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Abstract—We investigate the outage probability and the average
bit error rate (BER) performance of a dual-hop amplify-and-
forward (AF) relaying system, composed of a mixed radio fre-
quency (RF)/free-space optical (FSO) link, when simultaneously
outdated channel state information (CSI) is assumed at the relay
and there is a misalignment between transmitter and receiver
apertures in FSO link. In contrast to the majority of works on
CSI-assisted AF relays, in this paper, we assume that the estimated
CSI is outdated, when the relay amplifies the transmitted signal.
The RF link experiences Rayleigh fading, while the FSO link is
under the influence of atmospheric turbulence, modeled by the
Gamma-Gamma distribution. Novel analytical expressions for the
outage probability and the average BER are derived in a power
series form, which in some special cases are simplified to offer
engineering insight into the effects of important transceiver and
channel parameters on the system performance. Numerical and
simulation results show that there is an optimal value of the
transmitter beam waist, which minimizes the overall outage prob-
ability. This optimal value strongly depends on the pointing errors
standard deviation. Furthermore, the outage probability varies for
several orders of magnitude depending on the transmitter beam
waist.

Index Terms—Bit error rate, fading, free-space optical systems,
Gamma-Gamma distribution, outage probability, pointing errors,
radio frequency systems, relay.

I. INTRODUCTION

F REE-space optical (FSO) systems have been intensively

investigated during last years as an alternative or comple-

ment to the radio frequency (RF) systems. The FSO provides

many benefits compared to the RF systems, such as license-

free operation, low-cost, simple installation, low power, as well

as larger bandwidth supporting more users [1]–[8]. Due to the

aforementioned advantages, FSO systems are used for various

applications, as the last mile access network, to bridge the
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bandwidth gap between the end-users and the fibre optic back-

bone network. Furthermore, FSO was proved to be an effective

solution for disaster recovery, while it is very helpful in difficult

terrains [2].

A. Motivation

In terrestrial FSO systems, the optical signal transmission is

affected by path loss, atmospheric turbulence and pointing er-

rors. The path loss is described by deterministic models, while

the atmospheric turbulence can be successfully modeled by the

Gamma-Gamma distribution, due to its agreement with exper-

imental results in a wide range of turbulence conditions [3],

[4]. Log-normal and modified Ricean distributions can be also

used for modeling atmospheric turbulence [3], while recently,

Málaga distribution was proposed for modeling atmospheric

turbulence [9], [10]. One of the substantial effects, which

influences the optical signal transmission through free space,

is the misalignment between transmitter laser and the photode-

tector at the receiver. This dynamic misalignment, caused by

building sway and vibration, results in pointing errors (jitter or

misalignment fading) that affects the FSO link performance,

especially when transmitter and receiver apertures are placed

on high buildings [1], [11]–[15]. Considering horizontal and

vertical displacements (jitters) as independent Gaussian random

variables (RVs), with zero mean value and standard deviation

denoted by σs, the resulting radial displacement at the receiver

detector follows Rayleigh distribution [12].

Intensity-modulation/direct detection (IM/DD) with on-off

keying (OOK) is a widely employed technique in commercial

FSO systems. Although IM/DD with OOK is cost effective

and easy to be implemented, the main flaw of OOK is the

requirement for adaptive threshold setting for demodulation

[2]. As alternative to IM/DD with OOK, the subcarrier intensity

modulation (SIM) technique has been proposed to improve the

performance of FSO systems. Applying the SIM implies that

the RF subcarrier signal is premodulated by the information

data sequence, before it is used for modulation of the laser

source intensity [2], [16]–[18]. Besides SIM, the FSO systems

with coherent detection have been intensively studied, referring

to systems where optical wave, generated by local oscillator, is

added to the received optical signal [2].

In order to extend the coverage in wireless networks, re-

laying technology has been accepted in the RF wireless stan-

dards [19]. Furthermore, mixed dual-hop amplify-and-forward

(AF) relaying systems, consisting of the RF and FSO links,
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were recently investigated in [20]–[26]. The connectivity gap

between a backbone and a last-mile access network can be

overcome by using the RF/FSO communication, enabling a

large number of RF users to be multiplexed through a single

FSO link [22]. There are several reasons for selecting FSO

technology for the last mile connectivity: The capacity of FSO

is comparable with that of the optical fiber, but deployment

cost is significantly lower. Moreover, the FSO is transparent

regarding several traffic types and protocols and consequently

can be easily integrated in the access networks. Because of that,

there is both practical and scientific interest to investigate the

performance of mixed RF/FSO relaying systems and to identify

their major impairments and performance limits.

B. Literature

Scanning the open literature, the authors in [20]–[24] pre-

sented the performance of the asymmetric dual-hop relay

transmission with mixed RF/FSO links, employed fixed gain

relay. Specifically, the outage performance of this system was

presented in [20], where RF and FSO links are modeled by

Rayleigh and Gamma-Gamma distribution, respectively. Ansari

et al. [21] extended this analysis to other performance metrics,

as amount of fading, bit error rate (BER), symbol error rate

(SER) and ergodic capacity. Furthermore, the impact of the

pointing errors on the overall system performance was inves-

tigated in [22], while in [23] an outage analysis was presented,

by using general Málaga over the FSO link, instead of Gamma-

Gamma fading.

Assuming fixed gain relay, an analysis of the asymmetric

mixed RF/FSO dual hop relaying system along with a direct

RF uplink, was proposed in [24]. In contrast to the mixed

RF/FSO systems with fixed gain relay presented in [20]–[24],

variable gain relay was assumed in [25], [26]. This kind of

relays uses the instantaneous channel state information (CSI)

of the previous RF link in order to determine the gain. Espe-

cially, closed-form expressions for the BER and the capacity

of mixed RF/FSO variable gain dual-hop transmission system,

were derived in [25]. Contrary to [24], where fixed gain relay

was assumed, in [26] the performance analysis of the similar

system with variable gain relay was presented.

C. Contribution

The main purpose of the mixed RF/FSO system is to exploit

the FSO benefits, while line-of-sight (LOS) component is not

available between source and destination nodes. Hence, RF link

is utilized to bridge as a non-LOS link between source and

relay nodes, while FSO is used as a solution for the “last mile”

problem.

