence a,, —> a, then a, < a for all n,

(ii) if non-increasing sequence b,, — b, then b < b,, for all n.

Theorem 2.2 Let (X, <) be a partially ordered set and d be a metric on X such that
(X, d, <) is regular. Suppose F : X* — X and g : X — X are such that F has the mixed
g-monotone property. Assume that there exist ¢ € ® and L > 0 such that
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d(F(x,y,z,w), F(u,v,, h, 1)) < ¢(max{d(gx, gu), d(gy, gv), d(gz, gh), d(gw, g1)})
+LM(x, v, z, w, u, v, h, 1)

for any x, y, z, w, u, v, h, l € X for which gx < gu, gv < gy, gz < gh, and gl < gw. Also,
suppose F (X*) € g(X) and (g(X), d) is a complete metric space. If there exist xo, Yo, Zo,
wo € X such that gxg < F (%9, Yo, Zo» Wo), &0 = F (o, 20, Wo, %0), 820 < F (20, Wo, X0, ¥0)
and gwo = F (Wo, X0, Yo, 20), then there exist x, y, z, w € X such that

F(x,y,z,w)=gx, F(yzwx)=gy, F(zwxy) =gz and F(w,x,y,z) = gw
that is, F and g have a quadruple coincidence point.
Proof. Proceeding exactly as in Theorem 2.1, we have that {gx,}, {gy,}, {gz.}, and

{gw,} are Cauchy sequences in the complete metric space (g(X), d). Then, there exist x,
¥, z, w € X such that

Xy — 8%, §Yn —> 8V, %%n — &, and gw, — gw. (44)

Since {gx,,}, {gz,} are non-decreasing and {gy,}, {gw,} are non-increasing, then since
(X, d, <) is regular we have

8Xn = 8X, &Vn = &1 &Zn = && §Wn = §W

for all n. Ifgxn =g% 9, = Q) 82, = 9% and aw, = gw for some n > 0, then gx = gx, <
&¥n+1 = & = 8w &Y < 8Vn+1 s &n = 8> 82 = 8Zn < 8Zn+1 < 8z = &z and v < Wyt <
gw,, = gw, which implies that
an = gxn+1 = F(xn’ yn’zn’ w”)’ gyn = gyn+1 = F(yn/ Zyp, Why xn)r
and
8n = 8Zne1 = F(zn, Wy, Xn, Yn),  §Wn = &Wni1 = F(Wn, Wy, Yn, Zn),

that is, (x,, ¥,» 2, W,,) is a quadruple coincidence point of F and g. Then, we suppose
that (gx,, @ g2, W) = (g%, gy, gz, gw) for all n = 0. By (3), consider now

d(gx, F(x,y,z,w)) < d(8x, 8%n+1) + d(8%ns1, F(x, 7,2, w))
= d(gx, gxns1) + A(F(%n, Y, 2n, W), F(x, ¥, 2, w))

d(gxn, gx), d(8yn 8Y),
d(8zn, 82), d(gwn, gw)
< d(gx, gxn+1) + max{d(gxn, gx), d(8Yn, &), d(8zn, 2), d(§Wn, W)} + LM(Xn, Yn, Zn, Wy, X, ¥, 2, W).

(45)

< d(gx, 8%nr1) + ¢ <max { ]) + LM (%, Yo Zns W, X, 9,2, W)

Taking n — o and using (44), the quantity M(x,,, ¥, z,, W, %, ¥, 2, w) tends to 0 and
so the right-hand side of (45) tends to 0, hence we get that d(gx, F (x, y, z, w)) = 0.
Thus, gx = F (%, y, z, w). Analogously, one finds

F(x,y,z,w) = gy, F(z,w,x,y) =82 and F(w,x,y,z)=gw.

Thus, we proved that F and g have a quartet coincidence point. This completes the
proof of Theorem 2.2.

Corollary 2.1 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Suppose F: X* — X and g : X — X are
such that F is continuous and has the mixed g-monotone property. Assume also that
there exist ¢ € ® a non-decreasing function and L > 0 such that
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d(F(x,y,z,w), F(u,v, h,1)) < ¢ ( 4

+LM(x,y,z,w,u,v,h,1),

d(gx, gu) + d(gy, gv) + d(gz, gh) + d(gw, gl)

for any x,y, z, w, u, v, h, Le X for which gx < gu, gv < gy, gz < gw, and gl < gw. Sup-
pose F (X*) c g(X), g is continuous and commutes with F .

