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The dynamic performance of dielectric elastomer transducers and their capability of electromechanical

energy conversion are affected by dissipative processes, such as viscoelasticity, dielectric relaxation,

and current leakage. This paper describes a method to construct a model of dissipative dielectric

elastomers on the basis of nonequilibrium thermodynamics. We characterize the state of the dielectric

elastomer with kinematic variables through which external loads do work, and internal variables that

measure the progress of the dissipative processes. The method is illustrated with examples motivated

by existing experiments of polyacrylate very-high-bond dielectric elastomers. This model predicts the

dynamic response of the dielectric elastomer and the leakage current behavior. We show that current

leakage can be significant under large deformation and for long durations. Furthermore, current

leakage can result in significant hysteresis for dielectric elastomers under cyclic voltage. VC 2012

American Institute of Physics. [doi:10.1063/1.3680878]

I. INTRODUCTION

A dielectric elastomer transducer consists of a thin mem-

brane of the elastomer, sandwiched between two compliant

electrodes (Fig. 1(a)). The electrodes are connected to a power

source through a conducting wire. Subject to a voltage, the

electric current in the conducting wire partly leaks through the

membrane, and partly adds charges to the electrodes

(Fig. 1(b)). The opposite charges on the electrodes polarize

the dielectric. Attractive electrostatic forces between the

opposite charges reduce thickness and expand area of the

membrane—the dielectric elastomer performs as an actua-

tor.1,2 On the other hand, when a pre-stretched and pre-

charged membrane is mechanically relaxed in the open-circuit

condition, the membrane boosts the voltage between the elec-

trodes—the dielectric elastomer performs as a generator.

As a result of their fast response time and high energy

density, dielectric elastomers (DEs) have been developed as

artificial muscles, Braille displays, life-like robots, tunable

lens, and power generators.3–9 To perform as an actuator and

a generator, a dielectric elastomer is often subject to tran-

sient, time-dependent forces and voltages.9–13 The perform-

ance will therefore be affected by mechanisms of dissipation

in the system.13–15 In particular, experiments have shown

that viscoelasticity and current leakage can adversely

affect the performance of a transducer and limit its

application.9,11–17 This paper presents a model that incorpo-

rates the major dissipative mechanisms in dielectric elasto-

mers, so as to predict how these dissipative processes affect

the performance of dielectric elastomer transducers.

The state of equilibrium of a dielectric elastomer trans-

ducer is described by four types of variables: force, displace-

ment, voltage and charge. One may choose to vary any two

of the four variables independently, with the other two varia-

bles determined by the material properties. Therefore, the

transducer is an electromechanical system with two degrees

of freedom. For instance, one may choose to vary the force

and voltage as inputs to the transducer. Subject to a mechani-

cal force and voltage, the transducer takes time to equilibrate

to its state of kinematic deformation and charge polarization.

This process is known as relaxation.

Subject to a mechanical force, a dielectric elastomer

relaxes to a new state of deformation over a characteristic

time, known as the viscoelastic relaxation time, sV . An elas-

tomer consists of a network of polymer chains (Fig. 2(a)).

Each polymer chain is connected to other polymer chains at

specific points, by covalent crosslinks, forming a network. A

sufficiently flexible polymer chain may twist and coil, and

entangle with other chains. When a force is applied to the

elastomer, localized slipping and sliding of polymer chains

occur. Viscoelastic relaxation is a consequence of entangled

polymer chains responding to a force. Experiments have

shown that for polyacrylate very-high-bond (VHB) elasto-

mer, which is a commercial tape from 3M, sV is on the order

of 102 seconds at room temperature.16,18–20

Subject to a voltage, the dielectric elastomer relaxes to a

new state of polarization over a characteristic time, known

as the dielectric relaxation time, sd. Dielectric relaxation is

the process of re-orientation of molecular dipoles in a polar

dielectric (Fig. 2(b)). The re-alignment is on the molecular

scale. The dielectric relaxation time sd strongly depends on

temperature, especially in the vicinity of the glass transition.

On the basis of experiments on polymer dielectrics,21,22 we
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assume that sd is on the order of 10�6 seconds at room tem-

perature for dielectric elastomers in the rubbery state.

The relaxation processes mentioned above involve local-

ized translation and rotation of single molecules, a group of

molecules, or molecular chains. We next describe a nonequi-

librium process that involves long-range transport through

the dielectric (Fig. 3). When a dielectric is connected to a

power source, a small current may flow through the dielectric.

This process is known as current leakage, which is well

documented in several insulator and semi-conductor

systems.17,23–27 The occurrence of leakage current is a result

of the transport of electrons, ions, or both,23–25 and is often

linked to the presence of impurities and imperfections.23,24 In

the simplest case, the leakage current density varies approxi-

mately linearly with the applied field for small electric fields

(< 10MV/m), known as the Ohmic conduction.

