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OF BERGMAN SPACES AND DUALITY

STEVE GADBOIS

(Communicated by Irwin Kra)

ABSTRACT. Conditions sufficient for boundedness of the Bergman projection
on certain “mixed-norm” spaces of functions on the unit ball of CV are given,
and this is used to identify the dual space of such mixed-norm spaces. Several
representation theorems that follow from the duality are also given.

1. Introduction. The classical Bergman space AP on the unit ball B = By in
CY is the set of functions f € H(By) satisfying

(f1rer dm(z)>1/,, <.

Here 0 < p < oo, the space CV is equipped with the usual inner product defined
for z = (21,...,2n5) and w = (wy,... ,wy) in CN by (z,w) = Ef;l z;w; and with
the associated norm |z| = (z,2)!/2, H(By) is the set of holomorphic functions on
By, and m is Lebesgue measure on By normalized so that m(By) = 1. Using

“polar coordinates” (see [6, 1.4.3]), this integral may be written as

(2N/I (ls |f(rT)IP do(r)) rN-1 dr) v

where I = [0,1), S = Sy = 8By, and o is the rotation invariant positive Borel
measure on Sy with o(Sy) = 1.

We study here the following weighted “mixed norm” generalizations of the Berg-
man spaces. If 0 < p,q < oo and if & > —1, define

4% = {1 € H(B) | I/l < 0}

(/I </S |f(rr)|P da(T))Q/p 1- 1"")0'1'2]\'_l dr)

Note that when ¢ = p and o = 0, this is precisely the Bergman space. Also note

that ,
q
lae = ([ 151000~ ar)
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1172 STEVE GADBOIS

where, for 0 < r < 1, f, is the function defined on S by f.(r) = f(r7). Using this
notation, we also define

1/q
g = ([ Ml =7 ar)
[ fllp,co = sup || frllLe(s), and
0<r<1
I flloo,c0 = sup || frllLeo(s),
0<r<1

and denote the spaces of holomorphic functions for which these are finite by A3,
AP and A% respectively. (The space AP™ is the classical Hardy space H?.)
The set of (equivalence classes of) measurable functions satisfying the integrability
condition defining AR? is denoted by L2J. It is easy to check that

I+ 905,00 < Ifll5.0.0 + 19ll5,6,0

where s = min{p, q,1}; thus (A8, ]| ||3 ) and (L2%,|| |5, ) are metric spaces,

and are normed linear spaces if 1 < p,q < 0o. The basic reference for mixed norm

spaces (including, but not limited to, our spaces L??) is Benedek and Panzone, [2].
Note that by two applications of Holder’s inequality, L5 9 C L5272 if either

(a1 +1) < (a2 +1)
q1 q2

p2 <p;1 and g2 <gq; and

or

p2<p1 and ¢2=¢1 and a; <o
In either case, the containment is proper (unless p; = p2, ¢1 = g2, and a1 = ag),
since then there is some constant s satisfying the inequality N/p; + (a1 +1)/q1 < s
< N/pe+(ag +1)/g2, and f(2) = (1—(z,¢))~*® (with ¢ € S fixed) defines a function
in AR272 not in AR 91:

q/p
1an= [ ([ 1 trarrao)” @ -rvta

N/I ((1 _ ,'.)N—sp)Q/p (1= r)r2N=14;

by Proposition 1.4.10 of [6], and this integral is finite if and only if s < N/p
+(a+1)/q. (We write a(z) ~ b(z) if there exist constants ¢ and C such that 0 < ¢ <
a(z)/b(z) < C < oo as z ranges over some index set.)

A few of the basic properties of A% are put forth in section two. Section three
deals with boundedness of the Bergman projection, and this result is used to identify
the dual space of our mixed norm spaces in §4. After introducing the pseudohy-
perbolic metric in §5, §6 and §7 are concerned with representations of the mixed
norms and of functions in the mixed norm spaces. These results are generalizations
of work of Luecking in [4].

