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Abstract

We study the model checking complexity of Alternating-time temporal logic with imperfect
information and imperfect recall (ATL;). Contrary to what we have stated in [11], the problem
turns out to be A-complete, thus confirming the initial intuition of Schobbens [18]. We prove
AF -hardness through a reduction of the SNSAT problem, while the membership in A¥ stems
from the algorithm presented in [18].
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1 Introduction

Alternating-time temporal logic [1, 2] is one of the most interesting frameworks that emerged re-
cently for reasoning about computational systems. ATL;, is a variant of ATL, proposed by Schobbens
in [18] for agents with imperfect information and imperfect recall. We have already investigated
the complexity of ATL;. model checking in [11], concluding that the problem is NP-complete.
Unfortunately, our claim was incorrect; we set it right with this paper.

We begin with a presentation of the frameworks of ATL and ATL;.. Then we present some
existing complexity results with respect to ATL;. model checking, and we give an alternative proof
of NP-hardness of the problem. In Section 3.2, we extend the construction to present a reduction
of SNSAT, thus proving that model checking ATL;. is AFP-hard. As the membership in A¥Y
stems from the algorithms presented in both [18] and [11], we get that model checking ATL;, is
A¥Y-complete.

ATL;,. can be seen as the “core”, minimal ATL-based language for ability under incomplete infor-
mation: it does not contain any superfluous formulae or operators. This is no formal statement —
other researchers might come up with a weaker language that they consider appropriate. Neverthe-
less, ATLy, is subsumed by the majority of existing logics that combine strategies and qualitative
uncertainty. By proving AY-completeness of ATL;. model checking, we obtain a lower bound for
model checking of virtually all logics of this kind, and for most of them the bound is tight.

2 What Agents Can Achieve

ATL [1, 2] has been invented by Alur, Henzinger and Kupferman in order to capture properties
of open computational systems (such as computer networks), where different components can act
autonomously, and computations in such systems result from their combined actions. Alternatively,
ATL can serve as a logic for systems involving multiple agents, that allows one to reason about what
agents can achieve in game-like scenarios. As ATL does not include incomplete information in its
scope, it can be seen as a logic for reasoning about agents who always have complete knowledge
about the current state of affairs.



2.1 ATL: Ability in Perfect Information Games

ATL is a generalization of the branching time temporal logic ¢TL [4, 5], in which path quantifiers
are replaced with so called cooperation modalities. Formula ((A))p, where A C Agt is a coalition of
agents (Agt is the set of all agents), expresses that coalition A has a collective strategy to enforce .
ATL formulae include temporal operators: “O” (“in the next state”), O (“always from now on”) and
U (“until”). Operator ¢ (“now or sometime in the future”) can be defined as O = T U ¢. Like in
CTL, every occurrence of a temporal operator is immediately preceded by exactly one cooperation
modality." The broader language of ATL*, in which no such restriction is imposed, is not used in
this paper.

A number of semantics have been defined for ATL, most of them equivalent [6, 7]. In this paper,
we refer to a variant of concurrent game structures, which includes a nonempty finite set of all
agents Agt = {1,...,k}, a nonempty set of states St, a set of atomic propositions II, a valuation of
propositions 7 : IT — P(St), and the set of (atomic) actions Act. Function d : Agt x St — P(Act)
defines nonempty sets of actions available to agents at each state, and o is a (deterministic) transition
function that assigns the outcome state ¢ = o(q,a1,...,ax) to state ¢ and a tuple of actions
(a1,...,q) that can be executed by the agent in q. A strategy s, of agent a is a conditional
plan that specifies what a is going to do for every possible state (i.e., s, : St — Act such that
sa(q) € du(q)).2 A collective strategy Sa for a group of agents A C Agt is a tuple of strategies, one
per agent from A. A path X in model M is an infinite sequence of states that can be reached by
subsequent transitions, and refers to a possible course of action (or a possible computation) that
may occur in the system; by A[é], we denote the ith position on path A. Function out(q, S4) returns
the set of all paths that may result from agents A executing strategy S from state ¢ onward. Now,
informally speaking, M, q = (A)) ¢ iff there is a collective strategy S4 such that ¢ holds for every
X € out(q,Sa). In Section 2.3, we give a more precise semantic definition of ATL;., which is the
main subject of our study.

