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Turbulent mixing of an inhomogeneous passive scalar field is studied in the context of a 
nonpremixed reacting flow. Direct numerical simulations of an initial steplike scalar field 
subjected to homogeneous sheared turbulence have been performed and the results compared 
with those of the case of decaying isotropic turbulence. For both flow conditions, the gradient 
of the conserved scalar tends to align itself with the axis of the most compressive strain rate 
and orthogonal to the local vorticity. The magnitude of the scalar gradient is directly 
influenced by the local strain rate while its orientation is controlled by the local vorticity. 
Because of the directional features of sheared turbulence, the orientation of the scalar gradient 
is more ordered than in isotropic turbulence. In addition, the magnitude of vorticity indirectly 
affects that of the scalar gradient through strain-rate amplification by vortex stretching. In 
both flows, regions of high scalar-gradient magnitude or scalar dissipation (and therefore high 
reaction rates) tend to exist as sheets in the vicinity of sheetlike vortex structures of moderate 
to high vorticity. The probability density function (pdf) of the the scalar dissipation rate eF 
exhibits a nearly lognormal distribution with a slight negative skewness for both isotropic and 
sheared turbulence. 

1. INTRODUCTION 

Turbulent nonpremixed (or diffusion) flames are those 
in which initially separate fuel and oxidant streams react 
upon mixing. The reaction is predominantly mixing con- 
trolled since the time scale of chemical reaction is usually 
orders of magnitude smaller than the smallest time scale of 
turbulence. In the limit of an infinite reaction rate, the reac- 
tion is confined to an isoscalar surface of zero thickness at 
stoichiometric conditions. The reactants are transported to- 
ward the surface from opposite sides and instantly vanish at 
the surface where only product exists. In this case, the solu- 
tion of a single conserved scalar is sufficient to describe the 
temporal and spatial distributions of the species concentra- 
tion. is2 With negligible heat release (exothermic energy), 
the problem becomes that of passive scalar mixing in which 
the initial step profile evolves into an inhomogeneous scalar 
field. The turbulent motion generates small-scale fluctu- 
ations in the scalar field (scalar variance) by advection and 
distortion of the material elements of fluid. There is a contin- 
ual reduction in the scales of the scalar fluctuations by turbu- 
lence. At the smallest scales, the scalar variance is ultimately 
destroyed by molecular diffusion. Mixing is then completed 
at the molecular level and chemical reaction can occur. The 
rate of molecular mixing is governed by the rate of scalar 
dissipation and thus, for the above conditions, controls the 
reaction rate. Understanding the details of turbulent scalar 
mixing is a prerequisite to understanding and predicting the 
physical processes occuring in nonpremixed flames. 

Early descriptions of turbulent scalar mixing were es- 
tablished by the work of Obukhov3 and Corrsin.4 The scalar 
transport equation in Fourier space shows that the advective 
term is responsible for the transfer of scalar variance across 
the spectrum, hence the generation of the high wave-number 

components (small scales) in the scalar field. The physical 
mechanism by which the rate of strain field influences the 
scalar mixing field was first studied by Batchelor.’ For the 
case of weakly diffusive scalars ( Y$D) , for which the Kol- 
mogorov microscale exceeds the scalar microscale, a locally 
uniform strain field is “seen” by the small-scale scalar fluctu- 
ations. The effect of convection on the scalar field is nearly 
that of a pure straining motion. The local scalar gradient 
aligns with the principal axis of the least strain rate (com- 
pressive) and is amplified under the compressive action. The 
effect of diffusion is to counteract this amplification and 
erase the inhomogeneities in the scalar field. 

The significance of the local strain rate in generating 
small-scale scalar fluctuations was further elucidated by 
Gibson.6*7 Gibson proposed two mixing mechanisms involv- 
ing the interaction of the local strain with minimal and maxi- 
mal scalar-gradient lines. In the first mechanism,6 extrema 
in the scalar field are generated by turbulent eddies with 
secondary generation by pinching and splitting in the direc- 
tion of the local stretching strain. These regions are connect- 
ed by lines of minimal scalar gradient that tend to move with 
the fluid and thus have time to be influenced by the local rate 
of strain. The second mechanism’ involves the creation of 
maximal gradient lines due to the alignment of the local sca- 
lar gradient with the compressive strain axes. This results in 
the amplification of the local scalar gradient, which tends to 
decrease the diffusion velocity and causes further amplifica- 
tion through a positive feedback process. Since the strain 
axes are orthogonal, the two mechanisms tend to act orthog- 
onal to each other. The influence of the local strain rate is 
assumed to occur over distances much greater than the Kol- 
mogorov microscale 7, in contrast to the earlier description 
given by Batchelor.’ 

Recently, results from direct numerical simulations 

606 Phys. Fluids A 4 (3), March 1992 0899-8213/92/030606-20$04.00 @ 1992 American Institute of Physics 606 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



(DNS) have provided much insight into the small-scale 
structure of turbulence and mechanisms of scalar mixing. 
Ker? performed direct simulations of stationary (forced) 
isotropic turbulence with a forced isotropic scalar field and, 
from graphical display, found distinct alignment character- 
istics between the vorticity, strain rate, and scalar-gradient 
fields. Vorticity appears to be concentrated in tubes with the 
scalar gradient and most compressive strain aligned perpen- 
dicular to the tubes. High-magnitude scalar gradient occurs 
as sheets that wrap around the vortex tubes, however, the 
magnitude of the scalar gradient was found to be uncorrelat- 
ed with that of the vorticity. Ashurst et a1.9 obtained addi- 
tional statistics from the direct simulation results of Kerr’ 
and from those of Rogers and Main” for a homogeneous 
shear flow with a uniform scalar gradient. Alignment proba- 
bilities of the vorticity and scalar gradient with the principal 
strain-rate directions were presented. Their results were con- 
sistent with those of Kerr’s and suggested that turbulence is 
characterized by the presence of stretching vortex structures 
that exhibit distinct alignment with the strain axes. Align- 
ment characteristics of the scalar showed that the scalar gra- 
dient tends to align with the most compressive strain axes 
and normal to the vorticity suggesting amplification of the 
scalar gradient by both rotation and compressive straining. 
More recently, She etal. ” and Ruetsch and Maxey12 found, 
based on simulations of homogeneous isotropic turbulence, 
that regions of intense vorticity exist as tubelike structures 
and regions of moderate vorticity exist as sheetlike struc- 
tures. Regions of moderate to high scalar gradient were 
found to wrap around the tubelike vortex structures, how- 
ever, regions of the highest scalar gradient exist as sheets and 
occur near the vortex sheets rather than the tubes.i2 

The above studies considered homogeneous velocity 
and scalar fields. As mentioned earlier, a nonpremixed reac- 
tion involves an inhomogeneous scalar field as a result of the 
initially separate reactant streams. Direct simulations of a 
nonpremixed reaction in decaying isotropic turbulence were 
performed by Leonard and HillI Direct simulations of a 
nonpremixed reaction in both decaying isotropic turbulence 
and homogeneous shear flow have been performed by No- 
mura and Elghobashi, I4 Elghobashi and Nomura,” and 
Leonard and Hill. l6 The studies by Leonard and Hi11’3,‘6 
included the effects of both finite and infinite chemical reac- 
tion rate. As in the inert case, the reactant concentration 
gradients were found to align with the direction of the most 
compressive strain. Results indicate that high reaction rates 
occur in regions where the alignment is strong and the local 
strain rate is high. Although the case of shear flow was inves- 
tigated, the emphasis of their study was on the unsheared 
condition. 

