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§1. Introduction.

This paper is concerned with the mixed problems for hyperbolic equations
of second order. Let S be a sufficiently smooth compact hypersurface in R*,
and let 2 be the interior or exterior domain of S.

Consider the hyperbolic eguation of second order

(1.1) Llul= —(—%22— uta(x,t: D) ——gt— uta,x, t: Nu—F

0, £ D= B2k, 05 +hx, 0

N . s
axn, t: Dy=— 3 - (@i, f)m—j) + 2 B e D

where the coefficients belong to B*(2x(—d,, o0))P. We assume that a,(x, [: D)
is an elliptic operator satisfying

(1.2) > ay(r, r)&&pdfgsg (d>0)

1,f=1
a“-(x, t) — aﬁ(x, t)

for all (x, ) € £ x(—dy, o) and &£=(§,, &, -+, &) € R, and that h(x, 1) =12,
..., n) are real-valued. For this equation we consider the following boundary
conditions

(1.3) Buau(x, )=u(x, )=0 on S,

(1.4 Byu(x, )= _8% u(x, D—<{h, v> gai—u(x, Hta(s, Hulx, H)=0 on S

where

ant - 21 aij(s’ t)’)ia*xj' ’ <h! V> _u@:El hi(s’ t)ui s

L=

v ={(y;, -+, v,) 15 the outer unit normal of S at s S, and a(s, f) is a real-valued

1) B*(w), » being an open set, is the set of all functions defined in o such that
their partial derivatives of order <k all exist and are continuous and bounded.
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sufficiently smooth function defined on SXx{—d,, o).

Our problem is to obtain u(x, ) € EXH*()) NEWH () N EXLAH(2)?, for any
given initial data {u,, u,} and any second member f(x, {), satisfying

(i) L{ul=f(x,£) in 02xO,T),

() ur O=up T x, 0= uy

(iiiy the boundary condition (1.3) or (1.4) for all t< [0, T].
We treat this problem as evolution equation

a5) LU= AU+ FD

where

A = [—az(ﬁg, t: D) Aal(x,l £ D)]
and

=[BT Fo=[ ]

In our treatment we introduce the spaces 4 () (S H(QXL¥Q) (i=1,2)
equipped with the norms equivalent to ||u|y, 2.0+ |Vl z2¢g;» Which are determined
according to a,(x, 7: D) and the boundary condition, and in the space 4 (f) the
semi-group theory is applied to prove the existence of the solution to the
equation [(1.5) However it seems difficult to apply it to the operators with
the definition domain depending on #. Therefore for the boundary condition
(1.4), since the definition domain of _4(t) varies with / when the coefficients of
the principal part of L are not independent of ¢ on the boundary S, another
treatment is needed. In this case we extend the operator .4({) to the operator
from HY(Dx LAD) into LY H(), under the additional condition about L
that a,(x, ¢t: D)=~h(x, t) and b,(x, ) are real-valued on S.

In each case the regularity of the solution is considered. At first the
regularity with respect to t is shown by the method of successive approxi-
mation, next the regularity with respect to x by using the above resuit and
the ellipticity of a,(x, t: D).

Our problem has been already studied by M. Krzyzanski and J. Schauder
[7] G.F.D. Duff [3] L. Hormander [5] and by O. A Ladyzhenskaya [8] The
materials of Chapter viii and ix of Lions [9] have a close connection with this
paper. In [3], [7] the analytic case is first treated, and in non-analytic case,
with the aid of estimates of L-type of the solutions, the analytic approximation
is used. Their treatments are complicated. And derives the uniqueness
theorem and estimates of solutions. [9] does not consider the regularity of

2y u(x, e £F(E) means that u(x,{) is m times continuously differentiable in ¢ as
E-valued function.
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the solution, and does it only in the case of the boundary condition (1.3),
but its proof is also complicated.

Our treatment is an extension of those of and and different
from those of and [7] and our proof on the regularity of the solution
seems to be simple and natural. The essential part of this paper is Section 3.
However to make our exposition easy and complete, in Section 2 we show our
treatment in detail in the case where the boundary condition is independent
of #. The results written in Section 2 have been obtained under the cor-
respondence with Professor S. Mizohata.

The author wishes to express his sincere gratitude to Professor S. Mizo-
hata for his many valuable suggestions. He also wishes to thank Professor
M. Yamaguti for his continuous encouragement.

§2, Cases where the boundary condition is invariant with 1.

Throughout this section we consider only the case where the boundary
condition is independent of f, namely the case (1.3) and also the case (1.4) with
the additional condition that the coefficients of the principal part of L and ¢
are independent of f at the boundary®.

Definitions and lemma.

In order to treat the case of the Dirichlet type boundary condition (1.3),
we consider the space 40,(1), which is DL.()x L*(L) with the norm

U ou

(21) HU"?g{l(g) = (U; U)Jfl(t) :i,jE:]I (aij(x: t) —ax—i: _BEM)—HM’ M)-I—(U, 'l))
where
U={u,v} € 9L(2)< L*(£).
JA(1) is the operator from the definition domain
(2.2) D, = H* () N DL(2) X Dia(£2)
into %,(0.
In the case of the Neumann type boundary condition (1.4), 4(t) is HY({2)
X LY with the norm
(2.3) "U”§¢‘2<c> =, U)szm

z 0 0 _
:i,gz=:1 a;(x, t)-a—xu:, %)-{—La(s)uu dS+B(u, w)y+, v)
where

U={u,v} € H{DX L¥D),

and _4(?) is the operator from the definition domain

3) The condition can be relaxed partially, see Remark 2.6.
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2.4 Dzz{{u,v}lueHz(Q), v e HY({) and ,af%u_% vyv-4o(s)u =0 on S}

into 9,(D).
REMARK 2.1. From the additional condition posed on a;; and hy, D, is

invariant with ¢
REMARK 2.2. According to (1.2), for some M, >0 we have

1 2
—MT(ilull%’,Le<g>+ [lZece) = U %0 = My(lull eIV 1 ec)
for all U=1{u, v} = 4,(t). Next, from the inequality
f |u"dS < el|ullf, 2y He( ] Lo

where ¢ is an arbitrary positive constant, by taking B sufficiently large it
follows for some M, >0

7éf;(llull?.zzm>+ 10l%2c0) = 10U S = MUl zegr+ 10132000

for all U={u,v} e4,(). We fix such a 8.
REMARK 2.3. D, is dense in 4,(t). In the case i=1, this is evident. For
1==2, since

N= {u\ueHZ(.Q), Y 6(s)u=0 on s}
is dense in H'(2) and NxD() < D,, D, is dense in HY(Qx L¥2). By Remark
2.2 it follows that D, is dense in 4,(¢).
LEMMA 2.1. There exists a constant ¢ >0 such that for any Ue D,
(2'5) KLA(T")U’ U)sz(t)+(U’ ‘Jl(t)U).ﬂ[@(t)' éC(U; U)J{,,;(g) (1 — 1, 2)

holds.
Proor. Let U={u,v} =D,

(2.6) (ADU, U) gy -U, ADU ) g1

= 5 (autn 0% 310)H0 W, D, t: Do,

£,§=1

+>:(w(xf)a

$uf=1

u

av )-l-(u, W)+, —ay(x, t: Dyu—a,(x, t: D).