In the aforementioned works, the analysis was limited to

fixed or variable gain relaying with perfect CSI. However,

when variable gain relay is employed, the relay continuously

monitors source-relay link and periodically estimates CSI. Due

to temporal variation of the RF channel, estimation error occurs

since the estimated CSI (used for adjusting relay gain) is not

that at the time of signal transmission. Imperfect CSI indicates

that the channel estimation at the relay is outdated, when the

relay applies it to amplify transmitted signal. Relaying RF sys-

tems, where gain determination is performed by outdated CSI,

were analyzed in [27]–[29]. These papers showed that outdated

CSI has a considerable effect on the system’s performance. To

the best of the authors’ knowledge, neither the RF/FSO relaying

systems with outdated CSI, nor the combined effect of pointing

errors over the FSO part, together with outdated CSI over RF

part, has been investigated in the past. It is clear that the effect

of outdated CSI on the overall system performance should

not be neglected in practical mixed RF/FSO relaying systems.

Depending on the conditions over the FSO part, the effect of

outdated CSI on the overall mixed RF/FSO relaying system

performance will be more or less emphasized. From a practical

point of view, it is important to investigate the effect of out-

dated CSI in different propagation conditions over the FSO link.

In this paper, we analyze the performance of a dual-hop

RF/FSO AF relaying system with outdated CSI. It is assumed

that the RF link experiences Rayleigh fading and the received

electrical signal at the relay is converted to the optical one

for retransmission by SIM. The intensity fluctuations of the

received optical signal are described by the combined model of

atmospheric path loss, Gamma-Gamma atmospheric turbulence

[2]–[4] and pointing errors [1], [11]–[15]. New analytical ex-

pressions for the system’s outage probability and average BER

are derived in the form of a fast convergent power series. In

some special cases, these expressions are simplified to more

tractable forms, providing a better insight into the effects of

different system’s parameters on the outage and average BER

performance. We also provide some simple formulae for the

efficient evaluation of the outage and average BER floors.

The main goal of this work is to derive novel analytical

expressions, which can be efficiently used for optimizing the

beam waist at the transmitter output, in order to minimize the

outage probability, when outdated CSI is assumed at the relay.

In addition, the effects of outdated CSI on the overall system

performance are investigated for different conditions over FSO

link. Numerical results are presented and validated by Monte

Carlo simulations.

D. Structure

The paper is organized as follows. System model is de-

scribed in Section II, while Section III contains the outage

analysis, which is followed by mathematical derivations given

in Appendixes A and B. The average BER analysis is pre-

sented in Section IV, with mathematical derivation presented in

Appendix C. Numerical results with appropriate comments are

given in Section V, and some concluding remarks are presented

in Section VI.

II. SYSTEM MODEL

An asymmetric AF dual-hop system is considered, consisting

of three nodes: source, S, relay, R, and destination, D. We

assume that there is no direct link between S and D. In the first

part of transmission, the RF modulated signal is transmitted

from S to R node via the RF link. The received signal at the

node R in the kth symbol interval is given by

rR = hSRr + nSR, (1)
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where r is the transmitted symbol from the node S, which has

an average power normalized to one (E[|r|2] = 1), with E[·] to

denote mathematical expectation, hSR is the fading amplitude

during the kth symbol interval with E[|hSR|2] = Ps and nSR

represents the additive white Gaussian noise with zero mean

and variance σ 2
SR = E[|nSR|2].

In the second part of transmission, the received signal at node

R is amplified by a proper relay gain G and retransmitted to the

node D via the FSO link. Amplification at node R is performed

based on the estimated CSI, which is assumed to be outdated.

Following the same procedure as in [27], the relay gain can be

tightly bounded by [30]

G2 = 1

|ĥSR|2
, (2)

where ĥSR is an estimated version of the hSR. The noise power

of the S − R link is neglected in order the statistical analysis to

be more tractable.

Applying SIM the RF signal is converted to an optical one as

ropt = Pt(1 + mGrR), (3)

where Pt is the average transmitted optical power and m being

the modulation index. Next, we assume m = 1. After removing

dc bias and performing an optical-to-electrical conversion, the

demodulated signal at node D during the kth symbol interval, is

given by

rD = IRDPtGηrR + nRD, (4)

where IRD is the fading amplitude over the FSO link during the

kth symbol interval, nRD is the additive white Gaussian noise

over FSO link with zero mean and variance σ 2
RD = E[|nRD|2]

and η is an optical-to-electrical conversion coefficient.

Using (1), (2), and (4), the overall signal-to-noise ratio (SNR)

at the destination is obtained as

γeq = |IRD|2Pt
2G2η2|hSR|2

|IRD|2Pt
2G2η2σ 2

SR + σ 2
RD

= γ1γ2

γ2 + γ̂1
, (5)

where

γ1 = |hSR|2

σ 2
SR

, (6)

is the instantaneous SNR of the first RF hop. As stated before,

the fading envelope over the RF link is modeled by Rayleigh

distribution and the average SNR is

μ1 = E[γ1] =
E

[

|hSR|2
]

σ 2
SR

= Ps

σ 2
SR

. (7)

The estimated version of γ1 is

γ̂1 = |ĥSR|2

σ 2
SR

. (8)

The instantaneous electrical SNR over the second FSO link is

defined as

γ2 = |IRD|2Pt
2η2

σ 2
RD

, (9)

where IRD is the FSO channel fading coefficient. The average

electrical SNR can be determined as

μ2 = E[IRD]2Pt
2η2

σ 2
RD

. (10)

Since the RF hop experiences Rayleigh fading, γ1 and γ̂1

are two exponentially distributed and correlated RVs, with joint

probability density function (PDF) given by [31]

fγ1,γ̂1
(x, y) = 1

(1 − ρ)μ2
1

e
− x+y

(1−ρ)μ1 I0

(

2
√

ρxy

(1 − ρ)μ1

)

, (11)

whereρ is the correlation coefficient, and Iν(·) represents theν-th

order modified Bessel function of the first kind [32, (8.406)].

The FSO channel gain consists of three parts: path loss,

atmospheric turbulence, and pointing errors, i.e., IRD = IaIlIp,

where Ia is an atmospheric turbulence attenuation modeled by

Gamma-Gamma distribution, Il denotes a path loss, and Ip

denotes a component modeling pointing errors.

