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ABSTRACT
This paperpresentsa new algorithmbasedon IntegratedCongru-
encetransformfor the analysisof both uniform and nonuniform
transmissionlines. The key advantageof the proposedalgorithm
is that constructinga spanningorthonormalbasisfor the space-
dependentmomentsis donewithoutcomputingthesemomentsex-
plicitly. The proposedalgorithm thus carriesthe numericaleffi-
ciency of Krylov-basedprojectiontechniquesof lumpedRLC net-
worksto thedomainof thedistributedtransmissionline networks.
Theproposedalgorithmcanbeusedto constructanorthogonalba-
sisfor any setof momentsrelatedthroughadifferentialoperator.

Categories and Subject Descriptors
I.6.5 [ Model Development]: ModellingMethodology

General Terms
Algorithms,Theory

Keywords
Circuit Simulation, Model-OrderReduction,IntegratedCongru-
enceTransform,NonuniformTransmissionLines,SignalIntegrity,
High-SpeedCircuits

1. INTRODUCTION

The ever increasingquestfor higheroperatingfrequenciesand
smallerfeaturesizesin electroniccircuitshavemadeinterconnects
andtransmissionlines(TL’s) a dominantfactorin determiningcir-
cuit performanceandreliability in deepsubmicrondesigns.

SinceTL’saredistributedby nature,anaccuratemodelhasto be
ableto capturetheir distributednature.Describingdistributedele-
mentsis usuallyachieved throughTelegrapher’s Equations.How-
ever, difficulties arise in the presenceof nonlinearterminations
as theseequationsdo not have a direct time-domainrepresenta-
tion [1, 2]. In addition,guaranteeingpassivity of the modelshas
beenamajorconcern[3,4].

Analysis of nonuniformTL’s presentsan even more challeng-
ing task. Oneway to obtaintime-domainmacromodelis to divide
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theline into sectionsandtreateachsectionasuniformTL. Obtain-
ing passive reduced-ordertime-domainmacromodelcan then be
achieved via variousapproachesin the literaturethat handleuni-
form TL’s, e.g.[5,6]. However, this is likely to produceinaccura-
ciesasit introducesspuriousreflectionsat theboundariesof each
section.

Another approachthat is usedto obtain passive reduced-order
macromodelfor nonuniformTL is basedon the IntegratedCon-
greunceTransform(ICT) [7]. The main idea in this approachis
to constructan orthogonalbasisthat spansthe spaceof the first
few derivatives (moments)w.r.t. to the frequency variableof the
terminalvoltagesandcurrents,andusethis basisto castTelegra-
pher’s partial differential equationsinto a set of ordinary differ-
ential equations(ODE) that can be linked easily to time-domain
simulators,suchasSPICE[8]. However, constructingtheorthog-
onalbasisrequiresexplicit computationof themoments.This ex-
plicit computationof themomentspresentsa numericaldisadvan-
tagesinceit makeshigherordermomentsobtainedfrom a single
point expansionof practicallyno valuein enhancingtheaccuracy
of the reducedmodel to matchwider frequency range. By con-
trast,Krylov projectionmodelorder-reduction(MOR) algorithms
of lumpedRLC components[9–12] draw their numericalrobust-
nessfrom the ability to constructa spanningorthogonalbasisfor
themomentswithout computingthemomentsexplicitly.

This processis usuallyreferredto asImplicit MomentsMatch-
ing (IMM). The main obstaclein performingIMM for networks
with distributedelementsis thatthemomentsarerelatedthrougha
differential operatorratherthananalgebraic operatorasin thecase
of lumpedRLC networks.

This paperpresentsa new algorithmbasedon ICT thatdoesnot
computethemomentsexplicitly in orderto constructtheirspanning
orthogonalbasis.Theproposedalgorithmthusrepresentsthenat-
ural extensionof Krylov-basedprojectiontechniquesfor lumped
RLC networks to the domainof distributed networks, wherethe
momentsarerelatedthrougha differential operatorratherthanal-
gebraic operator. The proposedalgorithm is developedthrough
definingaweightedinner-productandnormmappingsonthespace
of the momentsandthenexpandingthe momentsin polynomials
that are orthonormalw.r.t. to the sameweighting function. Al-
thoughtheproposedalgorithmcanhandlebothuniformandnonuni-
form TL’s, this paperfocuseson its applicationfor thenonuniform
case.

