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ABSTRACT

Two new approaches for reducing the order of large
scale continuous time systems are presented. The first
approach is a modified version of the aggregation tech-
nique. It uses the matching properties of the steady state
output covariance and the Markov parameters of the high

th order model. This

order system to those of the
approach also uses a new algorithm derived for the compu-
tation of the controllability and observability Grammians,
to produce controllable, observable and stable low order
models. There is no unique method available for evaluating
the aggregation matrix or the matrix relating the system
state vector to the model state vector. A procedure,

based on the singular value decomposition of the,control—
lability Grammian of the system, is provided for the
computation of the aggregation matrix. This approach is

also extended to design low order deterministic continuous

time varying linear models,

vii



The second approach in this dissertation is an
improved version of the Schwarz approximation. It uses
the Schwarz canonical form to insure the stability of
the model, the impulse response energy to determine the
order of the model, the singular values or the second order
modes of the controllability Grammian to select the state
variables to be retained in the model, and the time moment
matching properties to reduce the steady state errors
between the response of the model and that of the system.

This dissertation also introduces an algorithm for
the computation of the frequency responses of the system
and/or the model. This algorithm does not require any
complex arithmetic, which is a major problem for most
compliers; it is simple and easy to implement in a small

computer,
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CHAPTER I
INTRODUCTION
1.1. Motivation and Perspectives

In the last two decades considerable attention has
been focused on the problem of approximating a higher
order system by a lower order model. Low order models

are desirable for a number of reasons, including the

following:

(1) to achieve simpler simulation of the process,
(2) to reduce the computational effort for
obtaining optimal and adaptive controllers.
These motives are particularly applicable to those
on-line and off-line designs where iterative design

needs to be performed.

The order reduction problem is of particular interest
in areas such as power systems, aircraft maneuvering, chemical
processes, nuclear reactors, biologic, economic and manage-

ment systems. The order reduction problem consists of

two major areas:




(1) model reduction

(2) controller reduction

The model reduction problem is essentially the sim-
plification of high order systems. Various reduction method-
ologies have been proposed, namely, aggregation [7],
output and equation error minimization [40, 41, 95, 106},
continued fraction [140], Pade ([109] and Routh [61]
approximations, component cost analysis [126], Hankel norm
approximations ([70], balancing methods [119], partial
realizations [46, 59, 112, 132] and identification tech-
niques [12, 15, 20, 78, 107]. The reduction criteria

used also ranges over a variety of measures.

The most commonly used methods [71, 122, 137] can

be divided in three groups:

(1) Using a model reduction scheme to determine

th

th ordexr model, then design its associated r order

the r
controller (open loop design).

(2) After reducing the system to order m, where
r <m < n, a parameter optimization approach is used to
give the optimal rth order controller,

(3) An nth order controller is applied to the
system, then a closed ldop model reduction technique is

used to determine a reduced order closed loop model (closed

loop design).



This dissertation is mainly concerned with the
open loop design problem, and two methods of model
reduction of stochastic and deterministic continuous

time linear systems are introduced.
1.2. Contribution of This Work

Two different approaches to model reduction are
developed in this research. The first one is based on
the matching properties of the steady state output co-
variances and the Markov parameters of the high order

th order model. A new algorithm

system to those of the r
is developed for the computation of the‘controllability
and observability Grammians. This may be used to derive
controllable and observable stable low order models.

This approach also combines the aggregation and
state feedback concepts to synthesize low order models.
It is noted that the aggregation method, as it is usually
employed, has the following drawbacks:

(1) The reduced model is not guaranteed to be

stable.

(2) There is no unique method available for

evaluating the aggregation matrix.

(3) The aggregation method ignores the state con-

tribution to the performance of the model.



In addition to the use of state feedback to
insure model stability, this approach uses a procedure
based on the singular value decomposition of the con-
trollability Grammian, to compute the aggxegation
matrix. The extension of this approach»tb design low
order deterministic continuous time varying, uniformly
controllable models is straightforward.

The last approach in this dissertation is an
adaptation of the Schwarz approximation. It uses the
impulse response energy to find the order of the model
and the singular values or second order modes of the con-
trollability Grammian to select the state variables to
be retained in the model. Finally, an algorithm is
introduced for the computation of the frequency responses
of the system and the model. This algorithm is simple,
it does not require any complex arithmetic which is a
major problem for most compilers, and it is easy to

implement in a small computer.
1.3. Organization of This Work

This dissertation is organized as follows:
Chapter II provides an overview of the existing techniques
of model reduction. Chapter III introduces the mathe-
matical preliminaries such as steady state output

covariance, Markov parameters, controllability and

N e e



observability Grammians to be used in the later
chapters.

Chapter IV discusses a new method which combines
the aggregation and state feedback concepts, its applica-
tion to continuous time invariant linear systems with |
uncertainty (e.g., stochastic input), and its extension
to continuous time varying deterministic, uniformly con-
trollable linear systems. Chapter V describes the Routh
and Schwarz approximations, their link, and develops a
new approach which is a modified version of the Schwarz
approximation. Chapters IV and V each present a
numerical example to demonstrate the validity of the

preceding results.



CHAPTER II

OVERVIEW OF THE ORDER REDUCTION TECHNIQUES

In this section, we will review the development of
model reduction during the last two decades. Davison [34]
proposed one of the first order reduction techniques.
Chidambara [27, 28] showed that this method does not
ensure steady state agreement between the dominant states
of the original system and the reduced model. Further
argument [28, 29] led to several variations of Davison's
original scheme which we call here Chidambara's first method,
Chidambara's second method and Davison's first method.
Later, Davison [35] introduced a second modified method.

Independently, Marshall [84] presented a technique
which preserves the steady state of the original system Ly

exciting the modes in the reduced model differently

from those of the original system. Chidambara [30]
introduced two modal techniques, which are optimal in the
sense that they minimize deviations between the original
system and the reduced model, but these approaches do not
provide an explicit formulation for the reduced model.
Fossard (48] prbposed a modification to Davison's original

6




technique which results both in initial and final (steady
state) agreement, for unit step inputs, between the original
system and the reduced model. Wilson [138] and Bonvin

et al. [18] showed that Chidambara's first method is
equivalent to Davison's first approach and Chidambara's

second technique is similar to Marshall's method.

