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SYMBOLS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a x i a l  length of  panel ,  i n .  (m) 

D f l  ' D f ,  

DS 

DQ 

c i rcumferent ia l  width of  panel ,  i n .  (m) 

curvature parameter,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7r2 

e f f e c t i v e  curva ture  parameter def ined by equat ion (28b) 

d i s tances  from middle sur face  of top  and bottom face shee ts ,  
respec t i ve l y ,  t o  a x i s  of r o t a t i o n ,  i n .  (m) (see f i g .  l ) ,  

t + t  
f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

E t  E t  
f 2  f 2  (1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ t f l  + t f2)  , f l  E ,  f l  hc (1 + 2h, ") 

2hC 
E '  hC 

bending s t i f f n e s s e s  of top and bottom face  shee ts ,  respec t i ve l y ,  
i n . - l b f  (m-N) (See appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA) 

bending s t i f f n e s s  of panel ,  i n . - l b f  (m-N) (see appendix A) 

t r ansve rse  shear  s t i f f n e s s  f o r  i s o t r o p i c  panel  , l b f / i n .  (N/m) 

o r tho t rop i c  t ransve rse  shear  s t i f f n e s s e s  i n  x and y d i r e c t i o n s ,  
DQx ' 'QY respec t i ve l y ,  l b f / i n .  (N-m) (see appendix A) 

e d is tance  from middle sur face  of core t o  a x i s  of r o t a t i o n ,  i n .  

(m) (see f i g .  l ) ,  d l  - hc 

l b f / i n .  (N/m2) 

( + .fl> 

Young's modulus f o r  top and bottom face  shee ts ,  respec t i ve l y ,  E f  ' E f 2  

E '  extens iona l  s t i f f n e s s  of pane l ,  l b f / i n .  (N/m) (see appendix A) 

F incomplete e l l i p t i c  i n t e g r a l  of t he  f i rst  kind 

shear  modulus of material from which co re  of sandwich panel  i s  
f ab r i ca ted ,  l b f / i n .  (N/m2) 

GS 

G ' G c  or tho t rop i c  shear  moduli of sandwich core i n  x and y d i r e c t i o n s ,  
Y respec t i ve l y ,  l b f / i n .  (N/m2) 
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hC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

k 

k19k2 

M 

N 

Qx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, Qy 

R 

r 

rx , ry 

t h e o r e t i c a l  shear  moduli o f  a honeycomb core  def ined by 
equat ions (33) , l b f / i n .  (N/m2) 

th ickness  o f  sandwich core,  i n .  (m) 

mass dens i t y  moment of i n e r t i a ,  p e r  u n i t  width,  about ax is  of  
r o t a t i o n ,  l b f - sec  2/ in. (kg) (see appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA) 

modulus of K def ined by equat ion (32) 

moduli of F def ined by equat ions (21a) and (21b), 
respec t i ve l y  

complete e l l i p t i c  i n t e g r a l  o f  t h e  f i rst kind 

i n t e g e r s  g iv ing number of half-waves i n  x and y d i r e c t i o n s ,  
respec t i ve l y  

mass dens i t y  p e r  u n i t  a r e a  of pane l ,  l b f - sec2 / in .3  (kg/m2) (see 
appendix A) 

bending moments, per  u n i t  width, ac t i ng  on c ross  sec t i ons  
o r i g i n a l l y  perpendicu lar  t o  t h e  x and y axes, respec t i ve l y ,  
i n .  - l b f / i n .  (m-N/m) 

cumulative number of modes occurr ing below a spec i f i ed  frequency 

r e s u l t a n t  shear ing fo rces ,  pe r  u n i t  width, ac t i ng  i n  z d i r e c t i o n  
i n  p lanes o r i g i n a l l y  p a r a l l e l  t o  t h e  yz and xz p lanes ,  
respec t i ve l y ,  l b f / i n .  (N/m) 

constant  rad ius  of curvature of  pane l ,  i n .  (m) 

shear  f l e x i b i l i t y  parameter f o r  i s o t r o p i c  pane l ,  -- 
b2 DQ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7rz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADs 

or tho t rop i c  shear  f l e x i b i l i t y  parameters of a sandwich panel  i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S 

D 

S sur face  area  of panel ,  in. '  (m2) 

t t ime, sec  

t f  Jf, th icknesses of top  and bottom face shee ts ,  respec t i ve l y ,  i n .  (m) 
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u,v wall dimensions of honeycomb ce l l ,  i n .  (m) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W de f lec t i on  of  panel ,  measured i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz d i r e c t i o n ,  i n .  (m) 

X , Y , Z  orthogonal coord inates,  i n .  (m) (see f i g .  1)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
B quan t i t y  def ined by equat ion (32) 

62 = T ( 2 r ~ )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

1 + ~ [ 2 r ( w / w , ) ] ~  

X 
DQ GC 

x -  
y = - - -  

Y 
DQY GC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

AN t he  number of modes occurr ing i n  a frequency band Aw 

5 quan t i t y  def ined by equat ion (3b) 

n c e l l  angle of  honeycomb, deg 

e 

u Poisson 's  r a t i o  of face shee ts  
2 

p '= (%)  + n 2  

P C  mass dens i t y  o f  core,  l b f - ~ e c ~ / i n . ~  (kg/m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 >  

P f l ' P f 2  mass d e n s i t i e s  of top and bottom face  shee ts ,  respec t i ve l y ,  
lb f -sec2/ in .  (kg/m3) 

mass dens i t y  of material from which core of sandwich panel  i s  
P S  

f ab r i ca ted ,  lb f -sec2/ in .  (kg/m3) 

P "e f fec t i ve"  mass dens i t y  of faces  obta ined by lumping bonding 
fef f  mater ia l  mass with t h e  face  sheet  mass, l b f - ~ e c ~ / i n . ~  (kg/m3) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

D + D  
f l  f 2  

T =  
DS 

01 ¶ $ 2  amplitudes of F def ined by equat ions (21a) and (21b), 
respec t i ve l y  

IT2 I 
X r o t a r y  i n e r t i a  parameter,  -- 

b2 

V 

L 



w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f l  Y f 2  

C 

e f f  

frequency, rad /sec  

fundamental frequency of  a semi - i n f i n i t e ,  simply supported 
panel  of l e n g t h  b, as pred ic ted  by classical p l a t e  theory,  

rad/sec,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 /$ 
b2 

Subscr ip ts  

top and bottom face shee ts ,  respec t i ve l y  

core of sandwich panel 

e f f e c t i v e  value o r  quant i t y  

v i  



MODAL DENSITY ESTIMATES FOR SANDWICH PANELS: 

THEORY AND  EXPERIMENT^ 

Larry L. Erickson 

Ames Research Center 

SUMMARY 

Formulas are presented t h a t  can be used t o  estimate t he  average modal 
d e n s i t i e s  of sandwich beams and f la t  o r  c y l i n d r i c a l l y  curved sandwich panels .  
Numerical r e s u l t s ,  p resented  i n  terms o f  genera l  parameters,  i nd i ca te  t h e  rela- 
t i v e  importance of  t ransve rse  shear  f l e x i b i l i t y ,  o r tho t rop i c  shear  moduli of 
t h e  core,  face  bending s t i f f n e s s ,  r o t a r y  i n e r t i a ,  and panel  curvature over a 
wide frequency range. Modal d e n s i t i e s  determined exper imental ly from resonance 
tests of f l a t  rec tangu lar  sandwich panels  having o r tho t rop i c  cores are c lose  t o  
the  modal d e n s i t i e s  est imated by theory except a t  f requencies near  t h a t  o f  t h e  
fundamental mode. In t h i s  low-frequency range t h e  t h e o r e t i c a l  est imates a r e  
no t  v a l i d .  

INTRODUCTION 

Pred ic t ing  t h e  v ib ra to ry  response of s t r u c t u r e s  t o  random environmental 
loads t h a t  a r e  d i s t r i b u t e d  over a wide frequency range (e .g . ,  rocke t  engine 
and tu rbu len t  boundary-layer no ise)  p resents  considerable d i f f i c u l t i e s .  In 
the  convent ional  approach t o  v i b r a t i o n  ana lys i s  t h e  response is  expressed as a 
s e r i e s ,  the  terms of which invo lve t h e  s t r u c t u r e ' s  f ree v ib ra t i on  mode shapes 
and resonance f requencies.  Unfortunately,  f o r  most p r a c t i c a l  s t r u c t u r e s  t h e  
mode shapes and resonance f requencies,  e s p e c i a l l y  those occurr ing a t  the  
h igher  f requencies,  a r e  d i f f i c u l t  t o  ob ta in .  A s  a consequence, the re  has been 
an e f f o r t  dur ing the  p a s t  f e w  years  t o  develop a new approach t o  multimodal 
v i b r a t i o n  problems t h a t  avoids t h e  d i f f i c u l t i e s  of expanding t h e  response i n  
terms of  the  mode shapes (see,  e . g . ,  refs.  1 and 2 ) .  In  t h i s  approach, some- 
t imes r e f e r r e d  t o  as s fs ta t i s t i ca l  energy ana lys i s , "  average response l e v e l s  i n  
var ious frequency bands are est imated without knowledge of t he  mode shapes and 
resonance f requencies.  Ins tead,  what i s  requ i red  i s  a knowledge of t h e  type 
(e .g . ,  f l e x u r a l )  and number of  s t r u c t u r a l  v ib ra t i on  modes occurr ing i n  a given 
frequency i n t e r v a l .  
"modal densi ty"  of t h e  s t r u c t u r e .  

The number of modes pe r  u n i t  frequency i s  c a l l e d  the  

Because a s t r u c t u r e ' s  modal dens i t y  i s  r e l a t i v e l y  independent o f  t h e  
boundary cond i t ions ,  s t a t i s t i c a l  energy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.~ ana lys i s  shows promise of becoming a 

l P a r t  of t h e  informat ion presented he re in  was publ ished under t h e  t i t l e  
"Modal Densi t ies of  Sandwich Panels :  Theory and Experiment," i n  the  Shock and 
Vibrat ion Bu l l e t i n ,  Bul l .  39, P t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  U.S. Dept. o f  Defense, Jan.  1969, 
pp. 1-16. 



use fu l  ana lys is  technique f o r  es t imat ing  average response l e v e l s  of  multimodal 
s t r u c t u r a l  v ib ra t i ons .  This approach has been used t o  s tudy a number of  prac-  
t i ca l  v ib ra t i on  problems inc lud ing launch veh ic le  response t o  acous t i c  p res-  
s u r e  f i e l d s  ( re f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ) ,  no ise  v i b r a t i o n  t ransmiss ion i n  space veh ic les  
(ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS), v ib ra t i on  t ransmiss ion i n t o  an inst rument  package ( r e f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ) ,  and 
sound t ransmiss ion through a p a r t i t i o n  (ref. 7 ) .  I n  each case, t h e  modal den- 
s i t ies of t h e  s t r u c t u r e s  were requ i red  i n  t h e  ana lys i s .  
t h e  more use fu l  response q u a n t i t i e s  is a c c e l e r a t i o n  s p e c t r a l  dens i ty ,  which is 
d i r e c t l y  p ropor t iona l  t o  modal dens i ty .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor example, one of  

Equations have been der ived f o r  t h e  modal d e n s i t i e s  o f  seve ra l  s t r u c t u r a l  
elements and can be found i n  re fe rences  8 and 9.  
re fe rence 9 p e r t a i n s  t o  f l a t  and doubly curved sandwich pane ls ,  and it i s  
shown t h e r e  t h a t  t h e  t ransve rse  shear  f l e x i b i l i t y  o f  a panel  can have a s i g n i f -  
i c a n t  e f f e c t  on the  pane l ' s  modal dens i ty .  
ence 9 apply on ly  t o  sandwich panels  wi th i s o t r o p i c  cores  and whose faces 
behave as membranes ( i . e . ,  t he  face bending s t i f f n e s s  i s  neg lec ted) .  Since 
t h e  cores of l ightweight  sandwich panels  o f ten  have shear  o r tho t ropy  (e .g . ,  
honeycomb), t he re  is  a p r a c t i c a l  need f o r  equat ions t h a t  account f o r  t h e  
effect  of core  or thot ropy on t h e  modal dens i ty .  
sandwich-panel buckl ing theory t h a t  f o r  small wavelengths of  deformation t h e  
face bending s t i f f n e s s  can become important ( r e f .  10) .  