By integration by parts, we get

@7 3 (e p2l, 2L

£,7=1 3.761

_f m—dSJr(v, 18 (0t £k Ou ))
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2.8) (@y(x t: Dy, )= | Szi h(x, Dy dS
i=1

—(v, zi)l Z-B%i—hi(x, B ) +(hx, By, v)

:zjs<h, umdS—(v, 2§hi(% B aa;))

+((h(x, £)—2 é gﬁf (x, t))v, v) .

All the surface integrals vanish since v e @iz, then the right side of (2.6)
equals

2Re(u, v)—2 Re( Zn] bi(x, t)-g%—]— c(x, Hu, v)
i=1 i

+2Re((h(x, H— i a—i:(x, t))v, v)

i=1

and this is estimated by

'l e Pl 2+ l3200) = (N ulf 2+ 1012200 -

By Remark 2.2, we see [2.5) holds for i=1.
Now let U= {u,v} e D,.

(2.9 (ADOU, Uatgen U, ABU Yatyr
:iél(aﬁ(x, D g—;, %) +ISa(s)vﬁ dS+ B, u)

+(—a,(x, t: Du—ax, t: D, v)

. ou ov _
+ 3 (autn 05 ﬂ;)*" § o(yuvds-+pu,v)

4+, —ay(x, #: Dyu—a,(x, t: D)
by and

:js(%Jr g(s)u)gderLu(%;iJra(s)u)dS—zjsw, VIV5dS

+2Re[ fu, v)—-(jéb,-(x, t)-%ﬂ(x, tyu,v)+( (A, t)—é}la—ij(x, H)v,0)].

Since U € D,, the surface integral vanishes, and by the similar way to the

case i=1, we get

COROLLARY 2.1. For all real 2 such that || > ¢, the estimale
(2.10) [QI—= AU |9 2 (A =N e G=1,2)
holds for any U < D;.
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ProOF.
(I~ AT, QT A sty
= 22U, U)seyer—A{ s ADU sty +H(ADU, Uy}
according to (2.5)
=2, Dszar—1 AU, Uty = {1 A=)+ c(V 2= U 0
then we obtain (2.10) if (2| > ¢.
Resolvent.

LEMMA 2.2. There exists a constant 6 >0 such that for all 2 real and
|A] >, AI—A@) 1s a bijective mapping from D; onio (). Moreover we have

@11) AT =) o S 1=
ProOOF. Consider the equation in U
(2.12) AT~ AU =F
namely
Au—v=jf,
(2.13) {
azu+(a1+2)v =,

where {fy, f,} € 95D X L) in the case of the Dirichlet type boundary
condition and € H'()x L*2) in the case of the Neumann type. For con-
venience, we call the former case the first case and the latter one the second
case.

The substitution of the first relation

(2.14) v=2Au—f,

in the second of (2.13) gives

(2.15) a1 = (G420, + A = (@, +Dfr+f € LA .

Thus we are led to consider an elliptic equation containing the parameter 2

(2.16) au=fecIXQ). |
Consider the first case. The solvability of means the existence of

uwe H{(D) N DL(2) for any fe L¥§2). Then if is solvable, defining v by

we have a solution {u, v} € H2(02) N DL() X Die() of [(2.12) Now the

solvability of is seen by the well-known variation method.

Consider the second case. If {u,v} <D, is a solution of then for
reS

Chyvyv=_ h vy(Au—f)= %%——Mu .
Namely, u satisfies the boundary condition

2.17) —aa?u—,i(h, vY>utou=—<h,v>f,.
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Conversely, if u= H¥{2) satisfies this boundary condition, then by defining
v=Au—f,, wesee {u, v} =D, Here the solvability of means the existence
of the solution u< H*(2) of satisfying for any given fe L&),
fre H'(D).
Let us assume the eXistence of such a solution u. Then
<(a2+la1+lz)u) ?5>:<f: 6>s ¢EH1(‘Q)
gives, by integration by parts,

iél(aij%! “gf;>+(eluy ¢)-}—%(a1u, ¢)—]—-—%v(u, a?‘¢)+xz(u, ¢)

—{ (e—2ch vu)aS =1, B,

where e, is the first order and af is the formal adjoint of a,. Taking account
of the surface integral is equal to

5Sauq§ds+js<h, v>f,ddS.

Thus, # is a solution of the variational equation:

@18 % (argy s §)Hew @ 9t ar Pl )

+{ ougds=(f, ))—[ <h»>fidds.

Since h; (i—=1,2, ---, n) are real-valued, we see that
IRe {(a,u, w)+(u, afw}| = clul®.

Now we see that there exists some positive A, such that for any |A|> 2, (4
real) the variational equation (2.18) has a unique solution u & H'(2). Moreover,
one can prove that u = H*(2). This implies that u is a solution of [2.16)
satisfying the boundary condition [2.17)

From the solvability of and the estimate of it follows that the
existence of (A/—A())™* and the estimate [2.11)

For U={u, v} € H(Q)x H*-(2), we define the following norm

(2.19) UG = lully, e+ vll-1 2 -
Suppose that the coefficients of [ belong to B?(2x(—d,, o)), then we have
COROLLARY. For 2,> 0 (4, fixed), there exists d, >0 such that for any
U< D, r~ HP(Q)x Hr{(2)
(2.20) MU < dpll| Qe =AU || -

Proor. From the ellipticity of a,(x,¢: D) and Lemma 2.2, A,J—() is a
bijective continuous mapping from D; ~H(Q)XHP (L) onto () \HP-Y{D)
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x HP=3(£), then by Banach’s closed graph theorem we get

Energy inequality.

Now we show the energy inequalities for our problems. These inequalities
play an important réle not only in the proof of the existence of the solution
but also in that of the regularity of solutions.

First, we state an elementary lemma without proof.