Litz [80, 8l] presented a new modal technique which
is optimal in the sense that the integral of the square of
the errors between the dominant states in the system and
the reduced model is minimized. Unlike Chidambara's tech-
nique [30], this new approach gives an explicit formulation
for the model. The practical uses of the previous methods
are not trivial, since the relationship between the states
of the system and those of the model do not appear ex-
plicitly.

To overcome this difficulty, Aoki [5, 6] introduced
the aggregation method. This approach has the advantage
of preserving some of the internal structural properties
of the system which are useful not only in analysis,
but also in deriving suboptimal state feedback control.
The concept of aggregation was further exploited by
others [10, 56, 100, 102, 123, 125, 129].

Lindner et al. [79], Medanic et al. [85] and Tse

et al. [130, 131) suggested the idea of chained aggregation




which is based on the generalized Hessenberg representation
(GHR), and the order reduction is performed on the GHR
by coordinate truncation, neglecting the feedback couplings
from the truncated subsystem and using a generalized QL
algorithm to transform the GHR into another representation
from which the reduced model is derived. This way of
reduction may destroy the basic idea of chained aggregation.

To avoid this problem, Kwong [72, 73] used an orthogonal
transformation, which is equivalent to the Rayleigh-Ritz
procedure, to compute an optimal approximate aggregation,
which is similar to the one introduced by Aoki [7].

Since the aggregation matrix used by Aoki (6, 7].
is arbitrary, it is thérefore possible to select it in an
optimal manner by minimizing a performance criterion. Such
an approach to optimal aggregation has been developed by
Siret et al. [l124]. It has been shown [39,53,54,87] that the
reduced models given by optimal properties [89,90,91] are
6ptimally aggregated models and Davidson's [34], Marshall's
[84 ] and Chidambara's models are special cases of aggregated
models. It is known [123] that the reaction of a system to
an arbitrary initial state cannot be described by a simple
model, except through the aggregation concept.

In practice, the arbitrary initial states are con-

sidered in many situations as disturbances in the states
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of the physical system and are not so arbitrary. Davison's
aggregation scheme ([34,35,36] is based on the preservation
of the smallest eigenvalues, hence dominant time

constants of the original system, in the reduced model.
This implies that the response of the rgdﬁced model will

be similar to the response of the original system, since
the effect of the neglected eigenvalues on the system
response 1s important only at the transient part of the
response. However, the retained eigenvalues affect the
entire response and determine the type of the response of
the system. This method assumes that the original system
is asymptotically stable and completely controllable.
Furthermore, it is computationally cumbersome, since it
requires the evaluation of the eigenvalues and eigenvectors
of the higher order system.

Anderson [ 4 ] presented a method in which the eigen-
values are not, in general, retained. The approach consists
of fitting the output data of the original system to a
;educed model by the least squares technique. However,
this method can give rise to unstable models unless the
model's structure is constrained. Most often the minimiza-
tion of some objective function involving the approximation
error is studied using the impulse response. The para-
meters of the reduced model are then obtained either from
the necessary conditions of optimality or by means of a

search algorithm.
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Meier et al. [86] considered the problem of synthe-
sizing the reduced model transfer function for a single input,
single output system by minimizing the mean square error
between the output of the system and that of the model. The
approximation approach consists of finding optimum residues
and poles of the reduced model transfer function, then develop-
ing a set of necessary conditions involving the poles only.
The solution yields a set of nonlinear equations for the poles
and zeroes of the optimum reduced model transfer function.

Riggs et al. [105, 106] have used similar approaches
to derive new reduction methods. Wilson [136] formulated,
for the multi-input multi-output problem, an algorithm which
is based on the solution of a Lyapunov matrix equation and
requires optimization of the individual parameters occurring
in the particular canonical form chosen. The application of
Wilson's algorithm to single input, single output is rather
cumbersome and time consuming. Similar results have been re-
ported in([8, 9, 60, 141]. Some results concerning the unit
step response are also available such as [35, 52, 75].
However, the method used in [52] requires the transforma-
tion of the system to a diagonal representation and then
assumes that the order of the reduced model is equal to
the number of outputs. It also uses the dynamic and static

criteria; which leads to an incorrect steady state response.
Siret et al. [125] extended Wilson's approach [135]

to a class of polynomial inputs, to define an optimum




11
reduced model with the same steady state output as the
system. This is obtained by expressing the constraint on
the asymptotic stability behavior of the two models as a
constraint on the structure of the reduced model, which is
easier to take into account. The problem is then reduced
to a problem of minimization without constraint. This
method is also applicable to systems which have unstable

modes.

For a different error criteria, Sinha et al. [121]
proposed a computer program for obtaining the optimum re-
duced model based on arbitrary polynomial inputs. In this
approach, all of the coefficients in the reduced model trans-
fer function are optimized by using a search routine. They
have applied this technique to minimize the maximum deviation
between two models. However, it was shown in [136] that this
optimization procedure would be numerically manageable
only for reducing systems of low order and would be in-
efficient for the mean square error criterion.

The most common characteristic of the previous
methods is that they minimize an integrated quadratic error
between the original system and the reduced model. This
minimization is used as a measure of the performance of
modelling of the methods. The paraheters of the reduced
model are determined so that the integral quadratic error
is minimized. However, this procedure requires solving

nonlinear equations and thus the calculation is quite
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difficult. Another major drawback of these approaches
is that the canonical structure of the reduced order
model has to be constrained in some manner. To avoid this
problem, Obinata et al. [95,96] suggested a different
approach. Instead of minimizing the output error, they
minimized the equation error. This minimization leads to
a linear problem. But, instead of the original system
matrices, the input and output vectors have been used.

Eitelberg (41,42] using the same idea, found a simpler
formulae where only the matrices of the original system
are needed. These methods require the stability of the
original system, and it is not clear that the reduced models
obtained by these methods can always be asymptotically
stable and completely controllable, even when the original
system has these properties (see Appendix A).

