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The discrete flavor symmetry A, explains very well neutrino data at low energy, but it seems difficult to
extend it to grand unified models since, in general, left-handed and right-handed fields belong to different
A, representations. Recently a model has been proposed where all the fermions equally transform under
Ay4. We study here a concrete SO(10) realization of such a model providing small neutrino masses through
the see-saw mechanism. We fit the charged fermion masses run up to the unification scale. Some fermion
masses properties come from the SO(10) symmetry while lepton mixing angles are a consequence of the
A, properties. Moreover, our model predicts the absolute value of the neutrino masses; these are in the

range m, = 0.005-0.052 eV.

DOI: 10.1103/PhysRevD.75.075015

I. INTRODUCTION

The existence of a grand unified theory (GUT) [1,2] has
continued to be an attractive idea for physics beyond the
standard model (SM) since the 70’s. Among indications
toward GUTs is the phenomenological tendency to unify of
the gauge couplings, and the theoretical implicit possibility
to explain charge quantization and anomaly cancellation.
One of the main features of GUTs is their potential to unify
the particle representations and the fundamental parame-
ters in a hopefully predictive framework. There are many
gauge groups that can accommodate the SM (SU(5),
SU(6), SO(10), Eg, etc.). Among them SO(10) is the
smallest simple Lie group for which a single anomaly-
free irreducible representation (namely the spinor 16 rep-
resentation) can accommodate the entire SM fermion con-
tent of each generation.

Once we fix the unification group, we deal with the
flavor physics. The introduction of an extra horizontal
symmetry acting on the fermion families may further con-
strain the neutrino mixing parameters and hopefully ex-
plain large mixing angles. After the recent neutrino
evidence [3—13] we know very well almost all the parame-
ters both in the quark [14] and lepton [15—-33] sectors. We
know all the quark and charged lepton masses and the value
of the difference between the square of the neutrino
masses: dmi, = m} —m5 and dm3; = [m3 — m3|. We
also know the value of the quark mixing angles and phases,
and the two mixing angles 6, and 6,5 in the lepton sector.
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Moreover we have an upper bound for the 6,3 mixing angle
in the lepton sector. All these experimental informations
seem to indicate a discrete flavor symmetry such as 2-3
[34-36], S5 [37-40], S, [41,42], D5, D, [43], A, [44-51],
T’ [52], etc., in the lepton sector. In particular, models with
A4 flavor symmetry, the case studied here, very easily give
the tri-bi-maximal mixing matrix [53] that fits well the
neutrino data. Non-Abelian discrete symmetries could
arise from superstring theory, in particular, from the com-
pactification of heterotic orbifolds [54], the case for A, is
reported in [55]. Models with SU(5) X A, [50] and
SU;(2) X SUR(2) X SU(4) X A, [51] symmetries have al-
ready been studied in literature. In these previous studies,
fermion singlets and SU; (2) doublets do not equally trans-
form under A,. Thus this family symmetry seems not to be
compatible with SO(10) models where all the matter fields
belong to the same representation. Only recently it has
been proposed a generic phenomenological model with
Ay [56] which is suitable, as we will see in this work, for
a SO(10) GUT generalization.

The purpose of the paper is to construct an explicit
SO(10) X A, GUT model and to fit, at tree level, fermion
masses and mixing. We propose here a non-SUSY GUT
model with a Lagrangian invariant under SO(10) X A,.
The matter fields are in a 16, triplet of A4. In the Higgs
sector, we introduce a 10, a 126, and three 45s singlets of
A4, a 45 and a 126, triplets of A4. The A, symmetry is
dynamically broken by the vacuum expectation value (vev)
of the Higgs Ay-triplets. The study of the problem of the
vacuum alignment in A, just studied in the context of extra
dimensions [48] and the MSSM [57] is beyond the scope of
this work. The direction of the four vevs of the 45s in the
SO(10) are simply assumed to be T3z, Y and two other
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combinations of them. The 10 gives contributions to the
Dirac mass matrices proportional to the identity. Because
of the chosen vev directions and the fact that the 45s appear
only in a given combination, we get contributions to M",
M4, M, but not to M}, .. from higher dimension operators.
The 126 gives contributions only to the Majorana neutrino
mass matrix. The low energy neutrino mass matrix is
obtained with the see-saw mechanism (for a phenomeno-
logical realization in A4 see [49]).