One of the most appreciated features of ATL is its model checking complexity — linear in the
number of transitions in the model and the length of the formula. However, after a careful inspec-
tion, this result is not as good as it seems. This linear complexity is no more valid when we measure
the size of models in the number of states, actions and agents [10, 16], or when we represent systems
in a more compact way [19]. Still, we have the following.

Proposition 1 ([2]) The ATL model checking problem is PTIME-complete, and can be done in time
O(ml), where m is the number of transitions in the model and [ is the length of the formula.

2.2 Strategic Abilities under Incomplete Information

ATrL and its models include no way of addressing uncertainty that an agent or a process may have
about the current situation. Moreover, strategies in ATL can define different choices for any pair
of different states, hence implying that an agent can recognize each (global) state of the system,
and act accordingly. Thus, it can be argued that the logic is tailored for describing and analyzing
systems in which every agent /process has complete and accurate knowledge about the current state
of the system. This is usually not the case for most application domains, where a process can
access its local state, but the state of the environment and the (local) states of other agents can be
observed only partially.

One of the main challenges for a logic of strategic abilities under incomplete information is the
question of how agents’ knowledge should interfere with the agents’ available strategies. The early
approaches to “ATL with incomplete information” [2, Sec.7.2],[20, 21] did not handle this interac-
tion in a completely satisfactory way (cf. [9, 18, 15]), which triggered a flurry of logics, proposed
to overcome the problems [9, 12, 18, 15, 22, 8, 13]. Most of the proposals agree that only uniform
strategies (i.e., strategies that specify the same choices in indistinguishable states) are really exe-
cutable. However, in order to identify a successful strategy, the agents must consider not only the
courses of actions starting from the current state of the system, but also those starting from states
that are indistinguishable from the current one. There are many cases here, especially when group

IThe logic to which such a syntactic restriction applies is sometimes called “vanilla” aT1. (resp. “vanilla” cTL etc.).
2Note that in the original formulation of aT1L [1, 2], strategies assign agents’ choices to sequences of states, which
suggests that agents can by definition recall the whole history of each game.



epistemics is concerned: the agents may have common, “mutual” or distributed knowledge about
a strategy being successful, or they may be given a hint for the right strategy by a distinguished
member (the “boss”), a subgroup (“headquarters committee”) or even another group of agents (“con-
sulting company”) etc. Most existing solutions treat only some of the cases (albeit rather in an
elegant way), while the others offer a very general treatment of the problem at the expense of
a complicated logical language (which is by no means elegant). We believe that an elegant and
general solution has been recently proposed in the form of Constructive Strategic Logic [13, 14],
but this claim is yet to be verified.

ATL;,. stands out among the existing solutions for its simplicity. While by no means the most
expressive, we believe it can be treated as the “core”, minimal ATL-based language for ability under
incomplete information. This is no formal statement; we just cannot think of a substantially weaker
temporal language to express abilities of agents.

2.3 ATL,,

ATrL;,. includes the same formulae as ATL, only the cooperation modalities are presented with a
subscript: ((A));- to indicate that they address agents with imperfect information and imperfect
recall. Formally, the recursive definition of ATL;,. formulae is:

eu=ploplene| (AYirOp | (A)uDe | (A)ireU ¢

Again, we define (A);.Op = (AN TU .

Models of ATL;., imperfect information concurrent game structures (iCGs), can be presented
as concurrent game structures augmented with a family of epistemic indistinguishability relations
~eC St x St, one per agent a € Agt. The relations describe agents’ uncertainty: g ~, ¢’ means
that, while the system is in state ¢, agent a considers it possible that it is in ¢’ now. It is required
that agents have the same choices in indistinguishable states. To recapitulate, ¢CGS can be defined
as tuples