Since the original system is often identified in
the frequency domain and then subsequently converted to
the time domain, many techniques have been derived in
the frequency domain. Among them is the Pade approximation
procedure, in which the frequency response of the system at
low énd/or high frequencies is matched with that of the
model by essentially retaining the first few terms of the
Taylor series expansion of the system frequency response
about the origin and/or infinity. Other methods using
partial sequences of the Markov parameters and/or the time
moments of the system frequency response were proposed

(19, 50, 108, 109, 110].

A,
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Chen et al., [23,24) presented a method based on the con-

tinued fraction concept. Their form of continued fraction
expansion resembles multiple feedback loops and
feedforward paths with blocks corresponding to quotients.
As the guotients get lower and lower in position or equi-
valency and the blocks develop more and more loops, they
have less and less significance as far as the overall
system is concerned. Therefore, truncating the continued
fraction after some terms is equivalent to ignoring the
inner, less important loops. In this respect, three
different reduced models are available through the use of
the three Cauver forms. It was shown [ 20 ] that the con-
tinued fraction method and the moments matching method may
give similar results and that they may both yield unstable
models even for stable systems.

To improve the moments matching approach, Shamash
[110] used the generalized Pade approximation to retain
specified (dominant) modes in the reduced model. Similarly,
~Shieh et al. [115,116] used the dominant poles concept asso-
ciated with the continued fraction approach to get stable re-
duced models. But the concept of dominant poles requires the
determination of the dominant poles first before the
simplification is carried out, thus for a high order system,
the computation is tedious and for some systems, it is not

easy to define the dominant poles.
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Chen et al. [25, 26] suggested a different

method called the stability equations technique. The
simplifying procedure is simple and only two equations
with one-half of the order of the system need to be
factored. All the reduced models are guaranteed to be
stable. But the method cannot be applied’directly to
reduce the transfer function of nonminimum phase systems.
Another method which has similar problems was introduced
in the order reduction literature [43, 143]. It was called
the norm approximation method. To solve this problen,
Chen et al. [26 ] proposed an approach which combines the
advantages of the stability equations and the continued
fractions methods and it consists of three steps. The first
step is to reduce the denominator of the transfer function
by the stability equations method. The second step is to
get the partial quotients by the algorithm of the continued
fraction method, and the last step is to discard the unstable
partial quotients and to reconstruct the reduced model of
which the denominator is obtained in the first step.
Similarly, utilizing the Pade approximately and a
continued fraction expansion, Shamash [113] derived a
technique which produces stable models and has many useful
properties such as computational simplicity. Fitting of
the time moments and the steady state value of the original
system is similar to that of the reduced model.
In the same domain as the previous methods, Hutton

et al. [61] introduced an approach called the Routh-Hurwitz
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approximant method which does not involve the computation

of the eigenvalues of the original system. It involves

no optimization routines and also guarantees stability
because it is based on the Routh-Hurwitz stability table
together with the fitting of the moments. Shamash [114],
using -examples, argued that the locétions of the poles of
the models from Hutton's method, are completely dependent on

the locations of the poles of the system.

As mentioned before, for these methods to work, the
time domain description is transferred to its equivalent
frequency domain representation and the simplification is
carried out in the frequency domain. The reduced model is
then transferred back into the time domain. The time
domain realization of the reduced model from its transfer
function is not an easy task.

A method free of this and all of the previous
problems is the singular perturbation approximation.

A singular perturbation theory provides a systematic
approach to deal with the modelling, analysis and

control of dynamic systems in which the physical separa-
tion of modes is recognized in terms of a small, positive
parameter multiplying a part of the system equations.

This part is called the fast part of the system. The singular
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perturbation approximation reduces the system order by
first neglecting the fast phenomena. It then improves the
approximation by reintroducing their effects as boundary
layer corrections calculated in time scales. 1In this case,
the system is temporarily decoupled into two lower order
subsystems which represent the slow and fast part of the

system [ 31, 65]. In an asymptotically stable system, the
fast modes corresponding to large eigenvalues are important
only during a short time period [64, 65, 66, 8l]. Hence, a
matrix norm is given under which the large eigenvalues of a
two-time scale system will be sufficiently separated from
the small eigenvalues.
| It has been shown {103, 104] that the Routh
approximation can be treated as an approximate aggregate
technique and it has been argued by Hickin et al. [ 55 ]
and vittal Rao et al. [103], that aggregation as well as the
Routh approximation can be used to express any system into
its slow and fast subsystems. This argument is based on
"the assumption that most systems possess the two time scale
property, namely the eigenvalues of the system can be
clustered into two groups of dominant and nondominant
modes.

Several researchers have viewed the ordef simplification
problem as a minimal realization problem and have obtained
partial results [46, 58, 112]. The Hankel matrix [57]

is formed with the Markov parameters, then the reduction of
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the Hankel matrix is determined with respect to the Hermite

norm and a partial realization is obtained.
Such methods typically match some of the generalized
Markov parameters instead of all of them as is done in minimal
realization. Then a combination of the aggregation method with
the partial realization gives an order reduction technique
which has the advantage of matching Markov parameters as well
as ensuring stability. The chained aggregation method
[129,131] also belongs to this class of methods since it
discards the weakly observable part of the system as a
way of simplifying the large scale system.
In practice, it is more often desirable to design a
control system of minimal size and yet controllable
and observable. The most common features of the
above techniques are that the approximation problem is
approached by observing that the dynamical behavior of a
physical system may, on occasion, be dominated by the
dynamics of a particular subsystem. Therefore,
most of the modal approaches, with the exception
of the singular perturbation method, suffer from
the drawback that the physical significance of the
state is lost. This leads to some difficulties when the
model is a part of the system. Thus, before any modal tech-
nique is used, sevefal key decisions should be made, i.e.:
(1) The most important response modes of the system,
(2) An appropriate size (order for the reduced

model.
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(3) The most sensitive state variables which are

to be retained in the reduced model.

Even with the singular perturbation method, there is
no clear-cut technique which can help to decide on the
structure of the reduced model. In [44, B3], it was noted
that the quality of the aggregated model depends on the con-
tribution of the neglected modes and an upper bound on the
error incurred was introduced by simplifying the high order
system. For the Routh approximation method [61], error func-
tions are easily evaluated in terms of impulse energy error.