The atmospheric path loss, Il, is described by the exponential

Beers-Lambert law as [12]

Il = exp(−σL), (12)

where σ represents the atmospheric attenuation coefficient and

L denotes the FSO link length. The atmospheric turbulence

is described by Gamma-Gamma distribution, so the PDF of

Ia is given by [33, (8)]. The PDF of the attenuation due to

pointing error, Ip, is found as [12, (11)], assuming the radial

displacement at the receiver experiences Rayleigh distribution

with the jitter variance σ 2
s . Finally, the PDF of IRD is found

as [13, (12)]

fIRD(IRD) = ξ2αβ

A0IlŴ(α)Ŵ(β)

× G
3,0
1,3

(

αβ

A0Il

IRD

∣

∣

∣

∣

ξ2

ξ2 − 1, α − 1, β − 1

)

, (13)

where Gm,n
p,q (·) is the Meijer’s G-function [32, (9.301)], α and

β are atmospheric turbulence parameters, while ξ and A0

represent the parameters relating pointing errors.

The parameters α and β represent the effective numbers of

small and large scale cells, respectively, which are related to

the atmospheric conditions. Assuming plane wave propagation

and zero inner scale, they can be expressed as [2], [3]

α =
(

exp

[

0.49σ 2
R

(

1 + 1.11σ
12/5
R

)−7/6
]

− 1

)−1

β =
(

exp

[

0.51σ 2
R

(

1 + 0.69σ
12/5
R

)−5/6
]

− 1

)−1

, (14)

where σ 2
R is the Rytov variance given by

σ 2
R = 1.23C2

nk7/6L11/6. (15)
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In (15), k = 2π/λ is the wave-number, λ is the wavelength, L is

the propagation distance, and the refractive index is denoted by

C2
n , which varies from 10−17 m−2/3 to 10−13 m−2/3 for weak

to strong turbulence, respectively.

The pointing errors parameter ξ is determined as ξ =
wLeq/(2σs), where wLeq is the equivalent beam waist at the

receiver, and σs is the standard deviation of pointing errors

(jitter) at the receiver. The parameter wLeq is dependent on the

beam waist (radius calculated at e−2) at distance L, wL, as

[12]–[15]

w2
Leq

= w2
L

√
πerf(v)

2v exp(−v2)
, v =

√
πa√
2wL

, (16)

where a is the radius of a circular detector aperture. The

parameter A0 represents the fraction of the collected power at

L = 0, given by A0 = [erf(v)]2, where erf(.) is the error func-

tion [32, (8.250.1)].

The beam waist wL of a Gaussian beam is related to beam

waist at transmitter, denoted as w0, and to the radius of curva-

ture F0 by [15]

wL = w0

√

(0 + �0)
(

1 + 1.63σ
12/5
R �1

)

, (17)

with 0 =1−L/F0, �0 =2L/(kw2
0) and �1 =�0/(

2
0+�2

0).

Using (10) and (13), the average electrical SNR of the FSO

hop can be written as

μ2 = Pt
2η2

σ 2
RD

κ2A2
0I2

l , (18)

where κ = ξ2/(ξ2 + 1).

After some mathematical manipulations, the PDF of γ2 can

be derived as

fγ2
(γ2) = ξ2

2Ŵ(α)Ŵ(β)γ2
G

3,0
1,3

(

αβκ

√

γ2

μ2

∣

∣

∣

∣

ξ2 + 1

ξ2, α, β

)

. (19)

Using (19) and utilizing [34, (26)], the cumulative distribu-

tion function (CDF) of γ2 is

Fγ2
(x) = ξ2

Ŵ(α)Ŵ(β)
G

3,1
2,4

(

αβκ

√

x

μ2

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

)

. (20)

III. OUTAGE PROBABILITY ANALYSIS

The outage probability represents the probability that the

instantaneous end-to-end SNR, γeq, falls below a predetermined

outage threshold, γth. In this case, the outage probability can be

written as

Pout = Feq(γth) = Pr

(

γ1γ2

γ2 + γ̂1
< γth

)

, (21)

where Pr(·) denotes probability. After some mathematical ma-

nipulations, (21) can be expressed as

Pout =
∞
∫

0

∞
∫

0

Pr

(

γ1γ2

γ2 + γ̂1
< γth

)

fγ1,γ̂1
(γ1, γ̂1)dγ1dγ̂1

= 1 −
∞

∫

0

∞
∫

0

Pr
(

γ2 >
γthy

x

)

fγ1,γ̂1
(x + γth, y)dxdy. (22)

The complementary cumulative distribution function (CCDF)

of γ2 is defined as F̄γ2
(x) = 1 − Fγ2

(x), where Fγ2
(x) is the

CDF of γ2 given by (20).

Substituting (11) and (20) into (22), and using Appendix A,

an analytical expression for the outage probability is derived as

Pout = 1 − e
− γth

μ1

+
∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−3ξ2ρk(1 − ρ)n−k+1μ1
n−k

k!2πŴ(α)Ŵ(β)

× γ k−n
th e

− γth
(1−ρ)μ1 G

6,2
3,7

(

α2β2κ2γth

16μ2

∣

∣

∣

∣

1, −k,
ξ2+2

2
χ1

)

,

(23)

with χ1 = ξ2

2
, α

2
, α+1

2
,

β
2

,
β+1

2
, 1 + n, 0.

When ξ → ∞, the pointing errors effect is small and ne-

glectable, so the intensity fluctuations of the received optical

signal are assumed to originate only from the Gamma-Gamma

atmospheric turbulence. Hence, taking the limit of (23) for ξ →
∞, the outage probability corresponding to the non-pointing

errors system is given by

PGG
out = 1 − e

− γth
μ1

+
∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−2ρk(1 − ρ)n−k+1μ1
n−k

k!2πŴ(α)Ŵ(β)

× γ k−n
th e

− γth
(1−ρ)μ1 G

5,2
2,6

(

α2β2γth

16μ2

∣

∣

∣

∣

1, −k

χ2

)

, (24)

with χ2 = α
2

, α+1
2

,
β
2

,
β+1

2
, n + 1, 0.

Since (23) does not provide direct insights into the outage

performance, next we investigate possible simplified forms.