M = (Agt, St,I1, 7, Act,d, 0,~1, ..., ~L),

where:
o Agt ={1,...,k} is a finite nonempty set of all agents,
e St is a nonempty set of states,
e IT is a set of atomic propositions,
e 7: Il — P(St) is a valuation of propositions,
e Act is a finite nonempty set of (atomic) actions;

e function d : Agt x St — P(Act) defines actions available to an agent in a state; d(a,q) # 0
for all a € Agt, q € St,

e 0 is a (deterministic) transition function that assigns outcome states to states and tuples of
actions; that is, o(q, a1, ..., ax) € St for every ¢ € St and (aq,...,ax) € d(1,q) x---xd(k,q);

o ~1,...,~,C St x St are epistemic relations, one per agent. Every ~, is assumed to be an
equivalence. We require that g ~, ¢’ implies d(a,q) = d(a,q’).

Again, a (memoryless) strategy of agent a is a conditional plan that specifies what a is going to
do in every possible state. An executable plan must prescribe the same choices for indistinguishable
states. Therefore ATL;,. restricts the strategies that can be used by agents to the set of so called
uniform strategies. A uniform strategy of agent a is defined as a function s, : St — Act, such that:
(1) s4(q) € d(a,q), and (2) if ¢ ~, ¢’ then s,(q) = s4(¢'). A collective strategy for a group of agents
A = {ay,...,a,} is a tuple of strategies Sq4 = (Sq,, ..., Sa,.), One per agent from A. A collective
strategy is uniform if it contains only uniform individual strategies. Again, function out(q,Sa)
returns the set of all paths that may result from agents A executing strategy S4 from state ¢
onward:?

3The notation S (a) stands for the strategy sq of agent a in the tuple Sa = (say, ..., Sa,.)-
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Figure 1: Gambling Robots game

out(q, Sa) = {\ = qq1q2--- | 90 = g and for every i = 1,2, ... there exists a tuple of agents’ decisions
(o™ ) 1such tha’f al7t = Su(a)(gi—1) foreach a € A, o' € d(a,q;—1) for each a ¢ A,
and o(g;—1,0] 7, ...,ap ) = ¢}

The semantics of ATL;, formulae is defined as follows. The first three lines are obvious, similar
to the definition of truth in Kripke models. While the first states that an atomic proposition is
true in a model and a state iff the valuation makes it true in this state, the next two lines define
the usual meaning of = and ¢ A 1. Lines 4-6 define the meaning of cooperation modalities.

M,ql=p iff g€ n(p) (for p € 1I);
M,q =~y iff M,q = o
M,ql=onNy iff M,q=¢and M,q = ;

M,q = (A)i Op iff there exists a uniform strategy S4 such that, for every a € A, ¢’ € St such
that ¢ ~, ¢/, and A € out(Sa,q’), we have M, \[1] & ¢;

M, q E (A)irO¢p iff there exists a uniform strategy S4 such that, for every a € A, ¢’ € St such
that ¢ ~4 ¢/, and A € out(S4,q’), we have M, \[i] |= ¢ for every i > 0;

M,q E (A)ireU iff there exist a uniform strategy S4 such that, for every a € A, ¢’ € St such
that ¢ ~4 ¢/, and X\ € out(S4,q’), there is i > 0 for which M, A[¢] | ¢, and M, A[j] | ¢ for
every 0 < j <.

That is, ((A))ir¢ if coalition A has a uniform strategy, such that for every path that can possibly
result from execution of the strategy according to at least one agent from A, o is the case. This is
a strong requirement, because it suffices that at least one of the agents in A considers some states
q,q equivalent: then, all relevant paths starting from both ¢ and ¢’ must be considered.

Note that the universal path quantifier A (“for every path”) from CTL can be expressed in ATL;,

as {(0)ir-

Example 1 (Gambling robots) Two robots (a and b) play a simple card game. The deck consists
of Ace, King and Queen (A, K,Q). Normally, it is assumed that A is the best card, K the second
best, and Q the worst. Therefore A beats K and Q, K beats Q, and Q beats no card. At the
beginning of the game, the “environment” agent deals a random card to both robots (face down), so
that each player can see his own hand, but he does not know the card of the other player. Then
robot a can exchange his card for the one remaining in the deck (action exch), or he can keep the
current one (keep). At the same time, robot b can change the priorities of the cards, so that Q
becomes better than A (action chg) or he can do nothing (nop), i.e. leave the priorities unchanged.
If a has a better card than b after that, then a win is scored, otherwise the game ends in a “losing”
state. An iCGS My for the game is shown in Figure 1.