This work represents some of the results contained in the author’s Ph.D. dis-
sertation completed at Michigan State University under the direction of Professor
William Sledd.

2. Basic properties of A2?. The completeness of AR is a consequence of the
following growth condition. Our statements and proofs here will resemble those in
[7].
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BERGMAN SPACES 1173

PROPOSITION 2.1. If f € AP? (0 < p,q < 00, —1 < ), then
/()] £ Cllfllp g0l = |2l)~N/PHEAD/D - for cvery z € B
for some C independent of f.

PROOF. First suppose 0 < p < oo. Since |f|P is plurisubharmonic, for 0 < r <
s < 1and 7 € S we have

)P < / \F(sm)IP P ((r/s)r,m) dor(n)
S
<oV(s—r)N / \f(sm)[P dor(n),
S

i.e.,
(2.1) £ (r)I(s = 1)N/? < Cll fsllo(s)-
Here P denotes the invariant Poisson kernel defined for 2 € B and ¢ € S by
N
(1—12*) )
Piz,¢)= 77— ) -
9= (g

For basic facts concerning the invariant Poisson kernel, see [6, Section 3.3]. If
g = oo, the result follows from (2.1) immediately. If 0 < ¢ < 0o, we then have

P,q,o’

1
If(")l"/ (s =r)N/P(1 - 5)s*V "1 ds < Ol fIl3
Letting z = (s —r)/(1 — r), for 1/2 < r < 1 it follows that

1
IS 0 2 S rrI*(1 = r) NItV [ gMalo(1 = g)2((1 = r)e 4

1
~ f(rr)[3(1 = 7)(N/P+(@4D)/0)a / ZNUP(1 — 1) dg
0
so the result follows. If 0 < r < 1/2, the result follows from the maximum modulus
theorem.
Now suppose p = oo. Then |f(r7)| < ||fs|lz=(s) for 0 < r < s < 1, and the
result for 0 < ¢ < oo is proven by the same procedures.

COROLLARY 2.2. If1 <p,q< 00 and —1 < ¢, then A2 is a closed subspace
of L?3, and is hence a Banach space.

PROOF. Suppose f, — f in LP? with f, € AB?. Then there is a subsequence
fn, with fn,, — f pointwise a.e. [2, p. 304]. By Proposition 2.1, we also have that
frn is uniformly Cauchy on compact subsets of B, so f, is uniformly convergent on
compact subsets of B to some g since L2 is complete (2, p. 304]. But g is analytic
(6,1.1.4] and f =g a.e., so g € AP? and f, — g in API.

PROPOSITION 2.3. If0 < p,q < 0o, then lim,_,1- ||fr — fllp,q,a =0 for every
fe AR,

This follows immediately from the dominated convergence theorem. (For details,
see (7, Proposition 3.3].) So the functions analytic in a neighborhood of B form a
dense subset of AP,
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1174 STEVE GADBOIS

3. Boundedness of the Bergman projection on L2?. Suppose t > —1. The
Bergman kernel K; is defined by

(1= |w]?)*
(1= (z,w))N+1+t

Ki(z,w) =

for z,w € By. Note that:

(a) for fixed w € B, K;(-,w) € A%? and

(b) for fixed z € B, Ky(z,-) € L2 if tg > —(ar+1). (But K,(z,-) is not conjugate
holomorphic unless ¢t = 0.)
Both observations follow because the denominator of K, is bounded above and
below in B.

The Bergman projection T} is defined by

106 = (Y t) [ Ko w) dmw)

for z € By and f for which the integrands are in L!(dm). In general, the binomial
coefficient ("V?) is ﬂ%%% It is clear that, for fixed ¢, T;f is holomorphic
when defined.