A. High SNR Approximation

In order to simplify the outage probability expression in

(23), higher order terms of series representation of the modified

Bessel function of the first kind in (42) can be neglected under

certain conditions. Using only the first term, this approximation

is valid when the argument of I0(·) is small enough (tends

to zero), i.e., at high average SNR per RF link and/or low

correlation coefficient.
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If only the first term of summation in (23) is included, i.e.,

k = 0, the outage probability can be approximated as

P∞
out ≈ 1 − e

− γth
μ1 + 2α+β−3ξ2(1 − ρ)

πŴ(α)Ŵ(β)

× e
− γth

(1−ρ)μ1 G
6,2
3,7

(

α2β2κ2γth

16μ2

∣

∣

∣

∣

1, 0,
ξ2+2

2
χ3

)

, (25)

with χ3 = ξ2

2
, α

2
, α+1

2
,

β
2

,
β+1

2
, 1, 0.

The FSO channel state has an important role in the accuracy

of this approximation. The Meijer’s G-function is a dominant

term in (23) when its argument is large, i.e., at low values

of the average electrical SNR per FSO hop or during strong

turbulence conditions. In that case, this approximation is not

accurate. Hence, a higher number of terms for summation in

(23) is required. To conclude, considering only the first term

for summation in (23), the approximation is tight with the

exact outage probability only at the high average SNR over the

RF link and/or low correlation coefficient, when the average

electrical SNR over FSO hop is high enough in weak turbulence

conditions.

The outage floor in the range of very high values of the

average SNR over the RF link (when μ1 tends to infinity) is

obtained directly from (25) as

P
floor

out1 ≈ 2α+β−3ξ2(1−ρ)

πŴ(α)Ŵ(β)
G

6,2
3,7

(

α2β2κ2γth

16μ2

∣

∣

∣

∣

1, 0,
ξ2+2

2
χ3

)

,

(26)

Using this expression, the outage floor can be efficiently

calculated with appropriate accuracy under the same conditions

as in (25).

In the high electrical SNR region of the FSO link, μ2, the

Meijer’sG-functionin (23) tends to zero[35,(07.34.06.0001.01)].

Therefore, the outage probability for any value of μ1 and high

value of μ2 can be derived in a very simple form as

P
floor

out2 ≈ 1 − e
− γth

μ1 . (27)

It can be concluded that the outage performance does not

depend on the correlation coefficient, at high values of average

electrical SNR per FSO hop. This expression can be utilized for

efficient and accurate evaluation of the outage floor, which will

be illustrated in the following. Based on (27), it is clear that this

floor is determined by the average SNR over the RF link and

the specified value of the protection ratio.

B. Two Extreme Correlated Cases

When ρ = 0, the gain is evaluated based on the uncorrelated

CSI. In that case, the modified Bessel function of the first

kind in (41) is equal to one [35, (03.02.03.0013.01)], so an

accurate expression for the outage probability can be obtained

in a similar way as in (25). Substituting ρ = 0 into (25)

P
ρ=0
out = 1 − e

− γth
μ1 + 2α+β−3ξ2

πŴ(α)Ŵ(β)

× e
− γth

μ1 G
6,2
3,7

(

α2β2κ2γth

16μ2

∣

∣

∣

∣

1, 0,
ξ2+2

2
χ3

)

. (28)

When ρ = 1, the gain is evaluated based on the fully-

correlated CSI, i.e., the information used for amplification at

the relay will be the same as proper CSI of the RF hop. The

approximate outage probability for the considered system when

ρ = 1 is given by

P
ρ=1
out ≈ 1 − e

− γth
μ1 + ξ2

Ŵ(α)Ŵ(β)
e
− γth

μ1

× G
3,1
2,4

(

αβκ

√

γth

μ2

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

)

. (29)

For the derivation of (29) see Appendix B.

For the special cases of fully correlated or uncorrelated CSI

over RF links, the exact and approximate Eqs. (28) and (29)

could be efficiently utilized for the estimation of the outage

probability. The accuracy of (28) and (29) will be illustrated

in Section V.

IV. AVERAGE BER ANALYSIS

Beside the outage probability, the average BER is another

important metric of the system performance. In this Section we

derive novel analytical expressions for the average BER of the

system when binary phase-shift keying (BPSK), i.e., differential

BPSK (DBPSK) [31] is applied over RF link and SIM BPSK,

i.e., SIM DBPSK [2] is applied over FSO link.

Using the approach introduced in [36], the average BER of

some binary modulations can be derived using [36, (12)]

Pb = qp

2Ŵ(p)

∞
∫

0

e−qγ γ p−1Feq(γ )dγ, (30)

where the parameters p and q depend on the type of used

modulation schemes [21], [37], and Feq(γ ) is the CDF, having

the same form as Eq. (23).

Substituting (23) into (30), and following the derivations pre-

sented in Appendix C, the final average BER can be written as

Pb = 1

2
− 1

2

(

1

μ1q
+ 1

)−p

+ qp

2Ŵ(p)

∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−3ξ2ρk(1 − ρ)p+1μ1
p

k!2πŴ(α)Ŵ(β)(1 + q(1 − ρ)μ1)
k−n+p

×G
6,3
4,7

(

α2β2κ2(1−ρ)μ1

16μ2(1+q(1−ρ)μ1)

∣

∣

∣

∣

1, −k, 1−k+n−p,
ξ2+2

2
χ1

)

.

(31)
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When BPSK and SIM BPSK, i.e., DBPSK and SIM DBPSK

are employed, the values of the parameters are (p, q) = (0.5, 1)

and (p, q) = (1, 1), respectively.

For the non-pointing errors case, the average BER can be

found by substituting (24) into (30), or by taking the limit of

(31) for ξ → ∞. When the intensity fluctuations of the received

signal originate only from the Gamma-Gamma atmospheric

turbulence, the average BER is found as

PGG
b = 1

2
− 1

2

(

1

μ1q
+ 1

)−p

+ qp

2Ŵ(p)

∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−2ρk(1 − ρ)p+1μ1
p

k!2πŴ(α)Ŵ(β)(1 + q(1 − ρ)μ1)
k−n+p

× G
5,3
3,6

(

α2β2(1 − ρ)μ1

16μ2 (1 + q(1 − ρ)μ1)

∣

∣

∣

∣

1,−k, 1 − k + n − p

χ2

)

.

(32)

A. High SNR Approximation

Since the average BER expression does not offer direct

insights into the system performance, it can be simplified by

neglecting the higher order terms of summation in (31). This

approximation is valid under the same conditions as in the

outage probability approximation given in (25). After some

mathematical manipulations, the approximation has the form

P∞
b ≈ 1

2
− 1

2

(

1

qμ1
+ 1

)−p

+ 2α+β−4ξ2(1 − ρ)

πŴ(α)Ŵ(β)Ŵ(p)

(

1

qμ1(1 − ρ)
+ 1

)−p

× G
6,3
4,7

(

α2β2κ2

16μ2q

(

1

qμ1(1 − ρ)
+1

)−1
∣

∣

∣

∣

∣

1, 0, 1 − p,
ξ2+2

2
χ3

)

.