LemMMA 2.3. Let y(¥) and p(t) be positive, and defined on [0, a] (a>0). If
r(t) 1s summable on [0, a] and p(t) is increasing, and

= ef p©ds+o
holds, then we have
T =e"p(®).
We prove the required energy inequality.
PROPOSITION 2.6. Let u(x,t) € SXH* S NEH"UD) N EHLAHED) for t&[—a,,
T+d,] (By>0), and satisfying the boundary condition. If L{ul=f(x, 1)
c &L, then

22D [ #(lla, 2 T 10" Ol 22+ 1" (Bl 200>
= C(T)[“ uOllaz2ep H 1w Oy, 22+ 1Dl 22005

+50t ”f/(s)”lﬂ(g)ds] Jor all te(0,T]

holds. (C(T') depends on T, but is independent of u(x, t).)
ProoF. First, let us consider the case of the boundary condition (1.3).
Put U@ = {u(), w ()}, then U(t) = D, and satisfies the egquation

(L5) LU = AU+
where F()=1{0, f(O}.

(2:22) L OO, U= U, UtDtreo
U, U O OB, Ui
= (AOUD+FD, Uy
U, ADUE+F @) arcr

U@, Uieror
where
ou  ou

b?l’ﬂ for U={uy,vieq,@®.

W, Winew= 3 (afy(x, D
i, j=1
By (2.5) and

(2.23) (U@, U))iero | = const | UM s 5
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V(F @ U)o | = 1FOlario IUB ] serco »
the rigth side of is estimated by

2e | Uy H 21 F O stsco 1Tl sesr -
Thus

'gfll Ul = 2NUOllseroes | UGN oy 1 F Bl ser00)
and
NV 0.5 U s+ IF Ol -
From this it follows
(2.24) 10O sr0 = e (IUOlLcort f, IFGlsnds) -
In addition, assume that w/(x, {) € S(H* (2N N\EYH (). Then we see
U= {w @), vy e D, .
Differentiation of with respect to ¢ gives

U= AU+ A DU+ ()

Applying (2.24) for U’(t), we get

@) N0 Olao = e (10 Ollaort [ IAOUEO+HF O s,wds)

According to
MUOWLANU O = do [Aed —ADU@D | s or+€2 | U O sty
= A UDN a0 1T O sesco+ 1 FO Ny}

Fe U Ollsryen
by [(2.24) and [2.25)

= e { (I0@Nseseort | 1RO eods)
T O o 10O s
+§ N OU N stods+ [ 1P aseods)
And for all te [0, T

FFnwds = T(1f O+ 17 Omads)

moreover we have
HUO) 100 = N AU geyc0r 3 1O | 1000
= const ||| UO) 411 /Ol zeg) -
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Inserting these estimates to the above inequality, we get

IHUOHL+INU Ol = C’(T)[Hl U+ 1/ Ol 22

1P Oladst [ HUGIds] -
Applying Lemma 2.5 by taking y@ = ||| U® ||+ T/l

o= TO Il 1Ol +{ 17 Ol2ads)
it follows
BTG+ NT @ = e ™ (U s+ 1Ol | 17Ol ds) -

Thus we obtain
To remove the additional assumption that u/(x, {) € EXHU D) NELHN)),

we make use of the mollifier with respect to £. Denote by u;(x, f) the function
(p,%w)(x, 1), where ¢ x is Friedrichs’ mollifier.
Applying ¢ x to (L.1), we get

3
Llus1=f5—Csu
where

(Coum D=L 5, ais, 12 DY u--[ 5, (e, 12 DY

for all te[0, T] if 0<5<3,
Since u; € EPHYN Q) N Dix(2)), from the obtained results it follows

(2.26) Veea@l o+ s+ ug O]
=3 C(T)[!|ua(0)llz+ 3O+ 175

o+ 17sds+ 1@+, |(2Can)o)

ds].
Now we know that

les(®llz— [u@®ll,

(O] el A1

sl — lu" Bl ,

IO 1| — LA,

f:Hfé(s)llds — f :u JZOIE

when 6—0. Moreover we have
(2.27) I(Csw)(0)] —0.

(2.28) j: (*gs—cﬁ@(s) ds—0
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when 6—0. In fact is evident, so we prove [2.28) In view of the explicit
form of Cyu, it suffices to show the following fact: Let

alx, e BH R X(—0q T+0,)
and

v(x, ) & L2 X(—6dy T+0y)) .
Then putting

Gl D=L, i 01005, 0,
we have

§ 105, D1t =0 when 3--0.
Now

229)  DAgalt-atn D—ax O]} = — - {gi—)atn, 9)—aCx, 0}

+és(t—o)a'(x, v)—a'(x, £)].
Thus

9= {2 (gt )aCe, = alx, DI, -z, D)

+ f bo(l—)a/(x, ©)—a'(x, Ou(x, )T .

Then, by ordinary calculus, we see easily the desired property of ¢;.
Thus, the passage to the limit of when ¢—0 proves Proposition in

the case i=1.
Now we consider the case i =2. At first we prove the inequality under

the additional assumption :
w'(x, 1) & SHY N NELHN )
Since B, is assumed to be independent of #, u’ satisfies also the same boundary

condition as u. Thus by the same reasoning as before we get (2.21) Next
we remove the additional assumption by using the mollifier ¢5?§).

Let us remark
Byl g,x u(x, )] = ¢, x[ Byu(x, )] in L¥SX[0, T]).
In fact, this relation is true when u is assumed moreover twice continuously
differentiable in Qx[—%l, T+%°{|. Then, by taking a sequence {u;(x, 1)}
satisfying these conditions and tending to u(x, t) in H"‘(Qx(-%‘—’~, T+~52'°~)),

we affirm this relation. In view of the fact that wuy(x, ) is continuously
differentiable in ¢ with values in H*), and B,[u(x, {)1=0, we see that for
every ¢ B,[uz(x, £)]1=0.
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Existence of the solution.

The straightforward application of the semi-group theory to the equation
gives the following Proposition, whose proof will be given later.

ProrosiTioN 2.2. Given U,= D; and F(t)= D, such that F(@) and A@)F()
are continuous in HYQ)X L¥LD), then there exists a solution U{) e EHY Q)
XLAHD) of such that UM =U, and U{) e D; for all t=(—dy TH3,).