If there exist xq, Yo, 2o, Wo € X such that gxy < F (xo, Yo, Zo» Wo)> @0 = F Vo, 20» Wos
x0), 820 < F (29, Wo, %0, ¥0), and gwy = F (wq, %0, Yo, 20), then there exist x, y, z, w € X
such that

F(x,y,z,w) =gx, F(y,z,w,x)=g8y, F(z w,xy) =gz andF(w,x,y,z) = gw.

Proof. It suffices to remark that

d(gx, gu) + d(gy, gv) + d(gz, ph), d(gw, gl) _ | d(gx gu). d(gu, gv). |
4 - d(gz, gh), d(gw g)

Then, we apply Theorem 2.1, since ¢ is assumed to be non-decreasing.

Similarly, as an easy consequence of Theorem 2.2 we have the following corollary.

Corollary 2.2 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d, <) is regular. Suppose F : X* — X and g : X — X are such that F
has the mixed g-monotone property. Assume also that there exist ¢ € O a non-decreas-
ing function and L > 0 such that

d(F(x,y,z,w), F(u,v,h,1)) < ¢ (

+LM(x,y,z,w,u,v,h,1),

d(gx, gu) +d(gy, gv) + d(gz, gh) + d(gw, gl))
4

for any x, y, z, w, u, v, h, l € X for which gx < gu, gv < gy, gz < gw, and gl < gw. Also,
suppose F (X*) € g(X) and (g(X), d) is a complete metric space.

If there exist xq, Yo, zo, Wo € X such that gxy < F (xo, Yo, Zo» Wo)> @0 = F Vo, 20» Wos
%0), 820 < F (20, Wo, %0, ¥0), and gwy = F (wo, %0, Yo, 20), then there exist x, y, z, w € X
such that

F(x,y,z,w) =gx, F(y,zwx)=gy, F(zwxy) =g and F(wxvy, z)=_gw.

Corollary 2.3 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Suppose F : X* — X and g: X — X are
such that F is continuous and has the mixed g-monotone property. Assume that there
exist ke [0, 1) and L > 0 such that

d(gx, gu), d(gy. gv),

d(F(x,y,z,w), F(u,v,,h,1)) < kmax
d(gz, gh), d(gw, gl)

] + LM(x,y,z,w,u,v,h,1),

for any x,y, z, w, u, v, h, | € X for which'gx < gu, gv < gy, gz < gw, and gl < gw. Sup-
pose F (X*) € g(X), g is continuous and commutes with F.

If there exist xo, Yo, Zo, Wo € X such that gxg < F (%o, Yo, Z0» Wo)> @0 = F (Yo, 20, Wos
X0), 820 < F (29, Wy, X0, Yo), and gwo > F (wg, xo, Yo, 20), then there exist x, y, z, w € X
such that
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F(x,y,z,w)=gx, f(y.zwx)=gy, f(zwxy) =g and F(w, x,y,z) = guw.

Proof. It suffices to take ¢ (£) = k¢ in Theorem 2.1.

Corollary 2.4 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d, <) is regular. Suppose F : X* — X and g : X — X are such that F
has the mixed g-monotone property. Assume that there exist k € [0, 1) and L > 0 such
that

d(gx, gu), d(gy, gv),

d(F(x,y,z, w), F(u,v,,h,1)) < kmax
d(gz, gh), d(gw, gl)

] + LM(x,y,z,w,u,v,h,1),

for any x, y, z, w, u, v, h, l € X for which gx < gu, gv < gy, gz < gw, and gl < gw. Sup-
pose F (X*) c g(X) and (g(X), d) is a complete metric space.

If there exist xq, Yo, 2o, Wo € X such that gxg < F (X9, Yo, Zo» Wo)> 20 = F (Yo, 2o, Wo, X0),
20 < F (zo, wo, %0, Y0), and gwy = F (Wo, Xo, Yo, 20), then there exist x, y, z, w € X such
that

F(x,y,z,w) =gx, F(y,zwx)=gy, F(zwxy) =g and F(wx vy, z)=_gw.

Proof. It suffices to take ¢ (£) = k¢ in Theorem 2.2.