In [98, 99, 133, 134], a scale invariant criterion
has been proposed for picking out the state which signifi-
cantly participates in the construction of the model. The
main idea behind this approach is the development of a
participation matrix for evaluating the relative importance
of each state. However, this method does not take into
account the couplings between the states and the various
inputs and outputs. The practical importance of this crit-
erion is thus limited.

Lastman et al. [77] proposed another criterion for
estimating the effective participation of each state by
evaluating its contribution to the total impulse response
energy at the output of the system. With this criterion,

a method of simplification combining the singular pertur-
bation and aggregation schemes was presented. This idea

originated in [61], where the impulse response energy was
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utilized for the selection of the order of the reduced
model. The same concept can be found in [ 144 ], for selecting
the eigenvalues to be retained in the reduced model.

A method based on applying unit impulses separately to
each component of the input was proposed by Commault [32], to
obtain reduced aggregated models. Siret'ét al. [125] also
suggested a procedure of mode selection for the aggregation
method based on the impulse response. Litz [80 ] determined
the dominant modes by the use of unit step functions at each
component of the input, the step functions are then used to
obtain the model by approximating the nondominant modes.

He analyzed the couplings between the inputs and the
states through the various modes and proposed a dominance
measure for the sensitive states. Bonvin et al. [17]
extended Litz's method to any kind of inputs.

The operation of selecting within the system state
space, a subspace of completely controllable and observable
states as was done by Wonham [139]. In other words.
the subspace is responsible for the whole of the input-output
response. Then the simplification can be approached by
relaxing controllability and observability concepts and a
dominant subsystem in terms of strongly controllable and obser-
vable subspaces. This technique does not necessarily
require a state variable description as a starting point,
but input-output representation as well.

In [59], Ho et al. related the geometric structure of

the controllable/observable subspace to the algebraic
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structure of the impulse Hankel matrix. Several methods for

representing linear systems through analysis of the rank or

the dependence relation of the system Hankel matrix were

proposed. However, due to a lack of efficient and robust
numerical techniques for rank analysis, they proved
unsuccessful for identification and not promising for
solving the approximation problem. It has been shown in
[21,93,94] that appropriate techniques in linear algebra
such as orthogonal factorization and singular value decom-
position play a significant role in the analysis of the
structure of dynamic systems, and consequently, in the
determination of reduced models for approximating complex
systems.

The use of singular values (second order modes) as

opposed to eigenvalues or primary modes of the system
first appeared in the work of Zeigler et al. [143]. Using
a similar approach, Moore [92] introduced the internally
balanced realization concept. He showed that from the
internaily balanced realization, an asymptotically stable
approximate realization can be obtained by neglecting those
state variabies which correspond to very small second
order modes. Kung [69] approached the reduction problem
from a realization perspective and proposed an order reduc-
tion scheme based on the singular value decomposition of
the Hankel matrix associated with the system. He also

provided stability results and an error analysis.
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Pernebo et al. [97] presented a method with much
stronger stability results based on Moore's balanced reali-
zation. Silverman et al. [119] showed that the singular
values of the Hankel matrix are indeed the second order
modes and the approaches of Moore [93] and Kung [69] lead
to the same reduced models. Lastman et al. [76] showed
that the aggregation technique may, in some cases, give
better reéults than the balance realization method.

In general, the approximation of the Hankel matrix
based on the singular value decomposition will not have a
Hankel structure. To overcome this problem using the work
of Adamjan et al. [1l], in [12, 70], Kung et al. developed
an optimal Hankel norm approximate approach. Glove [51]
developed a new state space representation which he used
to give a balancing-based state space algorithm for com-
puting the multivariable Hankel-norm approximant. Desai
et al. [37, 38] extended the concept of internally balanced
realization to stochastic realization of reduced order
models, controllers and observers. Enns [45] derived an
error bound for models obtained from internally balanced
realizations. The bound is that the infinity norm of the
frequency response of the difference between the system
and the model is bounded by twice the sum of the balanced
Grammian's singular values that correspond to the truncated
states of the balanced realizations.

Concurrént with the above work, Skelton et al. [126,

128} introduced the component cost analysis approach for
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approximating stochastic systems. In the generalized form,
Skelton et al. [127, 142] have referred to it as the co-
variance equivalent realization approach. This method gives
an algorithm for obtaining a reduced order stochastic
realization such that a certain specified number of output
covariance parameters for the reduced model match the
output covariance pafameters for the reduced model. Their
approach can also be used for controller order reduction.

Hyland et al. [62] found necessary conditions for
optimality of a continuous time stochastic linear system
in the form of two Riccati and two Lyapunov equations
coupled by an oblique projection. They also used this
projection to compare Moore [93], Skelton [126] and
Wilson [135] approaches.

Motivated by the work of Akaike [3] on predictor
spaces, canonical variables and stochastic realizations,
Fujishige et al. [49], Baram et al. [14, 15], Desai
et al. [37] and Larimore [78] derived algorithms for
obtaining approximate stochastic realizations. The
reduction scheme is based on canonical correlation
coefficients which can also be viewed as generalized

singular values of a normalized matrix.




CHAPTER III

STEADY STATE OUTPUT COVARIANCES AND MARKOV PARAMETERS
OF CONTINUOUS TIME LINEAR SYSTEMS

3.1. Introduction

In this chapter, we will introduce the mathe-
matical material that will be used in later chapters
for the derivation of model reduction techniques of
asymptotically stable, completely controllable and

observable, large scale linear continuous time systems.

3.2, Mathematical Background

Consider the stochastic, asymptotically stable,
completely controllable and observable, stationary, con-

tinuous time system

x(t) = Ax(t) + Bw(t) (3.1a)
y(t) = Cx(t) (3.1b)
x(to) = X,

23
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where xng, ygmz and WeR".