From this it follows:

THEOREM 1. Given {u, u,} € D; and f(x, t) € ELLA), then there exists
one and only ome solution u(x,t) of (L1) satisfying the boundary condition
B,u=0 and the imitial condition

0
u(x, 0) = 1,, a—?(x, 0 =u,
such that
u(x, £) € EUH YD) NEH (N NENLH(D) -

PROOF. At first, let us assume f(x, £) & £Y(D1:(2)), then we see that F(f)
= {0, f(x, )} € D, and F(&) and AHF(t) are continuous in H'(Q)x L¥Q2). Thus,
by setting U, = {u,, u,}, Proposition 2.2 assures the existence of the solution
U € EH () x L)) of (1.5) such that U(0)=U, and U < D,

(Aol — AU = A,UDO—U"()+FO) € EH ()< LX),
from which it follows, with the aid of (2.20) taking p=2,
Ut) = HY ()< H(2)).

Denote by u(x, t) the first component of U({), then we can easily see u(x, {)
is the required solution of (1.1). When f(x, ©)e (L)), let us choose a
sequence f;(x, )& Di(2) (j=1, 2, --) tending to f(x,{) in &XL*2)) and
denote by u,(x, ) the solution of (1.1) for the initial data {u,, #,} and the second
member f;(x, t), then from (2.21) we see

s =) )= i) s+ e () — (O
< (OO IA—Fds)

This shows that {u,(x, f)} converges to some u(x, 1) in EYH* ()N ENH (D))
NEYL (L))
Then the passage to the limit when j—0 of

ou;

_31‘—(}6’ O) =1Uy,

Llud=f;,  ulx, O)=u,,
Blu.’ — 0 5

proves that u(x, f) is the required solution. The proof is thus complete,
In order to prove Proposition 2.2, we mention the following theorem essen-
tiaily due to T. Kato.
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L: a Banach space, and we denote its norm by |[-|,. L), a<t=b: we
give a family of norms equivalent to that of I, and denote it by |-l e. L(O
is the space L equipped with the norm |-||,. Then

THEOREM. Hypethesis:

c) For all tca, b], the operator A(t) is a closed operator with the dense
definition domain D independent of t, and we have for all 2| >0 (A: real)

-1 1
fQAI—=A@N |z < m .

¢,)  B(t, s) = (A J— A4 — A(s)* is differentiable in t for some s in L(L, L)
equipped by the simple topology, moreover B'(t,s) is continuous in t for the
topology of L(L, L).

cs) There exists a constant 6 >0 and non-increasing function ¢(t) such that

(%o =8Izl for all tela, b],
Il 2 — B xl o | < (@@ —S(N %l for all t>s and xe L.

Conclusion :
For any xe D and f() = D such that f() and A arve continuous in t
for tea, b, then there exists one and only one solution of the equation

_%_ x() = ADxO+f(H)

such that x()e D and =€i(L) and x(t,)=x (t, is any fixed point of [a, b]).

REMARK 2.4. The above Theorem is stated in a slightly different form
in S. Mizohata, Le problémes de Cauchy pour les équations paraboliques, J.
Math. Soc. Japan, 8 (1956)». In fact, he assumes instead of ¢;) the following
condition ¢;)’: There exists a family of operators T({) = .L(L, L) such that

1) T is isomorphism of L onto L: T()*e.L(L, L).

2y For any x= L

1420 = 1Tz

3) IT®™"| is bounded for t<(a, il
4) T(t) is bounded variation, i.e. there exists N >0 such that for all
partitions

ST T¢I SN

In fact, let us observe that, in view of his reasoning, 7(f) need not be
linear. It suffices to assure T(HAx=AT(f)x. Then ¢;) is equivalent to ¢,Y,
To show ¢,)’ follows from c,), we define the operator T({) by

4) See also T. Kato, On linear differential equations in Banach spaces, Comm. Pure
Appl. Math,, 9 (1956). The above formulation was pointed out by S. Miyatake.
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e
T =, =

then T'(?) satisfies the condition ¢,¥. And it is evident that ¢,) follows from c¢,)".

REMARK 2.5, Suppose L is a Hilbert space, Denote the inner product of
L and L{) by (,); and (, )z respectively. If for all xe L, (x, x)., is con-
tinuously differentiable and for some constant ¢ >0 the inequality

=c(x, Xy

d
l‘a? (%, Drw

holds, then ¢,) is satisfied.
PROOF. Since (%, X),,, is uniformly continuous in ¢ on jjx]|=1 and L(t) is
equivalent to L, there exists a constant J > 0 such that

%]l £y > 01 %l 2 s

d d d
dt (%, X)z = dr 212w = 201 x| 2o dr 2l £

then
d xll s
X

3 \ C
i Hx“L(néczﬁ‘IVH;;_ lellz = 20 1%l -

Hence

s =5l 1= |7 10l £ g5 =l

Thus we can take as ¢(t):42c54t.

PrROOF OF PROPOSITION 2.2. We take L(t)=.4r,(f), then we can easily see
that A(t) satisfies the condition ¢;)~c¢,). In fact Lemma 2.2 assures ¢,) and
from its corollary (taking p = 2) and the differentiability of .4(¢) in .£(D;, H*(2)
x L)) we see that c,) is satisfied. Finally c¢,) is satisfied since (U, U)a,w
satisfies the condition stated in the above Remark.

Regularity.

When the coefficients of L are sufficiently smooth, if we suppose the
regularity of the initial data and the second member, then the solution of (1.1)
becomes regular. Of course, since the equation is hyperbolic, we should assume
the compatibility condition. This condition is formulated as follows: Define
successively u,(x) by

-2 h—2
(2.30) up:—k2< . Mafo(x, 0: Dyuy oy +af(x, 0: Dtypa} -+ P (x, 0)
=0

(p:2, 3: s m+]~)
then
{up: up+1}EDi (pzly 2: te )m)'

THEOREM 2. Suppose that the coefficients of L belong to @maxtm2l (QX(—0d,,
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T44dy) and
{up, w} e DiNH™ (DX H™ND)  (m=1)
231)  fx, D e XH™@N NEKH™ D) - NEFU D) N EFH(LHLY

then, if the above compatibility condition is satisfied, the solution of the equation
(1.1) satisfies

(2.32) w(x, t)y & EXH™ (N NEKH™ M) N - NETHLAEDY .
Proor. At first we prove
(2.33) u(x, ) € EPHX D) N EFHH D) NEPTHLHD)) -

For this purpose we consider the solution # of the equation
(2.34) Lraem) = =5 () YL OLa® ], 1)

Its existence can be shown by the method of successive approximation. In
fact, we can obtain #,(x, t) (=1, 2, --) successively by

(235) LEv) = =5 (g YL T+, D).

vi{x, ) =u,, Vi, 0) =14y,

m-1

(t— S)m 1

(2.36) #Ax, O =uytluy+ -+ + (mlt i} Uy~ 1‘[“_[ RGOS —-v;(x, s)ds

here #i,=0, because if v;=(H () NEXH (D), from (2.36) &; < cp(HAD)
NERHY (), thus the right side of (2.35) < &i(L*(2)) and {u,, Uy} € D;, then
Theorem 1 can be applied to (2.35). Evidently B,#i;—0. Now we show that
{v,} is a Cauchy sequence in EY(H*(2) NEXH D)) NENLKD)).