It is easy to see that My, qo = —{(a))iOwin, because, for every a’s (uniform) strategy, if it guar-
antees a win in e.g. state qax then it fails in qag (and similarly for other pairs of indistinguishable
states). Let us also observe that My,qo = —{(a,b);Owin (in order to win, a must exchange his
card in state qqi, so he must exchange his card in goa too (by uniformity), and playing exch in
goa leads to the losing state). On the other hand, Mi,qaq = (a,b); Owin (o winning strategy:
Sa(gar) = sa(qaQ) = sa(gxq) = keep, sp(qaq) = sp(gxq) = sp(gar) = NOP; qak,qAQ, qKQ ore
the states that must be considered by a and b in qag). Still, My, qax = —{a,b));r Owin.

Schobbens [18] proved that ATL;, model checking is NP-hard and AF-easy. He also conjectured
that the problem is AY-complete. We prove that it is indeed the case in Section 3.

3 Model Checking ATL,,

Schobbens [18] proved that ATL;. model checking is intractable: more precisely, it is NP-hard and
AY-easy when the size of the model is defined in terms of the number of transitions. He also
conjectured that the problem is A¥-complete. In this section, we close the gap and prove that it
is AF-hard, and hence indeed AF-complete. The proof proceeds by a reduction of the SNSAT
problem to ATL;. model checking, presented in Section 3.2.

A problem is in AY = PNP if it can be solved in deterministic polynomial time with subcalls to
an NP-oracle (we refer the reader to [17, 3] for more detailed information about complexity classes
and their complete problems). Class AY belongs to the first level of the polynomial hierarchy
(although the index suggests it belongs to the second level). The class is supposed to be just above
NP (unless the polynomial hierarchy collapses):

NP Uco-NP C AY C =P NI}

where 5 = NPNP | and IT§ = co-NPNP,
We have already investigated the complexity of ATL;. model checking in [11], concluding that
the problem is NP-complete. Unfortunately, our claim was incorrect: we set it right in this paper.

3.1 Existing Results

Model checking ATL;- has been proved to be NP-hard and Ag—easy in the number of transitions
and the length of the formula [18]. The membership in AY was demonstrated through the following
observation. If the formula to be model checked is of the form {(A)) ;. (p being O, T or 11 U 1),
where ¢ contains no more cooperation modalities, then it is sufficient to guess a strategy for A,
“trim” the model by removing all transitions that will never be executed (according to this strategy),
and model check ¢TT, formula Ap in the resulting model. Thus, model checking an arbitrary ATL;,
formula can be done by checking the subformulae iteratively, which requires a polynomial number
of calls to an NP algorithm.*

The NP-hardness follows from a reduction of the well known SAT problem. Here, we present a
reduction which is somewhat different from the one in [18]. We will adapt it in Section 3.2 to prove
AP hardness. In SAT, we are given a CNF formula ¢ = C; A ... A C, involving k propositional
variables from set X = {z1,..., x4 }. Each clause C; can be written as C; = "' V...V z;"*, where
sij € {+,—,0}; xj denotes a positive occurrence of z; in Cj, z; denotes an occurrence of —z; in
C;, and x? indicates that z; does not occur in C;. The problem asks if 3X.¢, that is, if there is a
valuation of x1, ..., z; such that ¢ holds.

We construct the corresponding iCGS M, as follows. There are two players: verifier v and refuter
r. The refuter decides at the beginning of the game which clause C; will have to be satisfied: it
is done by proceeding from the initial state ¢o to a “clause” state g;. At g;, verifier decides (by
proceeding to a “proposition” state ¢; ;) which of the literals xjj from C; will be attempted.
Finally, at g; ;, verifier attempts to prove C; by declaring the underlying propositional variable z;

+

true (action T) or false (action L). If she succeeds (i.e., if she executes T for z], or executes L

for JJJ_), then the system proceeds to the “winning” state ¢gt. Otherwise, the system stays in g¢; ;.
Additionally, “proposition” states referring to the same variable are indistinguishable for verifier, so

4The algorithm from [11] can be also used to demonstrate the upper bounds for the complexity of this problem.