(33)

In the high average SNR region of the RF link (when μ1

tends to infinity), the BER floor can be obtained from (33) as

P
floor
b1 ≈ 2α+β−4ξ2(1 − ρ)

πŴ(α)Ŵ(β)Ŵ(p)

× G
6,3
4,7

(

α2β2κ2

16μ2q

∣

∣

∣

∣

1, 0, 1 − p,
ξ2+2

2
χ3

)

. (34)

When μ2 tends to infinity, the Meijer’s G-function in (31)

tends to zero. Hence, the average BER floor in the range of

high values of μ2 for any value of μ1 can be derived as

P
floor

b2 ≈ 1

2
− 1

2

(

1

μ1q
+ 1

)−p

. (35)

It is worth to notice that BER floor depends on the average

SNR over RF link and modulation format applied. We expect

that BER decreases with an increase in the transmitted optical

power. However, this decrease is limited by the BER floor,

which can be estimated by (35).

B. Two Extreme Correlated Cases

In the case where the gain determination is performed based

on uncorrelated CSI, the average BER can be derived using (28)

and (30). Alternatively, this average BER can be obtained by

substituting ρ = 0 and k = 0 into (31) as

P
ρ=0
b = 1

2
− 1

2

(

1

μ1q
+1

)−p

+ 2α+β−4ξ2

πŴ(α)Ŵ(β)Ŵ(p)

(

1

qμ1
+1

)−p

× G
6,3
4,7

(

α2β2κ2μ1

16μ2(1 + qμ1)

∣

∣

∣

∣

1, 0, 1 − p,
ξ2+2

2
χ3

)

. (36)

When the gain is determined based on the fully-correlated

CSI, i.e., ρ = 1, the approximate average BER can be derived

by substituting (29) into (30). Following similar procedure as in

Appendix C, the average BER approximation can be written as

P
ρ=1
b ≈ 1

2
− 1

2

(

1

μ1q
+1

)−p

+ 2α+β−4ξ2

πŴ(α)Ŵ(β)Ŵ(p)

(

1

qμ1
+1

)−p

× G
5,2
3,6

(

α2β2κ2μ1

16μ2(1 + qμ1)

∣

∣

∣

∣

1, 1 − p,
ξ2+2

2
ξ2

2
, α2

2
, α2+1

2
,

β2

2
,

β2+1
2

, 0

)

.

(37)

When average electrical SNR over FSO link tends to infin-

ity, using [35, (07.34.06.0006.01)] Meijer’s G-function can be

represented in the series form containing Gamma functions.

V. NUMERICAL RESULTS AND SIMULATIONS

This section presents numerical results, obtained by using the

analytical expressions derived in the previous sections, together

with Monte Carlo simulations. The presented novel analytical

expressions for the outage probability and the average BER,

given by (23) and (31), can be numerically evaluated using

well-known software packages as Mathematica, Matlab or

Mapple. The sufficient number of terms for summation in (23)

and (31) depends on the values of different parameters, but

mostly on the correlation coefficient. For the results presented

here, 100 terms in (23) and (31) are sufficient in order to achieve

a relative error of 10−5. Note that the number of required terms

is rapidly deceasing, when the value of correlation coefficient

is lower.

Temporally correlated Rayleigh RVs can be generated by

using an algorithm from [38], while IRD can be obtained as

the product of the factors related to the atmospheric turbulence,

path loss and pointing errors (IRD = IaIlIp). The atmospheric

turbulence is modeled by the Gamma-Gamma distribution,

which is generated by using the expression, Ia = IaX × IaY ,

where IaX and IaY are mutually independent RVs, which follow

Gamma distribution. These variables can be generated using the

algorithms presented in [39], [40]. The RV Ip is obtained based

on [12, (9)]. The path loss is determined by (12). Values of the

outage probability and the average BER are estimated using 109

generated samples. The numerical results are in agreement with

the simulation results.
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Fig. 1. Outage probability versus transmitter beam waist for different values
of normalized jitter standard deviation in various turbulence conditions.

In order to obtain the numerical results for the outage

probability and the average BER, the following values of

the parameters are used: Turbulence parameters α and β are

defined by (14), while the turbulence strength is determined

by the refractive index parameter as C2
n = 6 × 10−15 m−2/3

for weak, C2
n = 2 × 10−14 m−2/3 for moderate and C2

n = 5 ×
10−14 m−2/3 for strong turbulence conditions [41]. The wave-

length λ = 1550 nm and the optical-to-electrical conversion

coefficient, η = 1. The atmospheric attenuation coefficient σ =
0.43 dB/km, which corresponds to clear air conditions [42],

[43]. The noise power at the relay is σSR = −90 dBm [44],

while σRD = 10−7 A/Hz [42], [43]. The radius of a circular

detector aperture is a = 5 cm, while the radius of curvature is

F0 = −10 m [15].

Fig. 1 shows the outage probability dependence on the beam

waist at the transmitter output, for different values of the nor-

malized jitter standard deviation, when turbulence conditions

are changed from weak to heavy ones. As it can be observed,

the system performance is better in weak than that in moderate

and strong turbulence conditions. Furthermore, the minimum

of the outage probability exists for a certain optimal value of

w0. The system performance can be significantly improved by

the proper selecting transmitter aperture. It is clear that the

outage probability can vary for several orders of magnitude in

dependence on the value of transmitter output beam waist for all

turbulence conditions. From the results depicted in Fig. 1 we

can conclude that the negative mismatch of the transmitter

beam waist from the optimal has a detrimental effect on the

outage probability.

The optimal values of the transmitter beam waist, w0opt ,

assuming the system parameters from Fig. 1, for different

values of the normalized jitter standard deviation in various

turbulence conditions, are given in Table I. It can be noticed

that the normalized jitter standard deviation has strong impact

on w0opt . Also, the optimal values of transmitter output beam

waist do not depend on the turbulence conditions, when the nor-

malized jitter standard deviation is σs/a = 1. On the other hand,

when σs/a = 5, reduction of w0opt is noticed, with degradation

of the turbulence conditions. The jitter standard deviation is

determined by the degree of the misalignment between the FSO

transmitter and the receiver apertures. When σs/a is lower, i.e.,

the parameter ξ is greater, the pointing errors can be neglected.