Livpu—v]= =S ( ), 2 Df LT i, 9—vjs, 0

S)mlal

— Z}O( )a(m Blx, t: D)f mb‘,(vj(x, $)—v;-4(x, s)ds,
then, by (2.21) for some constant K(T)
10524 —v,O e+ 10O —vi DN+ 07O —vi @)

< KO [ T —0sOlds +§ I —vi(o)lhds]

(=2, 3, )
holds, and
2.+ vidll £ K,
thus

103D 05D s 1051 — KD+ (B —v (t)||<K<K(T)t)
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This implies that v; converges to some v in CXHXN)) N\EXHY D) NEKL (D),
and set

m-1 t _oym-1
808, D)=yttt o s e[,y VG 945

then #; tends to # in EP(HQNNEPHH D) NEF(LH2)). The passage to
the limit of gives which shows
am o rem
S (LD = ™(x, 1)
Taking account of the definition of u,, we see
ar .
W(L[u])t‘:(,:f(m(x’ O  p=012 -, m—1.

Therefore we get

LE)=f(x 1),
#(x, 1) € ePHAED) NEPHH @D N EPHLARD))

B;ii=0, #(x, O =1u,, %%(x, O=u,.

From the uniqueness of the solution, it follows [2.33).
Set U() = {u(t), w3}, then U() is the solution of and < ep(H Q)
X H' (). Now

(2.37) A I —AWNYU ) = 2, U —U'()+F(t) € EXH* )X H'()) ,
then by (taking p=23) we see
U € &) H} () x HX(2)).
Differentiation of with respect to ¢ gives
(2.38) Aol — AU () = AU (B F () — Uty A DU

and by the above result A’/(OUQ) € EYH ()X HY(2)), the right side of
< SNH (D)% H(2)), from which it follows

Uy e eXH (D <HY DY) .
Repeating this process, we get
2.39) Ul e e HA(D < HA D)) .

Using this, we see the right side of € EYH ()< H¥(D)), then by
(taking p=4)
U € EXHHD X HND)) .

This assures the right side of € EH*(2)x H¥(8)), then
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U (t) € SAH ()< H*(L)).
Step by step, finally we get
U eCQH™ (D H™ Q) NEKH™ M Q)X H™MN) N -+ NEFH Q)X H(D)) .
This shows holds.

REMARK 2.6. Theorem 1 can be extended to the case when o(s, ) varies

with . Let a(x, t) be the sufficiently smooth function defined on Qx(—3,, o)

such that
da

oa
R ¢ = =1
on {hyvy 3 +o(s, )=0 and a on S

for all ¢, and a4, a-! are uniformly bounded. If we define L, by
Llav]=al,Jv].

L, has the same principal part as L. Therefore we can obtain the solution
v(x, t) of the equation
Lfv]l=a"'f

for the initial data

v{x, 0= a(x, Ou(x),
ov . . oa
2 e O=a"Cr, O utx)—a-'(x, 0) S0 u(x) ],
satisfying the boundary condition
ov o
b‘;"<h, V>*afu0 on S,

since the initial data for v satisfles the boundary condition, Then u=av is
the solution of (1.1) for initial data {u,, u,} and the boundary condition (1.4).

§3. Case where B, varies with ?.

In this section we consider the case where the boundary condition B,
varies with ¢ under the additional condition that a,(x, {: D)= h(x, t) and b,(x, )
(t=1, 2, ---, n) are real valued on the boundary S. We shall make use of the
operator A(?) from H(Q) into H'(L), which is an extension of the operator
a,(x, t: D) defined on the domain

u

0
3.1) D(ty="{ulue H{D), —ﬂ—ko(s, Hu=0 on S}.
We introduce the quadratic form for u, ¢ = H* ()

(3.2) ats w )= %1(““("’ ”%’ 'g%)
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+jsa(s, t)ugﬁds+js<b, vy uddS+pu, ¢,
where 8> 0 is sufficiently large such that for some M >0
1
(3.3 ar Tl e < aot; w, w) < Mijulirag -

Thus v/a,(t; u, u) defines on H(2) an equivalent norm. Let us denote the
Hilbert space H({2) equipped with the scalar product [3.2) by H(¢) and its dual
Hilbert space by H(t).

Using the quadratic form [3.2) we define A®) e L(H(2), H{(2)) by
3.4 AU, §>=at; u, ¢) v = H'(2).

Then, by Riesz’s theorem ||A,(ulgw = |ullze. In other words, A, is an
isomorphic operator from H(#) to H(¥)’. Thus, let us define the scalar product
in H@) :
(3.5) W, Vaw = (AU, Al Vme = 6t ; Al 'u, A@) ')
for u, v € H(tY.

From the equivalence of H(#) and H'(£), it follows that the dual norms

@, Vga and @, V)gigy are equivalent.

For v = L* (D), ¢ = H'(Q), set
3.6) bt w, )= (u, (— gl —g%erF(?T?)'—ﬁ)sb)
and we define B,(f) = L(L¥2), H()) by
37 CBDu, §>=0by(t; u, ), VP HD.
REMARK 3.1. From the definition of A,(f), we have
3.8 {uy §0=a,(t; Aty 'u, §)
for all ue H'(Q), ¢ = H(L).

LemMmA 3.1. A D) is differentiable in LCHYED), HYD)) and B,1) is also in
LD, HY(EY).

PROOF.
A+ —Al) N oy eyt —ag(x, ) 0u ¢
< h * ¢> =2, h dx; axj)
+ Zn: b]'<x’ t+h)—bj(x: t) vjugfde—i—j G(S’ t+h>~0(s: t) ugEdS
s =1 h s h

nog ou P , ) .
— 3 (e, Dox ‘a“}j)+ § @bty vy+orts, s

=ayt;u, ¢)  when h—0,
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Since the convergence is uniform in u, ¢, A(t) is differentiable in LUTD),
HY )y and
CALQYw, ¢y =ai(t; u, ¢).