A por t i on  of  t h e  r e s u l t s  i n  

lIowever, t h e  r e s u l t s  o f  refer- 

I n  add i t i on ,  it i s  known from 

In the  p resen t  i nves t i ga t i on ,  modal dens i t y  estimates a r e  obta ined ana ly t -  
i c a l l y  f o r  sandwich beams and f o r  f l a t  o r  c y l i n d r i c a l l y  curved sandwich panels .  
The e f f e c t s  of t h e  co re ' s  t ransve rse  shear  f l e x i b i l i t y ,  inc lud ing o r tho t rop i c  
shear  moduli p a r a l l e l  t o  t h e  faces ,  face bending s t i f f n e s s ,  and r o t a r y  i n e r t i a ,  
are examined. Numerical r e s u l t s  are presented i n  graphic  form. 

In add i t ion ,  experimental r e s u l t s  obta ined from resonance t e s t s  of  f l a t  
rec tangu lar  sandwich pane ls  having o r tho t rop i c  honeycomb cores a r e  presented.  
In these  t e s t s ,  up t o  80 consecut ive v ib ra t i on  modes p e r  panel  were exc i ted  
and i d e n t i f i e d .  The exper imental ly determined modal d e n s i t i e s  are compared 
with the  modal d e n s i t i e s  p red ic ted  by theory.  

THEORY AND ASSUMPTIONS 

Panel 

The s t r u c t u r a l  elements considered are a f l a t  o r  c y l i n d r i c a l l y  curved 
sandwich panel  and a sandwich beam. The coord inate system and geometry o f  t he  
curved sandwich panel  are shown i n  f i g u r e  1. The panel  i s  of length a and 
c i rcumferent ia l  width b ,  and has a constant  rad ius  of  curvature R. Each 
face sheet  i s  i s o t r o p i c ,  homogeneous, and of  uniform th ickness .  The th ickness,  
Young's modulus, and mass dens i t y  o f  t h e  top  face  sheet  may be d i f f e r e n t  from 
t h e  th ickness,  modulus, and dens i ty  o f  t h e  bottom face  shee t .  The core may 
p o s s e s s  o r tho t rop i c  shear  moduli (Gcx, Gcy) and i s  of  uniform th ickness hc. 

2 



r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The modal dens i t y  estimates obta ined here in  are based on t h r e e  frequency 

equat ions t h a t  re la te  t h e  panel  na tu ra l  f requencies (w rad/sec)  t o  var ious  
phys ica l  c h a r a c t e r i s t i c s  of  t h e  panel  and t o  t h e  number of  half-waves m and n 
t h a t  form i n  t h e  x and y d i rec t i ons ,  respec t ive ly .  The f i rst of  these  
equat ions,  which is der ived from t h e  theory o f  re fe rence 11 (see appendix B ) ,  
i s  

where p 2  = [m/(a/b)I2 + n2.  In t h i s  equat ion,  t h e  phys ica l  and geometric 
p roper t i es  of t he  panel  a r e  descr ibed by the  fol lowing dimensionless 
q u a n t i t i e s :  

1. The length-width r a t i o  a/b 

2 .  The curvature parameter C ,  which i s  propor t ional  t o  1 / R  

3. The r o t a r y  i n e r t i a  parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX, which i s  propor t ional  t o  t h e  pane l ' s  
mass dens i ty  moment of  i n e r t i a  

4 .  The shear  f l e x i b i l i t y  parameters rx and ry, which are propor t ional  
t o  l / G c x  and 1 / G  respec t i ve l y  

The re fe rence frequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoo i s  t h e  fundamental frequency of a f l a t ,  
simply supported, semi - i n f i n i t e  sandwich panel  with length b (a/b = m) as 
pred ic ted  by c l a s s i c a l  p l a t e  theory (shear and r o t a r y  i n e r t i a  neg lec ted) ;  1-1 i s  
Poisson 's  r a t i o  of t h e  faces and is  assumed t o  be t h e  same f o r  both faces .  

In equat ion ( l ) ,  t h e  bending s t i f f n e s s  of t he  faces about t h e i r  own middle 
su r face  has been neglected.  
face bending s t i f f n e s s  bu t  does not incorpora te  the  e f f e c t s  of r o t a r y  i n e r t i a  
o r  curvature.  This equat ion,  obta ined from re fe rence 1 2  i s  

The second frequency equat ion accounts f o r  t h e  

where 'c i s  t h e  r a t i o  of t h e  sum of t h e  face bending s t i f f n e s s e s  t o  t h e  panel  

3 



bending s t i f f n e s s .  For i d e n t i c a l  faces of th ickness  tf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= tf = tf,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT 

becomes simply zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

The quan t i t y  5 
charac ter ized  by t h e  r a t i o  y = G / G  and i s  given by 

i s  due t o  t h e  o r tho t rop i c  shear  f l e x i b i l i t i e s  of  t h e  core,  

cx Cy' 

The t h i r d  frequency equat ion accounts f o r  both t h e  face bending s t i f f n e s s  

This equat ion,  obta ined from t h e  curved 
and panel  curvature but  does not  incorpora te  the  effects of r o t a r y  i n e r t i a  o r  
o r tho t rop i c  shear  moduli of t he  core.  
panel  buckl ing so lu t i on  of re fe rence 10, i s  

Note: The las t  term i n  equat ions (11) and (13) of re fe rence 10 conta ins a 
mispr in t ,  which has been cor rec ted  i n  equat ion (4), above. 

I t  should be noted t h a t  equat ions ( l ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 ) ,  and (4) are cons is ten t .  
Equations (1) and (2 )  a r e  i d e n t i c a l  when the  e f f e c t s  of  r o t a r y  i n e r t i a ,  curva- 
t u r e ,  and face  bending s t i f f n e s s  are simultaneously neglected zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(X = C = T = 0 ) .  
Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 1 )  and (4) a r e  i d e n t i c a l  i n  the  case of  an i s o t r o p i c  core 
( rx  = ry = r )  when r o t a r y  i n e r t i a  and the  face  bending s t i f f n e s s  a r e  s imulta- 
neously neglected (X = T = 0 ) .  Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 )  and (4) are i d e n t i c a l  i n  t h e  
case of an i s o t r o p i c  core (rx = ry = r ,  y = 1) when t h e  panel  curvature i s  
neglected (C = 0) .  

The b a s i c  assumptions made i n  the  theo r ies  on which equat ions ( l ) ,  ( 2 ) ,  
and (4) a r e  based are: 

1. Core and faces  show l i n e a r ,  e l a s t i c  behavior.  

2 .  The t ransve rse  de f l ec t i on  of the  panel  comprises deformations due t o  
both t ransverse  shear ing fo rces  and bending moments. 

.- 

2The symbols C y  r ,  and T i n  t h i s  repo r t  are c a l l e d  Zb/Tr2, $by and S ,  
respec t ive ly ,  i n  re fe rence 10. 
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3 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe bending s t i f f n e s s  of  t h e  core i s  n e g l i g i b l e  compared t o  t h e  over- 
a l l  bending s t i f f n e s s  of  t h e  pane l ,  al lowing the  pane l ' s  f l e x u r a l  deformations 
t o  be descr ibed by an i s o t r o p i c  bending s t i f f n e s s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADs. 

4. Axial and c i rcumferent ia l  i n e r t i a  loadings a r e  neglected.  

5. Transverse shear  s t r a i n s  i n  the  faces and a l l  normal s t r a i n s  i n  t h e  
z d i r e c t i o n  a r e  neglected.  

6. The cores are homogeneous; thus,  f o r  c e l l u l a r  type  cores  such as 
honeycomb the  wavelengths of v ib ra t i on  must be a t  least  severa l  times t he  c e l l  
s i ze .  

7. For t h e  c y l i n d r i c a l l y  curved panel ,  t h ree  add i t i ona l  assumptions a r e :  

a. The t o t a l  panel  th ickness  i s  small compared t o  t h e  rad ius  of  
curvature.  

b.  The e f f e c t  o f  t he  t ransverse  shear ing fo rce  Qy i s  neglected i n  
the  equat ion of c i rcumferent ia l  equi l ibr ium.  

c. The moment-distort ion (curvature)  r e l a t i o n s  a r e  the  same as f o r  
t h e  f l a t  panel .  

Although t h e  n a t u r a l  f requencies pred ic ted  by equat ions ( l ) ,  (2) ,  and (4) 
are v a l i d  only f o r  simply supported pane ls ,  the  equat ions f o r  modal dens i t y  are 
app l icab le  t o  panels  having o t h e r  boundary condi t ions:  Once t h e  frequency 
range of t h e  lowest seve ra l  modes i s  exceeded, the  boundary condi t ions gener- 
a l l y  have a neg l i g ib le  e f f e c t  on t h e  number of modes e x i s t i n g  i n  a given fre- 
quency i n t e r v a l .  
cy l i nd r i ca l  s h e l l s  t h a t  were e s s e n t i a l l y  r i g i d  i n  shear  ( r e f s .  13, 1 4 ,  and 15) .  
For mathematical arguments, see re fe rences  16 and 17. 

This has been observed exper imental ly f o r  f l a t  panels  and 

Modal Density Formulation 

equat ion ( l ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 ) ,  o r  (4) represents  a set  of cons tan t  frequency curves i n  the  
m/(a/b), n p lane.  Figure 2 i s  a t yp i ca l  curve. Each combination of m and n 
represents  t h e  only mode t h a t  occurs i n  an a rea  l [ l / ( a / b ) ]  i n  t h e  f i r s t  quad- 
ran t  of the  m/(a/b), n p lane.  The t o t a l  area occupied by the  N modes 
bounded by the  curve zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw/wo = constant  i s  approximately N [ l / (a /b ) ] .  This a rea  

For  a given panel  con f igura t ion  (a/b,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC y  X ,  rx, ry, T ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-1, and wo f i xed)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 2  

i s  a l s o  given, approximately, by (1/2) f p2(w,0)d0, where 0 i s  def ined i n  
1 

f i g u r e  2 and p 2  = [m/(a/b)]' + n2 i s  determined i n  terms of w and 0 from 
equat ion ( l ) ,  ( 2 ) ,  o r  (4 ) .  The l i m i t s  of  i n t e g r a t i o n  are such t h a t  p 2  i s  
r e a l  and p o s i t i v e  i n  the  reg ion 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0 5 ( n / 2 ) .  A s  i n  re fe rence 16, t he  approx- 
imate number of  modes e x i s t i n g  below the  spec i f i ed  frequency w = constant  is  
then expected t o  be asymptot ica l ly  equal t o  
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The average number of modes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAN e x i s t i n g  i n  a frequency band Au about 
t h e  cen te r  frequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw def ines  t h e  average modal dens i t y  AN/Au. This ,  then,  
is approximated by 

where Le ibn i tz 's  r u l e  has been used. 
he re in  t h e  last  two terms i n  t he  above equat ion t u r n  out  t o  be zero. 