The objective of the present work is to further study the 
basic mechanisms of turbulent mixing in an inhomogeneous 
scalar tield characteristic of a two-stream nonpremixed reac- 
tion using direct numerical simulation. Since no modeling is 
used in direct simulations, the small-scale structure of the 
flow is captured, thus revealing the underlying physics of the 
turbulent mixing processes. The limiting case of an infinitely 
fast reaction rate is assumed so that the reaction is controlled 
entirely by mixing. The scalar is passive and thus does not 

affect the velocity field. Two basic flow conditions are con- 
sidered: decaying isotropic turbulence, in which strain rates 
decrease in time, and homogeneous shear flow, in which 
strain rates tend to increase in time. The influence of the 
strain rate and vorticity fields and the presence of mean 
shear on the scalar mixing process are investigated. 

II. MATHEMATICAL DESCRIPTION 

A. Flow description and computational domain 

The chemical reaction considered in this study is an iso- 
thermal reaction between two species diluted in an inert gas, 
such that the density of the fluid remains constant through- 
out the flow. The scalar and velocity fields are therefore un- 
coupled, i.e., the scalar is passive. Both fuel and oxidant have 
equal Schmidt numbers (SC = v/D = 0.7), and the binary 
chemical reaction proceeds to completion in a single step 
with a fixed stoichiometric ratio to form the product. These 
assumptions allow a linear combination of the equations de- 
scribing the conservation of the two nonpremixed reactants 
(fuel and oxidant) to yield an equation for a conserved sca- 
lar,lY2 denoted here by the mixture fraction. The mixture 
fraction F is defined by FE+ (B - /II2 )/ (PI - P2 > , where /3 is 
a Shvab-Zeldovich variable and /?=mfu - m,,/r, where 
mfu and mOx are the mass fractions of fuel and oxidant. The 
quantity r is the mass of oxidant per unit mass of fuel re- 
quired for complete reaction. The subscripts 1 and 2 denote 
the two initial homogeneous reactant streams. In the limit of 
an infinite reaction rate, the reaction will be confined to a 
surface at which stoichiometric conditions exist (F = F,, > at 
any instant of time. Knowledge of the conserved scalar F 

determines the entire composition of the fluid. 
Both homogeneous shear flow and decaying isotropic 

grid turbulence are considered. Figure 1 shows the mean 
velocity profile U(z) associated with a uniform mean shear 
in the z direction and the initial step profile of the mixture 
fraction F(z,t, ) representing the two-reactant stream sys- 
tem. Our computational domain is a finite cube with sides of 
length L, containing 1283 grid points. Initially, fuel (F = 1) 
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FIG. 1. Flow representation: (a) initial profile of the mixture fraction 
F(z,t,), (b) mean velocity U(z). 
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is admitted into the upper half of the domain and oxidant 
(F = 0) into the lowei half. 

B. Governing equations 

The governing equations are the instantaneous, three- 
dimensional Navier-Stokes, scalar (mixture fraction) con- 
servation and continuity equations, which can be written as 

(1) 

(2) 

du, 
- + su, s, 
(3% 

1 J2% ap =-- 
Re axi ax, ’ 

3- 1 a”f -+ssu, =--, 
3% Re SC ax; 

dxj 

in which Cartesian tensor notation is employed and i = 1,2,3 
corresponds to the x,y,z directions (Fig. 1) . In the above 
equations, ui,f; andp are the deviations of the instantaneous 
velocity, mixture fraction, and pressure from their respective 
reference profiles. For example, 

flw,z,f) = Fbv,z,~) - Fref (z>, (4) 

where Fper (z) = z( dF/dz) ref and (dF /dz) ref is a fixed refer- 
ence gradient for the mixture fraction.” By subtracting a 
fixed reference or mean value from the computed field vari- 
ables, widely disparate values are avoided thus improving 
the accuracy of the computation. The nondimensional 
shear S and the nondimensional mixture fraction 
gradient s are defined as S = (L /A lJ) (dU/dz),,,, and 
s = (L /AhF) (dF/dz),,,, where AU and AF are the differ- 
ences in the mean velocity and mixture fraction’at the top 
and bottom of the computational domain. Reference values 
are defined such that S = 1 and s = 1. The characteristic 
quantities used in the nondimensionalization of Eqs. (l)- 
(3) are L, AU, AF, and a reference densityp, . Time is there- 
fore nondimensionalized by L /AU. In the case of isotropic 
(nonsheared) turbulence, S = 0, and time is scaled by L /U, 

where U is the reference uniform free%tream velocity. 
In the case of homogeneous shear; the reference profile 

U(z) coincides with the mean velocity profile, thus the com- 
puted deviations ui (x,y,z,t) are the velocity fluctuations. 
However, since the scalar reference profile Fref (z) does not 
coincide with the mean scalar profile p(z,t) that develops in 
time, local instantaneous fluctuations of the mixture fraction 
are evaluated from 

~‘CWZJ) = F(xg,z,tj -%,th (5) 

where F( z,t) = (F( x,y,z,t ) ) x,y is the ensemble-averaged 
mixture fraction over a horizontal (x-y) plane. 

C. Initial and boundary conditions 

The simulations are initialized with velocity fields that 
are divergence free and have random fluctuations prescribed 
by an appropriate three-dimensional energy spectrum E( k, 

0). For the isotropic flows, the following spectrum function 
is used: 

E(k,O) = (3v~/2)(k/k~)e-‘k’kp’, (6) 

where k, is the wave number of the spectrum peak and v0 is 
the initial rms velocity [ v0 = ( (uiui)/3)rD]. This spec- 
trum function is associated with the initial period of decay 
for isotropic turbulence,‘8 which is characterized by a rela- 
tively higher energy content at the lower wave numbers. The 
initial value of k, is set equal to 6 ( 2~) for the present simula- 
tions, where the highest wave number equals 64(2n). The 
suitability of the initial flow field was tested for isotropic 
flows by monitoring the decay rate of E( k,t) and the time 
development of the skewness of the velocity derivative and 
the anisotropy tensor (b, = (u&)/(uk&) - l/36, j, for 
which the diagonal components b, should remain relatively 
equal and small in magnitude under conditions of isotropy. 
For shear flows, an alternative spectrum function is used: 

E(k,O) 7 lfj (-?-)“* (T) (5) e-2’k’kp’2,’ (7) 

where the selected initial value of k, is 8 (2a). This function 
produces a narrower spectrum than that of (6) with most of 
the energy content confined.in wave numbers surrounding 
k,, i.e., not the lowest wave numbers. This serves to reduce 
the size of the initial integral length scale, thus extending the 
duration of the shear flow simulations without violating the 
assumption of periodic boundary conditions in the stream- 
wise direction. 

The characteristic length scales of the flow are the inte- 
gral length scale 

(8) 

the Taylor microscale 

A=JiGWE, 

and the Kolmogorov microscale 

(9) 

77 = (S/E) 1’4, (10) 

where v is the rms velocity, E is the energy dissipation rate, 
and Y is the kinematic viscosity. The shape of the spectrum 
E(k,O) determines the initial integral length scale 4. The 
value of the initial rms velocity v0 is chosen to prescribe the 
initial strain number St, defined as 

St, = (vo/~‘o)/S, (11) 

which is the ratio of the strain rate of the energy-containing 
eddies (large-scale strain rate) to that of the mean flow. The 
spectrum of the dissipation rate of turbulence energy is cal- 
culated from e( k,t) = 2vk “E( k,t). The computed initial 
dissipation spectrum e(k,O) has a peak at a wave number 
k, = 19(27r) in the isotropic flow and kd = 9’(25-) in the 
shear f-low. The initial turbulent Reynolds number based on 
the Taylor microscale (Re& = Z@.,,(Y) is 25 in both flow 
conditions. Values for Re, are limited by grid resolution. A 
fairly low initial value is required for the case of sheared 
turbulence since Re, increases in time. Further points con- 
cerning resolution are discussed below. 