Figure 2: An icGs for checking satisfiability of ¢ = (z1 V —x3) A (—21 V 22 V x3)

that she has to declare the same value of z; in all of them within a uniform strategy. A sole ATL;,
proposition yes holds only in the “winning” state g+. Obviously, states corresponding to literals x(;
can be omitted from the model.

Speaking more formally, M, = (Agt, St,II, 7, Act,d, 0, ~1, ..., ~), where:

o Agt ={v,r},
o St= {QO} ) Stcl U Stprop U {qT}u
where Stcl = {(11’ ceey Qn}a and Stprop = {Q1,17 e Qlky e o5 Gn1y e Qn,k};
o II = {yes}, w(yes) = {qT},
o Act ={1,...,max(k,n), T, L},
d(v,qo) = d(v7QT) = {1}5 d(v7ql) = {17 "'7k}7 d(V7Qi7j) = {Ta J—}:
d(r,q) = {1,...,n} for ¢ = qo, and d(r,q) = {1} otherwise;
O(Q071ai) = (i, O(Qi7j71) ={i,j,
o(gi,j, T,1) =gt if s;; = +, and ¢; ; otherwise,
o(gij,L,1) =gt if 5;; = —, and ¢; ; otherwise;
e qo~qiftg=q, dG~qifg=q, G ;~qiffq=gqy;.

As an example, model M, for ¢ = (z1 V —x3) A (—z1 V @2 V 23) is presented in Figure 2.

Theorem 2 ¢ is satisfiable iff My, q0 = (v))irOyes.

Proof.

(=) Firstly, if there is a valuation that makes ¢ true, then for every clause C; one can choose
a literal out of C; that is made true by the valuation. The choice, together with the valuation,
corresponds to a uniform strategy for v such that, for all possible executions, ¢ is achieved at the
end.

(«=) Conversely, if M, qo = (v))irOyes, then there is a strategy s, such that ¢t is achieved for
all paths from out(qo,sy). But then the valuation, which assigns propositions z1, ..., 3 with the
same values as sy, satisfies . [

Both the number of states and transitions in M, are linear in the length of ¢, and the construc-
tion of M requires linear time too. Thus, the model checking problem for ATL;,. is NP-hard. Note



that it is NP-hard even for formulae with a single cooperation modality, and turn-based models
with at most two agents.’

We already investigated the complexity of ATL;. model checking in [11], concluding that the
problem was NP-complete. Unfortunately, our claim was incorrect: the error occurred in the way
we handled negation in our model checking algorithm (cf. [16]). Still, as observed by Laroussinie,
Markey and Oreiby in [16], our algorithm is correct for “positive ATL;” — i.e., ATL;. without
negation. Thus, the following holds.

Proposition 3 Model checking of “positive ATL;.” is NP-complete with respect to the number of
transitions in the model and the length of the formula.

The Ag—hardness for the full ATL;, is proved in Section 3.2.

3.2 Model Checking ATL;, Is Indeed Af-complete
Let us first recall (after [16]) the definition of SNSAT, a typical AE-hard problem.

Definition 1 (SNSAT)

Input: p sets of propositional variables X, = {x1,,...,2%r}, D propositional variables z,, and p
Boolean formulae ¢, in CNF, with each o, involving only variables in X, U{z1, ..., 2,1}, with the
following requirement:

zr = there exists an assignment of variables in X, such that ¢, is true.

We will also write, by abuse of notation, z., = IX, ©r(21, ..y 2r—1, X1).
Output: The truth-value of z, (i.e., T or L).