In this section, a condition on ¢, p, q, and a will be found which ensures that
T; is bounded on LP?; there will be no dependence on p other than p > 1. In
[3], Forelli and Rudin showed that T; is bounded on L?(dm) (1 < p < oo) if and
only if (t - 1)p > 1. Then in [1] Békollé showed that T; is bounded on LP(dmg)
(1<p<oo, —1<a,dmy(z) = (1 —|22)*dm(z)) if and only if (t + 1)p > a + 1.
(He actually showed this for more general weights satisfying a “B, condition”, a
condition analogous to Muckenhoupt’s A, condition introduced in [5].) An impor-
tant tool here will be the following pair of facts due to Forelli and Rudin in (3,
Proposition 2.7]:

(3.1a) / |Ke(2,w)|(1 — |w|*) = dm(w) < C(1 - |2|*)~°

’ forevery z€ B if0<c<t+1,
G16) [ 1K w)l(1 - ) dm(e) < O — )

? foreverywe Bif0<c+t<t+1.

THEOREM 3.1. T; maps L?? (1 < p< o00,1<g< o0, —1< a) boundedly into
AP8 if (t + 1)g > a+ 1. Furthermore, T;f = f and T f = f(0) for every f € AP3.

PROOF. As noted in [6, Proposition 7.1.2], T;f = f and T;f = f(0) are true
for f € H°(B), hence for f € AP? by density of H*(B) in A2, once continuity is
verified.
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BERGMAN SPACES 1175

If 1 < p < o0, vector-valued integration and Hoélder’s inequality yield that

1Tz = | [ [ Kt omse(n) dotms? = s

L?(S)

82N—l ds
Lr(S)

P 1/p
da(r)) §2N-1ds

<cf ” /S Ko(r- 5m) fo(n) do(n)

_c /I ( /S /S K (r7, 5n) fs(n) do(n)
<cf [ [ ([ sniseapasn))
1/p

X (/s | K¢ (rr, sn)lda(n))p/pl da(r)] §2N-14s.

(As usual, p’ denotes the conjugate exponent of p.) But [g|K;(rr,sn)|do(n) is
independent of 7, so by Fubini’s theorem, the expression above is less than
1/p

of [( [ |Kz(rr,sn)ldo(ﬂ))p/p’+l (f Ifs(n)l”dv(n))} 21 g

-c /, /s Ko (rr, sm)| do(m) | foll o sy~ ds.

This estimate can also be verified in similar way if p =1 or p = oc.
Using this estimate and Holder’s inequality, we have

lIthII;’,,q,a = C/[ ||(th)r||qu(S)(1 — ,.2)0er-1 dr

q
<c / [ / / |Kt(TT,377)|d0(7l)||fs||Lv(S)32N—ld8] (1—r2)%P2N=1 g
I IJS

< C/; (/B K (rr, om)| (1 = 8%) dm(sn)>q/q’

x (] 1 sn)l = ) Al sy dmom) ) (1= )7,
where 6 will be chosen later. But
[ VKt ama = )7 dm(sm) < 0 =)
B

by (3.1a), as long as 0 < ¢ < t + 1. Using this and Fubini’s theorem, we have
nNa/q
Tifl3.q0 < C/ 1—r%)~%
” tf"p,q,a ! (( ) )
X (/ |K¢(rr, sm)|(1 — 32)6q"fs”l},p(s)dm(3n)) (1- r2)a,’.2N—1 dr
B
5
=C [ Ml 1 - 52"

X / / | K¢ (rr, sm)| do(n)(1 — r"")m_‘sqr”"l drs?N-1ds.
I1JS

6q'
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1176 STEVE GADBOIS

But
//|Kt(7'T,877)|da(n)(1_,-2)“'5‘17.2N—1dr
1JS

_ / \Ky(rr, sm)|(1 = #2) 019 G rr)
B
<O(1-s?) 2D — o1 - 62
by (3.1b), aslongas 0 < —a+6g+t <t+1. So

ITef1I5,q0 <C Ilfsllu (1= 5" ds = C|f||f g0
)

To choose suitable ¢, note that there exists é satisfying 0 < 8¢’ < t + 1 and
0<—-a+6é¢g+t<t+1ifand only if

(t+1)g>a+1.
As in [3, p. 594], we immediately get the following.