The skewness of the velocity derivative, given by 

608 Phys. Fluids A, Vol. 4, No. 3, March 1992 K. K. Nomura and S. E. Elghobashi 608 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



-SU 

FIG. 2. Time development of the velocity derivative skewness - S,, for the 

isotropic cases IH (- --) and IL (- - - -) and shear cases H (---) and 
L (---). 

s = i f((aui/axi)3> 
u 

i- 1 Cq( (au,/ax,>‘)~“‘” ’ 
(12) 

is a measure of the nonlinear energy transfer from low to 
high wave numbers. Computed skewness from the simula- 
tions is plotted as a function of nondimensional time in Fig. 
2. The initial zero (Gaussian) value of the skewness indi- 
cates no transfer of energy. After a short period of time, it 
increases to its asymptotic value ( z - 0.45) in the isotropic 
flow case. At this time, the turbulence field is regarded as 
fully developed and the initial scalar (step) profile F(z,t, ) is 
imposed. I7 The skewness takes approximately 1 unit of di- 
mensionless time to reach a value of approximately - 0.45. 
For the shear flow, an asymptotic state is not reached during 
the executed simulation time. For this case, the scalar profile 
is imposed after the initial rise of the total skewness (t = 1 ), 
which indicates that the energy transfer process has been 
established. 

The resolution in the physical space is determined by the 
cubical domain box size L and the number of grid points N3. 
This corresponds to a minimum wave number izO = 2?r/L 

( = 2rrfor L = 1 in our case) and a maximum wave number 

km, == N/2-k, = rN/L. The smallest scale captured by 
the simulation is therefore on the order of l/k,,, . The small- 
est scale of turbulence is on the order of the Kolmogorov 
scale 7. A criterion for adequate grid resolution is there- 
foreI 

qk,, > 1. (13) 

The initial Kolmogorov scale, normalized by L, has-a value 
of 0.0024 for the isotropic flow and 0.0039 for the shear flow. 
For a resolution of N = 128, l/k,,, = 0.0025. This gives a 
value of gk,,,,, = 1.0 and 1.6 for the isotropic and shear 
cases, respectively. Since 77 increases with time for decaying 
turbulence, the resolution is sufficient throughout the devel- 

oped isotropic flow. In shear flows, E tends to increase and 
thus 7 ultimately decreases in time. For the shear flow simu- 
lations presented here, the criterion ( 13) is met throughout 
the simulation. The minimum value of Ilk,,, at the end of 
the simulation is 1.2. 

The boundary conditions for the dependent variables ui, 
J andp are periodic in the streamwise (x) and spanwise (y) 
directions. The boundary condition in the direction of the 
imposed mean velocity gradient (z) is shear-periodic in the 
case of homogeneous shear and periodic for the nonsheared 
flow. Stated mathematically, for the variable 4, 

+(4x, + ml ,x2 + m2,x3 + m3 > (14) 

= +[t,x, - S(x, + m3 )W2,x3], 

where mi are arbitrary integers (integer multiples of L) . In 
order to justify the use of periodic boundary conditions in 
turbulence simulations, the integral length scales must re- 
main sufficiently small relative to the computational domain 
L. In our simulations, the integral length scale does not ex- 
ceed 0.15L. A further check was made by evaluating the two- 
point velocity correlation 

R,, (r, > = (u, (x, >u, (x, + rl>>/~6?&--&//u:, 
which measures the enhanced spatial correlation in the 
streamwise direction due to shear. The simulations were ter- 
minated at a nondimensional time of t = 8 beyond which 
R, i ( rl > in the shear flows begins to attain nonzero values at 
the half-box width Y, = L /2. 

Complete details of the numerical solution procedure 
are given elsewhere. ‘7Z20- It suffices here to state that the gov- 
erning equations are discretized in an Eulerian framework 
using a second-order finite-difference method on a staggered 
grid for all the terms except those corresponding to the mean 
advection, where pseudospectral approximation is used. In- 
tegration in time is performed via the Adams-Bashforth 
scheme. Pressure is treated implicitly and obtained using a 
Poisson solver, which includes the shear-periodic boundary 
conditions. The l283 grid simulations were performed on a 
Cray Y-MP 8/864 and required approximately 32 
megawords of core memory. Execution time for the shear 
flow computations is approximately 7.0 set per time step. 
Typical runs involve 2048 time steps. 

111. RESULTS 

A. General flow characteristics 

Results are presented for four flow conditions. Two ho- 
mogeneous shear flows are considered, differing only in the 
initial value of the strain number, St,. In one case, St, = 1 .O, 
referred to hereinafter as case H (high initial strain), and in 
the other, St, = 0.33, referred to as case L (low initial 
strain). The other two flows are those of decaying grid tur- 
bulence (cases IH and IL) having the same initial large-scale 
strain rate ( vo/Zo ) as cases H and L, respectively. A sum- 
mary of initial- and final-run parameters is given in Table I. 
It should be noted throughout the results presented that the 
time t is dimensionless and equals the real time normalized 
byL/U. 
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TABLE I. Summary of flow parameters. 

Time Parameter IH IL H L 

Re-Jn 25.0 25.0 25.0 25.0 

St, or vO/G 1.0 0.32 1.0 0.33 

Vh: 1.76 2.60 4.71 1.57 

0. 4 0.0515 0.0515 0.0469 0.0469 

A0 0.0236 0.0236 0.0380 0.0380 

% 0.0024 0.0024 0.0039 0.0039 
Y 0.000047 0.000 016 O.OCCI 071 0.000 024 

rlk*x 1.0 1.0 1.6 1.6 

VP 

+12 

RCA 17.5 18.7 28.5 37.5 

St or v/e 0.10 0.09 0.34 0.34 
V/7.+ 0.91 0.85 2.24 2.49 

8. e 0.1333 0.0876 0.1007 0.0716 
a 0.0589 0.0363 0.0590 0.0367 
rl 0.0072 0.0043 0.0056 0.0030 

?Ik.x 2.9 1.7 2.3 1.2 

Figure 3 shows the time development of the characteris- 
tic strain rates associated with the large scale (v/d and 
small scale ( v/v2) for the four cases. The time development 
of the normalized integral and Kolmogorov length scales is 
shown in Fig. 4. As expected, the small-scale strain domi- 
nates over the large-scale strain although the difference in 
magnitudes is limited by the moderate value of Reynolds 
number used. The decrease in strain rates for grid turbulence 
(IH and IL) is evident. In the shear case H, the effects of 
turbulence initially dominate over those of the mean flow 
causing the strain rates to decrease until a time oft = 6 at 
which the small-scale strain begins to increase. The Kohno- 
gorov scale correspondingly increases initially then de- 
creases after t = 6 (Fig. 4). For the shear case L, a steady 
increase in the small-scale strain rate occurs because of the 
decreasing Kolmogorov length scale as shown in Fig. 4. 
Note that the time development of the large-scale strain 
(v/f) in Fig. 3 for the shear cases is also that of the strain 
number St, since S = 1 in Eq. ( 11). 