The paper is organized as follows. In Sec. Il we define
the matter and Higgs fields transformations under the
SO(10) and A, groups. In Sec. III we write the
Lagrangian of our model. In Sec. IV we show the relations
between the Dirac mass matrices and the Higgs vevs. We
show similar relations for the Majorana mass matrix of the
neutrinos. In Sec. V we write the mixing matrices and
masses as function of the Higgs vevs. In Sec. VI we
show how the experimental data constrain our model. In
Sec. VI A, we perform a numerical analysis of the experi-
mental data by using a Monte Carlo minimization fit. In
Sec. VIB we investigate some predictions of our model.
Section VII is devoted to conclusions. We list some rele-
vant, well known, A, group and representation properties
in Appendix A.

II. MATTER AND HIGGS FIELDS

The smaller spinorial representation of SO(10) is the 16
dimensional one. All the fermionic matter fields of one
family can be accommodated within the 16 by including
the right-handed neutrino. The Higgs electroweak doublet
can be taken in the 10 as well as one of the 126 represen-
tations. For simplicity we assume that the electroweak
doublet Higgs belongs to the 10 representation. Since
leptons and quarks mass matrices cannot be symmetric,
we need to break the SO(10) left-right symmetry at the
unification scale. We perform this job by introducing sets
of fields in the 45 representation. The scalar 45 represen-
tations can get vev in any combination of the extra Abelian
factors Y and T5p directions. The matter fields and scalar
fields transform under A, as in Table I, where the index of
the 45s refers to the vev’s direction. C and D are linear
combinations of Y and T5;. We will determine these com-
binations latter, by using the experimental constraints.

III. THE LAGRANGIAN
Let us write our Lagrangian as,
Ly = h{16'1016/ + h(’16' 1045, 45,16/
+ hiik16' 1045, 45, 45/.45,, 16¢
+ 0116/ 45, 126,45, 16/
+ AUk16' 45, 126] 45;, 16 (1)

= LDirac + LMajo (2)
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TABLE I. Matter and Higgs field representations.
SO0(10) 16 10 45, 45, 45, 45, 126, 126,
Ay 3 1 1 1 3 1 1 3

where the indices {i, j, k, [} are A, indices and the sum over
the gauge indices is understood. As shown in [58] any
Lagrangian of the form in Eq. (1) can be easily obtained
from a renormalizable Lagrangian, by including a set of
heavy spinor fields, with the inclusion of an U(1) charge
and/or supersymmetry. We reserve to a further investiga-
tion the question of how general our Lagrangian is, and
how it can be obtained in a renormalizable theory.

As we will better clarify in the Appendix A, in the
second and in the last terms of Eq. (1) there are two
ways of contracting the three A, indices in an invariant
way. We have to choose to which representation of A, the
10 scalar field belongs. Because we want only one Higgs,
we excluded the triplet possibility but we still have three
possibilities that correspond to how the 10 transforms with
respect to A4: as 1, 1/, 1”. The fermion mass matrices M,
(with f = u, d, I, v) coming from the first term in Ly will
be, respectively

1 00 1 0 O 1 0 O
(0 1 0), (0 w? 0), <0 o 0 )

0 0 1 0 0 w 0 0 o’
3)

In any case we have three degenerate eigenvalues, namely
m, = m. = m,, that are corrected by the additional terms
in Eq. (1). Let us assume that the A, triplets 45, and 126,
get vevs, respectively, in the following directions of A4

<45C> = U45C(1, 11 1): <126t> = v126,(1r Or O)’ (4)

where the SO(10) indices are understood on both left and
right sides. After symmetry breaking, once the Higgs
acquire vevs, the quadratic part for the fermions of the
Lagrangian in Eq. (1) can be rewritten as
Lpirac = ho(16,16, + 16,16, + 163163)vy+ (52)
+ h((16,16] + 16,16/, + 16516;)v,y+ (5b)
+ ]’ll(16]16/2/ + 16216/3/ + 16316’{)1]10"‘ (SC)
+ hy(16,16/ + 16,16] + 165165)v1y+ (5d)
Lyjo = 0(16/"16]" + 165165’ + 165165 )v156,
+ /\16/2//165//1)12@ (56)

where

Il = "N =
16[ = U45T3R U45y‘U45CU45016i 16l = v45T3R 161

(6)

161 = 'U45T3R 'U4syl6i with i = 1, 2, 3

We obtain the following expression by absorbing the vevs
of the 45s into the coupling constants

075015-2
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TABLE II. Quantum numbers for the low energy matter fields.