COROLLARY 3.2. For 1 < p < 00,1 < ¢q < o0, and -1 < o, we have
"f”p,q,a S C”Re f”p,q,a fOT every f € H(B) with f(O) =0.

PROOF. Choose t > (¢ +1)/g— 1. Let u =Re f and fix 0 <r,5 < 1. Then
fs =Ti(fs) = Te(fs + fs) = 2T (us), so

/ |falrr)[P do(r) = 2° / (Tyua(rr)|P do(r).
S S

1l o= [ ( [intemp da(f))‘” ® 1= )N g,
N ”/ (/ I Teus(rr)” do(r))Q/p(l — r2)%2N=1gy

= 2q"Ttu'3”p g, = 2qu”u8”p q,a)

and the result follows upon letting s — 1.

Thus

4. Representation of the dual space of A%?. Representation of the dual
space of A%? will follow from boundedness of the Bergman projection (Theorem 3.1).
The case N = 1, a = 0 was handled by Shapiro in [7, Corollary 3.6]. In [4,
Theorem 2.1], Luecking identified the dual space of AP, using the boundedness of

the Bergman projection on A” and A” a(1-p')°

Given any fixed g € APY define the linear functional Ly on AB? by

a(l q')
Lof={f.0) = /B fgdm

for f € AR%. By two applications of Holder’s inequality,
{f, 9 < ”f”p,q,a”gllp'»q’,a(l—q’)'
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BERGMAN SPACES 1177

THEOREM 4.1. Suppose that 1 < p < oo, max{l,a+1} < q < 0o, and -1 < a.
Then the map taking g to Ly is a linear homeomorphism of AP onto the dual

space of AR,

a(l-q')
PROOF. As noted above, any g € APY defines a bounded linear functional
Ly on A%, with ||Lg|| < |lgllp,q,a(1-0")-

Now take any L in the dual space (489)*. Extend to L € (L29)* by the Hahn-
Banach theorem. Write w(r) = (1 —r2)%, and note that ; € L?? if and only if
jw~1/9 € LIP3, Define the functional A € (LP9)* by Aj = L(jw~'/9); then there
exists some function k € L?'? such that Aj = || pJkdm. (See (2, Theorem 3.1] for
the generalized representation theorem.) Let h = kw74, We have h € L?. a( 1-q') and

Lf = (f,h) for all f € L?2. Since Ko(z,w) = Ko(w, ), Fubini’s theorem implies
that

(41)  (Tofr,f2) = (f1,Tofz) for f1 € LBNL? and fr € LEG_ ., N L.

a(l q')

(To justify the application of Fubini’s theorem, note that Ty f1 and Ty f» are in L?
since f; and f2 are, either by Theorem 3.1 or by Békollé’s result.) Now, q >oa+1

and ¢’ > (1 —¢') + 1, so by Theorem 3.1, T is bounded on L%? and L —q) By
continuity of To and dens1ty of the respective spaces [2 p- 308], (4.1) 1s also true
for fi € LP? and f2 € La(l_ - Let g =Toh. So g € Aa(l —g) and for f € AR? we
have Lf (f’ h) <T0fa h) (fv TOh) (f’ g)a le, L= L

If g€ AP o (1— h defines the zero functional, then since Ko( -) € AP for any fixed
z € B, we have 0 = (Ko(z,-),9) = Tog(z) = ¢(2), i.e., g = 0. So the map taking
g to Ly is a one-to-one, continuous, linear transformation of Az'(qll_ @) onto (ARI)".
By the open mapping theorem, the map is actually a linear homeomorphism.