The higher differentiability of A,(#) and that of B,(¢) can be shown by the
similar way.

LEMMA 3.2, A )™ is continuously differentiable in _L(H'(2), H(£2)).

ProoF. This is consequent of the previous Lemma. Indeed, the inverse
of the operator which is differentiable in ¢ is also differentiable in ¢ and we
have

(A D= —A O A AD

Then, from the continuity of Ay(f)’, that of (A,#)") follows.
We define the operator A(t) by

39) A= AfD)+Bit) .

REMARK 3.2, According to the theory of elliptic equation, if u < H*(£)
and A(Hu € L¥{2), then v e D(f) and A{®)u =a,(x, t: D)u. Conversely if ue D(®),
Au = a(x, t: Du = L*(Q). This shows that A(f) is an extension of a,(x, {: D).

We now solve the equation
(3.10) LTul = u”(x, H+hx, Du'(x, O+ ADulx, 1) =f(x, 1)

in the space u(x, 1) € CAH D) NELHED) NEXH((2)). Let us remark that
this equation is considered in H(QY, by taking h(x, Hu/(x, 1) € &XLXD) as its
natural injection into &Y(H*(£2))%.

For this, we consider the equation

(3.11) ?;it—U O =AQUDLF®)
where

0 1
A = [—A(t) —h(x, t)] ’

in the space L)< H¥QY.
A0,(H) is LAY < HY(£2)’ with the norm
(3'12) H U”?ﬁ[g(t) - (Uy U)ﬂ[o(t) - (u, u)—l—(U, U)HCL)’
= (u, Wtat; A, A )

for {u,v} e LA Q)Yx HY(Q).
JA(t) is the operator from

5) See, for example, Mizohata [10] chap. 3.

6) To usl?(Q), we make correspond we H1(2)’ by the formula <w, ¢ > = (1, ¢) 12,
vge HI(2). Conversely i H1(R2)’ belongs to L%*(Q2) means that for some ucL?(Q2) we
have (&, ¢y =(u, P e, VYSHY(Q).
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(3.13) D =H(2)x L&)

into (1),

REMARK 3.3. |Ula,w is equivalent to Jull4-[v|-,, where [v]-, denotes the
norm of HY (L)

REMARK 3.4. D is dense in 4(t). Because H'({2) is dense in L*{2), and
since HY(Q) and L%2) are reflexive, L*{2) is dense in H'({2)'.

We prove some lemmas about () which correspond to Lemmas 2.1, 2.2.

LEMMA 3.3. There exists a constant ¢ >0 such that for every U= D

(3.14) HADU, U)o+ U, AT atgnr| = U N3rpenr -
ProoF. Let U={u,v}< D, then
(3.15) ADOU, Dggn+WU, ADU sow>
=, W+a,; A H{—ALHu— B,Hu—h(x, Hr), A1)
+@, v)F+a,t; Al v, AD)H(—AdDu— By(Hu—h(x, Hv))
= (u, )+, w)—at; u, A)w)—alt; A v, u)

—2Reayt; A v, A (Byu-+h(x, H))
by (3.8)"
= —2Re q,(t; A, A (By(Hu-t-h(x, ).

This is estimated by
const [[v][_, | By(Hu~+h(x, tivji-,
< const fvfl(ufj 2 +Hvl -0 -

From Remark 3.3 it follows (3.14).
COROLLARY. For all real A such that |2}>c we have

(3.16) Q=AU sty > A= Ullstowr (U E D).

LEMMA 3.4. There exists a constant d >0 such that for all |21 >0 (X real),
Al— A 1s a bijective mapping from D onto 4 ,(t). Moreover

@3.17) | GI—A®) a0 < 375
holds.

Proor. As the proof of Lemma 2.2, we consider the equation
3.18) A u =A@+ Ah(x, H-+Du=fe H(QY .

By the definition of A(#), for any u = HY({)

Re ¢ A, 75 = Re L.}é (a,,,g;—‘i, %)Jr(é bj(%_, w)+(eu, )

7) Let us remark
ap (s u, Ay~ ) = ao(35 Ag(B) ", u) = (v, u) = (4, v) .
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+j os, yurdS-+AChu, w)+ 2w, 1) |

= const ||u[lf, 2,
holds if A% is sufficiently large. And
| Im { Ayu, u)| < const ||ulf 129 -
Thus is solvable for 14| >d (4 real), namely for any fe< H'({), there

exists a unique solution ue H(Q2). Then for any F=/{f, g} € J,{1), set
u=A7' (A+h) f+g and v=Au—f, then U={u,v} =D and

A =aHU =F.

This proves (AI— A()D = (D). follows from [3.16

COROLLARY 3.1. 2,>d (fixed), then for all U D we have
(3.19) MU < do Al —ADDUllorgry  do > 0.

PROOF. A, J—.A(f) is a bijective continuous mapping from H'(£2)x L)
onto 4 (f). By Banach’s closed graph theorem we get (3.19).

With the aid of these Lemmas, the existence of the solution of (3.10) is
proved by the same argument as that of Section 2.

PROPOSITION 3.1.9  Let u(x, t) € &(H (D) NEWLH M) NEXH(2D)) te[—0,
T+4d,] (0,>0) and

LTul=/f(x, ty e EXHHRQY),

then the following energy inequality holds
(3.20) Hu@ll A+l O+ "D
< CO O+ 1w @+ O+ 17h-1ds]
Proor. For U ={u, v} e 1),
WU, U)jegr = aft; Al v, A 0)+2Re ay(t; (A 'v, A7)
then by Lemma 3.2
(321) |(U, U)deyer| = const (U, Uty s

and from Lemma 3.1
A OU sty0 = const [ UL, -

Therefore by using (3.14) and (3.19) instead of (2.5) and (2.19) respectively,

8) For u(x, )e&l(HH D)) N EWHY QNN EFHLA(2)) such that u(x, f)eD(1), we see
that the following energy inequality holds

14 e+ (O s (D]
0 t
< CTY () o+ 19 (O Ia+ 1 £ O + 17 @ s+ [ 17 st [ 17 1-4ds) -
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the entirely same procedure as that of Proposition 2.1 can be carried out, then
for

u(x, ) e ELH' (D) N EYLHD))
is proved. We also use the mollifier to remove the additional assumption
that u(x, ) e CH (@D NEWLN(D). Let ulx, ) e Y(HY (L)), We define the
regularized function gxuccrd ) by

(3.22) <¢a?§> u(x, ), ¢y = gzia[»xz) {ult), ¢ for all ¢ HY(D).
Then if 0<d<d, and t=[0, T7,