A measure of the smallest scales in the scalar field is the 
scalar microscale L, = (D 3/~) “4, often referred to as the 
Obukhov-Corrsin scale. Since the molecular viscosity and 
diffusivity are constant in our flows (and SC = ‘v/D = 0.7), 
the development of L, follows that of 7. In an inhomogen- 
eous scalar field, length scales associated with the scalar will 
exhibit spatial dependence. A scalar length scale reflecting 
this inhomogeneity is the dissipation scale ;1/ defined by 

;1, = (6D (f’2)/(~J) I”‘, 

or in terms of its directional components, 

(15) 

W-9 

> 

I/i 
A3 = 

( Cdf’/% 1”) 
, i= 1,2,3. (16) 

The time development of the 1, and ;l,r profiles in the x3 or z 
direction was determined. In the isotropic flow, the compo- 
nent scales remain approximately equal within the mixing 
zone, i.e., il,, = f2 il = ,if,. In shear flow, the component 
scales exhibit differences, with the time rate of increase being 
largest for the streamwise component Af, and the smallest 
for the transverse (z) component A,,. This is due to the 

(a) 

43 

‘L ---- 

2 F h-, ------------ -/-- -1 

--- P. -. -P--- --IL--, 1 -Is.---- P-- 
odwsd 

0 1 2 3 : 5 6 7 8 

(b) 

FIG. 3. Tie development of characteristic strain rates, large-scale, 
v/EC --) andsmall-scale, v/v2 (---). (a) CaseaIHandH (St,, = 1.01, 

(b) cases IL and L (St, = 0.33). 

directional alignment of the rate of strain axes and their in- 
teraction with the scalar gradient, as will be discussed later. 
In both isotropic and shear cases, the time development of/2f 
tends to follow that of il, indicating the strong influence of 
the flow field. 

B. Strain rate and vorticity statistics 

Turbulence generates the largest strain rates at the 
smallest scales. Thus the small-scale strain rate v/$ is a 
measure of the dominating strain rates in turbulent flows. 
However, the variation of the components of the strain-rate 
tensor throughout the flow field affects the scalar mixing and 
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t 

(b) 

FIG. 4. Tie development of normalized integral length scale, &“/z (-) 

and Kolmogoruv length scale, v/q~, (- - -). (a) Cases IH and H 

(St,, = l.O), (b) cases ILand L (St, = 0.33). 

the dynamics of the reactive interface. The strain-rate tensor 
eU = 1/2{&4,/~3x, + duj/Jxi) at each computational grid 
point can be evaluated from the computed velocity field. 
Since it is the instantaneous values of e4 that are of interest 
for the statistics, the mean velocity gradient is included in 
the shear flow cases. The eigenvalues and eigenvectors of the 
principal strain rates are determined following the general 
method described by Timoshenko and Goodier.” The 
eigenvalues are ordered by a>P> y, where a is always posi- 
tive (most extensional), y is always negative (most com- 
pressive), andPis either positive or negative (intermediate) 
depending on the magnitudes of a and y. This follows from 

the continuity equation for incompressible flows, i.e., that 
the sum of these diagonal components is zero 
(a-l-P + y=O). 

Statistics of the flow field are obtained by sampling over 
the entire computational domain. The intermediate strain 
ratefiis found to be extensional (positive) at approximately 
75% of the points in both the isotropic and homogeneous 
shear flows, which is consistent with the results of Ashurst et 

al.” and Leonard and Hill. l3 This gives, on the average, two 
positive and one negative strain-rate eigenvalues. Betchov” 
showed that the product of the strain rate eigenvalues is re- 
lated to the velocity derivative skewness in isotropic turbu- 
lence: 

W74 -S,3 

where 

(17) 

(18) 

The velocity derivative skewness can be related to vorticity 
production and appears in the enstrophy transport equation 
derived for isotropic flo~:‘~ 

___ = - -Lq ( q-)3’, I l()y 
q 
dt 36 

(19) 

The second term on the right side of ( 19) is always negative 
and represents the destruction of mean square vorticity by 
viscous dissipation. In order to maintain vorticity fluctu- 
ations and hence turbulence, there must be a production 
term. Thus the first term must be positive, hence S, < 0. As 
concluded by Betchov,“” there must be a predominance of 
two positive principal strains in order to have vorticity pro- 
duction; the mechanism involved being vortex stretching. 
Figure 2 shows the total skewness remaining negative 

1.6 1.6 

1.4 1.4 

1.2 1.2 

1.0 1.0 

7 .8 

-.2 
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 

FIG. 5. Time development of the velocity derivative skewness components, 
-S, (i= 1,2,3),forshearcaseLinthedirectionsofx, (----),x2 (---), 

x, (- - -), and the total value (---). 
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( - S,, > 0) for all four cases. As mentioned, the skewness is 
a measure of spectral energy transfer. The expected increase 
of energy transfer in shear flow is evident from the time de- 
velopment of the streamwise component of the skewness S, . 
Figure 5 shows the three directional components of the 
skewness for the shear case L. Note that the growth of - S, 
is accompanied by a reduction in the other two components. 
More generally, the equation for enstrophy transport is writ- 
ten as 

dw, awi 
-~~-------, 

axj ax, 
(20) 

where wiwjeg is the general form of the vorticity production 
term, the components of which are shown in Fig. 6. It is seen 
that, in both the isotropic and homogeneous shear flows, the 
time development of wiwieii follows the general behavior of 
the product of the strain-rate eigenvalues - (cY&), which 
in turn, follows that of the small-scale strain v/q2 (Fig. 3 ). 

Probability distributions of the principal rates of 
strain normalized by the total strain magnitude 
lel = (2 +B” + ~3~‘~ are given in Fig. 7. The number of 
bins used in the sampling is 4.0 giving a bin width of 0.05. 
Initially, at t = 0 [Fig. 7 (a) 1, the distributions are symmet- 
ric and the peak for the intermediate strain probability oc- 
curs at fi = 0. This is a consequence of the random initial 
velocity fields used in the simulations. The development to 
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an asymmetric form [Fig. 7 (b) ] occurs fairly rapidly, with- 
in the first time unit, which corresponds to one initial eddy 
turnover time cB,/v, for cases H and IH and one-third initial 
eddy turnover for cases L and IL. Beyond this time, the 
profiles remain approximately invariant. The shape of the 
distributions is similar for all four flow conditions suggesting 
a universal strain structure.g The most probable value of the 
normalized p strain tends toward 0.2 causing the compres- 
sive strain pdf to steepen at a higher (negative) value, since 
the sum of the strain components must be zero. As indicated 
in the figures, the most probable ratio of the strain rates is 
3:l: - 4 (a: p: y), which agrees with the results of Ashurst 
et aL9 and Kerr.” The overall shape of the p distribution 
agrees closely with that given by Kerr, with a peak occurring 
at the same normalized value. Note that the slight overlap of 
the curves and the offset in peak values are due to the finite 
bin width and not from the data. The analyses of Ashurst et 

al. and Kerr were performed on stationary (forced) isotrop- 
ic turbulence. We show here that similar results are obtained 
for decaying turbulence. This may be expected because of 
the self-preserving nature of the flow, where Re, remains 
constant.” The results of our isotropic turbulence simula- 
tions do exhibit a relatively constant Re, after the flow de- 
velops (t> 2). 