One can use other (i.e., weighted) duality pairings (and other kernels) to get
other representations of (A429)".

5. The pseudohyperbolic “metric”. The pseudohyperbolic “metric” p is
defined on By by p(z,w) = |®y(2)| where ®,, is the automorphism of By given
for w # 0 by

1/2
w— % — (1 - |w]?)?(z - £Zw)
1—(z,w)

and for w = 0 by ®¢(z) = —z. The corresponding “balls” are

Py (2) =

E(w,6) = ®,'(6By) = {2 € Bn | p(z,w) <6}

forw € By and 0 < 6 < 1. Note that m(E(w, 6)) ~ 62V (1—|w|)N+1; see [6, 2.2.7].
We will have need of the following.

LEMMA 5.1. Fiz0<r <1 and 0 < é small. Then

r—06 r+6
T < |2] < 1576 for every z € E(r,6).
(Here E(r,6) means E(w,6) with w = (r,0,...,0) € By.)
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1178 STEVE GADBOIS

PROOF. Write 2z = (21, 2,...,2Nn) = (21,2') and suppose z € E(r,6). Then
1 —rz|2 > |r— a2+ 1 -2,
i.e.,
2r(1 = 6%)Re (21) > (r2 — 6%) + (1 — 62r?)|21 | + (1 = 72)|2|.
Now, 4rRe (21) + 72|22 < 12 + 4r|2y| — r?|z1]? < 4r < 4, 50
(r? — 6%) + (1 — 6%r%)|2)?
=[(* = 6%) + (1 = 8*r?) |21 + (1 =) |2 PP) + 2 (1 - 67) |2
< 2r(1 - 6%)(Re (21) + r2'|?/2)
< 2r(1 = 6%)(|21)? + |2 |°Re (21) + r2|2'|*/4)Y/?
< 2r(1 = 6%)(|za|% + |2'|2)Y?% = 2r(1 - 62))2].
Hence (|2|,0') € E(r,6), and (r — 6)/(1 — r6) < |2| < (r + 6)/(1 + r6).

6. A norm-representation theorem. In [4, Theorem 5.1], Luecking shows
that

km 1/p
I fllz» ~ (SUP > If(ame)P(1 - rm)N) for all f € H?
™ k=1

where 0 < rg <7y <--- — 1 and {am} satisfies
(1) |amk| = rm for each m =0,1,2,... and each k =1,2,... ,kp,
(2) rmSn C Uy E(amk, 6) for each m for some § = §(p) sufficiently small, and
(3) E(amk,€)NE(ami,€) = & for each m and each k # k' for some 0 < e(p) < 4.
Such a set of points {amr} will be called an e—6 lattice.
A close analysis of Luecking’s proof yields the following.

THEOREM 6.1. Fiz0<p<00,0<qg< 00, and—1< a. Letry, =1-2"™ for
m =0,1,2,... and suppose {amk} i3 an €—8 lattice for § = 6(p,q, @) sufficiently

small. Then
0o [ km a/p 1/q
Ifllp.q.e ~ (Z (Z |f(amk)|p2_'"N) 2'"‘(""'1)) for every f € ARI.
m=0 \k=1

PROOF. Let rme=(rm +¢€)/(1 +rme), Emk = E(amk,€), Am = Uy Emk, and
Ime = [(rm — €)/(1 — rme€), (rm +€)/(1 + rme)). Then by plurisubharmonicity of
| f|P, the separation property (3), and Lemma 5.1,

> If (@) P27 < 27N (E cM)
k k

m(Epmk)

< C-mNgmIN+D) 3 / \f|P dm = C2™ / If|P dm
k Emk Am

<o [ ([1enpao) #o-iar
Ime \JS
<orm ([ 10r) Unnls) < Cllrne sy
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BERGMAN SPACES 1179