The initial condition X is assumed to be a zero mean
Gaussian random vector independent of w(t). w(t) is a
zero mean white noise process with intensity Q. Q is a

symmetrix positive definite matrix. Then’

E{w(t)} = 0, and  E{w(t)wr (1)} = Q& (t-T) (3.2)

‘

where E{+} denotes the statistical expectation.
Let ¢(t,t) be the state transition matrix of the
system in equation (3.1). The solution of equation (3.1la)

is then

t
x(t) = ¢(t, tg)xy + J ¢ (t, £)Bw (£ ) AE. (3.3)
t

Let K(tl,tz) = E{x(tl)xT(tz)} denote the state

covariance matrix. Then using standard arguments

[47, 71] and equations 3.2 and 3.3, it follows that

. |
Kty b)) = gt bk 0T (k) jt o (t,,51808%7 (¢, ,£) d
0
(3.4)

. T, _
where E{xoxo} = Kg-




25

Now let tl = t+T and t2 = t. Then equation (3.4)

yields

t

K(E+T,£) = ¢ (£+T,£0)KodT (£, £0) + J ¢ (t+7,£)BOBTOT (t,6) ag
t
0

The system (3.1) is a continuous time invariant linear

system, thus
b(ty,t,) = R (E17E))
and

; T
R(ts1,8) = eP(EFT-Eplg QA7 (E-tg) +

t

T

+ ft P (t+T-£)p T A (t-6) 4,
0

or

: T
- A (t-t
K(t+T,t) = eAT[eA(t tO)Koe ( 0)

t T
+ f P (£=8) gopTeP (E-E) 4

to "
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thus

R(t+1,8) = e TR(t,t) (3.7)

where

K(t, t) = E{x(t)xT(t)} is the state covariance

matrix and it satisfies the matrix differential equation

[«7, 71}

K(t,t) = AK(t,t) + K(t,t)AT + BQBT (3.6)

- Ty _
K(tolto) = E{XOXO} = KO

The autocorrelation matrix of the output y(t) in the

presence of the zero mean Xq is denoted as R(t+T,t),

Since we may readily induce the properties of

R(t+T,t)

E{y(t+r)yT(t)}, namely

ceP Tk (¢, t)cT (3.7)

R(t+T,t)

It has been shown in [127, 142] that, in steady state

R = 2im R(t,t) and K = f2im K(t,t), thus equations (3.4)

t £




and (3.7) becomes

0 = AK + KA + BoBT (3.8)

and

T
R(7) = fim R{t+7,t) = ce’TkKC (3.9)

t-reo
The limit denotes the asymptotic approximation., Note
that the steady state conditions are equivalent to the
fact that y(t) is a stationary process, and since for
stationarity, E{y(t+t,t)y (t)} = R(t+T,t) = R(t+1-t) = R(T)

and from [127, 142]

Ry(1) = %im AIR(E+T,8)  _ oePATpigeT (3.10)
t+oo d'r:I
then
R. = 2im R, (1) = 2im ce?TaixcT = calxc?. (3.11)
T+ T >0
Furthermore,
R(t) = 2im R(t+1,t) = | calxeT (L))
t-ro0 2=0 Lo
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thus,
-3 TR'
R = R
() gZo e (g7) (3.12)
where
R, = catkeT (3.13)

The Rz's are called the steady state covariance parameters.

Since system (3.1) is completely controllable and

observable, its transfer function is given by the following

rational function:

(3.14)
n n-1

where the ai's and Bi's are constant scalars and matrices

respectively, H(s) can be expanded into an infinite power

series about s = » (Laurent series), of descending power

of s. Thus,

H(s) = Hls'l + H.s"2 4 H3s‘3 ... ' (3.15)
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H(s) can also be expressed in terms of the system para-

meters A, B and C:

1 1

H(s) c(s1-a) 1B = s”le(r-s"1a) 1B

)

sO

2 2 3

1 s caBs™? + calesT3 4+ L . . (3.16)

H(s) CBs

The comparison of equations (3.15) and (3.16) yields

H, = cat s for 2=1, 2,3, ... (3.17)

The Hg's are called the Markov parameters. They are also

computed recursively using o, and Bg as follows:

2

— - - - - <<
Hz = Bg alHl—l a2H2-2 .o uQ-lHl' 1<%<n

and
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~ - o.H . - . . . o H, 1<j<n
Hoeg = ®1Fneg-1 7 %27n+j-2 n3’
In short,
Q,El
B, - o, +H. for 2&<n
H =
2 o-1 ( (3.18)
--Z o‘JZ.-—J'Hj for 2>n with o =g for 2<n
J=1 L
We will establish a relationship between Rz, Ogr
and Hz or Bl' To do so, we introduce several matrices.

2n=

In the following, N is 2nx2n nilpotent, N 0, P is nxn

lower triangular, S, Sl and 52 are nxn, 2nx2n and 2nx2n

diagonal.

2nx2n %p-1° * ° %1 nxn

dgiag{ (-1)™ 1, 1)?2, . . ., -1,1}

n
1l

0
1

diag{ (-1)™ %, -1)®"2, . . ., -1,1,0,. . . 0}

n
Il

, = diag{ (-1, (-1, . .., -1,1,0 . .., 0}




and

]|

=

[Rol

[},

[Rol

T

T
o Rn-l

]lxnz

T]T

. H
n- £xnm

]T

-r R Lxnl

n-1

T
o Hn]R,xnm

T
‘ 0]JZ,xnm

31
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R e
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Proposition 3.1. The identity relating Ror 0 and Hy or

By is given by:

n
L n-% -
a,N -
221 N L(-1)"7"P Res P R]

(3.19)

In order to prove Proposition 3.1, we should note that
since by assumption, the system (3.1) is asymptotically
stable and completely controllable and observable, then
there exists a symmetric positive definite matrix K

such that

T (3.20)

AK + KA™ + BQBT = 0

For simplicity of computation, let the weighting matrix

Q be the identity matrix so that

AK + KA + BBT = 0. (3.21)
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Now multiply equation (3.21) by -1, add and subtract from

it sK, yields

(sI-A)K + K(-sI-AT) - BBT = 0.