[/ — 1
(¢6?§>u & ¢3(4t<)u

and when u(x, t) € &Y L¥{2)), the above definition coincides with the ordinary
one.
Now it suffices to show

(3.23) f :H(;S C5u>(s)"_lds 0.
(3.20) HCO)] ., —0  when 80,
where

Cot =T AU~ ADS, (D]

HT, hCx DU O—RCE DF 5 7.
<~aatv(C5u)(t), gb> is the sum of the terms in the form
(3.25) { Q{gf [ @att—o)atx, D—atx, Hlwx, 2z }(4) g,

(3.26) § 44§ ate—o0atx, D—atx, 0utx, Ddz} gas,

where w(x, £) € EXLAD)), v(x, He XHND), la!<1 and alx, t) € (2 X(—0,
T3,
Using (2.29) and Schwarz inequality we see is estimated by

(5)¢

de | [{gut—2)+1t=21 15t =0l H—w(x, DI

ConSt Qg(t)

b
22:0)
where

o=
+{galt—o) 7 —t| [, )P} Jdx

t—ri <@

and
T
j O;(Hdt—0 when J—0.
0

Similarly is estimated and using || z2 = const |||, 20 We get
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j: “ “%‘Ca(t)“ﬂdt—ﬂ when 8—0.

(3.24) is also shown by the same way. Thus Proposition is proved.

Existence of the solution.

PROPOSITION 3.2. Given U,eD and F(tye D such that F(t) and A@F({)
are continuous in LADXHYQ)Y, then there exists a solution U) e &W(L¥2)
XHY2Y) of (8.11) such that UQ)=U, and U@y = D for all t [ —3a,, T+0d,].

PROOF. As the proof of Proposition 2.2, we apply Theorem stated before
the proof of Proposition 2.2. Lemma 3.4 and Remark 3.4 assure the condition
¢,), and from Lemma 3.1 and Corollary 3.1 it follows that .A(¢) satisfies c,).
The condition ¢;) is already shown in the proof of Proposition 3.1, say (3.21).
Thus we get Proposition 3.2.

Using Proposition 3.1 and 3.2 instead of Proposition 2.1 and 2.2 respectively,
by the same argument as Theorem 1 it follows:

ProrosITION 3.3. Given {u, u;} D and f(x, t)sc(HY(L)), then there
exists one and only one solution u(x, t) of (3.10) satisfying the initial condition

u(x, 0) =1, —%%(x, 0=u

such that
u(x, ) & EXH (N NEULH D) NEHH (2)) .

With the aid of these Propositions, we now prove the existence theorem.

THEOREM 3. Given u, < D(0), u, € H(Q) and f(x, t) € EYLED) N\EWH(£2)),
there exists one and only one solution u(x,t) of (1.1) (under the additional
condition a,(x,t: DY=h(x, ) and bfx, t) are real on S) satisfving the boundary
condition

B(Hhu(x, D= ainu 4-o(s, HDu =0 on S

siech that
u(x, t) € EYH D) N EH ED)) N EXLHD)) .

PROOF. u, e D(0) assures A(Qu, s L*(2) and since u,, f(0) € L¥(Q) then
1y = — AOu,—h(x, Du,+(0) = L¥(0).
We solve the equation
(3.27) LLu/(x, ] = — A/(ult)—h' (x, ' (D-+F/(x, 1),
u®=u,, u(H=u,, u(0) =u,
by the method of successive approximation. Namely,

(3.28) Elv0d = — AW —h'(x, DK (x, 1),
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&
ti(x, )= u0+j'o v;(x, s)ds ,

Uj+1(0) =Uy, U}+1(0) =Uy,
T, =0.
If 7,(x, ) e E(H(D) NEXLHLD)), then the right side of = &(HY(2Y), and

since {u,, u,} = D, Proposition 3.3 assures the existence of the solution v, of
(3.28) such that

VX, D € EH D) N ELLHEN NEH (2Y).
Therefore we can get #,(x, {) successively and using the energy inequality

(3.20), the same reasoning as we used in the proof of Theorem 2 shows that
ii;(x, ) converges to

(3.29) u(x, 1) € EH (N NEULHEN) NEKH(2Y) .
which satisfies the equation [3.2Z7), then also the equation [3.10). Thus we see
(3.30) A@Quix, )= —w’({t)—h(x, )’ O)-+f(x, 1) = ELHL)) .

By Remark 3.2, u(x, {) = D(¢) and
ABulx, H=a,(x, t . D)ulx, 1).

Thus u(x, t) is the solution of (1.1) satisfying the boundary and initial condition.
Then it suffices to show only

(3.3 u(x, 1) € SHND)).

Applying the apriori estimate concerning the elliptic operator
(3.32) sz = K(llax(x, t: Dl g2ig-+< B(Du >_%+ 2] z2cg) »
we see first

(3.33) u(x, H)la, z2cgy = const vie [0, T

by taking u = u(x, t). Next,
(334 () —ut) a2 = Kllay(x, £ DY) —ult" )20
+<{ BOu@®—u®’) 21t @) —u(®)l 12@)
by taking u = u(®)—ult’).
Here
a,(x, t: DYu(®)y—u(t?),
=g(®—g @)+ (a(x, ¥ D)—ayx, t: D))u(t),
BO)u(t)y—u(t))y = (BA)— BB,
where g(#) is the right side of (3.30). From this follows, because the

right side of [3.34) tends to zero when # tends to . The uniqueness has been
shown in Proposition 3.3.
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Regularity.

Let us show that even in the actual case, we also obtain the regularity of
the solution.

LEMMA 3.5. Suppose that the coefficients of a,(x,t: D) belong to BP(Q
K (—8¢ TH8y)) and

(3.35) w(x, e H(Q) v, and =&MLAQ)),
(3.36) a,(x, t: Dyulx, Hy=f(x, ) = CHH (L)),
(3.37) Blhulx, £) = g(x, ) = ekH? 2(S))

where p>0, k=0, then
(2.38) u(x, tye eF(H?P()).
ProoOF. Let us remark that for all w e H?¥(Q)
(3.39) 0]l p42 = Kl axCrs B0 Dol +CBOWD, 1 Al
holds. If we take w—=u(x, 1), then it follows
G Dllpes = KL Dl <8 B, Hllulx Do),
therefore [u(x, i)] 4, <M for all ¢’ = ({—d, t4-0).
(3.40) a.(x, i+ D)wlx, )—ulx, 1))
= —(ag(x, 172 Dy—ay,(x, £ D)ulx, t)+1(x, 1)—f(x, D,
(34D BH(ulx, t)—ulx, £) = —(B{)—BOHulx, 1)+, 1)—gx, 1),
and the right sides of (3.40) and (3.41) tend to 0 in the space H?({) and

pi L
H? %(S) respectively, then applying (3.39) by taking w=u(x, t)—u(x, ), we
have
fux, 1) —u(x, )| ps,—0 when ' —t.
Thus we have u(x, t) € EYH?+¥(Q)).