Let n be the maximal number of clauses in any ¢4, ..., ¢, from the given input. Now, each ¢,
can be written as:

cee R

s s s” sr _
or =CIA...ANCy, and C] =x ) V.. Vo F V2" v g B
: :

Again, Si; € {+, —,0}; =+ denotes a positive occurrence of z, x~ denotes an occurrence of —z, and
2° indicates that = does not occur in the clause. Similarly, s, ; defines the “sign” of z; in clause
C7. Given such an instance of SNSAT, we construct a sequence of concurrent game structures M,
for r = 1,...,p in a similar way to the construction in Section 3.1. That is, clauses and variables
x; » are handled in exactly the same way as before. Moreover, if z; occurs as a positive literal in
©r, we embed M; in M,., and add a transition to the initial state g} of M;. If —z; occurs in ¢,., we
do almost the same: the only difference is that we split the transition into two steps, with a state
neg! (labeled with an ATL;, proposition neg) added in between.
More formally, M, = (Agt, St",II, 7", Act™,d", 0", ~T, ..., ~}), where:

o Agt ={v,r},
o St =1{q0,9, 915> Ty s MEGT 5 - - - ,negh_1,qT U St
o II = {yes, neg}, 7" (yes) = {q1}, 7" (neg) = {negf i, =1,...,7}

o Act" ={1,..,max(k+r—1,n), T, L},
o d"(v,qh) =d"(v,negl) = d"(v,q1) = {1}, d"(v,ql) =11, ...k +r—1},
dT(V,q;j) = {T’ J-}7
d’(r,q) ={1,....,n} for ¢ = ¢{ and {1} for the other ¢ € St".
For ¢ € St"~1, we simply include the function from M, 1: d"(a,q) = d"~(a, q);
e o"(q5.1,1) =¢qf,  0"(qf,4,1) =qj; for j <k,
o"(qi k+j,1) =g if s, ; =+, and 0"(¢], k + j,1) = negj if s}, .. =—,
Or(negjr‘v 13 1) = 45,
o"(qf;, T,1) =gt if s{; = +, and ¢ ; otherwise,
0"(qf j, L,1) = g7 if s]; = —, and ¢} ; otherwise.
For ¢ € St"~1, we include the transitions from M, _;: 0"(q,a) = 0" 1(q, a);

5Tn fact, it is NP-hard even for models with a single agent, although the construction must be a little different
to demonstrate this.
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Figure 3: An icas for the reduction of SNSAT

o gy ~v qiff ¢ =qf, q ~v qiff ¢ =qj, a ;i ~v qiff ¢ =qj ;.

/

For q,¢' € St"~1, we include the tuples from M, _1: ¢ ~7 ¢ iff g ~771 ¢'.

As an example, model M3 for p3 = (z3V —22) A (mxz3 V —21), w2 = 21 A —z1, 1 = (21 V 22) A 21,
is presented in Figure 3.

Theorem 4 Let
®1 = ((v)ir(—neg) U yes,
®; = (V)ir(-neg)U (yes V (neg ANAO—P;_q)).
Now, for all r: z, is true iff M., q} = ©,.
Before we prove the theorem, we state an important lemma. Lemma 5 says that “overlong”
formulae ®; do not introduce new properties of model M,. More precisely, a formula ®; that

includes more “nestings” than model M, can be as well reduced to ®;,_; when model checked in
M'I‘a qg

Lemma 5 Fori>r: M,,q) = ®; iff M., q} = Pit1.

Proof (induction on r).

1. For r = 1: My, ¢} E ®; iff M1,q¢} E (v))irOyes iff My, q} = @41, because M; does not
include states that satisfy neg.

2. Forr > 1: M,,q5 = ®iv1 = (v)ir(—neg) U (yesV(negAAO—D;)) iff s, VA € out(qf, sv)Iu
Vw < u.((M, \u] = yes or M, A[u] = neg AAO=®;) and (M,, \w] = —neg)). [¥]
However, each state satisfying neg has exactly one outgoing transition, so M, Alu] &= neg A



AQO~-®; is equivalent to M,, A[u] |= neg and M,, A\u + 1] = —=®;. Thus, [*] iff Is,VA €
out(qh, sv)Fuvw < w.((My,Nu] = yes or My, Au] = neg and M, Au + 1] E —®;) and

(M;, Alw] |= —neg)) [**].