With greater values of σs/a, the pointing errors has a dominant

effect on the system performance.

Table II presents the calculated values of w0opt in moderate

turbulence conditions, assuming the system parameters from

Fig. 2. Considering values of w0opt given in Table II, the out-

age probability dependence on the average transmitted optical

power for different values of σs/a, is presented in Fig. 2.

With higher average optical power the system has a better

performance. Also, decreasing of σs/a leads to an improvement

of the outage performance. The results in Fig. 2 illustrate that

the effect of the normalized jitter standard deviation on the

outage probability is very strong. For example, by changing

normalized standard deviation of the radial displacement from

σs/a = 1 to σs/a = 2, the average transmitted optical power

penalty of about 6 dBm should be paid for achieving outage

probability of 10−5. Furthermore, Table II shows that an in-

crease on the average transmitted optical power has no influence

on the optimal choice of w0, when σs/a = 1. With higher

values of σs/a, the pointing errors effect is stronger and the

average transmitted optical power has an important role in the

determination of w0opt .

The optimal transmitter beam waist exists because of the

following: Increasing the transmitter beam waist leads to de-

creasing the effect of pointing errors, but at the same time the

received optical power decreases. On the other hand, decreasing

transmitter beam waist causes decreasing the geometric loss,

but also increasing the effects of pointing errors. From the

results presented here, it is evident that significant gains can

be achieved in practical mixed RF/FSO systems by accurate

selecting the transmitter beam waist.

The outage probability dependence on the average electrical

SNR over FSO link for different values of correlation coeffi-

cient and normalized jitter standard deviation is presented in

Fig. 3. As it was concluded from previous results, the system

performance is better when σs/a is lower. The higher value

of ρ results in a lower value of the outage probability. The

improvement of the system performance, when ρ increases is

more evident in the non-pointing error system (lower values

of σs/a). When σs/a = 5, the correlation has a weak influence

on the system performance. This case corresponds to the great

misalignment between FSO transmitter and receiver, when the

optical signal is degraded to a large extent, so the correlation

is of a less importance on the system performance. Next,

Fig. 3 also presents the results obtained by (24), corresponding

to the system, when Gamma-Gamma atmospheric turbulence

is assumed for the FSO link. The agreement between these

results and those for σs/a = 1 is noticed, which justifies that

low values of σs/a, i.e., great values of ξ , lead to a negligible

misalignment between FSO apertures. Furthermore, the exis-

tence of a certain outage floor exists at the high values of μ2,

which is confirmed by the approximation at high values of μ2

obtained by (27). This floor is dependent only on the average

SNR over RF link, so all presented curves tend to the same

saturation floor. Although this is not visible in Fig. 3, it would
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TABLE I
OPTIMUM VALUES OF OPTICAL BEAM WAIST AT TRANSMITTER AND RECEIVER

TABLE II
OPTIMUM VALUES OF OPTICAL BEAM WAIST AT TRANSMITTER OUTPUT

Fig. 2. Outage probability versus average transmitted optical power for differ-
ent values of normalized jitter standard deviation.

be confirmed by increasing the range of the average electrical

SNR, μ2.

Fig. 4 shows the exact outage probability together with cor-

responding approximation. It is evident that the approximation

results obtained by (25) are in a very good agreement with the

exact ones, when μ2 = 35 dB. However, when μ2 = 20 dB, the

approximation is not accurate, when the correlation coefficient

has a relatively great value (ρ = 0.8), but it is still in agreement

with the exact outage probability, when ρ takes lower values

(ρ = 0.2). Furthermore, it is clear that the outage floor appears

at high values of average SNR per RF link. It can be noticed

here that when ρ takes smaller values, the outage floor appears

at lower values of μ1.

The outage probability versus average SNR per hops (μ1 =
μ2) for two extreme correlated cases and different values of

outage threshold, is presented in Fig. 5. As it is expected,

system has a better performance, when the value of γth is lower.

This means that both average SNRs simultaneously increase,

Fig. 3. Outage probability versus μ2 for different values of correlation coeffi-
cient and normalized jitter standard deviation.

and neither μ1 nor μ2 is fixed, while one of them increases.

This figure also presents the results for uncorrelated and fully-

correlated systems obtained by Eqs. (28) and (29), respectively.

Since results for ρ = 1, i.e., Eq. (29), are achieved by the

aforementioned approximation, there is a slight disagreement

at lower values of SNRs between this approximation and simu-

lations. If the specified value of outage probability is 10−4 and

γth = −10 dB, the required average SNR is 38.6 dB when ρ =
0 and 30.3 dB when ρ = 1. Also, results of the approximation

given by (25) are presented.

The average BER performance of the system employing

BPSK and BDPSK schemes for different values of normalized

jitter standard deviation is presented in Fig. 6. The analytical

results obtained by (31) are validated by Monte Carlo simula-

tions. Also, the results for non-pointing errors in the FSO part

of the system, obtained by (32), are presented, which are in

agreement with the results obtained by (31), for σs/a = 1. It

is noticed that the BER floor occurs at high values of average
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Fig. 4. Outage probability versus μ1 for different values of correlation coeffi-
cient and average electrical SNR over FSO link.

Fig. 5. Outage probability versus μ1 = μ2 for different values of correlation
coefficient and outage threshold.

electrical SNR over FSO link. This floor is presented and

calculated by (35). As it was concluded in Section IV, the

values of BER floor are different for two modulation formats

considered here.

Fig. 7 shows the BER dependence on the average SNR

per hops (μ1 = μ2) for the two extreme correlated cases and

different FSO propagation distances. Since the results for the

case of ρ = 1 are obtained by the approximation given in (37),

minor disagreement is noticed compared to exact values. Since

these disagreement is observed in very low values of SNRs,

this range is not significant for the practical implementation

and approximation can be successfully applied in the range

of SNRs of practical interest. As it is expected, system has

worse performance, when the propagation distance between

FSO transmitter and receiver is higher. Also, the effect of

correlation is more pronounced in the case of L = 1000 m.

With a higher length of the FSO hop, the optical signal is

more damaged, so the correlation has less effect on the system

performance.

Fig. 6. BER versus μ2 for different values of normalized jitter standard
deviation and different types of binary modulations.