The orientation of vorticity relative to the principal 
strain-rate directions is determined by evaluating the cosine 
of the angle between the vorticity vector and each of the 
strain-rate axes at each grid point in the domain. Figure 8 
displays typical probability distributions of the direction co- 
sines for the isotropic and shear flows. The distributions are 
generally similar in the two flows with an increased probabil- 
ity for the vorticity to align (cos 0 = 1) with the intermedi- 
ate fi strain direction and normal (cos 8 = 0) to the com- 
pressive y strain direction. However, the probability for the 
alignment of vorticity and fi is significantly higher in the 
shear case H than in the isotropic case IH. In both cases, 
alignment-conditioned values of vorticity are the highest 
when vorticity is aligned with the fi strain. The expected 
value is approximately 1.5 to 2 times the value associated 
when the vorticity is orthogonal to/?‘. Alignment-condition- 
ed values of the vorticity production term tiimjeB were also 
evaluated. We find early in the flow development (t<2) in 
cases IH and H that higher vorticity production occurs when 
vorticity is aligned with the a and fi strains rather than or- 
thogonal to them. In the isotropic fiow IH, the conditioned 
vortex stretching term is highest when vorticity is aligned 
with a, the magnitude being approximately 2.5 to 3 times the 
value associated with the orthogonal orientation. Through- 
out the development of the isotropic flow IH, the expected 
magnitude of wiwjeU remains slightly higher when align- 
ment is in the a rather than fl direction. The same result is 
obtained when sampling is limited to those pbints where 
p> 0. This disagrees with Ashurst et al.,9 who found that 
vorticity production is independent of the orientation with 
a. This may be due to the decreasing strain rates and vorti- 
city fluctuations in our decaying isotropic Aow. In sheared 
turbulence, vorticity production is highest when vorticity is 
alignedin thefl direction. The alignment-conditioned values 
of WitijeQ are two to seven times higher when vorticity is 
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aligned with fi rather than orthogonal tog the relative dif- 
ference increasing as the flow develops in time. The trend 
with respect to the a strain is opposite to that in the isotropic 
flow; higher production exists when vorticity is orthogonal 
to a. 

As Betchov” showed, the process of vortex stretching, 
and therefore vorticity production, occurs when the inter- 
mediate strain rate is positive. DNS results presented here 
and those of Ashurst et al.’ and Kerr24 have further shown 
that the intermediate strain rate axis tends to align with the 
vorticity vector. Based on the conservation of angular mo- 
mentum, we expect the vorticity to be amplified in the direc- 
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tion of positive strain and attenuated in the direction of nega- 
tive strain. In the absence of viscosity, the product of 
vorticity and radius squared is conserved. Thus an increase 
in vorticity leads to a decrease in the scales of motion in the 
normal direction. The increase in the kinetic energy of rota- 
tion occurs at the expense of the velocity component in the 
direction of stretching, hence an increase in the velocity flue 

tuation components in the other two directions thus generat- 
ing a new strain field. The sampled statistics indicate that the 
two strain components normal to the /? strain tend to be 
significantly larger than fi and comparable in magnitude to 
each other. Further evidence of the vorticity-induced strain 
field is given by the following correlation coefficient: 

C m22 = b”e”>/(o’) (e2>, 

which correlates the magnitude of vorticity with that of the 
total strain rate and has an uncorrelated value of 1.0. The 
time development of Crtizz is shown in Fig. 9. Note the higher 
values of Cmz2 in shear cases H and L, where significant 
production is occurring and the strength of the generated 
strain field increases in time. She et al.” have suggested that 
the probable alignment of w with the P strain axes may be 
caused by the controlling influence of the vorticity on the 
strain field. This is further supported here by comparing the 
characteristics of decaying turbulence with those of shear- 
generated turbulence. 

It has been argued that the predominance of two posi- 
tive and one negative principal strain rates would lead to the 
formation of sheetlike structures in the flow.“,24 She et al.” 

point out that the strain field typically varies over the life- 
time and spatial extent of the structures, and therefore sheet- 
like formation will not necesarily take place. Furthermore, 
the structure itself modifies the surrounding strain field. Re- 
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FIG. 10. Probability distributions of the inclination angle of the projected 
principal strain rate axes onto the x-z plane for case H at (a) t = 2, (b) 
t-8;y: (----),p: (---),a: (----). 

sults of DNS have shown that the dominant structure for 
high-magnitude vorticity regions is tubelike.8*yV”7’2 Sheet- 
like structures also exist but at moderate values of vorti- 
city. i1,i2 High-magnitude tubelike structures exist in our de- 
caying isotropic flow; however, they represent only a very 
small fraction of the entire volume. More prevalent are the 

- 
moderate vorticity (2 m < IwI < 3 [w( ) sheetlike struc- 
tures and low-level “background” activity.” In sheared tur- 
bulence, the flow field is characterized by the presence of 
organized large-scale structures, as will be discussed below. 
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The orientation of the strain-rate axes in space is ran- ly. The fl strain is small in magnitude and the inclination 
dom for the isotropic cases, however, for the shear cases, a profile is relatively flat, i.e., no preferred direction. After the 
directional preference exists because of the presence of the flow develops (beyond the initial growth of the velocity de- 
mean strain component. This is examined by projecting the rivative skewness), the peaks in the inclination of the strain 
strain-rate axes onto the x-y (horizontal) and the x-z (verti- rates in the x-z plane become more pronounced and, in addi- 
cal) planes (see Fig. 1 for coordinate axes). Figure 10 shows tion, a directional preference develops for the p strain [Fig. 
probabilities of the inclination angle of the projected princi- 10(a)]. The peak in the inclination angle profile of the fi 
pal strain axes onto the X-Z plane for case H. Similar results strain occurs first near the region of the most extensional 
are obtained for case L. The inclination angle is measured strain peak. As the flow develops, the peak shifts toward 
from the positive x axis. Initially (not shown), the strain smaller angles [Fig. 10(b)]. At t = 8, the peak in the fi 
field is basically two dimensional and follows the mean strain occurs at approximately 20”. The locations of the a 
strain field; thus the a and y strain components most prob- and y strain peaks remain fairly invariant in time because of 
ably align at 45” and 135”from the positive x axis, respective- the presence of the mean strain. 
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As expected, the vorticity field also exhibits distinct di- 
rectional features in the presence of mean shear. The orienta- 
tion of the vorticity vector in space is examined by projecting 
it onto the n-y (horizontal) and the x-z (vertical) planes. 
Figures 11 and 12 show the time development of the proba- 
bility distribution of the inclination angle of the projected 
vorticity vector onto the x-y and x-z planes, respectively, for 
case H. In the x-y plane, the inclination angle is measured 
from the positive y axis, and, in the x-z plane, the angle is 
measured from the positive x axis. Initially, the spanwise 
component of vorticity ( wv > of the mean flow dominates as 
expected (indicated by a peak in probability at 0” in the x-y 
projection profiles; Fig. 11). The peak is more pronounced 
in case L (not shown), where the effect of mean strain is 
relatively higher. In time, the distribution develops “shoul- 
ders” around B = f 90” indicating a modification of direc- 
tion for a portion of the vorticity toward the x-z plane. The 
weighted distribution [Fig. 11 (b)] shows that the relative 
magnitude of the vorticity near 8 = & 90” (x-z plane) in- 
creases and becomes comparable to that at t9 = 0” (y-z 

615 Phys. Fluids A, Vol. 4, No. 3, March 1992 K. K. Nomura and S. E. Elghobashi 615 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



plane). Probability distributionsin the x-z plane (Fig. 12) 
show that, initially, there is no directional preference due to 
the isotropic initial conditionAs the flow develops, a pre- 
ferred inclination appears near an anglebf 45” (or - 135”) 
from the positive x axis, in agreement with. Rogers and 
Main” and Moin and Kim.26 The magnitude-weighted dis- 
tribution (not shown) exhibits a similar profile indicating 
that vorticity is augmented when oriented in that direction. 
Further development causes the predominant angle of incli- 
nation to decrease, i.e., move toward the x axis. At time 
t = 8, this angle is approximately 30” for both cases H and L. 
This generally follows the unweighted inclination angle dis- 
tribution of the,Gstrain (Fig. lo), as expected because of the 
high probability of alignment between the vorticity and in- 
termediate strain. The shift toward smaller angles is caused 
by the rotation component of the applied shear. 