As the electric field increases, the leakage current

strongly increases; in commonly used models an exponential

increase with the electric field is assumed,17,26 approaching

electrical breakdown. Electrical conduction does not follow

Ohm’s Law (non-Ohmic). The switch from Ohmic to non-

Ohmic conduction is used as a precursor to indicate immi-

nent electrical breakdown.15 Continued operation within the

non-Ohmic regime may also lead to severe deterioration of

the insulating properties of the dielectric.28–32

In this paper, we investigate the effects of dissipative

processes on the electromechanical conversion performance

of a dielectric elastomer. In particular, we develop a model

that includes both local and long-range dissipation in the

dielectric elastomer within a nonequilibrium thermodynam-

ics framework. To illustrate our approach, we construct a

specific model for viscoelastic dielectric elastomer and

define a current leakage density based on empirical observa-

tions. In our analysis, we assume that the dielectric elastomer

has a dielectric relaxation time in the order of 10�6 s, and

that the time scale of operation is in the order of seconds.

Hence, dielectric relaxation will be ignored in our analyses.

Nevertheless, our framework allows dielectric relaxation to

be included for systems where the effect cannot be ignored.

Finally we provide examples to show how viscoelasticity

and current leakage affect the performance of a dielectric

elastomer.

II. THERMODYNAMICS OF DISSIPATIVE PROCESSES

This section describes a thermodynamic model of dissi-

pative dielectric elastomers. To focus on main ideas, the

presentation of this section is restricted to a membrane of a

dielectric elastomer undergoing homogeneous deformation.

The same model is presented in a general form, in the

Appendix, for a body of a dielectric elastomer undergoing

inhomogeneous deformation.

Figure 1 illustrates the operation of a dielectric elasto-

mer transducer. A membrane of a dielectric elastomer is

sandwiched between two electrodes of negligible electrical

resistance and mechanical stiffness compared to those of the

membrane. In the reference state, the membrane is unde-

formed and is of dimensions L1; L2, and L3. In the deformed

state, the membrane is subject to forces P1 and P2, and the

two electrodes connected through a conducting wire to a

power source of voltage U, while the dimensions of the

membrane are l1; l2, and l3. The forces, voltage, and dimen-

sions are time dependent.

The charge moving in the conducting wire, dQ, partly

leaks through the membrane, dQleak, and partly accumulates

on the electrodes to polarize the membrane. The amount of

polarizing charge on either electrode changes from Qp to

Qp þ dQp. The conservation of charge requires that,

dQ ¼ dQp þ dQleak: (1)

We shall restrict our analysis to isothermal processes. Let the

Helmholtz free energy of the membrane be F. Associated

with small changes in the dimensions of the membrane, dl1,

dl2, and dl3, the forces do work P1dl1 þ P2dl2. Associated

with a small amount of charge moving through the conduct-

ing wire, dQ, the voltage does work UdQ. Thermodynamics

FIG. 1. In the reference state, a membrane of a dielectric elastomer is unde-

formed, and has dimensions L1, L2, and L3. In the deformed state, subject to

forces P1 and P2, as well as voltage U, the membrane attains dimensions l1,

l2, and l3. The elastomer is viscoelastic and is an imperfect insulator. The

current i in the conducting wire partly charges the electrodes, and partly

leaks through the membrane.

FIG. 2. Schematics of local dissipative processes: (a) viscoelastic relaxation due to sliding of polymer chains; (b) dielectric relaxation due to re-orientation of

dipoles along the direction of the applied electric field.
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dictates that the increase in the free energy should not exceed

the combined work done by the forces and voltage,

dF � P1dl1 þ P2dl2 þ UdQ: (2)

The equality holds when the membrane undergoes quasi-

equilibrium processes. The inequality holds when the mem-

brane undergoes nonequilibrium processes. For the inequal-

ity to be meaningful, the small changes are time directed: df

means the change of the quantity f from one time to a

slightly later time.

The thermodynamic inequality (2) should hold for every

dissipative process in the membrane. As discussed before,

the dissipative processes in the membrane may be classified

into two types. The leakage current involves long-range

transport of charges, while viscoelasticity and dielectric

relaxation involve local molecular movements. The two

types of processes are separately dissipative. Thus, thermo-

dynamics requires that,

UdQleak � 0: (3)

This inequality is readily understood: the charge leaks

through the membrane in the direction from the high-

potential electrode to the low-potential electrode. Further-

more, viscoelastic and dielectric relaxation are dissipative,

so that,

dF � P1dl1 þ P2dl2 þ UdQp: (4)

The last term represents the work done by the polarizing

charge on the electrodes.