Fig. 7. BER versus μ1 = μ2 for different values of correlation coefficient and
propagation distance.

Fig. 8 presents the BER performance of the system with

BDPSK for different values of correlation coefficient in weak

and strong turbulence conditions. Besides the simulations, the

approximation given by (33) is also presented. There is dis-

agreement between these results when C2
n = 5 × 10−14 m−2/3,

since the approximation is valid only in weak turbulence condi-

tions. Based on simulations, it can be concluded that the influ-

ence of correlation (i.e., the conditions of the RF system part), is

more dominant in weak turbulence. The outage floor, obtained

by (34), is also presented. It can be noticed that approximation

(34) is valid only under previously defined conditions.

Fig. 9 presents outage and BER floors by using simple

relations (27) and (35). Signal transmission in mixed RF/FSO

relaying system is influenced by conditions over both RF and

FSO channel. As it has been illustrated in Fig. 3, the outage

probability decreases with an increase in the average electrical

SNR over FSO channel, while the average SNR over the RF

channel is fixed. This decrease is expressed in the range of

low and moderate values of the average electrical SNR over
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Fig. 8. BER versus μ1 for different values of correlation coefficient in differ-
ent turbulence conditions.

Fig. 9. Outage and BER floors.

the FSO channel. For high values of the average electrical

SNR over FSO, the outage probability tends to constant value

regardless further increasing the average electrical SNR over

the FSO channel. This outage floor can not be decreased by

improving the conditions over FSO channel, but is determined

by conditions over RF channel. The quite similar behavior in

the case of BER is illustrated in Fig. 6. In other words, plots in

Fig. 9, obtained on the basis of (27) and (35) illustrate what

the best overall performance could be achieved under fixed

conditions over RF channel.

VI. CONCLUSION

In this paper, we have derived novel analytical expressions

for the outage probability and the average BER of a mixed

dual-hop RF/FSO relaying system with AF relaying, assuming

outdated channel estimation in relay gain determination, as

well as the presence of the misalignment fading over the FSO

link. The analytical results have been confirmed via Monte

Carlo simulations. Furthermore, simpler expressions for the

outage probability and the average BER have been derived and

utilized for the efficient evaluation of the system performance,

in special cases of uncorrelated or fully-correlated CSI, as

well as for the estimation of the outage and BER floor. The

effects of turbulence strength, pointing errors, signal power and

correlation coefficient on the outage probability and the average

BER have been also discussed.

Based on the derived analytical results, it was proved that

there is an optimal value of the transmitter beam waist, which

minimizes the outage probability. The greater the value of

normalized jitter standard deviation, the stronger are the effects

of turbulence strength and average transmitting optical power

on the optimal transmitter beam waist. The outage probability

can increase even for several orders of magnitude depending

on value of transmitter beam waist. The results have illustrated

the performance degradation of about 6 dBm at target outage

probability of 10−5, when normalized jitter standard deviation

changes from 1 to 2. We have found that the impact of the

outdated CSI on the overall system performance is stronger if

FSO propagation distance is shorter and in weaker turbulence

conditions, as well as when jitter standard deviation is lower.

APPENDIX A

DERIVATION OF EQ. (23)

Eq. (22) can be reproduced here as

Pout = 1 −
∞

∫

0

∞
∫

0

1

(1 − ρ)μ2
1

e
− x+γth+y

(1−ρ)μ1 I0

(

2
√

ρ(x + γth)y

(1 − ρ)μ1

)

×
(

1− ξ2

Ŵ(α)Ŵ(β)
G

3,1
2,4

(

αβκ

√

γthy

μ2x

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

))

dxdy,

(38)

and, after some manipulations,

Pout = 1 − I1 + I2, (39)

where integrals I1 and I2 are defined and solved in the

following.

Using [32, (6.614.3)], [35, (07.44.03.0007.01)] and

[32, (2.311)]

I1 =
∞

∫

0

∞
∫

0

e
− x+γth+y

(1−ρ)μ1

(1 − ρ)μ2
1

I0

(

2
√

ρ(x + γth)y

(1 − ρ)μ1

)

dxdy=e
− γth

μ1 . (40)

The second integral, I2, is

I2 = ξ2e
− γth

(1−ρ)μ1

Ŵ(α)Ŵ(β)(1 − ρ)μ2
1

∞
∫

0

∞
∫

0

e
− x+y

(1−ρ)μ1 I0

(

2
√

ρ(x + γth)y

(1 − ρ)μ1

)

× G
3,1
2,4

(

αβκ

√

γthy

μ2x

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

)

dxdy, (41)
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where we use [35, (03.02.06.0037.01)] to present the modified

Bessel function of the first kind into a series form. Afterwards,

using [35, (06.10.03.0018.01)], I2 can be written as

I2 = ξ2e
− γth

(1−ρ)μ1

Ŵ(α)Ŵ(β)(1−ρ)μ2
1

∞
∫

0

∞
∫

0

e
− x+y

(1−ρ)μ1

∞
∑

k=0

ρk(x+γth)
kyk

k!2(1−ρ)2kμ1
2k

× G
3,1
2,4

(

αβκ

√

γthy

μ2x

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

)

dxdy, (42)

or

I2 =
∞
∑

k=0

ξ2ρke
− γth

(1−ρ)μ1

k!2Ŵ(α)Ŵ(β)(1 − ρ)2k+1μ1
2k+2

×
∞

∫

0

(x + γth)
ke

− x
(1−ρ)μ1 dx × I21, (43)

where

I21 =
∞

∫

0

yke
− y

(1−ρ)μ1 G
3,1
2,4

(

αβκ

√

γthy

μ2x

∣

∣

∣

∣

1, ξ2 + 1

ξ2, α, β, 0

)

dy.

(44)

In order to solve integral I21 it is necessary to repre-

sent exponential function in terms of Meijer’s G-function

using [35, (01.03.26.0004.01)]. Afterwards we use [35,

(07.34.21.0013.01)] to solve the integral, which involves the

product of two Meijer’s G-functions in the form

I21 = 2α+β−3(1 − ρ)k+1μ1
k+1

π

× G
6,3
5,8

(

α2β2κ2γth(1 − ρ)μ1

16μ2x

∣

∣

∣

∣

χ4

χ5

)

, (45)

where χ4 = 1
2

, 1, −k,
ξ2+1

2
,

ξ2+2
2

and χ5 = ξ2

2
,

ξ2+1
2

, α
2

, α+1
2

,
β
2

,
β+1

2
, 0, 1

2
.