X Y B-L o
q 1 1/3 1 0
U 1 —4/3 ~1 1/2
& -3 2/3 ~1 ~1/2
l — -1 -3 0
e 1 2 3 ~1)2
v 5 0 3 1/2
16’ = (-qu q, -quucr dedc’ XIL L xeRec’ XvR VR)T: (73.)
16" = (x;L q, Xl gu, x!pdS, x), 1, X' pe, X! pvp)’,  (7b)
16" = (ng g, Xpu®, xlpdS, X L xUpe€, xevp)?,  (7¢)

where x; g, x}L’ g» and x}’L’ g are the quantum numbers,
respectively, of the product of the charges T3z with Y, of
the product of the charges Tz, Y, C, and D, and of the
charge T3 reported in Table II [58].

IV. FROM VEVS TO MASS MATRICES

From Table II we observe that x/,; = 0 (because Y of the
right-handed neutrino is zero) and xj, = 0 (because T3z of
the lepton doublet is zero). These two conditions imply that
the terms 16; 167 vy in the Lagrangian Lp;,. do not con-
tribute to the Dirac neutrino mass term. Therefore, once the
45s get a vev, from Eq. (5b) we have that the Dirac neutrino
mass matrix M{, . is proportional to the identity.

MY = hov” | ,

Dirac

®)

where I is the identity matrix and v* is the vev of the up
component of the 10 [59]. The fact that the My, is
proportional to the identity will be important in order to
realize the see-saw mechanism and not spoiling the main
consequence of the A, symmetry; the explanation of the
appearence of a tri-bi-maximal mixing matrix in the lepton
sector. With the conventions x,;, = xq = X4, X, =
X, = x;., and v¢ = v?, the interactions /1,16, 165 and
hy16, 167 in Egs. (5c) and (5d) give the following mass
terms

hv! (W biare + Xpptrobe)
+ hov! (X patry + Xppthra) + Heo o (9)
namely,
f 0 M Xy + hyXig
U\ hyxl, + hox!
1Xpg T hoxyy

and so on for the other interactions (in the flavor planes 31
and 23). If we introduce

12

Al = (X + hoxly) and - B = (hyxjpg + hoxfy)
(10)
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the full contribution to the Dirac mass matrices, coming
from the operators proportional to the 45 representations, is

0 A B/
| B 0 A (11)
AT B0
The charged fermion mass matrices are then
hg A" B"
Mlt — ,Uu BM hg Au ;
A" B* hg§
hd A%l Bl
Md f— Ud Bd,l hg Ad,l , (12)
A4l RBdl hg
el
M =v Bd'l h[?l A l’
A%t B by

where v* and v? are the vevs of the up and down compo-
nents of the 10, while the A and B coefficients are defined

in Eq. (10). The h{; are defined by the combinations of A,
and kg, with the weight corresponding to the charge x ¢

I/lg = ,’lo + quh()) (133)
hd = ho + xaghl, (13b)
hb = ho + x,ph, (13¢)

We observe that the general form of the mass matrices
M"4! are of the same type of the one reported in Ref. [60]
(see Eq. (20)). Moreover the Majorana mass matrix for the
right-handed neutrino is given by

a 0 O
(0 a b>
0 b a

where a = ovyys, and b = Avyye. The Dirac neutrino
mass matrix has been previously given in Eq. (8).

Mp = (14)

V. MASSES AND MIXING

It has been recently shown in [60] that, if the Dirac mass
matrices are given by Eq. (12), the charged fermion mass
matrices are diagonalized by

1 1 1 1
U=—<l w a)2>
\/§ 1 o? w

and then we have

(15)

075015-3
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(k) + AT + B vf 0
M =U 0 () + wA! + ©*Bf v/ 0 Ut (16)
0 (h{; + wB! + WAV

where f = u, d, [, v' = v¥, and hg, A’ and B/ are complex
parameters.