Pre- and post-multiply this equation by C(sI-A)-l and
(-s1-aT) "1cT gives
c(s1-a) "1kcT + ck(-s1-aT) " lcT
- c(s1-a) 18T (-s1-aT)"1cT = o
or
c(s1-a) “TkeT + cK(-s1-aT) 1cT
- (3.22)

-1 -1.T

BBT (-sI-aT) "tc

C(sI-A)

Lemma 3.1. The equation (3.22) can be expressed in

terms of R ¢, and H, as follows:

A ) L

ol n-g

n-4% o
) *jRg-5-18

2=1 j=0

(—l)n—la
O .

e~

L
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n 2-1
+ z azsn 22 z (_l)n—ﬂ.aJR'RI"_l—J n-4¢
2=0 =1 1=0
(3.23)
n g-1 n -
= ) 7 agH, .s"] U7 (a1)Ph, mT L g0R
g=1 j=0 3 *~I° 421 30 343
Recall that:
_ay~1 _ adj(sI-a) _ 1 .
(sI-A) = Jet(si=a) - p(s) adj (sI-A)
where
_ _ . n-1
pl(s) = det(sI-A) s° + a8 + . . oo 18+ o
E n-4£
pq(s) = a,Ss with o, =1
1 220 2 0
and
. -1 n-2
sI-A) = n
adj( ) = M;s + M,s + . - M _qs + M



with
Ml =TI
M2 = A + ole
_ AR~1 £2~2

Ml = A + alA + . . o+ aR-ZA + o

Mg =0
7o-1 adj(-sI—AT)

. . ' -.-_A =
Similarly (-sI ) det(—sI-AT)

and noting that
p,(s) = det (~sI-AT) = (-1)%det (sI+AT)

we have

o~

pz(s) =

2=0

Thus,

)n-ZMTSn-l

adj(_sI_A ) = z (—l )
=1

-1

I

’

i=1,..

35
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where Mz is the transpose of MQ.

Therefore, equation (3.22) can be rewritten as follows:

n n
1l f T n-2 1 n-9 T.T n-g
= § CM,KC's + ] (-1)7 "CKM'C’s
P18 g2y % Pa(8) 42
n n
= 2 ] cM,Bs"* ] (-1)"PTu TS
P (81, (8] o5 L=1
or
n T n-% = n-% ... T T n-g
p,(s) ] CM/KC's +  pq(s) Y (-1)"""CcKM'C’s
' =1 =1
(3.24)
n n
= § o™t} (1) P ieTMTcTsmE.
2=1 =1
Using the above form of Mz, we have
2-1 . .
cmMgre’ = J o, ca¥ 1 Ixc? o0 =1 (3.25)
j=0
and
e 2-1-3 3.26)
CM B = ] o CA B oy =1, ( .26)
J:



Using equations (3.13) and (3.17),

tions become

T
CMQKC
and
CMQB =
Similarly,
T.T
CKMRC
and
T T.T
B MQC

Thus, equation

n
)
2=0

n-%
(-1) als

-1
= ) o
3 J

R
=0 %

-1-j

(3.23) becomes

n 2-1

n-%
=1 j=0

o
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the last two equa-

R : S

(3.27)

(3.28)

(3.29)

(3.30)
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n =1
+ 7 azsn_l DI l)n—zchRg_l_]sn 2
2=0 =1 J=0
n -1 -1
= 1§ agH,_4s" BT -n® “ajnf_jsn 2,
2=1 31=0 =1 1=0

This proves Lemma 3.1.

Note that if P(s) and Q(s) are two matrix poly-
nomials of different orders but the same dimensions,

then

m m-7J .
G(s) = P(s)Q(s) = ) Gss with m = 2+k. (3.31)

The matrix coefficients Gj's are determined from

the following product:
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[ B T o
G, Pgy ? Qq
Gy Py . : Q
[ ] [ ] . . PO L]
. = 1. Py ) (3.32)
G
k P Q
k . | 4]
G 0 P
| Cm ! k |

proof of Proposition 3.1. Applying equations (3.31) and

(3.32) to the equation (3.23), and using the previous natrix

notation and

R0 0 e e 0 W
R1+alR0 Ry . . e 0
- Rn_l+...+un_lR0 Rn_2+...+an_2RO 0
r
.« . R
0 Rn—l+ . +0Ln_lRO 0

n_l+...+dn_lR0




F(-l)naox

(_l)n-la

I

40

),



St
L

-T¥

I 1
0 -
1dr-u 1)

0
0
0

T 0 -

0 I-

0 - 1
0 .

(=) o

0 1,(1-

)

0
T-u
LH 0
c-u 0 T-un e s T—u
LH LH + + 1
0,T,.T -
(98 o4 18) ,_ (T-)
0 -
3r-u (1)
i -[ L B u ]
LH + +LH

T.,T...2 a1l =
(LH D+mH)Z_u(T )

Hoy (T7)
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We have
M Lp+tMeLy = MpLg
(3.33)
= QS3§E.

After some algebraic manipulation, equation (3.32)
becomes:

n- z z =
(a) Z o N [(-1)""%p 1R + 5;P;R] = Z (-1) Z p.H

j=0 J 2-3 1

= QSZQE.

rhis finishes the proof of Proposition 3.1l.

Our results can be further simplified. For this

we define

-

: -
(-1)“a01 0 ... 0 0
(-1 g (e ... 0 0
(-1)""2q, 1 SR SN 0 0
D, = ’ : ’ )
1
ot LT S 0 0
0 an . . - 0 0
0 0
0 0 c o DM T ()Pt
. J 2nex2ng




-
n—
(-1) OLOI 0 . . 0
n—l - n_Za
(-1) all (-1) 0I . . 0
n-1 n-2
D, =|(-1)" "o I (-1) a I . 0
0
n-2
(-1) anI . . 0
0
0 —OLlI
. -1
Since Bg = jz aJ oy’ is an 2xm matrix,
0 0 . . . 0
(_1)n-lBl 0 - 0
n-2 n-1l
(-1) 82 (-1) Bl . . 0
D3 = .
B B . . 0
0 Bn ¢]
n-1

43

2nix2n4g

2nmx2nm
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T
D4 = [61’62' . - .7 Bn’ O' - - . O]Q,Xan

and R, is an &x& matrix. Then equation (3.19) becomes

>

DlPlRl + D2P1R =D D4.
We now consider a special case of this equation. Sup-
pose that system (3.1) is a single input, single output

system that is m = £ = 1, then Rj, Hj and Bj are scalars

and

R? = ckaT)IcT = (calkeh) T = Ry for § =0, 1, ..., n-1
H, = 8T (aT)* 1cT = (cat™1p)T - H, for £ =1, 2, ..., n
and

T - k_i_; O‘jHE-J = ]:22 ajHy for k = 1, 2, ..., n.