The paperis organizedas follows. Section2 presentsa brief
backgroundon IntegratedCongreunceTransform. Section3 de-
scribesa generaloutline of the proposedalgorithm. Section4
presentsfurther implementationdetails for handlingnonuniform
transmissionlines.Section5 presentssomenumericalresults.
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2. REVIEW OF MODEL-ORDER REDUCTION BASED

ON INTEGRATED CONGRUENCE TRANSFORM

Denoteby V
�
z � s � andI

�
z � s ����� m theLaplace-domainvoltages

andcurrentsat an arbitrarypoint z alongan m-conductornonuni-
form transmissionline of lengthd. V

�
z � s � andI

�
z � s � canberelated

throughheTelegrapher’s equationsasfollows

dV
�
z � s �

dz �	�
�
R
�
z ��
 sL

�
z ��� I � z � s �

dI
�
z � s �

dz �	�
�
G
�
z ��
 sC

�
z ��� V � z � s �

(1)

whereR
�
z �� L � z �� G � z �� andC

�
z � arethe per unit length(p.u.l.) z-

dependentresistance,inductance,conductanceandcapacitanceper-
unit-lengthmatrices,respectively. (1) canbe rewritten in the fol-
lowing form,

T
dX
�
z � s �

dz ���
�
N
�
z ��
 sM

�
z ��� X � z � s � (2)

where

N
�
z � �

R
�
z � 0

0 G
�
z �

M
�
z � �

L
�
z � 0

0 C
�
z �

T �
0 Um

Um 0
�

X
�
z � s � �

I
�
z � s �

V
�
z � s �

(3)

andUm is anm � m identity matrix. X
�
z � s � maybeexpressedin a

Taylor’s seriesexpansionaroundsomefrequency point, s0, in the
frequency-domain

X
�
z � s � �

∞

∑
i� 0

U � i� � z � s0 � � s � s0 � i (4)

whereit canbeobservedfrom (4) that themomentsU � i� � z � s0 � are
z-dependent.The fundamentalideain MOR usingICT is to con-
structanorthonormalbasisfor thefirst few moments.In fact, this
idea is similar to that of MOR of lumpedcomponentnetworks,
except that in this casethe momentsare functionsof the spatial
variable z whereasin the lumpedcomponentcasethe moments
areconstantvectorsandcanberepresentedaselementsof theEu-
clidian space� 2m. A classicalmethodto generatean orthogonal
basisfor a setof elementsis the Modified Gram-Schmidt(MGS)
process. Using MGS to constructan orthonormalbasisfor the
momentsU � i� � z � s0 � , however, requiresa properdefinition of the
“inner-product” and“norm” mappingson the spaceof thesemo-
ments. For that purpose,the following two mappingshave been
adopted[7]

�
u
�
z �� v � z �� �

� 1

0
u
�
z � T v

�
z � dz

�
u
�
z � � �

� 1

0
u
�
z � T u

�
z � dz

(5)

whereu
�
z � andv

�
z ����� 2m and � 2m is thespaceof all z-dependent

vectorsof length2m. The algorithmthenproceedsby first com-
puting the momentsexplicitly, thenapplyingMGS usingthe def-
initions of the inner-productandnorm asgiven in (5) to form an
orthonormalbasisQ