From the Lagrangian in Eq. (1), the light neutrino mass
matrix comes from a type-I see-saw mechanism as below

M = MlglracM (Ml%lrac) (17)
where the Dirac neutrino mass matrix Mﬁlmc is propor-

tional to the identity (see Eq. (8)), while M is the right-
handed Majorana neutrino matrix. We observe that our
Lagrangian does not give the left-handed M; Majorana
neutrino mass matrix since we have introduced the Tsp
fields. In the basis where the charged leptons are diagonal,
the mass matrix of the low energy neutrino M, is given by

1
, =U'M,U = M},

Dirac m (MDlrac)T (18)

where we used the fact that Mg, . is proportional to the
identity. We have

a+2b/3 —-b/3 —b/3
UtMiU* = ( -b/3 2b/3  a-— b/3> (19)
-b/3  a—b/3 2b/3

and it is diagonalized by a tri-bi-maximal mixing matrix.
Consequently M, is diagonalized by the same tri-bi-
maximal mixing matrix too. The eigenvalues of M” are

]’l u\2
u\2

my = LO;’ y (20b)
u\2

(hov")” (20¢)

ms = .
b—a

VI. NUMERICAL FITTING AND MODEL
PREDICTIONS

In the following Subsec. VI A, we analyze how to trans-
late all the information from the experimental data into
constraints for the parameters of our theory. Then, in
Subsec. VIB we will show how well the charged fermion
mass matrices in Eq. (16) can be fitted. We also include
some theoretical predictions of our model about the abso-
lute neutrino masses.

A. Experimental constraints

From Eq. (16) we have that the tree mass eigenvalues for
the charged fermions are of the form

(k) + Af + BNv! = m], (21a)
(h) + wAT + w*B v/ = ml, (21b)
(k) + @*AT + wB v = m}, (21c)

f

where the masses m; are in general complex and their

phases are unphysical. The parameters h{; , A, and B/ are
complex. The v/ are the vevs of the scalar Higgs doublets
in the 10 and v’ = v?. The most general solution of the
system in Eq. (21) is

f f f
I my +my + my

f=__
hy i 3 (22a)
Af:imj;wz-i-m{-i-m];w (22b)
v/ 3
Bf — lf mlw® + 1;1{ + mw (220)
v

The numerical values of h-of , A/ and B/ in Eq. (22) are then
fixed, up to phases, by the fermion masses. The absolute
value of h{; can be written as

I = (537) L] + ] +
~ 2m{m{(1 = cosgp)
+ mimj(1 = cos(¢ — 1))
11 = cosghy))] (23)

where ¢ and ¢, are the relative phases between m; and
m3 and between m, and mj; respectively. From Eq. (23) and
by assuming that m3 > m; + m,, we obtain

-l—m2

1
37(ml—i—r;12-i-rn3)>|hf|> (m3—m1—m2)

3uf
(24a)

In the same manner we get

(m] + m} + m}) = |Af| = (m} — m] — m)

3/ 3f

(24b)
1 S S > |Bf| = 1
37(m1 + mb + m}) = |B/| g(mg—m1 — m}).
(24c¢)

Under the condition that ms >> m,, m,, the phases among

h{; , AT and B/ are strongly constrained by the last equation
in Eq. (21). From the solutions in Eq. (22) we get

075015-4
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— =~ @ (25)

From the solution in Eq. (22) and by using the definitions
of A/, B/ in Eq. (10) we obtain

1 m§+m£—2m{

ro—
TR iy and
o — ! (26)
o = i my—m
By

where we have introduced the notation x’. = x} * xj. In
Eq. (26) we must remember that each mass includes an
undetermined phase. We notice that the ratios x/, /x/, and
x"_/x"_ do not depend on #;, then they are experimentally
determined (up to the undetermined phases). In fact we
have

o i ——— (27a)

X, v my +mg — 2my
/ d
x vt m,— m,
s @)
X vt my, — my
/ d _
Yo _v2m Tt me = 2m, 27¢)
X v my, +m,—2m,’
/ d
xt vt m—m,
a , u