Substituting (45) into (43), I2 can be written as

I2 =
∞
∑

k=0

2α+β−3ξ2ρke
− γth

(1−ρ)μ1

k!2πŴ(α)Ŵ(β)(1 − ρ)kμ1
k+1

× I22, (46)

where

I22 =
∞

∫

0

(x + γth)
ke

− x
(1−ρ)μ1

× G
6,3
5,8

(

α2β2κ2γth(1 − ρ)μ1

16μ2x

∣

∣

∣

∣

χ4

χ5

)

dx. (47)

After applying binomial theorem [32, (1.111)] and

[35, (07.34.16.0002.01)], the integral I22 has the form

I22 =
k

∑

n=0

(

k

n

)

γth
k−n

∞
∫

0

xne
− x

(1−ρ)μ1

× G
3,6
8,5

(

16μ2x

α2β2κ2γth(1 − ρ)μ1

∣

∣

∣

∣

χ6

χ7

)

dx, (48)

with χ6 = 1 − ξ2

2
, 1 − ξ2+1

2
, 1 − α

2
, 1 − α+1

2
, 1 − β

2
, 1 − β+1

2
,

1, 1
2

and χ7 = 1
2
, 0, 1 + k, 1 − ξ2+1

2
, 1 − ξ2+2

2
.

Using [35, (01.03.26.0004.01)] to present exponential func-

tion in terms of Meijer’s G-function and [35, (07.34.21.0011.01)]

to solve an integral of a product of two Meijer’s G-functions, the

integral I22 is derived as

I22 =
k

∑

n=0

(

k

n

)

γth
k−n(1 − ρ)n+1μn+1

1

× G
3,7
9,5

(

16μ2(1 − ρ)μ1

α2β2κ2γth(1 − ρ)μ1

∣

∣

∣

∣

χ8

χ7

)

dx, (49)

with χ8 = 2−ξ2

2
,

1−ξ2

2
, 2−α

2
, 1−α

2
,

2−β
2

,
1−β

2
, −n, 1, 1

2
.

Using [35, (07.34.16.0002.01)], [35, (07.34.03.0001.01)],

[35, (07.34.04.0003.01)], [35, (07.34.04.0004.01)] and [35,

(07.34.03.0002.01)], the integral I22 can be expressed in the

form

I22 =
k

∑

n=0

(

k

n

)

γ k−n
th (1 − ρ)n+1μn+1

1

× G
6,2
3,7

(

α2β2κ2γth

16μ2

∣

∣

∣

∣

1, −k,
ξ2+2

2
χ1

)

dx, (50)

with χ1 previously defined.

Substituting (50) into (46), and then (40) and (46) into (39), a

new analytical expression for the outage probability is derived

as in (23).

APPENDIX B

OUTAGE PROBABILITY APPROXIMATION FOR ρ = 1

In the case of ρ = 1, γ1 and γ̂1 are fully-correlated ex-

ponentially distributed RVs. Hence, the overall SNR can be

written as

γeq1 = γ1γ2

γ2 + γ1
. (51)

The well-known approximation, γeq1 min = min(γ1, γ2), is used

in order to obtain the outage probability for the system under

the investigation in the form [25]

P
ρ=1
out ≈ Pr (min(γ1, γ2) < γth)

= 1 − Fγ1
(γth)Fγ2

(γth), (52)
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where Fγ2
(x) is the CCDF of γ2 defined by F̄γ2

(x) = 1 −
Fγ2

(x), with the CDF Fγ2
given by (20), while the CCDF of

the exponentially distributed RV γ1 is

Fγ1
(x) = 1 − Fγ1

(x) = e
− x

μ1 , (53)

with Fγ1
(x) being the CDF of γ1 [31].

By substituting (20) and (53) into (52), the outage probability

approximation for ρ = 1 is derived as in (29).

APPENDIX C

DERIVATION OF EQ. (31)

The average BER of the system under the investigation can

be derived by substituting (23) into (30)

Pb = qp

2Ŵ(p)

∞
∫

0

e−qγ γ p−1

{

1 − e
− γ

μ1

+
∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−3ξ2ρk(1 − ρ)n−k+1μn−k
1

k!2πŴ(α)Ŵ(β)

× γ k−ne
− γ

(1−ρ)μ1 G
6,2
3,7

(

α2β2κ2γ

16μ2

∣

∣

∣

∣

1, −k,
ξ2+2

2
χ1

)}

dγ. (54)

After separation of the integrals, (54) is rewritten as

Pb = I3 − I4 + I5, (55)

where the integral I3 is given and resolved by using [32,

(3.351.3)] as

I3 = qp

2Ŵ(p)

∞
∫

0

e−qγ γ p−1dγ = 1

2
, (56)

while the integral I4 can be solved as [32, (3.351.3)]

I4 = qp

2Ŵ(p)

∞
∫

0

e−qγ γ p−1e
− γ

μ1 dγ = 1

2

(

1

qμ1
+ 1

)−p

. (57)

The integral I5 has the form

I5 = qp

2Ŵ(p)

∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−3ξ2ρk

k!2πŴ(α)Ŵ(β)

× (1 − ρ)n−k+1μ1
n−k

∞
∫

0

γ k−n+p−1e
−γ

(

1
(1−ρ)μ1

+q
)

× G
6,2
3,7

(

α2β2κ2γ

16μ2

∣

∣

∣

∣

1, −k,
ξ2+2

2
χ1

)

dγ. (58)

Representing exponential function in terms of Meijer’s

G-function by [35, (01.03.26.0004.01)], this integral can be

solved using [35, (07.34.21.0011.01)] as

I5 = qp

2Ŵ(p)

∞
∑

k=0

k
∑

n=0

(

k

n

)

2α+β−3ξ2ρk(1−ρ)p+1μ1
p

k!2πŴ(α)Ŵ(β)(1+q(1−ρ)μ1)
k−n+p

×G
6,3
4,7

(

α2β2κ2(1−ρ)μ1

16μ2 (1+q(1−ρ)μ1)

∣

∣

∣

∣

1,−k, 1−k+n−p,
ξ2+2

2
χ1

)

dγ.

(59)

Finally, by substituting (56), (57), and (59) into (55), the

average BER expression in (31) is derived.
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