Since we may assume that € < 1/3 (at the cost of increasing the constant C), we
have rme < (rm +1)/2 = rpy41, and thus

q/p
2 (Z lf(amkn"z-m’v) 270D O YT fys M) 27™
k m

m

<C [ 1)1 = r)r2¥ = dr = I g

In the other direction, Luecking uses a change of variables, Fubini’s theorem,
and the “denseness” property (2) and actually shows that

c”f”'m ”LP(S) < Cép"ffmz " P(S) + Z lf(amk)|p2_mN
k

SO

a/p
lflga < E (C5p||frm+x“ Za(s) T 20 |f(amk)lp2"'"N) g~m(at1)
*

m

a/p
<C'y’ Céqufwuz,(sﬁ(Zmamk)t"r'"”) 27+
k

where C' = 1if ¢ < p and C’ = 29/P~1 if p < q. This is less than
a/p

Cé? Z | frmas Ilip(s)Z_m(a+l) + CZ (Z |f(amk)|p2_mN) 9-m(a+1)
m m %

q/p
<CENfIS 4 +CD (Z |/ (@mk) P2~V ) g m(at+l)
m k

and the result follows for § sufficiently small.
As a consequence of this theorem, no such £—§ lattice can be a subset of the
zero set of an A%? function not identically zero.

7. Representation of A%? functions. The duality result and the equivalence
of norms result (Theorems 3.1 and 6.1) can be used to obtain a representation of
AP? functions as sums of kernel functions. This generalizes Luecking’s Corollary 4.4

in [4].
If v is a weight function on {0,1,2,...}, we write ¢ = {¢mk},, x € 157 if
o [/ oo a/p 1/a
> (Z lemk |P) Um = Jlell, 4,0 < 00
m=0 \k=1

THEOREM 7.1. Suppose 1 < p < 00, 1 < ¢ < o0, and -1 < a. Let
m =1-2"™ and v, = (1 - rm)1"'1\"‘11/"1‘“"(1_"’)r?n’"‘1 for eachm=0,1,2,...,
and suppose {ami} i3 an €—6 lattice for & = 6(p,q, ) sufficiently small. Then
every f € AP? is of the form

oo km
=YY cmkvm(1 - (zamk) TV
m=0 k=1
for some c € 189, and any f of this form is in API.
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1180 STEVE GADBOIS

Note that no claim of uniqueness of ¢ € I57 is being made.
PROOF. As in the proof of Theorem 6.1,

' 1/¢'

q/p
’ Nq'/p' —a' _
9l ar,a(1—ar) ~ Z(Zm(amk)l") (1= rp) PN/ (=) N1 )
m k

i.e.,
lgllprq",x(1-q7) ~ l9(@me)llp g v

Thus the map R: Agl(ql’_ o~ 1’4" defined by (R9)mi = 9(amk) is a linear iso-

morphism. Hence R is one-to-one with closed range, and R*: IP? — AZ? is onto.

(Since max{1, a(1 — ¢') + 1} < ¢’ < 0o, we have (Azl(ql,_q,))' ~ AP? by Theorem 3.1,

where the duality pairing does not involve a weight, and we have (lﬁ'q')* ~ [P? by
Theorem 3.1 of [2], where the duality pairing does involve the weight v.)

To identify R*, take g € AZ("I_ ¢ @nd ¢ € 159, supposing first that c has only

finitely many nonzero terms. Then

[ (Fogdm = (Re.0) = (c.Ro) = 3 (2 cmk_g(am‘k)) Um
k

m

= sz Ek: CmkUm /B 9(2)(1 = (ame, 2)) "N " dm(2)

= /B (chmkvm(l - (7 amk))_N_l) 9(2) dm(2),
m k

so R*c(z) = Y, 2k CmkUm(l — (z,amk))_N—l. To get the result for general
¢ € [P9, use finite approximations to ¢ (for which the result was just verified),
the continuity of R*, and the fact that convergence in A%? implies pointwise con-

vergence.
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