Corollary 2.5 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Suppose F: X* — X and g : X — X are
such that F is continuous and has the mixed g-monotone property. Assume that there
exist ke [0, 1) and L > 0 such that

d(gx, gu) + d(gy,
d(F(x,y,z,w),F(u,v,h,l))5i (g gu) + @@\ y s oD,

d(gz gh) +d(gw, gl)
for any x, y, z, w, € X for which ‘gx < gu, gv < gy, gz < gw, and gl < gw. Also, suppose
F (X*) < g(X) and (g(X), g is continuous and commutes with F.
If there exist xo, Yo, 2o, Wo € X such that gxg < F (X0, Yo, Z0» Wo)» £0 2 F (Yo, 20, Wo, X0),

220 < F (zo, Wo, %o, Yo), and gwo 2 F (wo, Xo, Yo, 20), then there exist x, y, z, w € X such
that

F(x, 7,2 w) = g, F(y,z, w,x) =g, F(z, w,x,y) = 8 and F(w, x, y, z) = gw.

Proof. It suffices to take ¢ () = k¢ in Corollary 2.1.

Corollary 2.6 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d, <) is regular. Suppose F : X* — X and g : X — X are such that F
has the mixed g-monotone property. Assume that there exist k € [0, 1) and L > 0 such
that

k[ d(gx, qu) +d(gy,
d(F(, 7,2 0), Flu v, b, 1)) < | (8. gu) +d@r @)+ y s D,

d(gz, gh) + d(gw, gl)
for any x, y, z, w, € X for which gx < gu, gv < gy, gz < gw, and gl < gw. Suppose F (X*)
C g(X) and (g(X), d) is a complete metric space.
If there exist xo, Yo, 2o, Wo € X such that gxo < F (X0, Yo, Z0» Wo), €0 2 F (Yo, 20, Wo, X0),

gzo < F (zo, wo, %0, Y0), and gwy = F (W, %o, Yo, Z0), then there exist x, y, z, w € X such
that
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F(x,y,z,w)=gx, F(y.zw,r)=gy, F(zwxy)=g and F(w,x,y,z=gw).

Proof. It suffices to take ¢ () = k¢ in Corollary 2.2.
Remark 1 « Corollary 2.4 of Karapinar [39]is a particular case of Corollary 2.5 by
taking L = 0 and g = Ix the identity on X.

« Corollary 2.4 of Karapinar [39]is a particular case of Corollary 2.6 by taking L =
Oand g =1Iyx.
o Theorem 2.6 of Berinde and Karapinar [40]is a particular case of Corollary 2.1 by
taking L = 0.
o Theorem 2.6 of Berinde and Karapinar [40)is a particular case of Corollary 2.1 by
taking L = 0.

Now, we shall prove the existence and uniqueness of quadruple common fixed point.
For a product X* of a partial ordered set (X, <), we define a partial ordering in the fol-

lowing way: For all (x, y, z, w), (4, v, 1, h) € Xt

xyzw) <wvrh)ex<u y>v, z<randw>1 (46)

We say that (x, y, z, w) and (&, v, r, [) are comparable if
(xyzw) <(uwvrl) or (uuvrl) <(xyzw).

Also, we say that (x, y, z, w) is equal to (&, v, r, [) if and only if x = u, y = v, z = r and
w=1

Theorem 2.3 [n addition to hypotheses of Theorem 2.1, suppose that for all (x, y, z,
w), (u, v, 1, ) € X%, there exists(a, b, ¢, d) € X* such that

(F(a, b, c,d), F(b,c,d,a), F(c,d,a,b), F(d,a,b,c))

is comparable to

(F(x,y,z,w), F(y,z,w,x), F(z,w, x, ), F(w, x,y,z)) and
(F(u,v,7, 1), F(v, 7, L, u), F(r, 1, u,v), F(l, u, v, 7)).

Then, F and g have a unique quadruple common fixed point (x, y, z, w) such that

x=gx=F(x,y,zw), y=g8y=F(yzwx),
z=gz=F(z,w,x,y), and w=gw="F(w,xy,z).