The vorticity field of a flow with mean shear is charac- 
terized by the presence of organized 1arge:scale structures. 
Hairpin-shaped vortex structures in an inclined plane at 
8~45“ (from the x axis), similar to those found by Rogers 
and Moin, lo are observed in our shear flow simulations. 
These structures are formed because of the deformation of 
transverse vorticity ( wu ) by the mean strain.? Sheetlike re- 
gions of moderate to high values of vorticity 

- 
(2 [WI <l4<3pq) 1 a so exist and occur in the inclined 
planes. Further discussion of these structures will be given in 
the next section. ” ” 

In general, our analysis of the strain rate and vorticity 
characteristics supports the conclusions given by Ashurst et 

al9 and Kerr.8p24 Turbulent flows consist of stretching vor- 
tex structures. These structures are tubelike at high values of 
vorticity and sheetlike at moderate vorticity. r ‘vl’ Vorticity is 
amplified by axial stretching along the intermediate strain 
direction, thus generating larger strains in the plane perpen- 
dicular to the elongated vortex structures. The distinct di- 
rectional preference of the strain rate and vorticity fields and 
their associated structure in homogeneous sheared turbu- 
lence have significant effects on the characteristics of the 
scalar mixing field as discussed below. 

C. Scalar mixing characteristics 

Since chemical reaction in our flow is assumed to occur 
instantaneously, the reaction is controlled by turbulent mix- 
ing. The flame sheet is represented by the stoichiometric iso- 
scalar surface. The normal vector to this surface coincides 
with the local scalar-gradient vector VF. Orientation of an 
isoscalar surface with respect to the principal strain axes is 
determined from the direction cosines between the scalar 
gradient and the strain-rate axes. Alignment probability dis- 
tributions are obtained by sampling the mixed scalar field, 
which we have arbitrarily defined as those points with a mix- 
ture fraction value in the range 0.1 ~Fc0.9. The initial ho- 
mogeneous unmixed scalar regions are thereby eliminated 
from the statistics. Results are given in Fig. 13 for t = 6. For 
the isotropic flow [Fig. 13 (a) 1, there is an increased proba- 
bility for VF to align in the direction of the most compressive 
ystrain and to align perpendicular to the extensional a andfi- 
strains. Isoscalar (or isoconcentration) surfaces thus tend to 
be stretched in isotropic flows. The compressive strain 

brings these surfaces closer together amplifying the scalar- 
gradient fluctuations. This results in the generation of scalar 
fluctuation at the high wave-number end of the spectrum. 
The effect of molecular diffusion is to smear out the fluctu- 
ation gradients. Since the rate of diffusion is directly propor- 
tional to the scalar gradient, high wave-number components 
are favored in this process. This is the general mechanism for 
the production of fine structure in scalar fields in isotropic 
turbulence. 

In shear flow [Fig. 13 (b) 1, alignment between VF and 
the a and y strains differs from that of the isotropic tlow case 
although the alignment between the scalar gradient and /I 
strain is similar and tends to occur at 90” (cos 0 = 0). Align- 
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FIG. 13. Probability distributions of alignment of the scalar gradient +&or 
and principal strain rate axes at time t = 6 for (a) case IH (isotropic) and 
(b) case H (St, = 1.0). yz (-), P: (---I, a: (- - - -). 
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ment of the scalar gradient and y strain tends to occur at 
19~30” (cos ~9 = 0.86). Alignment with the a strain direc- 
tion occurs at approximately 8- 55” (cos 8 = 0.58). Similar 
results were reported by Ashurst et aL9 and Leonard and 
Hilli although explanations for the observations were not 
given. The skewed alignment of the scalar gradient with both 
the most compressive and most extensional strains in the 
shear flows is a result of the interaction of the imposed mean 
scalar gradient and mean strain rates with the turbulent fluc- 
tuations. Examination of the time development of the com- 
pressive and extensional strain alignment probability distri- 
butions for case H (Fig. 14) clarifies this. At early time 
(t = 2), the scalar gradient tends to align with the compres- 
sive strain [Fig. 14(a) ] and, correspondingly, aligns normal 
to the extensional strain [Fig. 14(b) 1, and is therefore simi- 
lar in behavior to isotropic turbulence. This is due to the high 
turbulent strain rates existing initially in the flow, which are 
much greater than the mean strain (St, = 1 and Y/T’ 
= 4.7). If the mean gradients of the velocity and scalar were 
dominating, the alignment peak would be expected to occur 
at 45” (cos 8 = 0.7) for both curves. Later in time, the peaks 
do tend to shift toward cos 0 = 0.7. Case L at early times 
(not shown) already shows the shifts due to the greater ef- 
fect of the mean strains. There is a competing effect between 
the turbulence and mean gradients and as the flow field de- 
velops, the effects of the mean flow appear to dominate, thus 
causing the alignment probability peaks to shift away from 
those of isotropic turbulence. Strain alignment characteris- 
tics of a passive scalar will therefore depend on the orienta- 
tion of imposed mean gradients and the relative magnitude 
of the turbulent strain to mean strain. 

A visual display of the strain rate-scalar gradient inter- 
action is provided in Fig. 15, which shows contours of in- 
stantaneous isoscalars superimposed on vectors indicating 
the inclination of the axis of the local most compressive 
strain yin the center x-z (vertical) plane for cases IH and H. 
Note the predominance of a preferred direction for the y 
strain in the shear flow case ( 135” or - 45” from the positive 
x axis, disregarding arrowheads) and the resulting direc- 
tionality of the isoscalar contours: in contrast with the ran- 
dom orientation of the isotropic strain field of case IH. The 
isoscalar contours in both cases are plotted using the same 
contour interval. In case H, we see that the contours are 
much closer together than in case IH, indicating a locally 
higher scalar gradient due to the higher magnitudes of y. 

Since the isoscalar surfaces tend to align parallel to the/j: 
strain, it is expected that these surfaces will also lie parallel to 
the local vorticity vectors. Alignment statistics of VF and w 
(not shown) confirm that the most probable relative orien- 
tation is orthogonal. Figure 16 shows contours of the instan- 
taneous spanwise vorticity w,, in a vertical (x-z) plane for 
cases IH and H (same plane as Fig. 15). Superimposed on 
these contours is the stoichiometric isoscalar surface of 
F = F,, . It is seen that the reactive interface (thickened for 
clarity) follows the vortex structures in both flows. In gen- 
eral, the observed isoscalar contours in the x-z plane [Figs. 
15 (b) and 16 (b) ] are more ordered in the shear flow be- 
cause of the directional preference of the vorticity and strain- 
rate axes. Contours of streamwise vorticity in the y-z plane 
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FIG. 14. Time development of the probability distributions of alignment of 
the scalar gradient vector and principal strain rate axes. (a) Case H: ystrain 
and(b)caseH:astrain;t=Z(---),t=4(--),t=6(---),and 
f=8 (----). 

for the shear flow (not shown) are similar in nature to those 
in the x-z plane for isotropic flow [Fig. 16 (a) 1. Examination 
of a series~of these cross-sectional views at later times indi- 
cate the existence of tubelike vortex structures. At time 
t = 6, the streamwise extent of some of these structures is 
roughly L /4 to L /3 long. The isoscalar surfaces are seen to 
wrap around these tubes and, in some cases, the scalar sur- 
face closes on itself and subsequently breaks away. The sur- 
faces appear to be rotated by the local vorticity or stretched 
between two counter-rotating regions. 

It has been suggested ” that the small-scale scalar field 

617 Phys. Fluids A, Vol. 4, No. 3, March 1992 K. K. Nomura and S. E. Elghobashi 617 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



1.00 

0.50 

N’ 

0.00 

1.00 

0.00 

(b) 

/, \I---- 

1, I--/ ,’ 

- * ,I/ , -c \ A\\‘, 

00 0.50 1. 

xc ) 

FIG. 15. Instantaneous most compressive ( y) 
strain rate axes projected on a vertical (X-Z) 

plane with isoscalar contours (0.3 < Fc 0.7) 

at time t = 6. (a) Case IH (isotropic) and (b) 
case H (St,, = 1.0). 