Note that, by the construction of M, Alu + 1] must refer to the initial state q) of some
“submodel” M;, j <r < i. Thus, My, ANu+1] = ~®, iff M, ¢} =—-®; iff (by induction)
M gl b= ~®,y i M Nu+1] = ~®;_;.

So, [**] iff FsyVA € out(qh, sv)Fuvw < u. (M, Alu] |= yes or M,, A[u] = neg and M,, A\[u+

1 = i) and (O Nl = neg)) M = (v)ir(oneg) U (yes(neg AO 1)) =

Proof of Theorem 4 (induction on ).
1. For r = 1: we use the proof of Theorem 2.

2. Forr > 1:

For the implication from left to right (=): let z,. be true: then, there is a valuation
of X, such that ¢, holds. We construct sy as in the proof of Theorem 2. In case that some
z; has been “chosen” in clause Cj, we are done. In case that some z; has been “chosen” in
clause C7 (note: j must be smaller than i), we have (by induction) that M;,q) = ~®;. By
Lemma 5, also ]ij,qg E —®,, and hence MT,qé = —®,. So we can make the same choice

(ie., z;7) in sy, and this will lead to state neg;, in which it holds that neg A AO—®,.

In case that some z;r has been “chosen” in clause C7, we have (by induction) that M;, qg =,
and hence, by Lemma 5, Mj,qg = ®,. That is, there is a strategy s, in M; such that

(—neg) U (yes V (neg A AO—®,_1)) holds for all paths from out(q), s,). As the states in M;
have no epistemic links to states outside of it, we can merge s/, into sy.

For the other direction (<=): let M,, ¢} = @, = (v))ir(-neg) U (yes V (neg AAO-P,_1)).
We take the strategy s, that enforces (—neg)U (yes V (neg AAQO-®,_;)). We first consider
the clause C] for which a “propositional” state is chosen by s,. The strategy defines a uniform
valuation for X, that satisfies these clauses. For the other clauses, we have two possibilities:

e s, chooses qé in the state corresponding to C}. Neither yes nor neg have been encountered
on this path yet, so we can take sy to demonstrate that M,, ¢} = ®,, and hence M;, ¢} |=

®,.. By Lemma 5, also Mj,qg = ®,. By induction, z; must be true, and hence clause
C7 is satisfied.

e sy chooses negy in the state corresponding to Cj. Then, it must be that M;, neg; E
AQO-®,_4, and hence M;, ¢} = =®,_1. By Lemma 5, also M;, ¢} = —®,. By induction,
z; must be false, and hence clause C] (containing —z;) is also satisfied.

Thus, in order to determine the value of z,, it is sufficient to model check @, in M, q¢f. Note
that model M, consists of O(|p|p) states and O(|p|p) transitions, where |p| is the maximal length
of formulae ¢4, ...,¢p. Moreover, the length of formula @, is linear in p, and the construction of
M, and ®, can be also done in time O(|p|p) and O(p), respectively. In consequence, we obtain a
polynomial reduction of SNSAT to ATL;. model checking.

Theorem 6 Model checking ATL;, is AE -complete with respect to the number of transitions in the
model, and the length of the formula. The problem is AY -complete even for turn-based models with
al most two agents.
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Conclusions

In this paper we proved that model checking of ATL;. formulae is AY-hard, and therefore A¥-
complete. Thus, we closed an existing gap (between NP-hardness and A -easiness) in the work
of Schobbens [18], and at the same time corrected our own claim from [11].

While it is possible that NP and A¥Y are identical, many believe that AF is a strict superset
of NP. Still, NP and A¥ are quite close, both belonging to the first level of the polynomial
hierarchy. Therefore our result might seem a minor one — although, technically, it was not that
trivial to prove it. On the other hand, its importance goes well beyond model checking of ATL;,.. In
fact, Theorem 6 yields immediate corollaries with AF-completeness of other logics like aTor, [12],
“Feasible ATEL” [15], cSL [13] etc., and AF-hardness of ETSL [22].

We would like to thank Nils Bulling for careful reading of our proofs.
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