The density of the Helmholtz free energy is defined as

W ¼ F=ðL1L2L3Þ: The stretches of the elastomer in the three

directions are defined by k1 ¼ l1=L1; k2 ¼ l2=L2; and

k3 ¼ l3=L3. The stresses are defined by r1 ¼ P1=ðl2l3Þ and

r2 ¼ P2=ðl1l3Þ. The electric field is E ¼ U=l3, and the elec-

tric displacement is defined by D ¼ Qp=ðl1l2Þ. By definition,

the amount of polarizing charge accumulated on either elec-

trode is Qp ¼ Dl1l2. Associated with small changes in the

dimensions of the membrane and the electric displacement,

the polarizing charge changes by dQp ¼ Dl1dl2 þ Dl2dl1
þl1l2dD. Inserting this expression into (4), and dividing the

resulting inequality by the volume of the undeformed mem-

brane, L1L2L3, we obtain that,

dW � ðr1 þ EDÞk2k3dk1 þ ðr2 þ EDÞk1k3dk2

þ k1k2k3EdD: (5)

The elastomer is assumed to be incompressible, so that

k1k2k3 ¼ 1: We will use k1 and k2 as independent variables,

and calculate k3 from k3 ¼ ðk1k2Þ
�1
. The density of the

Helmholtz free energy is assumed to be a function of a set of

independent variables,

W ¼ Wðk1; k2;D; na; nb; :::Þ: (6)

Here na; nb; ::: represent a set of internal variables that char-

acterize the progress of dissipative processes in the mem-

brane. In particular, na; nb; ::: can represent the progress of

viscoelastic and dielectric relaxation. Associated with small

changes in the independent variables, the density of the

Helmholtz free energy changes by,

dW ¼
@W

@k1
dk1 þ

@W

@k2
dk2 þ

@W

@D
dDþ

X

c

@W

@nc
dnc: (7)

A combination of (5) and (7) gives that,

@W

@k1
� r1þEDð Þk2k3

� �

dk1þ
@W

@k2
� r2þEDð Þk1k3

� �

dk2

þ
@W

@D
�E

� �

dDþ
X

c

@W

@nc
dnc � 0: (8)

This inequality can be satisfied in many ways. We adopt the

following assumptions. The membrane is in mechanical and

electrostatic equilibrium, so that the coefficients in front of

dk1, dk2, and dD vanish, giving,

r1 þ ED ¼ k1
@Wðk1; k2;D; na; nb; :::Þ

@k1
; (9)

r2 þ ED ¼ k2
@Wðk1; k2;D; na; nb; :::Þ

@k2
; (10)

E ¼
@Wðk1; k2;D; na; nb; :::Þ

@D
: (11)

The membrane, however, is not in equilibrium with respect

to viscoelastic and dielectric relaxation, so that,

X

c

@Wðk1; k2;D; na; nb; :::Þ

@nc
dnc � 0: (12)

FIG. 3. (a) Schematics of current leakage through the dielectric: charge

transport is due to the movement of electrons (e�) and ions (þ/�) under an

applied electric field. (b) To model current leakage, the dielectric elastomer

is considered as a capacitor with a resistor in parallel. By the principle of

charge conservation, the current consumed by the battery i is the sum of the

charge flow rate to the capacitor _Qp and the current leakage through the re-

sistor ileak.
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Inequality (12) places a restriction on viscoelastic models,

and its effect will become evident when a rheological model

is specified.

III. IDEAL DIELECTRIC ELASTOMERS

Both viscoelasticity and dielectric relaxation are due to

local movements of molecules, or a group of molecules

(Ref. 34) (Fig. 2). Although the rotation of the dipoles may

cause deformation in the elastomer, we assume that this de-

formation is negligible compared to that caused by stretching

of the long polymer chains. For commonly used dielectrics

like VHB and silicone, at room temperature and pressure,

the dielectric relaxation time is orders of magnitude smaller

than the viscoelastic relaxation time.21,22 Furthermore, the

typical time scale of operation of dielectric elastomers is in

the region of seconds, where dielectric relaxation has long

taken place. Hence, we will neglect dielectric relaxation in

our analyses.

An elastomer is a network of polymer chains cross-

linked by covalent bonds. Each chain consists of a large

number of monomers. As a result, the crosslinks have a neg-

ligible effect on the process of polarization of these mono-

mers—that is, the elastomer polarizes nearly like a polymer

melt. This picture is supported by experiments,35 which

show that the permittivity of the elastomer changes insignif-

icantly over a strain of 400%. We adopt the model of ideal

dielectric elastomer,36 assuming that the polarization behav-

ior is liquid-like and independent of the state of deforma-

tion. That is, the electric displacement is taken to be linear

in the electric field,

D ¼ eE; (13)

where e is the permittivity independent of deformation.

Inserting (13) into (11) and integrating, we obtain that

Wðk1;k2;D;na;nb; :::Þ¼Wstretchðk1;k2;na;nb; :::Þþ
D2

2e
: (14)

Here Wstretch is the Helmholtz free energy associated with the

stretching of the elastomer. In the model of ideal dielectric

elastomers, the stretching and polarization of the elastomer

contribute to the free energy independently.