00 0.50 1. 

xc 1 

618 Phys. Fluids A, Vol. 4, No. 3, March 1992 K. K. Nomura and S. E. Elghobashi 618 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



N 

0.00 

(al 

000 0.50 1 .oo 

XI I 

0.50 

0.00 

co 050 1. 

xc ) 

(b1 

619 Phys. Fluids A, Vol. 4, No. 3, March 1992 

FIG. 16. Instantaneous contours of vorticity 
UJ,, projected on a vertical (x-z) plane with 

isoscalar contour line F = F,, at time t = 6 for 

(a) case IH (isotropic) and (b) case H 
(St, = 1.0). Solid lines indicate positive vor- 

ticity, and dashed lines indicate negative vor- 
ticity. 

K. K. Nomura and S. E. Elghobashi 619 

Downloaded 07 Aug 2004 to 155.100.19.81. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



may tend to develop sheetlike structures because of the influ- 
ence of the long-lived large-scale motion, particularly in the 
case of flows with mean shear. Three-dimensional isoscalar 
surfaces of a high scalar-gradient magnitude (approximate- 
ly ten times the total volume average) are shown in Fig. 17. 
We see that regions of high ]VI; 1 tend to be sheetlike in both 
isotropic and shear flow. In the former case, the structures 
are more intermittent while, in the latter, the sheets are con- 
tinuous over a greater spatial extent. A close-up of a repre- 
sentative structure in each case is given in Fig. 18. Vortex 
lines in the vicinity of the structures are also displayed. In 
both cases, the vortex lines indicate a sheetlike structure that 
correspondingly forms a sheetlike structure for high scalar- 
gradient magnitudes. Note that the primary structure and 
associated vortex lines shown for the shear case [Fig. 18 (b ) ] 
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FIG. 17. Instantaneous isoscalar surfaces of a high scalar-gradient magni- 
tude (lVF[ ~10 IVF( ) at time t = 6 for (a) case IH (isotropic) and (b) 
case H (St, = 1.0). 

correspond to the inclined high-gradient region appearing 
on the left-hand side of Fig. 15 (b) and the corresponding 
inclined high-vorticity region in Fig. 16(b). The sheetlike 
vortex structure in Fig. 18 (b) is composed mainly of span- 
wise vorticity, which extends out for a distance of roughly 
L /6 or 1.5&n the spanwise direction and L /3 in the stream- 
wise direction. The local magnitude of vorticity prevailing 
throughout most of this region is in the range 

2m<]w] ~3 ]w]. Asshown by Fig. 15(b), thecompres- 
sive strain field associated with the structure acts in the or- 
thogonal direction. The sheetlike nature of the vortex struc- 
ture appears to provide a relatively unidirectional strain field 

(b) 

FIG. 18. Close-up views of instantaneous isoscalar surfaces of high scalar- 
gradient magnitude (IVF [) along with neighboring vortex lines at time 
t=6 for (a) case IH (isotropic): IVFl-15 IVFI, and (b) case H 
(St, = 1.0): IVFIzlOTWj. 
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that effectively produces sheetlike structures in the IVFI 
field. 

The correlation between the magnitudes of the strain 
rate and scalar gradient and between the vorticity and scalar 
gradient can be measured by the following correlation coeffi- 
cients:’ 

C (PF)‘c’ = ((VI;)W/( Wrn2) (e2>, 

C (vo*02 = ((vflz~2)/((v~2)w), 
(22) 
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FIG. 19. Time development of scalar gradient-strain rate magnitude and Since our scalar field is inhomogeneous, we first deter- 
scalar gradient-vorticity magnitude correlation coefficients. (a) CcVhz2 mine the value of ): conditioned on the value of the scalar F. 

and (b) CtVRzwz; for cases IH (- - - -), H (-), and L (---). The results indicate that Z is independent of F. A representa- 

which are defined such that their uncorrelated value is 1.0. 
The time development of Ccvnze2 and Ccvf1202 is shown in 
Fig. 19. As expected, the magnitude of VFis clearly correlat- 
ed with the strain rate in both flows, as shown by Ccvnzez 
[Fig. 19(a)]. InFig. 19(b), CcvR202 remainsat theuncorre- 
lated value of unity for the isotropic flow, which agrees with 
the results of Kerr’ for stationary isotropic flow. However, 
in the shear cases H and L, values of CcvnzwZ greater than 
unity are exhibited, indicating that the magnitude of VF is 
correlated with that of vorticity in these flows. 

Mechanisms influencing the scalar gradient are indicat- 
ed by the scalar-gradient transport equation, which is ob- 
tained by taking the gradient of the scalar-transport equa- 
tion 

y + u*V(VF) = - cVF+ “Xy + DV2(VF). (23) 

The first term on the right-hand side represents production 
of scalar gradient due to compressive strain alignment. Note 
that, as VFincreases, further amplification increases indicat- 
ing a pbsitive feedback mechanism as described in Gibson’s 
second mixing mechanism.’ The second term, a cross prod- 
uct between the vorticity and scalar-gradient vectors, is a 
vector orthogonal to both VF and w and, consequently, 
changes the direction of VF. This term is eliminated in the 
derivation of the transport equation for the square of the 
scalar gradient (proportional to the scalar dissipation rate), 
which is given by 

= -FilJjeu -l-D- 

_ D a4 aTi 
77, 
ax, ax, 

(24) 

where qi = iSF/d.q. The fact that w does not explicitly ap- 
pear in the equation does not, however, imply that vorticity 
has no influence on the magnitude of VF. The contribution of 
w can exist via its influence on the strain rate e (as indicated 

by Cmz2 in Fig. 9). This becomes apparent in sheared turbu- 
lence, where strain rates are amplified by vortex stretching 
as discussed earlier. 

The overall form of Eq. (24) is similar to that of Es. 
(20) for the transport of enstrophy, as noted by Corrsin.28 
The corresponding production term in the (VF)’ equation is 
- J’,,F, je,i. This term represents gradient amplification by 

compressive straining (note the difference in sign of this 
term from that of enstrophy production) and thus reflects 
the influence of the strain rate on the scalar dissipation rate. 
A related quantity that various investigators have reported is 
the strain rate-scalar dissipation rate correlation coefficient 
given by 

Z = (VF*e*VF)/(e:e)“2(VFsVF), (25) 

where e is the strain-rate tensor. Direct simulation results of 
Kerr’ for forced isotropic turbulence give a value for C of 
- 0.5. Leonard and HiIll report values in the range - 0.5 
to - 0.4 for their isotropic runs. 
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FIG. 20,Time development of strain rate-scalar dissipation correlation co- 
efficientPforcasesIH(----),H(--),andL(---). 

tive value of Z can therefore be obtained by averaging over 
the range of F values O.l<F<O.S. Time development of the 
averaged x for cases IH, H, and L is given in Fig. 20. The 
value of E for the isotropic flow is about - 0.5 and remains 
relatively constant in time. In shear flows, the magnitude of 
E is slighlty less and values range from - 0.3 to - 0.4. The 
negative value of X reflects the enhancement of the scalar 
gradient in the direction of the compressive strain. Based on 
the above results, the value of the correlation coefficient does 
not appear to be sensitive to the characteristics of the scalar 
field and is only slightly indicative of the presence of mean 
shear in the flow field. 