Proof. The set of quadruple coincidence points of F and g is not empty due to Theo-
rem 2.1. Assume, now, (x, y, z, w) and (u, v, r, [) are two quadruple coincidence points

of F and g, that is,

F(x,y,z,w) =gx, F(uuvrl) =gu,
F(y,zw,x) =gy, F(v,r,lu) =gy 47)
F(z,w,x,y) =gz F(r,Luv) =gr,
F(w,x,y,z) =gw, F(lLuvr) =gl

We shall show that (gx, gy, gz, gw) and (gu, gv, gr, gl) are equal. By assumption, there
exists (a, b, ¢, d) € X* such that (F (@, b, ¢, d), F (b, ¢, d, a), F (¢, d, a, b), F (d, a, b, ¢))
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is comparable to (F (x, y, z, w), F (v, z, w, x), F (z, w, x, ¥), F (W, %, ¥, 2)) and (F (4, v, 1,
l)r F (V) r, l; M), F (I", l’ u, V)) F (l’ u, v, V))
Define sequences {ga,}, {gh,}, {gc,}, and {gd,,} such that

ag=a,by=b,co=c, dy=dand forany n > 1

8an = F(an—1,by—1,6n—1,dn-1),
8by = F(by—1,6n-1,dn—1,an-1),
8cn = Flen—1,dn—1,an-1,bp1),
8dy = F(dp—1,an-1,bu_1,cu—1),

(48)

for all n. Further, set xg = x, yo =y, 20 = 2, wo = wand ug = u, Vg =V, rg = 1, log = [

and on the same way define the sequences {gx,}, {gv.}, {gz..}, {gw,} and {gu,}, {gv.},
{gr,.}, {gl,.}. Then, it is easy that

gxn =F(x,y,z,w), gu,=F(uuvrl),

gVn =F(y,z,w,x), gun,=F(v,11Lu),

(49)
gy = F(z,w,x,y), g =F(r,Lu,v),

gw, =F(w,x,v,2), gl =F(Luvr)
for all n > 1. Since

(Foyzw), F(yzwx), F(zwxy), F(w.xy.z)) = (8%1.8y1,821,8w1)
= (8x.8y.82.8w)
is comparable to
(F(a,b,c,d), F(b,c,d,a), F(c,d,a,b), F(d,a,b,c)) = (ga1,8b1,8c1,8d1),
then it is easy to show (gx, gy, gz, gw) = (gas, gb1, gc1, gd1). Recursively, we get that
(8an, §bn, §cn, 8dn) < (g, gy, gz, gw) for all n. (50)
From (2) and (47), it is obvious that

M(an,bn,Cn,dn,x,Y,ZIW) = M()’zzrwzx, bn,Cn,dn,an)) (51)
= M(Cnrdn/an/bn/z/w/xzy) = M(w/x/y/z/dn/an/bnrcn) = O~

By (50), (51), and (3), we have

d(ga‘rHl/ gx) = d(F(an/ bn/ Cns dn)/ F(X, Yz w))
< ¢(max{d(gx, gan), d(8y, §bn), d(8z, §cn), d(gw, §dn)}), (52)
+ LM(anr bnl Cn, dnl X, )/, Z, w)
= ¢(max{d(gx, gan), d(gy, gbn), d(8z, gcn), d(gw, gdn)}),

d(g}’/ gbn+1) = d(F(}/r zZ, W, x)r F(bnl Cn, dnl an))
< ¢(max{d(gan, gx), d(8bn, gv), d(gcn, §2), d(8dn, gw)})
+ LM(Yr Z, w/ x/ bnr Cnl dnl an)
= ¢(max{d(gan, gx), d(8bn, 8y), d(gcn, 82), d(gdn, gw)}),
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d(gCrHl ’ gz) = d(F(Cn/ dnr anl bn)/ F(ZI wl xl )’))
< ¢(max{d(gan, gx), d(gbn, &), d(gcn, 8z), d(gdn, gw)})

+ LM (¢, dn, an, by, 2, w, X, y) (54)
= ¢(max{d(gan, gx), d(gbn, gy), d(gcn, g2), d(gdn, gW)})
and
d(gw, gdn.1) = d(F(w, x,,z), F(dy, an, by, cn))
< ¢(max{d(gan, gx), d(gbn, &), d(8cn., 82), d(8dn, gw)}) )

+ LM(w, x,y,z,dn, an, by, cn)
= ¢(max{d(gdn, gw), d(gan, gx), d(gbn, 8y), d(gcn, g2)})-