For t h e  panel  conf igurat ions considered 

I f  classical p l a t e  theory i s  used t o  p r e d i c t  t h e  modal dens i t y  o f  a f l a t  
sandwich panel ,  t h e  frequency independent va lue 
obtained ( r e f .  17) .  On t h e  b a s i s  of  t h i s  theory,  t h e  modal dens i t y  i s  seen t o  
depend only  on the  p a n e l ' s  la tera l  dimensions, bending s t i f f n e s s ,  and mass p e r  
u n i t  area (uo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= ( r 2 / b 2 ) / m .  
theory va lue,  t h e  sandwich panel  modal dens i t y  estimates presented here in  are 
a l l  expressed i n  the  dimensionless form 

dN/du = ( ~ r / 4 )  (a/b) ( l /uo) i s  

For comparison wi th  t h i s  classical p l a t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8 2  a P 2  (u /wo , 8 )  

(5) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdN q a de 
(.rr/4) ( a b )  d(w/uo) 71 

1 

81 

From t h e  r e s u l t s  t h a t  fo l low it can be noted t h a t  t he  r ight -hand s i d e  of 
equat ion (5) i s  independent of the  panel  length and width.  These la tera l  
dimensions appear on ly  on t h e  le f t -hand s i d e  of t he  equat ion,  and s ince  the  
term (a/b)( l /wo) i s  propor t iona l  t o  the  product ab, t h e  modal dens i ty  AN/Aw 
i s  d i r e c t l y  p ropor t iona l  t o  the  sur face area of t h e  panel .  Although equa- 
t i o n s  ( l ) ,  (2), and (4) were der ived on t h e  b a s i s  of  a rec tangu lar  planform, 
the  modal d e n s i t i e s  obtained from them should be app l i cab le  t o  panels  with 
o the r  shapes of  su r face  area S by rep lac ing  t h e  rec tangu la r  area ab with 
the  area S ( r e f .  17) .  

ANALY S I S 

To c a l c u l a t e  t h e  modal dens i ty  from equat ion (5) requ i res  t h a t  
ap2/a(u/u!) be expressed a n a l y t i c a l l y  as a func t ion  o f  w and 8 .  
na te l y ,  p appears as a cubic  term i n  equat ions (1) and (4) and as a q u a r t i c  
term i n  equat ion ( 2 ) ,  and thus i s  not r e a d i l y  obta ined a n a l y t i c a l l y .  However, 
f o r  t h e  i s o t r o p i c  core ( rx  = ry = r )  equat ions (1) and (2)  can be solved 
exac t ly  f o r  ap2/a(u/uo) .  

used t o  ob ta in  an approximate so lu t i on  g iv ing t h e  combined e f f e c t  of shear  
f l e x i b i l i t y ,  panel  curva ture ,  and face  bending s t i f f n e s s .  
fo l lowing sec t i ons .  
ness,  t h a t  t h e  i s o t r o p i c  r e s u l t s  can be appl ied t o  panels  with moderately 
o r tho t rop i c  cores i f  "ef fect ive"  shear f l e x i b i l i t y  and curvature parameters 
a r e  used. F ina l l y ,  an approximate so lu t i on  i s  obta ined f o r  a f l a t  panel ,  
which g ives t h e  combined effect  of o r tho t rop i c  shear  moduli and face  bending 
s t i f f n e s s .  

Unfortu- 

Also, f o r  an i s o t r o p i c  core,  equat ion (4) can be 

This i s  done i n  t h e  
I t  i s  then shown, by neg lec t ing  t h e  face  bending s t i f f -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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F l a t  Sandwich Panel With I s o t r o p i c  Core 

Face bending s t i f f n e s s  neglected- The frequency equat ion f o r  t h i s  case i s  
C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and rx = ry = r, which r e s u l t s  i n  obtained from equat ion (1) by s e t t i n g  

two separa te  f a c t o r s  e i t h e r  o f  which is a so lu t i on  i f  set equal t o  zero. 

These equat ions are equiva lent  t o  those obtained i n  re fe rence 18 and f o r  a 
given va lue of p 2  y i e l d  t h r e e  values of  w2. The v ib ra t i ons  corresponding 
t o  the  two h igher  f requencies,  given by equat ion (6a) and the  l a rge r  frequency 
roo t  o f  equat ion (6b), a r e  descr ibed i n  re ference 18 as t h e  th ickness- twis t  
and th ickness-shear  modes, respec t ive ly .  The lower frequency v ib ra t i on ,  given 
by the  smal ler  frequency r o o t  of equat ion (6b), corresponds t o  a p r imar i l y  
f l exu ra l  type of motion. This "bending se t "  of modes usua l l y  i s  of most 
i n t e r e s t  i n  s t r u c t u r a l  response problems and is descr ibed by 

Since p 2  i s  independent of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ( i . e . ,  the  curve w = constant  i s  a c i r c l e  i n  
the  m/(a/b), n p lane) ,  t he  l i m i t s  of  i n teg ra t i on  i n  equat ion (5) a r e  01 = 0 
and 0 2  = m/2. I n teg ra t i on  y ie lds  the  fol lowing es t imate  f o r  t h e  modal dens i ty  
of a f l a t  sandwich panel  having an i s o t r o p i c  core:  

1 + (1 /2) [1  - ( ~ / r ) I ~ [ r ( w / w , ) I ~  

') + /l + (1/4) [ l  -- ( X / r ) ] 2 [ r ( w / w o ) ] 2  
- 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( ~ / 4 )  d(w/wo) (' -+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

( 8 )  

The v a r i a t i o n  i n  modal dens i t y  wi th r ( w / w o ) ,  as given by equat ion (81, 
i s  shown i n  f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 f o r  X / r  = 0 ( i . e . ,  r o t a r y  i n e r t i a  neglected) and 
x / r  = 0.279. For r = 0 ( i n f i n i t e  shear  s t i f f n e s s )  the  frequency-independent, 
classical p l a t e  theory va lue f o r  modal dens i ty  i s  obta ined.  When shear f l ex -  
i b i l i t y  i s  not  neglected (r > 0 ) ,  t he  modal dens i ty  inc reases  with increas ing 
frequency and with increas ing shear  f l e x i b i l i t y .  The va lue X / r  = 0.279 cor-  
responds t o  the  extreme case of a s o l i d  homogeneous panel  whereas 
i s  more t yp i ca l  o f  sandwich panel  const ruct ion.  Since t h e  two curves i n  f i g -  
u re  3 d i f f e r  at  most by about 6 percent ,  it i s  concluded t h a t  f o r  t h e  small 
values of X / r  usua l l y  encountered i n  sandwich pane ls ,  t h e  e f f e c t  of r o t a r y  
i n e r t i a  on t h e  modal dens i t y  i s  neg l i g ib le  i n  comparison t o  the  e f f e c t  of shear  
f l e x i b i l i t y .  

X / r  < 0.1 
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1l1111~11l1l11l111111 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI , , ,,.. ,I . .,. . . .. .. - .- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The curves given by equat ion (8) are asymptot ic t o  t h e  curve 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor 
ure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 t o  wi th in  1 percent .  However, equat ion (9) impl ies t h a t  t he  modal den- 
s i t y  
va lues  of  r ( w / w o ) .  This  phys ica l l y  u n r e a l i s t i c  r e s u l t  arises because equa- 
t i o n  (8) does not  account f o r  t h e  bending s t i f f n e s s  of  t h e  panel  faces. 

r ( w / w o )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 3 . t h i s  s t r a i g h t  l i n e  approximates t h e  s o l i d  curve o f  f i g -  

becomes independent o f  t h e  face material proper t i es  a t  l a rge  AN/Aw 

Effect of face bending s t i f f n e s s -  I n  view of  t h e  r e s u l t s  o f  t h e  previous 
sec t i on  it i s  assumed here  t h a t  r o t a r y  i n e r t i a  can be  neglected.  
can then be used t o  determine t h e  e f f e c t  o f  face bending s t i f f n e s s  on t h e  
modal dens i ty .  For an i s o t r o p i c  core,  equat ion (2) can be wr i t t en  as 

Equation (2) 

which i s  independent of e .  Use of equat ion (5) y i e l d s  

f o r  t he  estimate of modal dens i ty .  The v a r i a t i o n  i n  modal dens i t y  with 
r ( w / w o )  is obta ined from equat ions (10) and (11) by t r e a t i n g  T as a param- 
e t e r  and t h e  quan t i t y  r p 2  as a va r iab le .  For t h e  case of i d e n t i c a l  face 
shee ts ,  t h i s  v a r i a t i o n  i s  shown i n  f i g u r e  4 f o r  var ious  va lues of  t h e  f a c e  t o  
core th ickness r a t i o  t f /hc.  
s t i f f n e s s  ( t f / hc  = 0 curve) leads t o  an overest imate of  t h e  modal dens i ty  by 
an amount t h a t  inc reases  with inc reas ing  frequency and with inc reas ing  r a t i o s  
of face t o  core th ickness.  However, f o r  many sandwich conf igurat ions t f / h c  
i s  on the  order  of 0 .1  o r  l e s s  and o f ten  t h e  quan t i t y  r / w o  i s  so small t h a t  
a frequency of  severa l  thousand H e r t z  i s  requ i red  t o  produce a value of 
r ( w / w o )  on the  order  of 1.0. Thus, t he re  are many p r a c t i c a l  s i t u a t i o n s  where 
the  face bending s t i f f n e s s  can be neglected when computing t h e  modal dens i ty .  

I t  i s  seen t h a t  neg lec t ing  the  face bending 

When t h e  face bending s t i f f n e s s  should be taken i n t o  account, t he  fol low- 
ing simple equat ion i s  use fu l  
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For 
modal dens i t y  va lues t h a t  are wi th in  about 1 percent  of t h e  va lues given by 
the  exac t  so lu t ion .  (Eq. (12) i s  obta ined from eqs. (10) and (11) by tak ing  
r p 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>> 1 . )  

r ( w / w o )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and t f /hc  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 082 ( i den t i ca l  face s h e e t s ) ,  t h i s  r e s u l t  p red ic t s  

F l a t  Sandwich Beam 

The d i f f e r e n t i a l  equat ions i n  appendix B can be app l ied  t o  a f l a t  beam 
whose length b i s  i n  t h e  y d i r e c t i o n  i f  a l l  terms t h a t  invo lve t h e  x 
coord inate are dropped. This  has t h e  effect  of e l im ina t ing  t h e  th ickness-  
t w i s t  so lu t i on  and a l l  terms involv ing 
shear  so lu t i ons .  Thus, t h e  frequency equat ion f o r  t h e  beam "bending" modes 
can be obta ined d i r e c t l y  from t h e  panel  "bending" so lu t i on  by s e t t i n g  t h e  
m/(a/b) terms equal t o  zero. The modal dens i t y  is then simply obta ined from 
dN/d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(w /wo)  = dn/d (w/wo) . 

m/(a/b) from t h e  bending and th ickness-  

-_ Face bending s t i f f n e s s  neglected- This case i s  obta ined by s e t t i n g  
m/(a/b) = 0 i n  equat ion (7 ) .  Di f fe ren t i a t i ng  wi th respec t  t o  w/wo y i e l d s  

The v a r i a t i o n  i n  modal dens i t y  wi th frequency, as given by equat ion (13), 
i s  shown i n  f i g u r e  5 f o r  var ious  va lues of t h e  shear  f l e x i b i l i t y  parameter 
and f o r  two va lues of  X / r .  As i n  the  case of pane ls ,  r e a l i s t i c  values of 
x / r  g ive  e s s e n t i a l l y  t h e  same r e s u l t s  as X = 0 ( ro ta ry  i n e r t i a  neg lec ted) .  
The r = x = 0 curve corresponds t o  classical beam theory,  which p r e d i c t s  t h a t  
modal dens i t y  decreases with inc reas ing  frequency. When shear  f l e x i b i l i t y  i s  
accounted f o r  (r > 0 ) ,  equat ion (13) p r e d i c t s  t h a t  t h e  beam modal dens i t y  i s  
near ly  constant  over  a wide frequency range. However, t h i s  r e s u l t  i s  v a l i d  
only f o r  condi t ions where t h e  face bending s t i f f n e s s  i s  unimportant. 