In the case k=1, by dividing (3.40) and (3.41) by #—¢ and since from the
assumption

a(x, t: D) HEIZULD

u(x, ) —u(x, £)
B(t) t/"::} ]

1 X .
converges in H?(2) and H" '2(S) respectively when ¢’ -t, using (3.39) we see
the convergence of —Mgg?(—x’wt)— in H?v(0O).

Then we have relations
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(3.42) a,(x, t: Dw/(x, t) = —ai(x, t : Du(x, H-+/"(x, 1),
(3.43) BHu'(x, ) = —B'(Hulx, H+g'(x, 1).
Now, since the right sides are continuous, by the above result for 2=0, u/(x, t)

= eXHP (D)) is proved. Next let us show that u/ = &i(H?*%()) in the case
E=2. We see that a,(x, t: Dw/(x, ) e ey(H?(2) by [342), and B{)u'(x, 1)

= eH ”""75;(5)) by [3.43). Applying the just obtained result, we see that u”(x, t)
e EXH?(2)). We can continue this reasoning and get the desired result.

Now consider a solution of (1.1) such that u(x, f) = €{(H ™ 2(02)) N EH™ ()
A NEPHONY AEFTHLAD)). Then u?(x,0) (p=1,2, .-, m+2) is repre-
sented by the initial data {u, u,} and by the second member f(x, ). If u(x, )
satisfies the boundary condition

BHu(x, H)=0,
then
BHhuw'(x, -+ B (Hulx, ) =0,

BOuw/(x, H+2B(Hu'(x, £+ B"(Hulx, =0,
Thus putting =0, we see that u?(x, 0) should satisfy

BO)u,+B'O)u, =9,

BOu®(x, 0)+2B'Qu,(x)+ B"Quyx) =0,

Therefore we introduce the compatibility condition as follows:
Let u, (=2, 3, -+, m+2) be those of (2.30), then

(3.44) i(é)BC’”(O)ul_k(x):O on § (=12 -, m.
k=0

THEOREM 4. Suppose that coefficients of L belong to #™(2x(—3d, T44d,)
and
{uo, u,} & (DO N H™H2(ED) X H™ (L) (m=1),

J(x, 1) = EXH™N NEYXH™ I M - NEPFLE)) N erHND))

then, if the compatibility condition (3.44) is satisfied, the solution u(x, t) of (1.1)
(under the additional condition that a,(x, t: D)= h(x, t) and b(x, t) are real-valued
on S) satisfies

(3.45) u(x, B & ECH™ M NNEH™ D) N - NEFTLHD)) .
PrROOF. At first we prove

(3.46) u(x, 1)y € P (HWD) N EPHLYD)) .
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Since u(x, t) is also the solution of [3.10), [(3.46) is shown by using the analogous
reasoning to that of Theorem 2. For this purpose, let us notice that

G4 tp=— (P Y LAC Oy hO, Oty T4, 22, 0),

where u, (p=1,2, -+, m+2) are defined by (2.30). In fact, since u, H™* %),
for ¢ = H'({2) we have

oS up -k-2 a(/)
APty 3= 33 (a0 O= 252, 70

+.fs o#(, O)up‘k‘2¢d5+js< b®(x, 0), v) up-y-pfdS

(o (B T OATTED) )

The integration by parts gives

-3 ———a("’(x 0) X b )+f a®(x, Otp-y-o$dS

i,j=1

+(2 b#(x, ())# up 120X, 0)itpogoss ¢)

J==1

+f, 3, e, 0w as.

8 4,j=1

Then
(=S AP Oy a B, Oty 1+ 5205, 0, 6
= (P APty 65+, Othgerery IS5, 0), )
= ( b3 (1’ 2)(@x, 0: DYttpopea t A, Optyi)HF T2, 0), )

P By S,

k 0

Now by virtue of the compatibility condition the surface integral vanishes.
Then the last member is nothing but <{u, ¢), so we get (3.47)".
Now let us show the existence of the solution to the equation

(3.48) E’[ﬁ(m+1)] _ % (mz— 1 )E(m—i—l-k)[a(k):‘ +f by 1),
k=0

with the initial condition #%(x, 0)=u; (j=0,1, 2, ---, m+2), by the method of

9) Conversely (3.47) assures the compatibility condition.
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successive approximation. In fact, we get #,(x, {) € epH(E) NEFTHLAED)
NEFS(HY (D)) successively by

349)  Lloan 01=— (") Eemsraptreee, o,
e 0) = upsy = HY(8) , T)}_H(JC, 0) = unwp &= LYD).
B A D= bt gt [ T s,
f(x, H=0,
because if
vy € EXHD) A EXLAD) A EH QY
then

il € P HEM N EFH LN NEFHH ),

therefore the right side of e SJHYWL2Y) and {upey, Uni.) € D, so Proposition
3.3 can be applied to [(3.49), then we get

Vjs € EXHEN) NELXN NEYHN2)) .

By using the energy inequality [3.20), the convergence of v,(x, ) in EYH(2))

ENLAD) NEXHNRY), and also that of &,(x, ) in & (HY@)EFALYD))
NEP(HY(L2Y) are proved, and (3.47) assures that the limit @(x, £) of #,(x, 1) is
the solution of (3.10))”. From the uniqueness of the solution of it follows

Now we can prove Theorem. Since u(x, {) € E(H*(2)), B{t)u(®) =0, and that
35D a,(x, t: Dulx, ) = —u(x, H)—h(x, Hu'(x, H+f(x, ) = PLHD),
we have u(x, t) € €r(H*2)) by applying taking p=0, k=m.

Next, since u<&PHHYS), m=1, (351) shows ue<s H¥() and a,x, i:
Dyu(x, t) € ep~\(H*(2)). Applying we see that u(x, t) € &p ' (H(Q)).
Suppose m=2. Then u(x, Hee&MHY (L)) implies that a,(x, t: Dulx, )
=em i HY D). We have then u(x, t) s H4(2) and applying again
it follows that u(x, ) = &p-H*(£)). Step by step, we get the desired property .
of u.

Osaka University
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