�
z � for themomentsthat is usedin an ICT to

reducethesystemin (2) to thefollowing form

Ŷ
�
s � � b̂T sM̂ 
 N̂ � 1

b̂ (6)

where

M̂ � d
� 1

0
Q
�
z � T M

�
z � Q � z � dz

N̂ � N̂1 
 N̂2

N̂1 � d
� 1

0
Q
�
z � T N

�
z � Q � z � dz

N̂2 � T̂ � P

P � Qi
�
1� T Qv

�
1� � Qi

�
0� T Qv

�
0�

T̂ �
� 1

0
Q
�
z � T T

dQ
�
z �

dz
dz �

b̂ �
Qi
�
0�

� Qi
�
1�

T

(7)

with Qi
�
z � andQv

�
z � denotingthosepartsof thebasiscorrespond-

ing to thecurrentandvoltageportions,respectively.
Usingthemomentsexplicitly to constructtheorthonormalbasis

underminesthenumericalrobustnessof thealgorithm.This is due
to thefact thathigher-ordermomentsobtainedfrom a singlepoint
expansiontendto addno furtheraccuracy to theresultingreduced-
ordermodelin orderto matchwiderfrequency range.Thisproblem
hasbeenaddressedextensively in the context of MOR of lumped
RLC networks[9]. RLC lumpednetworkshave their momentsre-
latedthroughan algebraicoperator. Distributednetworks, on the
otherhand,have their momentsrelatedthrougha differentialop-
eratorandgeneralorthogonlizationprocessessuchasMGS hasto
take that into accountin order to avoid computingthe moments
explicitly.

3. OUTLINE OF THE PROPOSED ALGORITHM

Theobjectiveof theproposedalgorithmis to developanorthog-
onalizationprocessthatgeneratesanorthonormalbasisfor asetof
momentsrelatedthrougha differentialoperator, but without hav-
ing to computethesemomentsexplicitly. To thisend,wesubstitute
from (2) into (4) andequatesimilarpowersof s to obtain

�
U � 0� � z � s0 � � 0
�

U � i� � z � s0 � �	� M
�
z � U � i � 1� � z � (8)

where
�

is anoperatorgivenby

��� d
dz

 s0M

�
z ��
 N

�
z � (9)

It is to be notedherethat the momentsarerelatedthrougha dif-
ferentialoperator, while the momentsin the caseof lumpedRLC
networksarerelatedthroughanalgebraicoperator. Computingan
orthognalbasisfor the momentsU � i� � z � s0 � without having these
momentsexplicitly will beapproachedby adoptingadifferentver-
sion for the inner-productandnorm mappings. Thosemappings
will bedefinedasfollows,

�
u
�
z �� v � z �� �

� b

a
u
�
z � T v

�
z � w � z � dz

�
u
�
z � � �

� b

a
u
�
z � T u

�
z � w � z � dz

(10)

wherew
�
z � is a positive weightingscalarfunctionanda andb are

arbitraryintegrationlimits. It isobviousfrom(10)thatif u
�
z � andv

�
z �
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areexpressedasaseriessummationof somepolynomials,gi
�
z � ,

u
�
z � �

N

∑
i� 0

Uigi
�
z � v

�
z � �

N

∑
i� 0

Vigi
�
z � (11)

wherethesepolynomialsgi
�
z �� i � 0 �� � � !� N areorthogonalin the

interval " a � b # w.r.t. to the weightingfunction w
�
z � , thenboth the

inner-productand norm mappingsreduceto a summationof the
Euclidianinner-productsof theindividual coefficients.Thepartic-
ularchoiceof w

�
z �� a � b andgi

�
z � comesasanimplementationissue

andwill bediscussedlaterin thefollowing section.
Next constructingthe orthogonalbasiswithout computingthe

momentsexplicitly will be demonstrated.For that purpose,we
assumethat the basisQ

�
z � consistsof k elements$ q0

�
z � s0 ��� � � !�

qk � 1
�
z � s0 �% . Theprocessof computingQ

�
z � will bedemonstrated

inductively throughtwo steps.