E f fec t  o f  face bending s t i f f n e s s -  I f  r o t a r y  i n e r t i a  i s  neglected,  

r 

equat ion (2) can be used t o  determine t h e  effect  of t h e  face bending s t i f f n e s s  
on a beam's modal dens i t y  by l e t t i n g  m/(a/b) = 0. The r e s u l t  i s  

w 1 
- =  n'/. + 2 

1 + r n  w 0  
(14) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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dN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 

d(c) dn  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8 I (15) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-d(w/w,)= Z T Z q l y  m 

+ rn') 11 + -c(1 + m2>1 

The v a r i a t i o n  i n  modal dens i t y  wi th  frequency as given by equat ions (14) 
and (15) is shown i n  figure 6 f o r  seve ra l  va lues  of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr and with a face- to -  
co re  th ickness  r a t i o  o f  0.05 ( i d e n t i c a l  face shee ts ) .  Comparison of  t h e  
curves i n  f i g u r e  6 with t h e  corresponding curves i n  f i g u r e  5 reveals t h a t  neg- 
lect of  t h e  face bending s t i f f n e s s  again leads  t o  an overest imate of  t h e  
modal dens i t y  by an amount t h a t  inc reases  wi th  inc reas ing  frequency. 
face bending s t i f f n e s s  i s  a l s o  seen t o  have a smaller effect on beams wi th  
sti f f  cores (small  r) than on beams with more f l e x i b l e  co res  ( l a r g e r  r). 

The 

Figures 5 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 both i n d i c a t e  a l a rge  r ise i n  modal dens i t y  as w/wo 
approaches zero. However, it must be remembered t h a t  t he  equat ions presented 
f o r  modal dens i t y  are estimates t h a t  have been obta ined by represent ing  the  
number of modes by a continuous func t ion  of frequency. Such a representa t ion  
i s  not  r e a l l y  meaningful a t  f requencies near  t h a t  o f  t h e  fundamental mode 
w/wo 2 1 as t h e r e  are usua l l y  too f e w  modes involved. This is  i l l u s t r a t e d  i n  
f i g u r e s  5 and 6 by the  l i n e  labe led  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN 1 6 .  For f requencies t o  t h e  l e f t  of 
t h i s  l i n e  only  f i v e  modes e x i s t .  Thus, t he  l a r g e  r ise i n  modal dens i t y  as 
w/wo + 0 i s  phys ica l l y  u n r e a l i s t i c .  
dens i ty  estimates f o r  curved panels .  

4 similar s i t u a t i o n  occurs i n  the  modal 

Curved Sandwich Panel With I so t rop i c  Core 

Face bending s t i f f n e s s  neglected- When t h e  parameter 
equat ion ( l ) ,  t h e  effects of  panel  curvature can be determined. 
t r o p i c  core ( r  = rx = r Y ) ,  t he  "bending set" of  modes i s  descr ibed by 

C i s  re ta ined  i n  
For an i so -  

The modal dens i ty  i s  then given by 
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where 

The lower l i m i t  of  i n t e g r a t i o n  is 

i f  

and 

are both s a t i s f i e d ;  o therwise zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 1  = 0. 

When x = r = 0 ( ro ta ry  i n e r t i a  and shear  f l e x i b i l i t y  neglected) ,  equa- 
t i o n  (17) can be expressed i n  terms of t h e  complete e l l i p t i c  i n t e g r a l  o f  the  
f irst kind ( r e f .  16) .  For nonzero va lues of x and r ,  equat ion (17) i s  
express ib le  as a h y p e r e l l i p t i c  i n t e g r a l .  Some h y p e r e l l i p t i c  i n t e g r a l s  can be 
reduced t o  the  sum of  e l l i p t i c  i n t e g r a l s ;  however, t he  r e s u l t s  presented 
here in  were obta ined by numerical ly i n teg ra t i ng  equat ion (17). These r e s u l t s  
are presented i n  f i g u r e  7, where the  v a r i a t i o n  i n  modal dens i ty  with (w /wo) /C  
i s  shown f o r  var ious  va lues  of t h e  product r C .  The numerical r e s u l t s  shown i n  
f i g u r e  7 a r e  a l l  f o r  X = 0 ( ro ta ry  i n e r t i a  neg lec ted) .3  However, i n  view of 
t h e  r e l a t i v e l y  i n s i g n i f i c a n t  ef fect  of  r o t a r y  i n e r t i a  on t h e  modal d e n s i t i e s  
of t h e  beam and f l a t  pane l ,  it i s  l i k e l y  t h a t  t he  curves i n  f i g u r e  7 would be 
only s l i g h t l y  a l t e r e d  by rea l i s t i c  values of X / r .  

The peaks i n  modal dens i t y  about w/wo = C ( the  so-ca l led  "r ing f r e -  
quency") are due t o  a concentrat ion of modes occurr ing near  t h i s  frequency and 
i s  most pronounced f o r  t he  r = 0 case. 
t h e  s i n g u l a r i t y  i n  equat ion (17) a t  w/wo = C (when x = 0) and i s  phys ica l l y  

However, t he  sharp sp ike i s  due t o  

~ 

3For X = 0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( w / w o ) / C  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1, t he  in tegrand of equat ion (17) d iverges a t  
81, but  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( w / w o ) / C  # 1, t h e  i n t e g r a l  i s  convergent. In t h e  numerical i n t e -  
g ra t i on  of equat ion (17) t h e  cont r ibu t ion  of  t h e  in tegrand i n  t h e  neighborhood 
of 8 1  w a s  approximated by rep lac ing  t h e  in tegrand with t h e  f i rst  t h ree  terms 
of  i ts  Taylor series rep resen ta t i on .  For r = X = 0, t h e  r e s u l t s  obtained i n  
t h i s  manner agree w i th in  0.5 percent  of t h e  r e s u l t s  given by t h e  e l l i p t i c  
i n t e g r a l  so lu t i on .  
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u n r e a l i s t i c .  
frequency can be obta ined by d i r e c t l y  ca l cu la t i ng  t h e  number of  curved panel  
modes ANc occurr ing t h e r e  from t h e  frequency equat ion 

A b e t t e r  estimate f o r  t h e  peaks i n  modal dens i t y  about the  r i n g  

[(&r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ n2 I2  + c2 (&f 
1 + r [ (s j  + n21 [(sf + n212 

(Eq. (18) i s  obta ined from eq. (16) o r  (4 ) . )  

For r = 0, the  r e s u l t s  of such c a l c u l a t i o n s  f o r  t he  i n t e r v a l  
0.95C < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw/wo < 1.05C are presented i n  t a b l e  1 f o r  var ious  degrees of  curvature 
(a/b was taken equal  t o  4/7r). The number of modes ANF t h a t  t he  correspond- 
ing  f l a t  panel has i n  t h e  same frequency i n t e r v a l  i s  a l s o  shown f o r  comparison. 

TABLE 1.- COMPARISON OF CURVED AND FLAT PANEL MODAL DENSITIES AT THE 

I 
Curvature 
parameter 

C 

400 
500 
750 

1000 

- 

I 
R I N G  FREQUENCY (r = X = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 )  

. .~ . - 

I Number of modes i n .  I 
Frequency i n t e r v a l  frequency i n t e r v a l  

0'95c < w / w ~  < 1'05c 

47.5 -+ 52.5 
71.25 -+ 78.75 
95 -+ 105 

190 -+ 210 
285 + 315 
380 -+ 420 
475 -+ 525 
712.5 + 787.5 
950 + 1050 

dNF 

5 
6 

10 
2 1  
29 
39 
49 
76 

101 

5 
8 

13 
27 
43 
55 
76 

115 
155 

1 .0  
1.33 
1.30 
1.29 
1.48 
1.41 
1.55 
1.51 
1.53 

For 300 F C  < 1000, t h e  ac tua l  peak i n  curved panel  modal dens i t y  i s  about 
1-1/2 times that o f  t h e  f l a t  panel value. 
u r e  7. For 75 5 C  < 300, a somewhat smaller i nc rease  i s  ev ident .  For C 
less than about 50 t h e  effect of  curvature i s  so  small t h a t  t he  panel  essen- 
t i a l l y  behaves as i f  it were f la t ,  not  only a t  0.95 < (w/wo)/C < 1.05 bu t  over 
t h e  e n t i r e  frequency range. 

This r e s u l t  is i nd ica ted  i n  f i g -  

Except i n  t h e  r = 0 case, f i gu re  7 obscures t h e  fact  t h a t  when w/w, 
exceeds C 
corresponding f l a t  panel (C = 0 ) .  
r e p l o t t i n g  f i g u r e  7 i n  terms of r(w/wo) f o r  f i xed  va lues of r C  as shown by 
t h e  s o l i d  curves i n  f i g u r e  8. The curve labe led  r C  = 0 denotes the  f l a t  
panel  so lu t i on .  Because of  t he  s i n g u l a r i t y  i n  equat ion (17),  t he  modal den- 
s i t ies  a t  w / w o  = C were est imated from equat ion (18) i n  the  same manner as 
was done f o r  r = 0. There i s  e s s e n t i a l l y  no d i f f e rence ,  at o r  above the  r i n g  
frequency, between t h e  curved and f l a t  panel  r e s u l t s  whenever t h e  product 
i s  g r e a t e r  than two. 

12 

the  curved panel  modal dens i ty  becomes asymptot ic t o  t h a t  o f  the  
This behavior i s  more c l e a r l y  seen by 

r C  



Useful approximations t o  t h e  s o l i d  curves i n  f i g u r e  8 are given by t h e  
equat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

w 2 r  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a0 

\ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo b o  
f o r  - > 1  C 

Resul ts  from equat ion (19) are shown by t h e  dashed curves i n  f i g u r e  8. I t  is 
seen t h a t  t h i s  simple approximation t o  the  so lu t i on  o f  equat ion (17) i s  f a i r l y  
accurate f o r  va lues of  r C  g r e a t e r  than about 3 i f  r ( w / w o )  is g r e a t e r  than. 
about rC/3. (Eq. (19) i s  obta ined by tak ing  r p 2  >> 1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX = 0 i n  eq. (16) 

wi th e l  = cos-’ J(w/wo)/C and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA02  =  IT/^ i n  eq. (53.) 