Inserting (14) into (9) and (10), we obtain that,

r1 þ eE2 ¼ k1
@Wstretchðk1; k2; na; nb; :::Þ

@k1
; (15)

r2 þ eE2 ¼ k2
@Wstretchðk1; k2; na; nb; :::Þ

@k2
: (16)

These relations confirm a widely used description of electro-

mechanical interaction: The voltage produces a Maxwell

stress of eE2.1

IV. MODEL OF VISCOELASTICITY

Viscoelastic relaxation may be represented by a rheolog-

ical model of springs and dashpots. We adopt a rheological

model of two parallel units: one unit consists of a spring, a,

and the other unit consists of another spring, b, and a dashpot

(Fig. 4). As discussed before, the deformation of the elasto-

mer is represented by two stretches, k1 and k2. In the rheo-

logical model, k1 and k2 are assumed to be the net stretches

of both units. For spring a, the state of deformation is charac-

terized by stretches k1 and k2. For spring b, however, the

state of deformation is characterized by different stretches,

which we designate as ke1 and ke2. Let n1 and n2 be the

stretches in the dashpot. We adopt the multiplication

rule,20,37,38

k1 ¼ ke1n1; k2 ¼ ke2n2: (17)

Upon approaching a limiting stretch as a result of the finite

contour length of the polymer chains, the dielectric elasto-

mer shows pronounced stress-stiffening. To account for the

effect of stress-stiffening, we represent both springs by using

the Gent model.39 The free-energy function of the elastomer

is the sum of the contributions from the two springs:

Wstretch¼�
laJalim
2

log 1�
k21þk22þk�2

1 k�2
2 �3

Jalim

� �

�
lbJ

b
lim

2
log 1�

k21n
�2
1 þk22n

�2
2 þk�2

1 k�2
2 n21n

2
2�3

J
b
lim

 !

;

(18)

where la and lb are shear moduli of the two springs, and

Jalim and J
b
lim are constants related to the limiting stretches of

the two springs.

Inserting (18) into (15) and (16), we obtain that,

r1 þ eE2 ¼
laðk21 � k�2

1 k�2
2 Þ

1� ðk21 þ k22 þ k�2
1 k�2

2 � 3Þ=Jalim
þ

lbðk21n
�2
1 � n21n

2
2k

�2
1 k�2

2 Þ

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim
; (19)

r2 þ eE2 ¼
laðk22 � k�2

1 k�2
2 Þ

1� ðk21 þ k22 þ k�2
1 k�2

2 � 3Þ=Jalim
þ

lbðk22n
�2
2 � n21n

2
2k

�2
1 k�2

2 Þ

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim
: (20)

FIG. 4. Viscoelastic relaxation is modeled using two parallel units. One unit

consists of spring a, and the other unit consists of spring b and a dashpot.
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The two terms in the right-hand side of the above equations are

the stresses carried by the two springs in the rheological model.

We model the dashpot as a Newtonian fluid. In the rheo-

logical model, the state of stress in the dashpot is the same as

that in spring b. This state of stress is characterized by the

two components given as the last term in (19) and the last

term in (20). The rate of deformation in the dashpot is

described by the two components n�1
1 dn1=dt and n�1

2 dn2=dt.
To model the dashpot as a Newtonian fluid, we relate the

rate of deformation to the stress as,

dn1

n1dt
¼

1

3g

lbðk21n
�2
1 � n21n

2
2k

�2
1 k�2

2 Þ

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim
�

lbðk22n
�2
2 � n21n

2
2k

�2
1 k�2

2 Þ=2

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim

 !

; (21)

dn2

n2dt
¼

1

3g

lbðk22n
�2
2 � n21n

2
2k

�2
1 k�2

2 Þ

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim
�

lbðk21n
�2
1 � n21n

2
2k

�2
1 k�2

2 Þ=2

1� ðk21n
�2
1 þ k22n

�2
2 þ n21n

2
2k

�2
1 k�2

2 � 3Þ=Jblim

 !

; (22)

where g is the viscosity of the dashpot. So long as g > 0, this

kinetic model satisfies the thermodynamic inequality (12).

The viscoelastic relaxation time is defined by using the

viscosity of the dashpot and the modulus of spring b,

sV ¼ g=lb: (23)

In reality, the elastomer may possess multiple relaxation

times. This behavior may be incorporated in the model by

introducing more parallel units of springs and dashpots.

Differentiating (19) and (20) with respect to time, and

combining with (21) and (22), we obtain a set of four ordi-

nary differential equations that evolve k1ðtÞ, k2ðtÞ, n1ðtÞ, and
n2ðtÞ, once a program of loading is prescribed as functions

r1ðtÞ, r2ðtÞ, and EðtÞ.
We fit this viscoelastic model to uniaxial tensile tests

conducted on VHB at several stretching rates.10 Fig. 5(a)

shows good agreement between the model and the experi-

ment. The experimental data obtained at three stretching rates

can be fit to the model by using a common set of parameters:

la ¼ 18 kPa, lb ¼ 42 kPa, sV ¼ 400 s, Jalim ¼ 110 and

J
b
lim ¼ 55. The shear moduli and relaxation time compare rea-

sonably well with those reported elsewhere.10,20 The Gent

model captures the strain-stiffening effect.

V. MODEL OF LEAKAGE CURRENT

Divide (1) by the change in time, and we write,

i ¼
dQp

dt
þ ileak: (24)

Here i ¼ dQ=dt is the current in the conducting wire, dQp=dt
is the rate of change of the polarizing charge accumulated on

the electrodes, and ileak ¼ dQleak=dt is the current leaking

through the membrane. As illustrated in Fig. 3(b), the conser-

vation of charge requires that current in the conducting wire

should equal the sum of the rate of change of the polarizing

charge on the electrodes and the current leaking through the

membrane.