& Step 1. Computing q0
�
z � s0 � : In this step, the following

systemof differentialequations

T
dq̃0

�
z � s0 �

dz

'"N � z ��
 s0M

�
z ��# q̃0

�
z � s0 � � 0 (12)

is solved using a set of initial conditionsthat are obtained
asspecifiedin AppendixC of [7]. q0

�
z � s0 � canbeobtained

from q̃0
�
z � s0 � usingthefollowing normalizationstep

q0
�
z � s0 � �

1�
q0
�
z � s0 � � q̃0

�
z � s0 � (13)

& Step 2. Computing qi
�
z � s0 � : In this step,the first i ele-

ments $ q0
�
z � s0 ��� � � !� qi � 1

�
z � s0 �% areassumedto be readily

computedandthe objective becomesthat of computingthe
next elementqi

�
z � s0 � . Thefirst stepin achieving this is car-

ried out throughsolvingthefollowing systemof differential
equations

T
dq̃i

�
z � s0 �

dz

'"N � z ��
 s0M

�
z �(# q̃i

�
z � s0 � �

M
�
z � H

∑
h� 0

θi � 1 ) hgh
�
z �

(14)

whereθi � 1 ) h’sarethecoefficientsof qi � 1
�
z � s0 � asexpressed

in termsof the summationof the seriesof the orthogonal
polynomials,gh

�
z � , andq̃i

�
z � s0 � is theresponseof thesystem

of differentialequationsin (2) undertheforcing input given
by M

�
z � qi

�
z � s0 � . Next, q̃i

�
z � s0 � is orthogonalizedw.r.t. to

the previous elementsin the basisusing the inner-product
mappingdefinedin (10) to produceq̂i

�
z � s0 � , i.e.,

q̂i
�
z � s0 � � q̃i

�
z � s0 � �

i � 1

∑
j� 0

q̃i
�
z � s0 �� q j

�
z � q j

�
z � (15)

qi
�
z � canthenbeobtainedby normalizingq̂i

�
z � , i.e.,qi

�
z � �q̂i

�
z �* � q̂i

�
z � � .

Basedon the above two steps,the main theoreticalresult of this
sectioncanbestatedasfollows.

THEOREM 1. Let Q
�
z � be the set of elements generated by exe-

cuting (step 1) once and (step 2) for k times as shown above. Then
Q
�
z � is orthonormal and spans the Hilbert subspace spanned by

the moments $ U � 0� � z � s0 ��( � � +� U � k� � z � s0 �,% .
Proofhasbeenomitteddueto lackof space.

4. IMPLEMENTATION DETAILS
This sectionpresentsfurther implementationdetails regarding

thecomputationof theorthogonalbasisQ
�
z � . In particular, Cheby-

chev polynomialsof the first kind are adoptedas our choicefor
the orthogonalpolynomialsgh

�
z � . Using Chebyshev polynomial

requiresscalingthespatialvariablez by replacingit with z̄ where
z̄ �

�
2 * d � z � 1. Thus,with regardsto (10),we have a �-� 1, b � 1

andw
�
z � � 1*+. 1 � z2. Let u

�
z̄ � andv

�
z̄ �/�0� 2m berepresentedas

aseriesof Chebyshev polynomials,i.e.,

u
�
z̄ � �

H

∑
h� 0

UhTh
�
z̄ � v

�
z̄ � �

H

∑
h� 0

VhTh
�
z̄ � (16)

whereTh
�
z̄ � is the hth Chebyshev polynomialof the first kind. In

thatcase,theinner-productandnormin (10) reduceto

�
u
�
z̄ �� v � z̄ � � � πU0

TV0 
 π
2

N

∑
h� H

Uh
TVh �

�
u
�
z̄ � � � πU0

TU0 
 π
2

H

∑
h� 1

Uh
TUh (17)

Computingthekth elementof thebasisQ
�
z̄ � proceedsby first rep-

resentingall the z-dependentquantitiesin (14) asa summationof
H Chebyshev polynomials

N
�
z � �

H

∑
h� 0

NhTh
�
z̄ �

M
�
z � �

H

∑
h� 0

MhTh
�
z̄ �

qk � 1
�
z � �

H

∑
h� 0

θk � 1 ) hTh
�
z̄ �

q̃k
�
z � �

H

∑
h� 0

θ̃k ) hTh
�
z̄ �

(18)