Effect of face bending s t i f f n e s s -  Since equat ion (17) does no t  account 
f o r  t he  face bending s t i f f n e s s ,  it undoubtedly overest imates t h e  modal dens i ty  
a t  t h e  l a r g e r  va lues of  r(w/wo). (The curves i n  f i g .  7 correspond t o  
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 r ( w / w o )  l o . )  A t  t he  l a r g e r  va lues o f  r ( w / w o )  an approximate so lu t i on  
g iv ing t h e  combined ef fect  of  panel  curvature and face bending s t i f f n e s s  can 
be obta ined from equat ion (4) by neg lec t ing  1 with respec t  t o  
de r i va t i on  o f  equat ions (12) and (19). This leads  t o  

r p 2  a s - i n  the  

where 

and 

ro w/ wo 
i f  - > 1  c -  

By making t h e  s u b s t i t u t i o n  
of  equat ion 254.00 o f  re fe rence 19 and can be expressed as fo l lows. 

t = cos2  e, equat ion (20a) takes  t h e  form 

13 



where 

and 

For 6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 1: 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

I C 6  
k2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 7  

In  equat ions (21a) and (Zlb),  F(4,k) i s  t he  incomplete e l l i p t i c  i n t e g r a l  of  
t h e  f i rs t  kind. 

The v a r i a t i o n  i n  modal dens i ty  with r(w/wo) as given by equat ions (21 )  
i s  shown by the  s o l i d  curves i n  f i gu res  9(a)  through 9(c)  f o r  values of r C  
equal t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  5, and 10, respec t ive ly .  Each f i g u r e  i s  f o r  i d e n t i c a l  face  sheets  
with a face- to-core th ickness  r a t i o  of  t f /h ,  = 0.1. 

The exact  so lu t i on  f o r  the  modal dens i ty  based on the  e n t i r e t y  o f  equa- 
t i o n  (4) has not  been obtained. Without having t h i s  e x x t  so lu t i on ,  t h e  
e r r o r s  introduced by t h e  approximation r p 2  >> 1, on which equat ions (21)  a r e  
based, cannot be f i rm ly  es tab l i shed.  However, f o r  C = 0 ( f l a t  panel)  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
T = 0 ( face bending s t i f f n e s s  neg lec ted) ,  equat ions (21) reduce t o  t h e  approx- 
imate so lu t i ons  given by equat ions (12) and (19),  respec t i ve l y .  The l a t te r  
two approximate so lu t i ons  were shown t o  agree well with the  corresponding 
exact so lu t i ons  (eqs. (11) and (17) , respec t ive ly )  over c e r t a i n  parameter 
ranges. This suggests  t h a t  t he  so lu t i on  given by equat ions (21) may a l s o  be 
a f a i r l y  r e l i a b l e  es t imate  of t h e  modal dens i t y  f o r  t h e  same range of 
parameters. 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I n  t h e  case of  t h e  f l a t  panel ,  t he  e f f e c t  o f  t he  face bending s t i f f n e s s  

i s  r e l a t i v e l y  small f o r  r(w/wo) < 5 and t f /hc  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0.1 (see f i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4). Thus, i f  
t h e  r i n g  frequency i s  i n  t h i s  range (rC < 5 ) ,  t h e  modal dens i t y  below the  r i n g  
frequency would be expected t o  be s i g n i f i c a n t l y  a f fec ted  by the  curvature and 
only s l i g h t l y  a f fec ted  by t h e  face bending s t i f f n e s s .  
t i o n  given by equat ions (21) does p r e d i c t  t h i s  behavior as can be seen from 
f i gu res  9(a)  and 9(b) (rC = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and 5, respec t i ve l y ) .  Below t h e  r i n g  f r e -  
quency the  approximate so lu t i on  ( s o l i d  curve) c l o s e l y  fo l lows the  exact  so lu-  
t i o n  (dot-dashed curve) f o r  t h e  curved panel  wi thout face bending s t i f f n e s s  
given by equat ion (17). Above t h e  r i n g  frequency, t h e  approximate so lu t i on  
c lose ly  fo l lows t h e  exact f l a t  panel  so lu t i on  (dashed curve) given by 
equat ion (11). 

The approximate so lu-  

Next, cons ider  the  r i n g  frequency i n  the  frequency range where the  face 
bending s t i f f n e s s  of t h e  f l a t  panel  becomes important (rC > 5 f o r  t f / hc  = 0.1) .  
In  t h i s  s i t u a t i o n ,  t he  modal dens i t y  below the  r i n g  frequency would be 
expected t o  inc rease a t  a less rap id  ra te than given by equat ion (17). Th is  
too  is  pred ic ted  by equat ions (21) as shown i n  f i g u r e  9(c)  . ( r C  = 10) by the  
increased separa t ion  between the  s o l i d  and dot-dashed curves i n  t h e  range 
5 I r ( w / w o )  < 10.  Above the  r i n g  frequency (r(w/wo) > 10 i n  f i g .  9 ( c ) ) ,  the  
approximate so lu t i on  again approaches the  exact  f l a t  panel  so lu t i on .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

As a f u r t h e r  check on t h e  so lu t i on  given by equat ions (21) the  modal 
dens i ty  f o r  r C  = 10  was determined d i r e c t l y  from equat ion (4) by count ing the  
ac tua l  number of modes occurr ing i n  i n t e r v a l s  o f  A [ r ( w / w o ) ]  = 1.0.  The 
values f o r  t h e  modal dens i t y  obtained i n  t h i s  manner a r e  shown by the  c i r c u l a r  
symbols i n  f i g u r e  9(c)  and are q u i t e  c lose  t o  the  es t imate  ( s o l i d  curve) given 
by equat ions (21). (The parameter va lues used f o r  t h i s  computation were 
a/b = 1.27, C = 200, r = 0.05, and t f / h c  = 0.1.)  

Effect of  Core Ortho t ropy  

Face bending s t i f f n e s s  neglected- When t h e  e f f e c t s  of face  bending s t i f f -  
ness and r o t a r y - i n e r t i a  are neglected,  the  equat ion governing p‘ f o r  a 
curved sandwich panel  having an o r tho t rop i c  core is  obta ined from equat ion (1) 
by s e t t i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx = 0. This y i e l d s  

Except when y = l ( i s o t r o p i c  core) ,  equat ion (22) i s  cubic  i n  p 2  and 
no at tempt i s  made t o  so lve  it i n  t h i s  form. However, an i nd i ca t i on  of t he  
e f f e c t  of y can be obta ined by consider ing the  condi t ions 

n 



Under these  condi t ions p 2  i s  approximately equal  t o  

Subs t i t u t i ng  i n t o  equat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(S), and no t ing  t h a t  = 0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 2  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ / 2 ,  y ie lds  

Comparison of  t h i s  r e s u l t  wi th equat ion (9) suggests  t h a t  t h e  i s o t r o p i c  
r e s u l t s  can perhaps be app l ied  t o  panels  with o r tho t rop i c  cores i f  
rep laced with an e f f e c t i v e  s h e a r - f l e x i b i l i t y  parameter reff = ry/fi. However, 
it i s  a l s o  l i k e l y  t h a t  
t u r e  parameter s ince  equat ion (25) i s  not  v a l i d  where t h e  e f f e c t s  of curvature 
are expected t o  be most pronounced (w/wo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI C) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 4  

r i s  

C w i l l  have t o  be rep laced with an e f f e c t i v e  curva- 

This idea was examined by so lv ing equat ion (22) f o r  u / w o  
and n :  

~ 

{ [m/(a/b)I2 + n212 

i n  terms of m 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 i s  the  same as i n  equat ion (3b). 

For spec i f i ed  va lues of 
e x i s t i n g  below any frequency w/uo  

a p l o t  of N vs.  w/wo i s  r e a d i l y  const ructed as shown i n  f i g u r e  10. 
s i b i l i t y  of dup l i ca t i ng  t h i s  p l o t  (hence the  modal dens i ty )  by ca l cu la t i ng  
from t h e  i s o t r o p i c  frequency equat ion (eq. (18)) with r rep laced by some 

'eff 

a/b,  ry, y ,  p, and C ,  t he  number of  modes N 

The pos- 
can be ca l cu la ted  from equat ion (26) and 

N 

and with C rep laced by some Cef f  was then considered; t h a t  i s ,  from 

The two curves i n  f i g u r e  10 were obta ined from t h e  exact  equat ion 
(eq. (26))  and show t h a t ,  f o r  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ J y  he ld  cons tan t ,  a decrease i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy ( s t i f -  
fening of  core i n  c i rcumferent iay d i rec t i on )  causes a decrease i n  the  cumula- 
t i v e  number of  modes. This same e f f e c t  i s  produced by eqaut ion (27), f o r  
reff held constant ,  i f  Ceff  i s  made t o  inc rease as y decreases.  For 

_. -.  -. -. - - - - 

4The inequa l i t y  
0 = e l  i f  u / w o  C. 

p 2  > 0 expressed by equat ion (24) cannot be s a t i s f i e d  a t  
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values of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy from 0.4 t o  2.5 ( representa t ive  of  honeycomb cores)  with 
1 5  a/b 2.55, ry/fi up t o  0.125, and C up t o  500, it was found t h a t  t h e  
p l o t s  of  N vs. w/wo obta ined from equat ion (26) were dup l ica ted  q u i t e  w e l l  
by equat ion (27) i f  reff and Ceff were taken as 

w/wo 

w/wo 

i f  - < 0.9 C 
c -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(Y>0.15 
Ceff = { 

i f  - > 0.9 C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC 

If t h e  above express ions f o r  reff and Ceff are used, equat ion (27) 
(empir ical)  p r e d i c t s  modal d e n s i t i e s  t h a t  are wi th in  5 percent  of t h e  r e s u l t s  
p red ic ted  by equat ion (26) (exact)  f o r  a f l a t  panel  and a l s o  f o r  a curved 
panel  when (w/wo)/C i s  g r e a t e r  than 0.9.  
t h e  accuracy of  equat ion (27) depends on ref$. For re f$  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 2 ,  t h e  average 
e r r o r  i n  t h e  modal dens i ty  i s  less than 5 percent ;  as reffC i nc reases  t o  5 ,  
the  average e r r o r  inc reases  t o  about 10 percent ,  and f o r  reffC = 10, the  
average e r r o r  i s  about 15 percent .  Typical  r e s u l t s  a r e  shown i n  f i gu res  l l ( a )  
and l l ( b ) .  Figure l l ( a )  shows exact  p l o t s  of N vs. w/wo f o r  C = 0 and 
C = 100 with The corresponding p l o t s  
obta ined from equat ion (27) wi th  reff and Ceff  def ined by equat ions (28) a r e  
shown i n  f i g u r e  11 (b) . 

In the  range 0 .1  5 (o/wo)/C 5 0.90, 

ry = 0.00707, y = 1 / 2 ,  and a/b = 2.55. 

The form of equat ion (27) i s  exac t ly  t h e  same as equat ion (18). Thus, 
when r o t a r y  i n e r t i a  and face  bending s t i f f n e s s  e f f e c t s  are small, t h e  modal 
dens i ty  estimates obta ined f o r  panels  having i s o t r o p i c  cores appear app l i cab le  
t o  panels  having moderately o r tho t rop i c  cores such as honeycomb by simply 
rep lac ing  r and C with t h e  q u a n t i t i e s  reff and C e f f ,  respec t i ve l y ,  def ined 
by equat ions (28). Note t h a t  t he  "e f fec t i ve"  shear  s t i f f n e s s  i s  t h e  geometric 
mean of t he  two o r tho t rop i c  s t i f f n e s s e s .  