Electrical conduction in polymers is a complex phenom-

enon, which may depend on the molecular configuration,

defects and impurities in the structure, and the type of

electrodes, as well as temperature and moisture.23–25 Devel-

oping a model to capture these effects is beyond the scope of

this paper. Instead, we propose a model based on following

empirical observations. When the electric field is small, the

leakage current is predominantly Ohmic and the leakage cur-

rent density is approximately linear with the electric

FIG. 5. (Color online) (a) Viscoelastic model is fitted to experimental data

of Plante and Dubowsky.10 (b) Model of leakage current is fitted to experi-

mental data of Gisby et al.17
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field.24,26 As the electric field increases, the leakage current

becomes non-Ohmic and increases exponentially.17,26 This

non-Ohmic behavior becomes significant beyond a critical

electric field, which is on the order of 10 MV/m.17,26,28

Recent experiments have reported that the conductivity for

VHB 4910 increases exponentially under increasing electric

field.26

Define the density of the leakage current as

jleak ¼ ileak=ðl1l2Þ. Based on the above observations, we

relate the density of leakage current to the electric field as,

jleak ¼ rcðEÞE: (25)

The conductivity rcðEÞ is taken to depend only on the elec-

tric field E but not on deformation. So long as rcðEÞ > 0,

this kinetic model satisfies the thermodynamic inequality

(3). We adopt the exponential function,

rcðEÞ ¼ r0exp
E

EB

� �

: (26)

where r0 is the conductivity at low field, and EB is an empiri-

cal constant with the same dimension as the electric field.

When E << EB, the elastomer approximates an Ohmic con-

ductor, that is, jleak � rc0E. As E ! EB, the conductivity

increases exponentially.26

The resistor-capacitor (RC) time constant is defined by

the ratio between the permittivity and the conductivity of the

dielectric,

sRC ¼ e=rc0: (27)

In Fig. 5(b), we fit the model of leakage current to experi-

ments conducted on VHB 4905 actuators.17 The experiment

confirms the exponential increase in leakage current at high

electric fields. The fitting parameters are found to be

rc0 ¼ 3:23� 10�14S=m, EB ¼ 40MV=m and sRC ¼ 1230 s.

The permittivity of the membrane is taken to be

3:98� 10�11F=m.10 Furthermore, the experimental data

show significant scatter, especially at high fields. This indi-

cates significant uncertainty in leakage current in the non-

Ohmic region. This uncertainty may be due to the varying

quality of the films produced,17 which contributes to the

complex physical nature of current leakage. We select two

sets of experimental data that bounds the maximum- and

minimum-observed leakage current over the range of meas-

ured electric fields. Our fitting shows qualitative agreement

with the experimental data.

VI. ELECTROMECHANICAL BEHAVIOR OF
DISSIPATIVE DIELECTRIC ELASTOMERS

We now use the model of dissipative dielectric elasto-

mers to simulate situations motivated by several recent

experiments.14,26,40 These experiments were conducted by

using the setup of circular actuators (Fig. 6). A membrane of

a dielectric elastomer is pre-stretched and fixed to a rigid

FIG. 6. Schematic of a circular actuator with electrodes coated on part of

the surface of the elastomer.

FIG. 7. (Color online) Under (a) con-

stant mechanical load with no voltage,

(b) the stretch of the membrane and (c)

the stretch due to the dashpot, creep in

time.
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frame. On part or on the entire surface of the membrane

compliant electrodes are applied. The membrane is then left

to relax for a long time. Subsequently, voltage or current is

applied as a function of time. In our analyses, we assume

that the membrane is subject to homogeneous, equal-biaxial

deformation. Hence, k1 ¼ k2 ¼ k, n1 ¼ n2 ¼ n and

r1 ¼ r2 ¼ r. We focus on two dissipative mechanisms in

our simulations—viscoelasticity and current leakage. We

first model two experiments that study each effect in isola-

tion, followed by experiments on actuation and voltage

cycling.

To study the effect of viscoelastic relaxation in isolation,

we model a creep experiment of a viscoelastic elastomer

(Fig. 7). In this experiment, a force P is applied at time t¼ 0.

Subsequently, the magnitude of the force is fixed, while the

membrane creeps in time. In a short time, the dashpot does

not deform, and the load is carried by both springs. In a long

time, the dashpot deforms and the load is carried by the

spring a alone. The characteristic time scale in this process is

the viscoelastic relaxation time, sV .

Next, we study the effect of current leakage in isolation.

Our simulation was motivated by the experiment done by

Rychkov et al.14 In this experiment, the setup is a circular ac-

tuator configuration with A/B¼ 1.0 in Fig. 6. Hence, the

stretch remains fixed even when the voltage is applied.