By using the masses run up to the 2 - 10'6 GeV scale in the
(non-SUSY) standard model given in Table III, we per-
formed a Monte Carlo analysis of Eq. (27). For the masses
we took two sided Gaussian distributions with central
values and standard deviations taken from Table III. For
the unknown phases we took flat random distributions in
the interval [0, 277]. Our results can be summarized as

TABLE III. Quark masses run at the 2 - 10'® GeV scale in
non-SUSY standard model (see Ref. [61]).

m, (MeV) 0.835170:1538
m. (MeV) 242.6476133-333¢
m, (GeV) 75.434875 3501
my (MeV) 17372103846
mg (MeV) 34.5971 143857
my, (GeV) 0.957425 %%
m, (MeV) 0.4414 05001
m, (MeV) 93.1431150i59
m, (GeV) 1.5834 194004

PHYSICAL REVIEW D 75, 075015 (2007)

/ /

;‘% — 0.972+00m ;CT* = 1.03470%7  (28a)

A 2

X +0.079 x_ +0.011

P OSTIR TE = 0640700 (28)
A 2

Xy +0.085 xL +0.054

OO0 = 06193 (280)

Notice that, if we neglect the undetermined phases in the
masses, we get similar central values but wrong errors in
the constraints. For example we would obtain in such a
case

X d
£ =0972+0.005, —
X5 X

= 1.034 = 0.006. (29)

B. The theoretical prediction

In our model we are able to fit all the masses of quarks
and leptons. Moreover we obtain, thanks to the A4 structure
of the model, a tri-bi-maximal lepton mixing matrix. Let us
investigate the fermion masses. As obtained in the previous
section, the quantities to be fitted are the ratios in Eq. (28).

The theoretical result for the ratios x/, / x’i and x/ /x!" are

determined from Table I and the definitions of xi. By
using, for example, the direction C = (28X — 249Y) and
D = (238X — 9Y) we get

Xy

x_
Ty and = (30a)
X'y x
X, 300 X 300
¥y - 72 -2 30b
P TT e (30b)

in good agreement with the experimental values in
Eq. (28). The absolute neutrino mass scale is fixed, because
the presence of, essentially, only two free parameters, a
and b, in the neutrino sector. If we impose the experimental
constraints on 8m?, = 7.92(1 = 0.09) X 107> eV? and
[6m3;] = 2.4(17931) X 1073 eV? we get the following
neutrino masses:

m; = 0.052 = 0.005 eV,

m, = 0.052 = 0.005 eV, €2y
my = 0.017 + 0.002 eV

m; = 0.0051 = 0.0005 eV,

m, = 0.0102 =+ 0.0005 eV, (32)

mz = 0.049 = 0.004 eV

where the first results correspond to an Inverted Hierarchy
case, while the second ones would correspond to the
Normal Hierarchy.

075015-5
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VII. CONCLUSIONS

Neutrino data at low energy are well explained by a A4
symmetry, nevertheless it is difficult to include this sym-
metry in grand unified theories. In this paper we investigate
the possibility to construct an explicit model with a
Lagrangian invariant under SO(10) X A;,. We assumed
that the matter fields are in a 16 dimensional SO(10)
representation, triplet of A4. In the Higgs sector, we intro-
duced a 10, a 126 and three 45s singlets of A4, a 45 and a
126 triplets of A4. The A, symmetry is dynamically broken
by the vevs of the Higgs A,-triplets. The direction of the
vevs of the 45s in the SO(10) are assumed to be T5g, ¥ and
two other combinations of them, C and D. The Lagrangian
contains three terms with the 10 that give contributions to
the Dirac mass matrices, and two terms with the 126s that
determine the Majorana neutrino mass matrix. The first
two terms containing the 10 give a contribution to the Dirac
mass matrices which is proportional to the identity (the
second term is used to avoid the 7 bottom unification). The
third term, because of the fact that the 45s appear only in
the given combination, provides contributions to M*, M¢,
M', but not to M, ... For these reasons M. . . results to be
proportional to the identity. Finally the 126 terms give
contribution only to the right-handed neutrino Majorana
mass matrix Mp. The low energy neutrino mass matrix is
then obtained with the see-saw mechanism.