Another check on the  v a l i d i t y  of t h i s  empir ica l  approach i s  t h a t  f o r  a 
f l a t  panel ,  equat ions (27) and (28) p r e d i c t  the  v a r i a t i o n  i n  N with w/wo 

t o  be unaf fected by a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA90° core r o t a t i o n .  
equat ion (26) ( the  exac t  equat ion) t o  show t h a t ,  f o r  t h e  range 0.4 5 y I 2.5, 
p l o t s  o f  N vs .  w/q, a r e  indeed unaf fected by such a r o t a t i o n .  A typical 
example i s  shown i n  f i g u r e s  12(a) and 12(b).  F igure 12(a) i s  f o r  a f l a t  panel  
(C = 0) with Figure 12(b) corresponds 
t o  t h e  same f l a t  panel bu t  wi th t h e  core ro ta ted  90° ( ry  = 0.01414, y = 2) .  
The r e s u l t i n g  curves of N vs.  w/wo are v i r t u a l l y  i d e n t i c a l .  

This has been v e r i f i e d  by us ing 

ry = 0.00707, y = 1 / 2 ,  and a /b  = 1.27. 

E f fec t  o f  face bending s t i f f n e s s -  In the  case of a f l a t  panel  an approxi- 
mate s o l u t i o n  g iv ing t h e  combined effect of  o r tho t rop i c  core shear  moduli and 
face bending s t i f f n e s s  on t h e  modal dens i ty  can be obta ined by neg lec t ing  
c e r t a i n  terms i n  equat ion (2) .  If t h e  condi t ions given by equat ions (23) are 
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s a t i s f i e d ,  then by order-of-magnitude cons idera t ions ,  equat ion (2) s imp l i f i es  
t o  the  approximation 

Solv ing f o r  
e l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe2 = ~ / 2 ,  y i e l d s  

ap2/a (w/wQ), s u b s t i t u t i n g  i n t o  equat ion (5) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa and no t ing  t h a t  

Making the  s u b s t i t u t i o n  t = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-(Y - l ) cos2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 reduces equat ion (30) t o  
t h e  form of equat ion 259.00 of re fe rence 19 so t h a t  t he  so lu t i on  i s  

where 

J 
and K(k) i s  t h e  complete e l l i p t i c  i n t e g r a l  of t he  f i rst k ind.  

The terms i n  equat ion (31) t h a t  involve t h e  o r tho t rop i c  shear  moduli are 
6 and reff .  
equat ion (31), are unaf fected by a 90" r o t a t i o n  of  t h e  core.  This i s  shown i n  
f i gu re  13 by t h e  dashed curves labe led  y = 1 / 2  o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 ,  y = 1/4 o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, and 
y = 1/8 o r  8.  The s o l i d  curve i s  f o r  an i s o t r o p i c  core (y = 1) and i s  
obtained from t h e  exact  so lu t i on  (eq. (11)) .  A l l  t he  curves shown i n  f i g -  
u r e  13 a r e  f o r  i d e n t i c a l  faces  with a face- to-core th ickness r a t i o  of 
t f / h c  = 0.1.  

Both of these terms, and the re fo re  t h e  modal dens i ty  given by 

Note t h a t  equat ion (31) depends on both zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 7  and y = DQ /DQ . 
I t  i s  only when t h e  face bending s t i f f n e s s  i s  neg l i g ib le  t h a t  t h e  e f f e c t  of 
an o r tho t rop i c  core  on the  modal dens i ty  o f  a f l a t  panel can be descr ibed 
s o l e l y  i n  terms of t h e  e f f e c t i v e  shear  s t i f f n e s s  

x QY X Y  

DQeff 
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For y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 ( i s o t r o p i c  core) ,  equat ion (31) reduces t o  equat ion (12). 
This suggests  t h a t  f o r  t h e  moderately small range o f  y usua l l y  encountered 
i n  honeycomb cores (0.4 < y < 2.5) ,  equat ion (31) should be f a i r l y  accura te  i f  
t f / hc  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0.2 and reff(w/w,) 1 3  are both s a t i s f i e d .  

EXPERIMENT 

Few experimental da ta  are ava i l ab le  i n  the  l i t e r a t u r e  on the  mode shapes 
and na tu ra l  f requencies of  v i b r a t i n g  sandwich pane ls ,  e s p e c i a l l y  f o r  frequen- 
cies s u b s t a n t i a l l y  above t h a t  of t h e  fundamental mode. Although about 35 
modes were exc i ted  i n  each of t h e  two panels  t e s t e d  i n  re ference 12 ,  t he  panel  
con f igura t ions  and frequency range were such t h a t  t h e  maximum value obtained 
f o r  reff(w/wo) was about 0.25. A t  t h i s  small value of  reff(w/wo), t he  shear  
f l e x i b i l i t y  of t he  core  t h e o r e t i c a l l y  has a r e l a t i v e l y  small e f f e c t  on the  
modal dens i t y  (see f i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ) .  Thus, i t  was necessary t o  conduct some exper i -  
ments t h a t  would cover a h igher  range i n  reff(w/wo) f o r  t he  purpose of 
obta in ing r e s u l t s  t h a t  could be compared with theory.  

Apparatus 

Sandwich panels-  The specimens t e s t e d  cons is ted  of four  f l a t ,  rec tangu lar  
sandwich panels  const ructed from aluminum honeycomb cores bonded t o  s t a i n l e s s  
s tee l  face  shee ts  with a s t r u c t u r a l  adhesive.  The e f f e c t i v e  length and width 
of each panel  (measured between the  boundaries of t h e  panel  support f i x t u r e )  
were a = 28.5 i n .  (72.4 cm) and b = 24.0  i n .  (61.0 cm), respec t i ve l y .  
Table 2 l i s ts  t h e  p e r t i n e n t  core and face  p roper t i es  along with the  r e s u l t i n g  
panel  parameters.  
weight of t h e  faces  t o  produce an e f f e c t i v e  face dens i t y  c a l l e d  (p f )e f f .  

The weight of t he  bonding material was lumped with the  

Values of t h e  core shear  moduli were ca l cu la ted  from the  fol lowing 
equat ions ( r e f .  20) 

G = -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGs 1 + (u/v)cos2 rl 
LD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP S  pc 1 + (u/v) (33) 

(u /v)s in2 T-, G = - p  
T P,  1 + (u/v) J 

The q u a n t i t i e s  
l b - ~ e c ~ / i n . ~  (2.67 Mg/m3) are t he  shear  modulus and dens i t y  of t h e  honeycomb 

G, = 3 . 8 5 ~ 1 0 ~  lb / i n .2  (26.5 GN/m2) and p S  = 2 . 5 0 ~ 1 0 - ~  

19 
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N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATABLE 2 . -  D E S C R I P T I O N  OF TEST PANELS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

f f  

Length: a = 28.5 i n .  (72.4 cm), each panel  
Width: b = 24.0 i n .  (61.0 cm), eachpane l  

Materials 

Panels 1 and 2 :  Faces of 302 s t a i n l e s s  steel  shee t  
Cores of  1/8-5052 - 0.002 aluminum honeycomb 

Panels 3 and 4:  Faces of  321 s t a i n l e s s  s t e e l  shee t  
Cores of  OX-3/16-5052 - 0.0007P overexpanded aluminum honeycomb 

E f  !J t f  

Core proper t ies  
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

P C  

1 i . 2 1 ~ 1 0 - ~  129 

2 1 . 2 1 ~ 1 0 - ~  ' I 129 

3 0 . 3 1 6 ~ 1 0 - ~ '  33.8 

' 4 , 0 . 3 1 6 ~ 1 0 - ~  33.8 2 3 . 9 ~ 1 0 ~  ~ 165 2 1 . 7 ~ 1 0 ~  

903 ! 0.502 1.28 

165 0.503 1.28 
A 

Face proper t ies  I 
(P f )  

l b f  -sec2 
i n .  

8 0 . 3 ~ 1 0 - ~  

8 1 , 4 ~ 1 0 - ~  

8 0 . 3 ~ 1 0 - ~  

150 0.503 ' 1 .28  , 8 1 . 1 ~ 1 0 - ~  

Mg/m3 ilbf/in?iTN/m2! i n .  

8.58 2 6 ~ 1 0 ~  0.18 0.245 0.0154 

8.70 2 6 ~ 1 0 ~  0.18 0.245 /0.0154 

8.58 2 8 ~ 1 0 ~  0.19 0.245 0.0203 

8.67 2 8 ~ 1 0 ~  iO.19 , 0.245 /0.0203 
I 

Pane 1 

4 

Panel parameters ~~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 0.391 

0.391 I 

0.516 

0.516 



material, respec t ive ly ;  u ,  v ,  and rl a r e  
def ined i n  sketch (a ) .  The honeycomb shear  
modulus i n  the  long i tud ina l  (L)  d i r e c t i o n  of 
t h e  core i s  designated GL and t h e  shear  
modulus i n  the  t ransve rse  (T) d i r e c t i o n  of  
t h e  core i s  designated zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGT. The f i rst and 
second of  equat ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(33) are Power and upper 
bounds, respec t i ve l y ,  t o  the  longi tud ina l  

Sketch (a) Geometry of  modulus and the  a r i t hmet i c  average of  t hese  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 honeycomb c e l l s .  va lues was used f o r  GL. 

Experimental va lues of shear  moduli obta ined from s ing le-b lock shear  

honeycomb manufacturer. However, t h e s e  tests showed considerable scatter with 
values of 
equat ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 3 ) .  Since va lues o f  shear  moduli obtained from block shear  tests 
are known t o  be genera l l y  low i n  comparison with va lues obta ined from theory 
and o ther  t e s t  methods ( r e f .  21) ,  . i t  i s  f e l t  t h a t  t he  t h e o r e t i c a l  va lues used 
here in  are more accura te  than t h e  exper imental ly obtained va lues.  
normally expanded cores used i n  panels  1 and 2 ,  the  handbook va lue of &GT 
was wi th in  2 percent  of t he  t h e o r e t i c a l  r e s u l t  used. 

1 tests of  t h e  overexpanded cores used i n  panels  3 and 4 were suppl ied by the  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
{ -  from 2 1  t o  31 percent  lower than the  r e s u l t  obta ined from 

For t h e  

For the  cores  used i n  panels  1 and 2 ,  rl z 43" and u/v z 1.6 .  For t h e  
cores used i n  panels  3 and 4,  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 72" and u/v z 1 . 2 .  The approximate geometry 
of t h e  honeycomb cores and t h e  o r i e n t a t i o n  wi th respec t  t o  each panel  i s  shown 
i n  f i g u r e  1 4 .  
of the  core.  
core r o t a t i o n .  

Panels 1 and 2 were near ly  i d e n t i c a l  except f o r  a 90" r o t a t i o n  
The pr imary d i f f e rence  between panels  3 and 4 was a l s o  a 90" 

Support and e x c i t a t i o n  system- 
The panel  mounting f i x t u r e  cons is ted  

cm) of two aluminum frames bo l ted  t o  t h e  
ou te r  3 i n .  (7.62 cm) of t h e  panel  
per imeter t o  provide a p a r t i a l l y  

sketch (b ) ) .  Each s tee l  b o l t  was 
torqued t o  175 i n . - l b  (19.8 m-N). To 
prevent crushing of t h e  core ,  t h e  
ou te r  3 i n .  (7.62 cm) of honeycomb 
ce l ls  were f i l l e d  with a l i q u i d  

,.5 in, 
(3.81 cm) clamped edge condi t ion (see 

34'5 in .  (87'6 cm) 

Sketch (b) Panel mounting f i x t u r e .  aluminum Po t t i ng  material - 
The f i x t u r e  was supported by a 

pump f o rce  (111 N)) permanent magnet 
shaker.  The shaker w a s  coupled t o  
the  panel  sur face  by means of  a small 
vacuum cup t o  avoid t h e  fas ten ing  of 
attachment p o i n t s  t o  t h e  panel  (see 

thick rubber washer 

Sketch (c)  Vacuum cup attachment. sketch ( c ) ) .  This arrangement proved 

2 1  



t o  be q u i t e  s a t i s f a c t o r y  f o r  t ransmi t t i ng  motion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt o  t h e  panel  and i t  allowed 
the  exc i ta t i on  po in t  t o  be e a s i l y  changed. 