From (52)-(55), it follows that

d(8z, gcn+1), d(8y, gbns1), d(gz, gcn), d(8y, gbn),
{ d(gx, gans1), d(gw, gdns1) } =¢ (max { d(gx, gan), d(gw, gdn) }) ' %)

Therefore, for each n > 1,

{ d(8z, gcn), A(8, 8bn), } . ( { d(8z, 8co), d(gy. gbo), })
ax < ¢" | max : (57)
d(gx, gan), d(gw, gdn) d(gx, gao), d(gw, gdo)

It is known that ¢(2) < ¢ and rlg? o(r) <t imply nlgglo ¢"(t) = 0 for each ¢ > 0. Thus,
from (57)

nli)rgo max{d(gz, gcn), d(8y, gbn), d(gx, gan), d(gw, gdn)} = 0.

This yields that
lim d(gx, ga,) =0, lim d(gy, gb,) =0, lim d(gz, gcn) = Oand lim d(gw, gd,) = 0. (58)

Analogously, we may show that
lim d(gu, gan,) =0, lim d(gv,gb,) =0, lim d(gr, gc,) =0 and lim d(gl, gd,) = 0. (59)
Combining (58) and (59) yields that (gx, gy, gz, gw) and (gu, gv, gr, gl) are equal.

Since gx = F(x, y, z, w), gy = F(y, z, w, x), gz = F(z, w, x. y), and gz = F(z, w, x, ¥), by
commutativity of F and g we have

g = g(gx) = 8(F(x,y,z,w)) = F(gx, gy, &2, gw),
8y =8(8y) = 8(F(y,z,w, x)) = F(gy, gz gw, 8x),
g7 = g(gz) = g(F(z,w,x,y)) = F(gz gw, gx, 8y)

and
gw' = g(gw) = g(F(w, x,y,z)) = F(gw, gx, gy, g)

where gx = %', gy = ¥, gz = 2z, and gw = w’. Thus, (x’, ¥, z’, w)) is a quadruple coinci-
dence point of F and g. Consequently, (gx’, gy’, gz’, gz) and (gx, gy, gz, gw) are equal.
We deduce

o =gx=x, g =gy=yandgd =gz=2, gu=gw=w.
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Therefore, (x’, ¥, z’, w’) is a quadruple common fixed of F and g. Its uniqueness fol-

lows easily from (3).
Example 2.1 Let X = R be endowed with the usual ordering and the usual metric,

which is complete.
Let ¢ X — X and F: X*—>X be defined by

3 - —
g(x) = e F(xy2w) = * y-;z w’ for all x,y,z,w e X
Take @ : [0, o) — [0, =) be given by ¢(t) = gt forall £ € [0, ).
We will check that the contraction (3) is satisfied for all x, y, z, w, u, v, h, l € X satis-
fying gx < gu, gv < gy, gz < gh, and gl < gw. In this case, we have
u—x y—v h—z w-1I
d(F 1 V1 &y IF 7 rhrl =
(F(x,y,z,w), F(u, v, h, 1)) s Vs T s s

[max{(u —x), (y —v), (h = 2), (w—=D}]

=<

max{d(gx, gu), d(gy, gv), d(8z, gh), d(gw, gl)}

(max{d(gx, gu), d(gy, gv), d(gz gh), d(gw, g1)})
LM(x,y,z, w,u, v, h,1),

=

1
2
2
3

¢
+

for arbitrary L > 0.
It is obvious that the other hypotheses of Theorem 2.3 are satisfied. We deduce that

(0, 0, 0, 0) is the unique quadruple common fixed point of F and g.

3 Application to matrix equations
In this section, we study the existence and uniqueness of solutions (X, Y, Z, T) to the

system of matrix equations
X=Q+A1XA, —B]YB; +A5ZA, — B5TB,
Y = Q +ATYA1 — BTZBl +A§TA7_ — B;XBz (60)
Z = Q +A>‘1<ZA1 — BTTBl +A§XA2 — B;YBz
T=Q+ATA; —BiXBy +A5YA, — B}ZB,,

where A, Ay, B1, B, € M(n): the set of all n x n matrices, Q € P(n) : the set of all
n x n positive definite matrices, and H(n) is the set of all # x n Hermitian matrices.