Substitutingfrom (18) into (14), taking the integral of both sides
from -1 to z̄, andusingthefollowing relations

Tm
�
z̄ � Tn

�
z̄ � �

1
2

�
Tm1 n

�
z̄ ��
 T2m � n 2 � z̄ ���� z̄

� 1
T0
�
z̄ � dz̄ � T0

�
z̄ ��
 T1

�
z̄ �

� z̄

� 1
T1
�
z̄ � dz̄ �

1
4

�
T2
�
z̄ � � T0

�
z̄ ���

� z̄

� 1
Th
�
z̄ � dz̄ �

1
2

Th1 1
�
z̄ �

h 
 1

 Th � 1

�
z̄ �

h � 1


�
� 1� h1 1

h2 � 1

andequatingcoefficientsof similarChebyshev polynomialsonboth
sidesyields

A 
 2
d

�
UH 1 1 3 T � Φ̃i � AMΦi � 1 (19)

where

A �
1
2

�
K1 
 K2 
 K3 �

AM �
1
2

�
TM1 
 TM2 
 TM3 �

Φi � 1 � θi � 1 )H T  � � θi � 1 ) 0T
T

Φ̃i � θ̃T
i )H  � � θ̃T

i ) 0
T

(20)
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K1 �

0  � � 0 1
2H DH

1
2H DH � 1

0  � � 1
2 � H � 1� DH

1
2 � H � 1� DH � 1

1
2 � H � 1�

�
DH � 2 � DH �

...
. . .

...
...

...
...

. . . D2 � 1
2D4 D1 � 1

2D3 D0 � 1
2D2

DH  � �  � � D1 � 1
4D2 
 ∑H � 1

h� 2 Dh � � 1� h 4 1

h2 � 1 D0 � 1
4D1 
 ∑H

h� 2 Dh � � 1� h 4 1

h2 � 1

(21)

K2 �

1
2H D1 0  ( �  � � 0 0

1
2 � H � 1�

�
D2 � D0 � 1

2 � H � 1� D1 0  � � 0 0
...  � �  ( � . ..

...
...

1
4

�
DH � 1 � DH � 3 �  � � 1

4D1
1
4D0 0

� 1
2DH � 2  � � � 1

2D1 � 1
2D0 0 0

� 1
4DH � 1 
 ∑H

h� 2 DH � h � � 1�65 h 4 1 7
h2 � 1  � �  ( � � 1

4D1 � 1
3D0 � 1

4D0 0

(22)

K3 �

0  � �  � �  � � 1
2H

�
DH � 2 � DH � 1

2H DH � 1

0  � � . . .
. . .  � � ...

0  � � � 1
4D0 � 1

4D1
1
4

�
D0 � D2 � 1

4

�
D1 � D3 �

0  � � 0 � 1
2D0 � 1

2D1 D0 � 1
2D2

D0  � �  � � ∑H
h� 2 Dh � 2 � � 1� h 4 1

h2 � 1 � 1
4D0 
 ∑H

h� 2 Dh � 1 � � 1� h 4 1

h2 � 1 D0 � 1
4D1 
 ∑H

h� 2 Dh � � 1� h 4 1

h2 � 1

(23)

andUH 1 1 is
�
H 
 1�/� � H 
 1� identity matrix and 3 denotesthe

Kroneckerproductoperator. In (20),thedefinitionsof K1 � K2� andK3
aregivenby (21)- (23)whereD j � N j 
 s0 8 M j. Similar formulae
for TM1 � TM2 � andTM3 canbe obtainedby substitutingDk by MK
for all possiblevaluesof theindex k.