Instrumentat ion- The shaker was dr iven by t h e  ampl i f ied s igna l  of a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A hand-held v i b r a t i o n  pickup was used t o  v a s i a m e n c y  o s c i l l a t o r .  

d e t e c t  t h e  panel  motion. 
pickup s igna ls  were measured by an e l e c t r o n i c  frequency counter .  These 
s i g n a l s  were a l s o  monitored on an osc i l loscope i n  t h e  form of  L issa jous 
f i gu res .  

The f requencies of  t h e  o s c i l l a t o r  and v ib ra t i on  

Test  Procedure 

For each panel ,  between 70 and 80 consecut ive modes of v ib ra t i on  were 
exc i ted  by varying t h e  frequency and loca t ion  of t h e  app l ied  e x c i t a t i o n .  
mode shape at  each resonance was v i sua l i zed  by the  formation of Chladni f i g -  
u res  produced by the  co l l ec t i on  of sand p a r t i c l e s  (16 mesh s i z e )  along node 
l i n e s .  
h igher  frequency resonances, t h e  Chladni f i g u r e s  were not  sharp ly  def ined. 
these cases,  t he  phase d i f fe rences  between the  o s c i l l a t o r  s i g n a l  and t h e  v ib ra-  
t i o n  pickup s igna ls  were used t o  d e t e c t  t he  node l i n e s .  
two o r  more modes occurred a t  nea r l y  the  same frequency, and ca re fu l  pos i t i on -  
ing  of  t h e  exc i ta t i on  po in t  was requi red t o  produce d i s t i n c t  Chladni f i g u r e s .  

The 

A few of t hese  sand p a t t e r n s  a r e  shown i n  f i g u r e  15. For some of t he  
In 

In some ins tances ,  

T e s t  Resul ts  

Frequencies a r e  given i n  t a b l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 f o r  t h e  four  tes t  panels  corresponding 
t o  t h e  maximum resonance response f o r  t he  modes l i s t e d .  The mode number m 
i n  t he  x d i r e c t i o n  (n i n  the  y d i rec t i on )  i n d i c a t e s  m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 (n - 1) l i n e s  
o f  zero de f l ec t i on  between the  panel boundaries x = 0 ( y  = 0) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx = a 
(y = b ) .  
caused corresponding h igher  modes of these two panels  t o  occur a t  s i g n i f i -  
can t l y  d i f f e rence  f requencies.  
and corresponding modes f o r  t hese  panels  occurred a t  nea r l y  the  same 
frequency. 

For panels  1 and 2 t h e  r a t i o  GL/GT was equal t o  about 2 .5 ,  which 

was near ly  un i t y ,  For panels  3 and 4, GL/GT 

COMPARISON OF THEORY AND EXPERIMENT 

The experimental va lues of 1/ [ (~ r /4 )  (a /b) ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 [AN/A ( w / w O ) ]  and t h e i r  va r ia -  
t i o n  with reff(w/wo) a r e  shown i n  f i gu res  16(a) and 16(b) f o r  panels  1 and 2 ,  
respec t i ve l y ,  and i n  f i gu res  16(c) and 16(d) f o r  panels  3 and 4, respec t i ve l y .  
The hor izon ta l  l i n e s  i nd i ca te  the  i n t e r v a l s  of reff(w/wo) used t o  compute the  
corresponding da ta  po in ts .  
es t imate  fo r  modal dens i t y  given by equat ion (8) with r rep laced by reff .  
For a l l  four  pane ls ,  t he  quan t i t y  X / r e f f  i s  much less than one; t he re fo re ,  
t h e o r e t i c a l l y ,  t he  e f f e c t  of r o t a r y  i n e r t i a  i s  neg l i g ib le .  For the  range of 
reff(w/wo) and t f / hc  
the  face bending s t i f f n e s s  i s  a l s o  neg l i g ib le .  

The s o l i d  curve i n  each f i g u r e  i s  t he  theo re t i ca l  

covered by the  experiments, t he  t h e o r e t i c a l  e f f e c t  of 
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TABLE 3.- EXPERIMENTAL RESONANCE FREQUENCIES, H, 
[Panels  1 and 2 heavy l i n e  e n c l o s e s  modes f o r  which reff(w/wo) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< 1.1; p a n e l s  

3 and 4 ,  reff(w/wo) < 3.01 

n/n 
1 
2 
3 
4 
5 
6 
7 
8 
9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
12 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
- 

2 
713 
950 

1360 
1840 
2460 
3170 
3870 
4660 
5430 

3 
1130 
1425 
1750 
2200 
2815 
3440 
4010 
4930 
5630 

6 
3070 
3230 
3390 
3790 
4130 
4720 
5230 
5890 
- 

10 
5660 
5770 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5910 

8 
4360 
4460 
4610 
4920 
5300 
5740 
6220 

9 
5020 
5140 
5280 
5520 
5900 

4 
1890 
1960 
2280 
2620 
3130 
3750 
4370 
5090 
5820 

2260 
2350 
2450 
2700 
3080 
3440 
3840 
4250 
4610 
5170 
5640 
6080 

1360 
1430 
1570 
1770 
1980 
2220 
2490 
2750 
3060 
3300 

1380 
1430 
1580 
1780 
2010 
2230 
2490 
2760 
3030 
3340 
3620 

5 
2470 
2590 
2780 
3180 
3630 
4200 
4780 
5460 
6160 
- 

~ 

3060 
3170 
3270 
3530 
3790 
4090 
4470 
4800 
5220 
5630 
6070 

1760 
1810 
1930 
2110 
2310 
2500 
2700 
2960 
3230 
3500 

1780 
1820 
1940 
2100 
2310 
2530 
2720 
2970 
3260 
3540 

~~ ~ 

1 
294 
615 

1018 
1600 
2162 
2980 
3716 
4470 
5260 
6070 

300 
530 
940 

1340 
1870 
2290 
2750 
3220 
3710 
4200 
4610 
5130 
5 700 

280 
443 
810 

1010 
1330 
1760 
2000 
2360 
2650 
2950 
3300 
3590 

2 88 
437 
784 
981 

1310 
1780 
2030 
2340 
2630 
2930 
3270 
3650 

7 
3720 
3850 
3950 
4310 
4750 
5220 
5750 

' ane l  1 

a n e l  2 

a n e l  3 

a n e l  4 

3960 
3990 
4120 
4360 
4570 
4820 
5150 
5540 
5870 

2140 
2200 
2310 
2440 
2580 
2780 
3000 
3210 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3540 

5940 4900 
4970 
5080 
5150 
5370 
5630 
5980 

726 
991 

1300 
1690 
2020 
2510 
2930 
3420 
3960 
4421 
4910 
5360 
5800 

674 
760 
990 

1230 
1530 
1830 
2140 
2440 
2710 
3050 
3390 

638 
754 
990 

1220 
1540 
1820 
2130 
2430 
2700 
3050 
3390 
3700 

1180 
1560 
1780 
2120 
2520 
2890 
3360 
3800 
4240 
4680 
5070 
5590 
6100 

940 
1070 
1300 
1500 
1750 
2020 
2290 
2560 
2890 
3200 
3460 

951 
1060 
1260 
1480 
1720 
2000 
2290 
2580 
2870 
3210 
3460 

3640 3290 
3360 
3430 
3500 

2520 
2630 
2700 
2800 
2930 
3130 
3350 
3540 

2910 
3020 
3080 
3140 
3280 
3440 

2140 
2200 
2300 
2450 
2630 
2810 
3010 
3240 
3500 
3730 
- 

3670 2540 
2620 
2700 
2800 
2940 
3140 
3360 
3530 

3310 
3380 
3460 
3590 

2910 
3060 
3100 
3130 
3310 
3480 
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Comparison of  t h e  r e s u l t s  presented i n  f i g u r e  16 i n d i c a t e s  t h a t  t h e  
theory g ives a f a i r l y  good estimate of t h e  average modal dens i t y  except a t  t he  
smaller values of reff(w/wo). The va lues of  reff(w/wo) at which the  compar- 
i son  becomes poor correspond t o  the  frequency range i n  t h e  v i c i n i t y  of t he  
fundamental mode where r e l a t i v e l y  few modes occur.  
t h e  continuous frequency representa t ion  of a d i s c r e t e  number of modes is  
u n r e a l i s t i c .  For example, t he  first two t es t  p o i n t s  i n  f i g u r e  16(c) represent  
a t o t a l  o f  on ly  f i v e  modes. 
represents  a t o t a l  o f  24 modes. 
modes pred ic ted  by classical p l a t e  theory. )  

I n  t h i s  frequency range, 

In  con t ras t ,  t h e  last  t es t  p o i n t  i n  f i g u r e  16(c) 
(Note t h a t  t h i s  i s  s i x  times t h e  number of 

Panels zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and 4 a r e  nominal ly i d e n t i c a l ,  t h e  major d i f f e rence  being about 
a 20 percent  v a r i a t i o n  i n  y .  However, comparison of f i g u r e s  16(c) and 16(d) 
shows t h a t  t h e  experimental r e s u l t s  obta ined from panel  3 f a l l  very c lose  t o  
t h e  t h e o r e t i c a l  curve a t  near l y  every p o i n t  whi le t h e  r e s u l t s  from panel  4 are 
more sca t te red .  This i s  due t o  a "clumping" of more than t h e  average number 
of modes (as pred ic ted  by theory) i n  one frequency i n t e r v a l  whi le an adjacent  
frequency i n t e r v a l  has fewer than the  average number of  modes. (This clumping 
e f f e c t  i s  a l s o  seen i n  f i g s .  12(a) and 12(b) ,  f o r  example, a t  170 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< d u o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< 180.) 
Depending on the  s i ze  of frequency i n t e r v a l  chosen, t h i s  clumping may o r  may 
no t  produce no t iceab le  v a r i a t i o n s  i n  modal dens i t y  from t h e  average. 
theory g ives only the  average modal dens i ty  and does not p red ic t  v a r i a t i o n s  
from t h i s  average. 

The 

I t  should a l s o  be noted t h a t  t he  t e s t  panels  were fas tened i n  a semi- 
clamped conf igura t ion  while the  theory was based on simple support boundary 
condi t ions.  The f a i r l y  good agreement between the  experimental and theore t -  
i ca l  r e s u l t s  lends support  t o  the  i m p l i c i t  assumption t h a t  t he  modal dens i t y  
o f  sandwich pane ls ,  l i k e  s ing le - layered pane ls ,  i s  r e l a t i v e l y  independent of 
t h e  boundary condi t ions.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

CONCLUSIONS 

Theoret ica l  es t imates  were obtained f o r  t h e  modal d e n s i t i e s  of sandwich 
The r e l a t i v e  impor- beams and f l a t  o r  c y l i n d r i c a l l y  curved sandwich pane ls .  

tance of t ransve rse  shear  f l e x i b i l i t y  and o r tho t rop i c  shear  moduli of t h e  core,  
bending s t i f f n e s s  of  t h e  faces, r o t a r y  i n e r t i a ,  and panel  curvature as they 
a f f e c t  modal dens i t y  w a s  evaluated.  
obta ined from resonance tests of  f l a t  rec tangu lar  panels  having o r tho t rop i c  
cores.  From t h e  r e s u l t s  of t h e  i nves t i ga t i on  t h e  fol lowing conclusions a r e  
noted:  

Experimental va lues of  modal dens i t y  were 

1. Fa i lu re  t o  account f o r  t h e  t ransverse  shear  f l e x i b i l i t y  of t he  core 
can lead t o  a s i g n i f i c a n t  underest imat ion of  t he  modal dens i ty .  