Hence, equation (3.33) reduces to the following form:

DlPlR + D2P1R = D3D4.

Let Dg (Dl + D2)Pl, en DgR D3D, or (DSDS)R = D5D3D4
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_ T -1
and R = (DSDS) D5D3D4.

We shall now compute some of the elements of R for

different values of n.

(a) n= 2
2
oy + o
Ry = “%& a‘2 Hi t 3 . Hg + = HyH,
1%2 %102 L)
_ 1.2
Ri= -3 Hy
and
(s ]
2 2 1 2
+ PR, m——
ayRg + ajRy Za; M1t Za; M2 T i
(b) n= 3
2 2 3
0 2a3(a1a2 - a3) 1 2a3(ala2 —a3) 2
o ' Ay -
*2(1—)H§ (lz-oc)Hle
aglaja, ~aj G31%1%2 3
a2
1 1
+ — H.,H, + H,H
o, 173 a3(ala2 - a37—- 273
__ 1.2
Ry =-37H

W »,



Therefore, for n = 3, a3R0 + ale + ale =

0.0
2(a = O On) H§ + 12
3 172 @3 = a0,
a
1
H.H
03 - alaz 273
+ 0,R;, + q.R. = — L g2
271 152 = H2 + HlHB
1 .2
Ry = 3 Hy = HjHy

46

-R independently

3’

of the structures of the system matrices A, B and C.

Similarly for n = 6,

and for n

In general,

2 _ H.H. + H,H. - H.H,.

Hy 3fs 2Hg 1H7

Nj -

for § = 20 + 1L and & = 0, 1,

... (n-1)/2,

e ae
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_ IS B
Ry = Rygeyr = (-1) 7 H

-1 :
g-i (3.36)
+ -

i=o( D T Hy i

However, for j even or j odd and j>n, Rj is a nonlinear
function of Qo Hz or Bz.

NOTE: Although we do not take this up here, the
Rj's can also be expressed in terms of the Routh array ele-

ments of the characteristic polynomial of the system.

In the next section a realization method, based on
the Kalman and Ho realization [22], is proposed. It
will be called partial realization because the system
parameters A, B and C are not entirely derived from the

system transfer function.

3.3. Partial Realization

Suppose that the matrices of the asymptotically
stable, completely controllable and observable system

are given by

0 I . 0o ]
A= ‘ . .
!’
0 0 .- . I
:anI -an_lI . -alI

- gnxqgn




- Janxq

(B,AB, . . ., aP~1

B] =

48

. 0]qan (3.37)

2n-1

which is recognized as, a Hankel matrix. Similarly,

I,

and since Ry

2

= ca*xcT, then



and
o -1 -
Ry
Ry
A' =
LRn-l
-l
thus
r
RO -
A.
LRn_l .

i 7
c
ca
CAn—l
and A2
-
n-1 rRl
|

KC

11
12

1n

49

(3.38)



50

Now let
- 7] —R R 1
. . n
RO . . . Rn_l l
T =|" ) P T :
R R
" . R n . . . -
LRn__l . 2n—2_ gnxpn L 2n l_qnxpn
and
- "
o . .. -anI
I . . - —(!.n_lI
A< :
O! . —alI
— ~lpnxpn
then AT = T = TA, and
a'tr =ma*  for et =0,1, 2, ... (3.39)
Observe that the left upper corner element of AZT = TAR
is R,. Let Iq,qn = [Iq:O], where Iq is the gxqg identity
matrix and 0 is the gxg(n-1) zero matrix. Since Ry is a
L g

matrix, then Rz can be removed from AT = TA" as

L. ..T ~9._T
ATI =TI TAYI 3.40
L d,dqn p,pn q,qn p.pn ( )

for =10,1, 2, ...



51

Note that the matrix T can also be written as follows

]
ca
T= |° xcT,akcT, . . ., aPlgcT;
CAn-l
L =
or T = [xcT, akc’, . . ., A"'ke™) (3.41)

To determine the partial realization of the system
described by the parameters of equation (3.36), we must
find the singular value decomposition of the matrix T.
Suppose there exists gnxgn and pnxpn unitary matrices P

and Q such that

T= p Q (3.42)

where I = diag{ll, AZ’ . e . Am} and Ag for £ =1, . . ., m

are the positive square roots of the eigenvalues of T*T.

Q

Q)

Let P = [P, P,] and 0 =



m

then T = Plel, rank T

T = plzl/zzl/zgl = VU

1/2

Il

where I

diag{/)q, « e oy /T;}

vV = PlZl/2 is a gnxm matrix
and

U = Zl/le is a mxpn matrix.

Let us define V' = Z_l/ZPl and U = g

-+

V' and U+ are called pseudoinverses of V and U.

- To = . T _ b
Since P;P I and Q9] = I, then

1°1 m

+., _ o=1/2.T_ 1/2 _
Vv = I PP, 2 =1

UU+ - Zl/leQ'{Z-l/z = Im

We can now establish the following proposition:

Proposition 3.2. The partial realization of the system

(3.37) can be accomplished using the singular value

decompasition as follows:



F = virut

m
i

i fI v
first g rows o q,qn

@
I

first p columns of [HE, e.., H]

such that T = VU and rank T = rank V = rank U,

where V is the same observability matrix

u=(ka%, . .., P"1xgT] and T = vFU

Proof:

Let T =0V

then we have, by using (3.43), (3.45) and (3.46):

rrtr = voutstvu

= = VU = T
F = vioot
r? = (vtiuh? = (viaruh)?
= (v'aru™) (virav®) = viarutviTaut
= viarrtraut = viarau®
= vialout |

2

In general, F~ = V+A2

ot for £ =1, 2, 3, . . .

53.

(3.47a)

(3.47b)

(3.47c)

(3.48)
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8T
= ATTT
and R2 Iq,qn p,pn

Lt T
= ATT TI
I n pP.,pPn

9.9
~ 4+ ..T

TA"T TI
Iq’qn A p,pn

+ R 4+ T a
I T TA™T TI >
q,qn pP.pn .