The mixing angle structure of the charged fermion mass
matrices are fixed by the A, structure of the model. They
are diagonalized by the mixing matrix in Eq. (15). The A4
direction of the vev of the triplet 126 implies a particular
form for M. This particular form of My and the fact that
MY, .. is proportional to the identity, imply that the low
energy neutrino mass matrix, in the base with diagonal
charged lepton, is diagonalized by the tri-bi-maximal mix-
ing matrix.

We show that at tree level our model fits with great
precision (within 1 standard deviation) the values of the
fermion masses, run at 2 - 1010 GeV scale in the (non-
SUSY) standard model, if particular directions of the
vevs of the 45, and 45, are assumed (C = (28X —
249Y) and D = (238X — 9Y)).

One important consequence of the structure of this
model is the prediction of an absolute scale for low mass
neutrinos. We predict the absolute scale of the neutrino
mass to be close to ~0.05 eV. Normal or inverted hierar-
chies are allowed by the model.

In the model presented here, both up and down sector are
diagonalized by the same mixing matrix. For this reason
the resulting quark mixing matrix, the CKM matrix is
proportional to the identity, in agreement with evidence
only at first order. The explanation of the correct CKM
matrix is beyond the scope of this work. However a deeper
study of radiative corrections to the potential could posibly
shed light on the right CKM structure.
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APPENDIX A: THE A, PROPERTIES

The group A, is the finite group of the even permutations
of four object and contains 12 elements. Every finite group
can be generated by a subset of elements, called generators.
A set of elements is independent if none of them can be
expressed in terms of the other. The group A, has two
independent generators denoted as S and 7, which can be
chosen to verify the following defining relations:

S2=713=(ST)? =1

There are four irreducible representations for the A4 group:
denoted as 1, 1/, 1" and the 3. In each of these representa-
tions the generators are explicitly written as follows:

1:S=1T=1,
:S=1,T= o,
(A1)
18§ =1,T = &%,
1 0 0 01 0
3s5={0 -1 0 [[T=]|0 0 1|,
0 0 -1 100

where w = ¢>™/3 and then > = 1 and 1 + w + w? = 0.
If a = (ay, ay, a3) is a triplet, then the action of the S and T
operators is Sa = (a;, —a,, —a3) and Ta = (a,, a3, a;). If
b is another analogous A, triplet, their tensorial product
decomposes in irreducible representations as

3X3=1+1+1"+3+3.

In order to explicitly construct a singlet from these quan-
tities we first impose the invariance under S, the most
generic term will be

xa1b1 + ya2b2 + Za3b3 + ta2b3 + ra3b2,

where x, y, z, r and t are parameters. If we impose also the
invariance under 7, we have that the above term transforms
like a 1 single, if and only if x =y =z and r =¢=0.
Then we have

1 = (ab) = (a,b; + ayb, + a3bs).

Similarly one can check that

075015-6
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1" = (ab) = (a,b, + w?ayb, + wasb;),
1" = (ab)" = (a,b; + wayb, + w?asb;).

Let us go now to construct the triplet. By imposing S
invariance, the most generic triplet in the product of a and
b is

(xa, by + yayby + zasbsy + tayby + rasb,, Xa, b,
+ Ja,bs + Za,b, + fashy, . ..)
applying 7" we have
(xa,by + yasbsy + zaby + tasb; + ra\bs, ..., ...)
from which we have the relation
Xa,b, + yasbs + za1by + tasby + ra b

= )z'albz + yalb3 + Zazbl + fa3b1

PHYSICAL REVIEW D 75, 075015 (2007)

from which we get

I
!
~

I
<

x=y=xX=Z7=z=0, t
The final result is

3= (a2b3, a3b1, (llbz) and 3 = (a3b2, a1b3, azbl)

where the first line comes from terms proportional to ¢
while the second line is proportional to r. In summary, with
this notation, if v = (v, v,, v3) is an additional triplet, the
product of the three triplet a, b and v that transform as a
singlet 1 in A, is given by
hi(ayb3v; + azbivy + aybyvs)
+ l’lz(dg,szl + a1b3v2 + azb1U3) (AZ)

where h; and h, are arbitrary parameters. The term in
Eq. (A2) is invariant under Ay.
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