Keeping the stretch fixed prevent creep from taking place,

allowing one to measure current leakage through the mem-

brane as if it is a rigid capacitor. The membrane is first pre-

stretched and fixed to a rigid frame (Fig. 8(a)). A long time

was allowed to elapse for viscoelastic relaxation to take

place. Upon equilibration, the membrane is charged up under

a fixed voltage and held for a short time, before being

switched to an open-circuit condition. Under the open-circuit

condition, the current drawn from the voltage source i drops

to zero (Fig. 8(b)). Figures 8(c) and 8(d) show the time-

histories of stress r and surface potential U across the mem-

brane. r and U are measureable quantities, which may be

corroborated with experimental results. We further plot the

time-histories of stretch of the dashpot n (Fig. 8(e)) and the

polarizing charge on the electrodes Qp(Fig. 8(f)). These

FIG. 8. (Color online) (a) A membrane

is under a constant stretch. (b) The cur-

rent in the conducting wire is suddenly

switched on, held at a constant value for

a period of charging with a fixed voltage,

and then suddenly switched off. (c)

stress, (d) voltage, (e) viscous stretch,

and (f) charge on the electrodes. Charge

leakage occurs through the membrane

with a conductive relaxation time sRC of

1230 s.
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parameters provide important information on the respective

dissipative processes of viscoelasticity and current leakage,

but may not be directly measured in an experiment.

Figure 8(c) shows two features of stress response within

a membrane. First, when a pre-stretched membrane is con-

strained from attaining further deformation, all viscoelastic

effects like deformational creep and stress relaxation may be

eliminated. This feature was manifested in the instantaneous

drop in stress at the point of voltage application, and

remained in the relaxed stress state when the voltage was

maintained. The absence of viscoelastic effects was con-

firmed by Fig. 8(e), where the stretch in the dashpot remains

constant over the entire test duration. Second, when the setup

is switched to the open-circuit condition, charges on the elec-

trodes will leak through the membrane. As more charges

leak through the membrane, the stress in the membrane grad-

ually increases. When all charges are leaked through, the

stress returns to its original, uncharged level.

Our model may further be used as an aid to determine

the optimal operating conditions of a dielectric elastomer

generator. In such a generator, a membrane is first pre-

stretched and pre-charged. Subsequent mechanical relaxation

in the open-circuit condition provides a voltage boost across

the electrodes. Current leakage in the open-circuit condition

becomes an important process affecting its performance.41 If

the relaxation process is too slow, leakage current will

become very significant, resulting in a very small or even

negative voltage boost, which adversely affects the conver-

sion efficiency. This observation was confirmed by experi-

ments in cycles operating at low frequencies.11 Our model

may aid the design of cycle frequencies for generators that

optimize the conversion efficiency.

Next, we analyze a similar setup as the previous exam-

ple. In this experiment, all conditions remain the same as the

previous one, with the exception of the input voltage. In the

previous experiment, the voltage was stepped up instantane-

ously to a constant level, and maintained constant over a fi-

nite time. In this experiment, the voltage was ramped up

from zero at a finite rate, up to a specific level, before being

held constant (Fig. 9(b)). This was an experiment conducted

FIG. 9. (Color online) (a) A membrane

is under a constant stretch. (b) Voltage is

ramped up at a constant rate and is then

held at a constant level. The calculated

time-histories are shown for (c) stress,

(d) current, (e) viscous stretch, and (f)

charge on the electrodes.
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by Lillo et al.26 The purpose of this experiment is to charac-

terize the insulation and dielectric properties of acrylic

dielectric elastomer actuators, and also allows one to plot the

leakage current versus electric field of a DE. Because our

current leakage model is fitted to experimental data,17 the

leakage current versus electric field plot would be identical

to that in Fig. 5(b). Similar to the previous example, visco-

elastic effects were eliminated (Fig. 9(e)). Both the current i

and charge on the electrodes Qp increase initially as the volt-

age increases (Figs. 9(d) and 9(f)). The charge on the electro-

des is given by

Qp ¼ CU; (28)

where C is the capacitance of the membrane, given as

C ¼ el1l2=l3. A combination of (24) and (28) gives that

i ¼ U
dC

dt
þ C

dU

dt
þ ileak: (29)

The total current is contributed by three processes—defor-

mation change (dC/dt), voltage change (dU=dt) and leakage

current (ileak). In this experiment, the deformation is con-

strained by the rigid frame, hence dC/dt¼ 0. The total cur-

rent is therefore contributed by voltage change (dU=dt) and
current leakage. Figures 9(b) and 9(d) clearly show that

ileak> 0. At higher electric fields, Fig. 9(d) shows an expo-

nential increase in ileak, which is in qualitative agreement

with experiments.17,26 Because dC/dt¼ 0, Figs. 9(b) and 9(f)

show that the charges on the electrodes increase linearly

with voltage. Once the voltage is held constant, dU=dt ¼ 0,

any contribution to total current is due to the leakage current.

The leakage current provides a measure of the conductive

behavior of the actuator subject to high electric fields. The

model allows one to calculate the leakage current and assess

the electrical response of the actuator under conditions of

high electric field, which is essential to achieve large electri-

cal actuation. Our model may therefore be used to aid the

design of efficient actuation cycles.