We endow H(n) with the partial order < given by

M,NeH(n), MSN&N-MeP(n).

For a fixed P € P(n), we consider

1 1
[|H||1,p = tr(P2HP2).

for all H € H(n), where ¢r is the trace operator. The space H(n) equipped with the
metric induced by ||.||1,p is a complete metric space for any positive definite matrix P

(see [42]).
The following lemma will be useful for our application.
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Lemma 3.1 Let A > 0 and B > 0 be n x n matrices. Then, we have
0 < tr(AB) = tr(BA) < ||Al|tr(B),

where ||.|| is the spectral norm.
Theorem 3.1 Suppose that there exists P € P(n)such that

L 1 1 1 . 1 . 1 (61)
Je = 4 max{||P”2 APA,P”2 ||, ||P” 2 A5PA,P” 2 ||, ||P” 2 BiPB P2 ||, [|[PT2BiPB.P 2|} < 1.

Suppose also that

2 2
0< ) AfQAiandQ < ) B QB:. (62)
i=1

i=1
Then, the system (60) has one and only one solution (X1,X,X3,X4) € (H(n))*.

Proof. Consider the mappings F: (H(n))* — H(n) and g: H(n) — H(n) defined
by

F(Xl,Xz,X3,X4) = Q +A>{X1A1 — BTXZBI +AZX3A2 — B§X4B2 anng = X,
for all X,X; € H(n)i =1, ..., 4.

For all X;,Y; € H(n)i = 1. .., 4 with gX; < gY3, g¥o < gXo, gX5 < g¥3 and g¥y < gXy,

by using Lemma 3.1, we have

[IF(Y1,Y2,Y3,Ys) — F(X1, X2, X3, X4)11,p
= [|AT (Y1 — X1)A; — B] (Y2 — X2)B1 + A5(Y3 — X3)As — B5(Ya — X4)Ball1,p

=tr [P; (AT (Y1 — X1)A1 — Bi(Y2 — X2)By + A3(Ys — X3)A; — B3(Ys — X4)B,) P;]
= tr[ALPAY (Y, — X1)] + tr[B1 PBE (X2 — Y2)] + tr|AaPA%(Ys — X3)] + tr[BaPBS(Xa — Ya)]
= tr[AlPATP_;P; (Y1 — X1)P2P 2] + tr[BlPB’{P_;P;(Xz —Yy)P2p 2]
+tr[A2PA’;P*§P5 (Vs — X3)P2P 2] + tr[BZPB;P*5P5 (Xa — Ya)P2P 2]
< IP2 A PAP™2 [ir(P2 () — X,)P2) + |IP~2 ByPBP™ 2 [tr(P2 (X; — Y2)P2)
+||P*5A2PA;P*§ er(P2 (Y5 — X3)P2) + ||P*§32PB;P*§ 1er(P2 (X4 — Ya)P2)
P2 A PATP 2| 1Y1 = Xl[1p+ [P 2By PBTP™ 21X — Yallup
HIPT2APASP 2| [1Y3 = Xallyp + 1P 2 BaPBSP™ 2| Xs — Yally o
< i (11gY1 — gX1ll1,p + 118X2 — gYall1p + 118Y3 — 8X3ll1,p + [18Xs — gVall1,p) .
Thus, we proved that the contractive condition given in Corollary 2.5 is satisfied for
all L > 0. Moreover, from (62), we have letting gQ < F (Q, 0, Q, 0) and g0 > F (0, Q, 0,
Q). Applying Corollary 2.5, F and g have a coupled coincidence point (and so a quad-

rupled fixed point since g is the identity on 7H(n)). Then, there exist
X1,X7,X3,X4 € H(n) such that

F(X1,X2,X3,X4) =X1, F(X2,X3,X4,X1) = Xo,
F(XS,X4,X1,X2) =X3 and F(X4,X1,X2,X4) =X4.

On the other hand, for all X,Y € H(n) there is a greatest lower bound and a least
upper bound, hence it is obvious that the hypotheses of Theorem 2.3 hold, so the



Mustafa et al. Fixed Point Theory and Applications 2012, 2012:71 Page 18 of 19
http://www fixedpointtheoryandapplications.com/content/2012/1/71

uniqueness of that quadrupled fixed point of F, which is also the unique solution of
the system (60).
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