2.  The e f f e c t  of r o t a r y  i n e r t i a  i s  genera l l y  n e g l i g i b l e  compared t o  the  
e f f e c t  of t ransve rse  shear  f l e x i b i l i t y .  

24 



3. For many p r a c t i c a l  sandwich conf igurat ions and frequency ranges, the  
e f f e c t  of t he  face  bending s t i f f n e s s  can be neglected. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 .  For f la t  rec tangu lar  panels  having o r tho t rop i c  cores,  a 90" r o t a t i o n  
of the  core mater ia l  wi th respec t  t o  the  faces  has no e f f e c t  on the  average 
modal dens i ty .  

5. Where face  bending e f f e c t s  a r e  small, t he  r e s u l t s  obtained f o r  f l a t  
and c y l i n d r i c a l l y  curved sandwich panels  having i s o t r o p i c  cores can be appl ied 
t o  panels  having moderately o r tho t rop i c  cores,  such as honeycomb, by introduc- 
ing an e f f e c t i v e  shear  modulus and an e f f e c t i v e  curvature parameter. 
e f f e c t i v e  shear  modulus i s  simply the  geometric mean of t he  two-face p a r a l l e l  
shear  moduli. 

The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 .  The agreement between modal d e n s i t i e s  p red ic ted  by theory and modal 

d e n s i t i e s  determined from experiment was genera l l y  good except a t  f requencies 
near  t h a t  of the  fundamental mode where the  theory i s  no t  app l i cab le .  

Ames Research Center 
National Aeronautics and Space Administrat ion 

Moffet t  F ie ld ,  Cal i f . ,  94035, Dec. 2 ,  1969 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2s 



If ' D f  

DS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

j D ~ x  

E 

D 
QY 

I ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
M 

APPENDIX A 

PANEL STIFFNESS AND INERTIAL PROPERTIES 

Nonident ica l  faces  

E t3  
f l  f l  

E t3 
f 2  f 2  

12(1  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp2) ' 1 2 ( 1  - 112) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

1 - u  

2 t + t  

G cX h c l +  ( "2hC f 2  

E t  + E t  
f l  f l  f 2  f, 

f 1 
t 

+ 
2hC 

+ Pchc (.2 + %) 1 2  

Pchc + P f l t f 1  + P f 2 t f 2  

I 

I 9 1 2  

Eftf3 

12(1 - u 2 )  

I d e n t i c a l  faces J 
2(1 - pZ) 

2Eftf 

* d l ,  d2 ,  and e a r e  g iven i n  symbols l i s t  and were obta ined from equat ion (18) of re fe rence  22.  



APPENDIX B 

DERIVATION OF EQUATION (1) 

The d i f f e r e n t i a l  equat ions governing the  panel  v i b r a t i o n s  are obta ined 
from t h e  small de f lec t i on  theory of  re ference 11 by adding t ransverse  and 
r o t a r y  i ne r t i a  terms. 

In  equat ions (Bl ) ,  x and y speci fy  the  coord inates of  a po in t  i n  
p a n e l ' s  middle sur face  ( f i g .  1) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe denotes t ime. The operator  V i s  
def ined by v - ~ ( v ~ w )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= v ~ ( v - ~ w )  = w where v 4  = a4/ax4 + 2a4/ax2 ay2 +a4/ay4.  

The motion descr ibed by these  equat ions i s  t h a t  a s t r a i g h t  l i n e  perpen- 
d i c u l a r  t o  t h e  undeformed middle sur face  ( z  = 0) remains s t r a i g h t  and of con- 
s t a n t  length a f t e r  deformation b u t  no t  necessa r i l y  perpendicu lar  t o  t h e  
deformed middle sur face .  This  i n c l i n a t i o n  i n  t h e  x (or y) d i r e c t i o n  from a 
r i g h t  angle i s  t h e  average shear  angle Q x / D ~ x  (or  Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/D ) produced by the  

r e s u l t a n t  t ransve rse  shear  fo rce  Qx (or Qy) p e r  u n i t  width. 

is  appl ied over t h e  e n t i r e  th ickness ,  t he  boundary condi t ions are ( r e f .  23) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

QY 

s 

For simply supported edges p a r a l l e l  t o  t h e  x a x i s  a t  which the  support  

w = M  = - -  Qx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 0  (B2) Y D  
Qx 

27 



where t h e  moment zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 (ac t ing  about t h e  x ax i s )  i s  given by 

ax ax 

The boundary condi t ions along the  edges p a r a l l e l  t o  t h e  
by in terchanging y and x. 

y a x i s  are obta ined 

Expressions f o r  t h e  la tera l  de f lec t i on  and shear  angles t h a t  s a t i s f y  t h e  
boundary condi t ions are 

mnx nny e i w t  
s i n  - w(x,y, t )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA’ s i n  - 

b a 

QX B’ m nx nny , i w t  
- (X,Y,t> = - s i n  - 

b 
cos - a D Qx DQX 

mnx nny e i w t  
cos - 

b 
s i n  - C ’  

a 
QY b (X,Y,t) = D 

QY QY 

where m and n 
i n  the  x and y d i r e c t i o n s ,  respec t ive ly ,  and w i s  t h e  panel  frequency 
( rad/sec) .  

are i n tege rs  des ignat ing t h e  number of  s inuso ida l  halfwaves 

The d i f f e r e n t i a l  equat ions (Bl) are a l s o  s a t i s f i e d  by t h e  above forms f o r  
w ,  Qx/DQx, and Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/D provided t h a t  

QY 

Expanding the  determinant y ie lds  equat ion (1 ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
APPENDIX C 

CONVERSION OF U.S. CUSTOMARY UNITS TO SI UNITS 

The In te rna t i ona l  Systems of Uni ts (SI) was adopted by t h e  Eleventh 
General Conference on Weights and Measures, Paris, October 1960, i n  Resolut ion 
No. 1 2  ( r e f .  24). Conversion f a c t o r s  f o r  t h e  u n i t s  used he re in  are given i n  
the  fo l lowing t a b l e :  

'hysical  quan t i t y  

Length 

Force 

Moment 

Density 

Modulus 

U.S. 

u n i t  
:ust omary 

i n .  

lb f  

i n . - l b f  

l b f  -sec 

i n .  

l b f  

i n .  

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

Conversion 
f a c t o r  

(*I 

0.0254 

4.448 

0.113 

1 . 0 6 9 ~ 1 0 ~  

6 . 8 9 5 ~ 1 0 ~  

SI  Uni t  

Meters (m) 

Newtons (N) 

Meter-Newtons (m-N) 

Kilograms per  cub ic  meter (kg/m3) 

Newtons p e r  square meter (N/m2) 

*Mult iply va lue given i n  U.S. Customary Unit by conversion f a c t o r  t o  obta in  
equiva lent  va lue i n  SI u n i t .  

P re f i x  

Pre f ixes  t o  i n d i c a t e  mul t ip le  of u n i t s  a r e  as fo l lows:  

Mult ip le 

10-3 

te ra  (T) 

gigs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(GI 

mega (MI 

k i l o  (I;) 

c e n t i  (c) 

m i l l i  (m) 
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Figure 1.- Panel geometry and coordinate system. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr A R E A  OCCUPIED BY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. . . . . . . . . I / . .  
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Figure 2.- Modes bounded by a constant frequency curve. 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 . -  Effect of shear  f l e x i b i l i t y  and r o t a r y  i n e r t i a  on t h e  modal 
dens i t y  of a f l a t  sandwich panel ;  i s o t r o p i c  core;  face bending 
s t i f f n e s s  neglected.  
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Figure 4.- Effect of shear  f l e x i b i l i t y  and face bending s t i f f n e s s  on 
t h e  modal dens i t y  of a f l a t  sandwich panel ;  i s o t r o p i c  core;  r o t a r y  
i n e r t i a  neglected.  
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I I I I I I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 50 too I50 200 250 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA300 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

w/wo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 5.- Ef fec t  o f  shear  f l e x i b i l i t y  and r o t a r y  i n e r t i a  on the  modal 

dens i ty  of a sandwich beam; face  bending s t i f f n e s s  neglected.  
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Figure 6.- Effect o f  shear  f l e x i b i l i t y  and face bending s t i f f n e s s  on 
t h e  modal dens i t y  of a sandwich beam; r o t a r y  i n e r t i a  neglected.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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I -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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ESTIMATED PEAK IN 
MODAL DENSITY FOR 
C 1300 
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.I 1.0 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 7.- Modal densities of cylindrically curved sandwich panels; 
isotropic core; face bending stiffness neglected. 

EXACT SOLUTION (EQ. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(17). 
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Figure 8.- Asymptotic behavior of cylindrically curved sandwich panel 
modal density; isotropic core; face bending stiffness and rotary 
inertia neglected. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 9.- Combined e f f e c t  of curvature and face bending s t i f f n e s s  on sandwich 
panel  modal dens i ty ;  i s o t r o p i c  core;  r o t a r y  i n e r t i a  neglected; t f / hc  = 0.1.0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 9.- Concluded. 

C = 250 

Figure 10.- Effect of core orthotropy on cumulative number of modes 
for a cylindrically curved panel as predicted by equation (26); 
rotary inertia and face bending stiffness neglected; a/b = 1.27. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(a) Exact; equation (26). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAreff = Y =O.OI 
sy / 

(b) Empirical; equation (27). 

Figure 11.- Comparison of cumulative number o f  modes for sandwich 
panels as predicted by exact and empirical frequency equations; 
rotary inertia and face bending stiffness neglected; a/b = 2.55, 
y = 0.5. 
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(b) y = 2.0 

Figure 12.- Comparison of cumulative number of modes for two flat 
sandwich panels which have orthotropic cores differing in 
orientation by 90"; rotary inertia and face bending stiffness 
neglected; a/b = 1.27; rY /G  = 0.01. 
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EXACT 

APPROXIMATE _ _ _  

I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 15 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 13.-  Combined effect  of  o r tho t rop i c  core shear  moduli and face  
bending s t i f f n e s s  on t h e  modal dens i t y  of a f l a t  sandwich panel ;  
r o t a r y  i n e r t i a  neglected.  
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Figure 14.-  Core geometries and o r i e n t a t i o n s .  (Core ce l l  s i z e  i s  
exaggerated.)  
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A-41047 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(a) Mode zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 ,  3) - 1260 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHz. 

A-41046 

(b) Mode (4, 4) - 1780 Hz. 

Figure 15.- Some Chladni f i g u r e s  on pane l  4 showing modes (m, n ) .  
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A-41050 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(c) Mode (5, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6) - 2630 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHz. 

A - 4 10 5 1 

(d) Mode (8, 6) - 3240 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHz. 

Figure 15.- Concluded. 
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6 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEQUATION ( 8 )  
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(a) Panel zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. (b) Panel 2. 
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(c) Panel 3. (d) Panel 4. 

Figure 16.- Comparison of theoretical and experimental modal densities. 
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