Thereducedsystemis obtainedin theform

Ŷ
�
s � � b̂T sM̂ 
 N̂ � 1

b̂ (24)

where

M̂ �
d
2

� 1

� 1
Q
�
z � T M

�
z � Q � z � dz �

N̂ � N̂1 
 N̂2 �
N̂1 �

d
2

� 1

� 1
Q
�
z � T N

�
z � Q � z � dz �

N̂2 � T̂ � P�
P � Qi

�
1� T Qv

�
1� � Qi

�
� 1� T Qv

�
� 1��

T̂ �
� 1

� 1
Q
�
z � T T

dQ
�
z �

dz
dz

b̂ �
Qi
�
� 1�

� Qi
�
1� (25)

5. NUMERICAL RESULTS

5.1 Example 1
The proposedalgorithmwasimplementedto obtaina reduced-

ordermodelfor a uniform 3-conductorTL network of lengthd �10cm. Figure1 showsagraphicalcomparisonbetweentheexactre-
sponse(obtainedthroughanOrdinaryDifferentialEquation(ODE)
solver for theTelegrapher’s equationsin (1)) andtheresponseob-
tainedfrom the proposedalgorithmafter runningit for k � 65 it-
erations.Also shown on thesamegraph,theresponseobtainedby
using65 momentsexplicitly to constructthe basisasin [7]. It is
clearthatfor thesamesizeof thereducedsystem,theonebasedon

theproposedalgorithmcouldmatchupdoublethefrequency range
matchedthroughusingthemomentsexplicitly.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x 10
9

0

0.05

0.1

0.15

0.2

0.25
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0.35

Frequency

|Y
11

|

Exact via ODE solver
Proposed (size 65)
Explicit (size 65)

Figure 1: A comparison for the � Y11 � parameter between the
proposed algorithm the algorithm in [7] using explicit moments
computation.

5.2 Example 2
Theproposedalgorithmwasusedto simulatea nonuniformTL

networkconsistingof 3coupledconductors.Firsttheexactfrequency-
domainresponseof the systemwasobtainedby solving the Tele-
grapher’s equationsin (1) using a numericalODE solver. Fig-
ures2(a)and2(b) show a comparisonbetweentheexact response
(throughODE solution)and the responseobtainedfrom the pro-
posedalgorithm for a sampleof the Y -parameters.Figure 2(c)
shows a comparisonfor thetime-domainresponse,dueto aninput
stepsignalof rise-time0.1ns.Thecomparisonisbetweenalumped
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RLC approximationof the line andthe proposedalgorithm. The
lumpedRLC model is obtainedby dividing the nonuniformline
into 50 sectionsand consideringeachsectionas a uniform line.
Eachuniform sectionis thenrepresentedby a numberof lumped
RLC sectionsaccordingto its p.u.l. delay.

5.3 Example 3
A similarexampleto thepreviousonebut with length,d � 50cm

hasbeenemployed to test the proposedalgorithm. Figures3(a)
and3(b) displaya frequency-domaincomparisonfor a sampleof
the Y -parameters.Here the frequency-domainresponseobtained
from theproposedalgorithmwascomputedusingonly singlepoint
expansionat 1.75GHz. Figure3(c) displaysa comparisonfor the
time-domainresponsedueto aninput pulseof rise/fall time of 0.1
nsandapulse-widthof 8 ns.

Table1 displaysaCPUcomparisonfor thetimetakentosimulate
both lumpedand reducedmodelsfor both examples. The time-
domainsimulationwasperformedusingtheNumericalAlgorithms
Group(NAG) [13] sparsedifferential-algebraicequationssolveron
aPentiumIII machine.

Lumped Proposed Speedup

10cmLine 26.3sec 0.93sec 28
50cmLine 693sec 5.9sec 117

Table 1: CPU time comparison

6. CONCLUSION

Thispaperpresentedanew algorithmfor passivemodel-reduction
basedon integratedcongruenttransform.Theproposedalgorithm
doesnotrequireanexplicit computationof themomentsin orderto
constructa spanningorthogonalbasisfor them. It thusshows nu-
mericalsuperiorityin that larger frequency rangecanbe matched
basedonsinglepointexpansion.
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Figure 3: Numerical results for a 50 cm nonuniform transmis-
sion line
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