It is known that pre-stretching a dielectric elastomer

may significantly enhance its actuation performance.1,10,38,42

When the radius of the electrodes is much smaller than that

of the membrane, A << B, we simplify the setup in the simu-

lation by assuming the active part of the membrane is subject

to a constant force. In this example, we study the effect of

pre-stress on the current consumption of an actuator. Figure

10(a) illustrates the loading program: a voltage ramps up

FIG. 10. (Color online) (a) A membrane is subject to a constant force and a ramping voltage. The calculated time-histories are shown for (b) the stretch of the

membrane, (c) the current in the conducting wire, and (d) the leakage current through the membrane. At a low level of the applied force, a snap-through insta-

bility occurs, marked by a red cross X and a vertical dashed line.
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with time under a constant pre-stress. We consider a constant

ramping voltage rate for all cases in Fig. 10. As voltage is

increased, the stretch of the dielectric elastomer increases

(Fig. 10(b)). At zero or low pre-stresses, the stretch increases

up to a point denoted by a red cross, X. At this point, electro-

mechanical instability (EMI) occurs.42–44 As the voltage is

increased, the electric field increases with the expanding

elastomer. At some point, the same voltage will induce an

even higher field; a positive feedback develops between a

thinning dielectric elastomer and an increasing electric

field—EMI occurs. EMI causes an instantaneous jump from

a low stretch level to a high stretch level (Fig. 10(b)), usually

leading to electrical breakdown. It is now well known that

EMI limits the actuation of a dielectric elastomer to <50%

actuation strain,45,46 and that a dielectric elastomer may be

stabilized against EMI by pre-stretch or pre-stress, leading to

large actuation.1,10,35,42 Analytically, EMI occurs when the

determinant of the Hessian of the free energy function pre-

scribed in Eq. (14) vanishes.20,45 An explicit form of the

Hessian can be found in a previous paper.45 Fig. 10(b) shows

that, at zero or low pre-stress, the membrane undergoes

“snap-through” deformation33 after EMI occurs. When pre-

stress is increased, EMI is eliminated, allowing the dielectric

elastomer to attain large actuation. Consequently, large

actuation also implies very high electric field; leading to an

exponential increase in leakage current (Fig. 10(d)) and,

hence, huge current consumption (Fig. 10(c)). Although

large actuation performance may be achieved at higher pre-

stress, the efficiency of such a cycle may be low due to sub-

stantial leakage current losses. This observation is consistent

FIG. 11. (Color online) A membrane is subject to (a) a constant force and (b) cyclic voltage. As a result of the fast loading, the viscous loss is small, as indi-

cated by the total and viscous stretches in (c) and (e), respectively. When current leakage becomes significant (d), the current-voltage response in (f) is not sym-

metric, indicating hysteresis.
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with experimental observations, which show current leakage

losses reduce the efficiency of actuation cycles to 1% under

large actuation stretches.11 To optimize conversion effi-

ciency, one may then need to consider a compromise

between large actuation and large current leakage losses.

As a final example, we analyze the response of an actua-

tor subject to a cyclic electric loading (Fig. 11). Such peri-

odic loading will most closely resemble actual operating

conditions of an actuator. This set of calculations follows the

experiment reported by Bauer and Paajanen.40 In that experi-

ment, a circular dot actuator was used (as shown in the sche-

matic in Fig. 6). In our simulations, we shall approximate the

boundary conditions for the active dielectric elastomer mem-

brane as being held under a constant pre-stress (Fig. 11(a)),

and subject to a triangular cyclic voltage (Fig. 11(b)). Such

approximation may not exactly replicate the actual physical

conditions in the experiment, but provides a qualitative anal-

ysis of the setup, especially when B � A in Fig. 6. For exact

analysis of this problem, a boundary-value-problem must be

solved. The solution to this problem was presented in a sepa-

rate paper,42 and shall not be repeated here.

In this experiment, the voltage was varied on a time-

scale much faster than the viscoelastic relaxation time (Fig.

11(b)). As such, the actuation is relatively large (Fig. 11(c)),

whereas the viscous effect is negligible due to the fast load-

ing rate (Fig. 11(e)). On the other hand, due to the large

actuation and, hence, electric field, current leakage is signifi-

cant, which makes up about 10% of the total current i at its

maximum (Fig. 11(d)). This produces an asymmetric

current-voltage response, as observed in the experiment.40

For a rigid capacitor, the current-voltage response is rectan-

gular in shape. In Fig. 11(f), a current-voltage response for

the dielectric elastomer subject to a smaller voltage ampli-

tude is included for comparison. At that low voltage level,

the current-voltage response is almost similar to that of a

rigid capacitor. Any deviation from the rectangular shaped

current-voltage response is due to the change in capacitance

of the DE, the voltage change, and current leakage losses

(Eq. (29)). Given that dielectric elastomer actuators are pri-

marily driven by electric fields, current may be an important

parameter for actuator control.16,40 Current-voltage measure-

ments may then provide useful information about the actua-

tion and leakage losses,40 and such measurements may be

complemented by our model, as illustrated here.