D. Scalar dissipation rate 

Chemical reaction is a molecular process and can only 
occur when mixing is complete at the molecular level. As 
stated earlier, the rate of molecular mixing, which is limited 
by the rate of breakup of “scalar eddies” containing the reac- 
tive species, is proportional to the rate of scalar dissipation. 
The rate of scalar dissipation, though it is a high-wave-num- 
ber process, is determined by the interaction of the low- 
wave-number components of the velocity and scalar fields 
and is proportional to the mean rate of transfer of scalar 
variance from the low to high wave numbers. Regions of 
intense reaction have been found to correspond with local 
maxima of the scalar dissipation. ‘3*29 

The instantaneous scalar dissipation rate eF is defined as 

(26) 

The distribution of the local instantaneous eF in the centerx- 
z plane is shown in Fig. 21 (same plane as Figs. 15 and 16). 
Here, eF is graphically represented as vectors with magni- 
tudes proportional to (VF)’ and in the direction of VF. Di- 

rect simulations of stationary isotropic turbulence by Kerr,’ 
in which both the velocity and scalar fields are forced, have 
shown that scalar dissipation exists in intermittent patches 
with high magnitude. For our two-stream mixing flow, the 
locations of high scalar dissipation are confined to a narrow 
zone around the interface near F= 0.5. Within this zone, 
regions of peak eF do exist in sheets, as indicated by the 
structure of 1 VF I. The intermittency of these sheets is less in 
sheared flow than in the unsheared flow because of the pres- 
ence of the strong large-scale structures. This is of particular 
importance in reactive flows since, as stated above, intense 
reaction will occur in regions of high (VF) 2, and therefore 
will occur in sheets. 

From Fig. 21, we see that, in the isotropic flow (a), the 
magnitudes of eF are not significantly different from those in 
the shear case (b), even though the turbulence decays in the 
former with the associated increase in all length scales. This 
is expiained as follows. Since eF is an instantaneous quantity, 
it depends on the mean scalar gradient and its fluctuations. 
The initially imposed scalar step function causes steep gradi- 
ents of the mean scalar. The lower mixing rates in the iso- 
tropic flow allow significant scalar variance and mean gradi- 
ents (VF) to persist. In addition, the contribution of the 
small-scale motion to eF is limited because of the continuous 
growth of these scales, and therefore the corresponding fluc- 
tuating component of VF is small. In shear flows, the pro- 
duction of turbulent energy and increasing strain rates of the 
small scales augment the fluctuating component of eF. Local 

instantaneous scalar gradients can be quite large because of 
the increasing compressive strains. An indicator of the ex- 
tent of scalar mixing is the probability density function 
(pdf) of the mixture fraction. Computed pdfs for a thin 
horizontal slab centered in the mixing zone indicate that the 
sheared cases exhibit the greatest extent of mixing. These 
profiles tend toward a Gaussian in time whereas those of the 
isotropic case retain a portion of the initial delta function 
peaks, indicating the presence of unmixed fluid. 

It is of interest, from both physical and modeling stand- 
points, to examine the statistical distribution of +. Gurvich 
and Yaglom3’ proposed a lognormal distribution of the sca- 
lar dissipation through an extension of Kolmogorov’s third 
hypothesis. Experimental observations3’*32 suggest a log- 
normal distribution. The numerical simulations of Ashurst 
et al. show a lognormal distribution of the scalar dissipation 
rate,29 and statistical independence of the scalar and scalar 
dissipation. Eswaran and Pope33 have also performed direct 
simulations of forced isotropic turbulence with passive sca- 
lar “blobs.” They showed that the probability density func- 
tion ( pdf) of the logarithm of scalar dissipation reaches an 
approximately Gaussian self-similar state. However, at the 
early stages of mixing, they find a strongly changing interde- 
pendence between the two variables. 

The time development of the pdf of ln( eF ) for cases H 
and IH is shown in Fig. 22. The pdf s were obtained by sam- 
pling over the mixed fluid volume defined by O.l<F<O.9. 
The results show that the pdf of ln( l F) approaches a nearly 
normal distribution with slight negative skewness. For the 
shear flow case H at later times, the skewness and kurtosis of 
the distributions are approximately - 0.1 and 2.9, as com- 
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FIG. 2 1. Instantaneous scalar dissipation rate 
rzF in a vertical (x-z) plane with isoscalar con- 

tour lines F = 0.5 at time t = 6 for (a) case IH 
(isotropic) and (b) case H (St, = 1.0). 
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FIG. 22. Probability density function of logarithm of scalar dissipation rate 
(sample over O.l<F<O.9) for (a) case M (isotropic) and (b) case H 
(St,=l.O);t=Z(----),t=4(---),t=6(---),andt=8(-j. 

pared with values for a normal distribution which are 0. and 
3., respectively. The peak of the pdf’s for both H and IH 
cases shift toward lower values of In( eF) as time increases, 
indicating a drop in (eF) due to mixing. Figure 23 shows the 
conditional expectation of the scalar dissipation rate (condi: 
tioned on the value of F) ZF normalized by the ensemble 
average of eF in the sample volume (eF) y for cases IH and 
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FIG. .23. Conditional expectation of scalar dissipation rate (sample over 
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H. A nearly parabolic shape remains throughout the devel- 
opment of the scalar mixing layer. This is characteristic of 
the mixing zone between two homogeneous regions of flu- 
id.33 

IV. CONCLUSIONS 

Direct numerical simulation of an initial steplike scalar 
field subjected to homogeneous sheared turbulence has been 
performed and the results compared with those of the case of 
decaying isotropic turbulence. Statistics on the strain rate, 
vorticity, scalar gradient, and scalar dissipation rate were 
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obtained. Analysis of the flow field is consistent with pre- 
vious studies8*g*24 and suggests that turbulent flow consists 
of stretching vortex structures that generate higher strain 
rates in the normal plane. The structure of the vorticity field 
in isotropic turbulence tends to be sheetlike for moderate- 
valued vorticity and tubelike at high-valued vorticity.’ 1,12 In 
sheared turbulence, large-scale organized structures are 
present in the form of sheets and hairpins. 

The strain rate and vorticity fields dominate the behav- 
ior of the scalar field and thus the reactive interface. The 
gradient of the conserved scalar tends to align itself with the 
axis of the most compressive strain rate and orthogonal to 
the local vorticity. The magnitude of the scalar gradient is 
directly influenced by the local strain rate while its orienta- 
tion is controlled by the local vorticity. Because of the direc- 
tional features of sheared turbulence, the orientation of the 
scalar gradient is more ordered than in isotropic turbulence. 
In addition, the magnitude of vorticity indirectly affects that 
of the scalar gradient through strain-rate amplification by 
vortex stretching. In both flows, regions of high scalar-gradi- 
ent magnitude exist as sheets in the vicinity of sheetlike vor- 
tex structures of moderate to high vorticity. The sheetlike 
nature of the vortex structures appears to provide a locally 
unidirectional strain field that is capable of producing ex- 
tended regions of high scalar gradient. This is of particular 
importance in reactive flows, where the most intense reac- 
tions will tend to occur where (VF)’ is high. Regions of 
intense reaction will therefore most likely exist as sheets, 
particularly in flows with mean shear where the well-corre- 
lated large-scale motion produces high (VF)’ sheets that are 
continuous over a greater spatial extent. 

Influence of the fluid strain rate on (VF) ‘, and therefore 
eF, is indicated by the strain rate-scalar dissipation correla- 
tion coefficient 2, which is independent of the scalar value 
and remains relatively constant in time. The statistical distri- 
bution of the scalar dissipation rate eF for an inhomogeneous 
scalar field exhibits a nearly lognormal distribution with a 
slight negative skewness for both isotropic and shear cases. 
The conditional expectation of the scalar dissipation EF re- 
mains parabolic for both decaying isotropic turbulence and 
shear tiow. 
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