VII. CONCLUSION

We use nonequilibrium thermodynamics to construct a

model of dissipative dielectric elastomers. We focus on two

dissipative processes—viscoelasticity and current leakage.

This theory is then applied to study the electromechanical

response of a membrane subject to time-dependent loadings.

Simple descriptions of viscoelasticity and current leakage

are used to predict dynamic responses of the membrane. The

method may be adapted to analyze more sophisticated modes

of deformation and material models. The main results may

be summarized as follows. Large actuation strains may be

achieved for a pre-stressed actuator, but this is done at the

expense of greater losses due to current leakage. One may

need to find a compromise between large actuation strains

and good conversion efficiency. When operating as a genera-

tor at low frequencies, current leakage may adversely affect

the ability of the membrane to store charges in an open-

circuit condition, leading to a very poor voltage boost. We

also find that current leakage significantly modifies the

current-voltage characteristics of dielectric elastomers under

cyclic electric fields with high amplitudes. It is hoped that

the method may be used as an aid to optimize the conversion

efficiency of membrane actuation and generation cycles.
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APPENDIX: A MODEL OF DISSIPATIVE DIELECTRIC
ELASTOMERS

The model described in Sec. II is written here in a gen-

eral form for inhomogeneous fields in three dimensions.

A review of related models can be found in a previous

work.33 Consider a body of an elastomer in three dimensions.

The elastomer in the undeformed state is chosen as the refer-

ence state, where each material particle is labeled by its

coordinate X. In the deformed state at time t, the particle X

moves to a place with coordinate x(X,t). The deformation

gradient is defined by,

FiK ¼
@xiðX; tÞ

@XK

: (A1)

Imagine that every material particle X is attached with a bat-

tery of electric potential UðXÞ. Define the nominal electric

field by,

~EK ¼ �
@UðX; tÞ

@XK

: (A2)

When the dielectric is in the reference state, denote an ele-

ment of volume by dVðXÞ. On each element of volume, we

prescribe force BðX; tÞdVðXÞ. In the reference state, denote

an element area of the surface of the dielectric by dAðXÞ,
and denote the unit vector normal to the element by N, point-

ing outside the dielectric. Parts of the surface of the dielectric

may be prescribed with displacement, and other parts of the

surface of the dielectric may be prescribed with forces. For

example, on an element of the surface of the dielectric,

dAðXÞ, we may prescribe force TðXÞdAðXÞ, where T is the

nominal density of the surface force (i.e., the traction). Force

balance requires that the nominal stress siK satisfy that,
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@siK
@XK

þ Bi ¼ 0; (A3)

in the volume, and that,

�

s�iKðX; tÞ � sþiKðX; tÞ
�

NKðX; tÞ ¼ TiðX; tÞ; (A4)

on an interface.

Similarly, denote ~qðX; tÞdVðXÞ to be the charge in an

element of volume, and ~xðX; tÞdAðXÞ the charge on an ele-

ment of an interface. The nominal electric displacement

obeys that,

@ ~DK

@XK

¼ ~q; (A5)

in the volume of the body, and,

�

~D
þ

K ðX; tÞ �
~D
�

K ðX; tÞ
�

NKðX; tÞ ¼ ~xðX; tÞ; (A6)

on the surface of the body.

In the deformed state, let the charges per unit time

pumped into a volume element be rðX; tÞdVðXÞ, and into an

interface element be iðX; tÞdAðXÞ. The charge also migrates

in the dielectric. In the deformed state, let JKðX; tÞNKdAðXÞ
be the charge per unit time crossing an element of area. The

conservation of charge requires that,

@~q

@t
þ

@JK
@XK

¼ r; (A7)

in the volume, and,

@ ~x

@t
þ
�

JþK ðX; tÞ � J�K ðX; tÞ
�

NKðX; tÞ ¼ iðX; tÞ; (A8)

on an interface.

Let WdVðXÞ be the Helmholtz free energy associated

with an element of volume. Thermodynamics requires that

the increase in the free energy of the dielectric should not

exceed the total work done, namely,

ð

dW

dt
dV �

ð

UrdV þ

ð

UidAþ

ð

Bi

@xi
@t

dV þ

ð

Ti
@xi
@t

dA:

(A9)

This inequality holds for every possible dissipative process.

A combination of the above equations gives that,

d _W � siKd _FiK þ ~EKd
_~DK þ ~EKJK: (A10)

As a material model, the density of the Helmholtz free energy

is taken to be a function of a set of independent variables,

W ¼ WðF; ~D; na; nb; :::Þ; (A11)

where na; nb; ::: are internal variables that measure the pro-

gress of relaxation processes. Inserting equation (11) into (10),

following similar assumptions as in Sec. II, we obtain that,

siK ¼
@WðF; ~D; na; nb; :::Þ

@FiK

; (A12)

~EK ¼
@WðF; ~D; na; nb; :::Þ

@ ~DK

; (A13)

X

c

@WðF; ~D; na; nb; :::Þ

@nc
dnc � 0; (A14)

~EKJK � 0: (A15)
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