I pptatprterT
q,qn P.PN

I voutvtatreutvtvurT
q,qn P.PN
13 '

T
H In F In KH

Thus, R, = HFRKHT

2 for ¢ =90, 1, 2, . . . (3.49)

Note that the decomposition of T = VU is not unique
and the realization with VTV = UUT is called stochastic
internally balanced. Due to the chosen structures of the
matrices F, G and H, this realization is controllable and
observable. However, it may or may not be stable
because the derivation of the system matrices F, G and H
does not involve the‘system transfer function. If the realiza-
tion is not minimal different choices of the matrices P and
Q must be made. In the coming section, we @ill study

different algorithms for the derivation of the Lyapunov

matrix.




304.

55

Computation of the Controllability

and Observability Grammians

We introduce a method for the computation of the

Lyapunov matrices.

inversion. Let KC and

This method is based on matrix

KO be controllability and

observability Grammians respectively. The matrix Kc

and K  are nxn symmetric definite matrices satisfying

the following Lyapunov
AK_ + K AT
c c
T
and A K + KA
o o

It is known [22,

equations:

63] that if the pairs (A, B)and

(3.50a)

(3.50Db)

(C, A) are controllable and observable respectively, and

the system state matrix A has distinct eigenvalues, then

there exists a nxn nonsingular similarity transformation

matrix P such that the matrix PAP~

From equations

- — T

AKC'+ KCA =

AR + KA
(o] (o]

1

(3.50) and (3.51), we have

3
1

BB

cte

has the companion form.

Applying the similarity transformation matrix P to

these equations, we get
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Pip'lpk'cpT + PR‘CPT(P'l)TA'TPT = - pBETPT
- = 5= - = o=l == -1, 7.T..-1
(P"l)TKTPT(P 1)TKOP Ly (p l)TKOP 1PAP 1_. (p &)“Cc cp
thus
T T
= - BB
AKc + KCA B c
T = -cTc
A KO +‘KOA C
where
= -1 T _=.-1
A=PAP ", B = PB, C =Cp (3.51)
- pE pTl _ -1, T -1
KC = PKCP and KO = (P ) KOP (3.52)

Suppose that the A, B and C are real matrices of

companion form, namely

(3.53)

ve}
[

[bll ¢ e ey n

C = [Cl' A o
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Then the controllability and observability Grammians
are determined as follows:

Controllability Grammian: From equation (3.50a)
K, and BBT are nxn symmetric matrices. Therefore, they

can be replaced by arrays with n(n+l)/2 elements each

- — - _
[—kll d17 byb)]
kln 91n blbn
V. =1k , W o=1]gq = b,.b
n 22 n 22 272 (3.54a)
Kon 9on byb,
knn n(n+l) 1 qnn bnbn Ei%ill x1
_ I % = - — -
and let
0 2 C . 0 0
0 0 1 .« . 0 0
_| 0 0 0 . . 0 0
An— . .

-0pn =O0p-] =Op-2 * * ° =02 =01 | nxn,.




0 0. .
1 0 . .
0 1. . .
En =
0 0o . .
| 0 0 .
n-1
and
(fo o
n-1 « .
\10 -0
Fn =
0 0
0 0 .
0 0 .
0 0

nx

n(n-1)

n(n-1)

Xn.

58

(3.54Db)
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Let
A E
7, = n n (3.55)
F, Z2,-1 | n(n+l) % n{n+l)
2 2
and ZmVn = —Wn or
— _o—1
Vn = Zn Wn (3.56)
where Zl = -Zal and
- . ~ B
0 2 0 kllq‘ q\ll_‘
Zy = | =% -0y 1 ' Vy = kio d Wy = 1912
0 =-2a, =20 koo 932
! 2 '] L |
- 2
0 2 0 0 0 0
4] 0 1l 1 0 0
_ -a3 -0, =0y 0 1 0
Zy = /
0 0 0 0 2 0
0 -a3 0 -a, -0 1l
LO 0 -2a3 0 -2a -2a2 J
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Vy = lkyq s Kypr Kyge Kogr Kogs kgsl

3 = [9337 950 9137 922 9237 9331

Since Al and Zn-l are square matrices and An is

nonsingular, det Ap= (-l)nan, o # 0, and
%1 *n-2 ! __1-1
20n %n ) %n %n
1 0 . 0 0
2

-1 0 1 « . . 0 0 (3.57)
Ay =

0 0 . 0 0
0 0 1l 0

Then Z;l exists and is determined as follows:

-1 !
21 A, Ej
n - A
Fn n-1
-1 -1 -1 -1 -1
-1 _ B + A TE A TF, -A "E A,
n . (3.58)
a7lp a7l a-l
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where An 1s the Schur complement of A, and is given by

n-1 nn n (3.59)

.Using a transparent identity

-1 -1 -1 S T J |
By = 2,01 F P FaBy - BB F) TER?ng (3.60)

where the recursive nature of equation (3.60) yields

-l _ 1
Zl - Zal
and
2
_ oy + o, 1 ) 1
2ala2 o, Zalaz
-1
Z = 1
2 5 0 0
o
2
= Jal 0 - 55
1 1
- -

as the first two terms.

The Observability Grammian can be obtained in a

similar fashion, using the duality principle [22, 63].

3.4.3. Observations

(1) A, is different from Zn-l’ because the left

bottom part of A is different from F__,.
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(2) Equations (3.54), (3.56), and (3.58) confirm
the statement of equation (3.35).

(3) Despite the amount of storage required for
the computation of the matrices Z;l, this

method has proven to be very efficient.
3.5. Conclusion

This chapter presents the necessary mathematics
needed for the computation of the steady state output
covarianceé and the Markov parameters. It also intro-
duces a procedure for solving the Lyapunov equation,

While this procedure requires a certain amount of computer
storage, it is found to be as efficient as any other
"existing method. In the next chapter, the aggregation

and the state feedback concepts will be combined to give

a modified aggregation technique.




CHAPTER IV
ORDER REDUCTION BY STATE FEEDBACK ANDTAGGREGATION

4.1. Problem Formulation and
Mathematical Background
In this chapter, we introduce topics relative to
aggregated modeling, These results are subsequently used
in an order reduction technique of systems with
uncertainties.
Consider the stochastic, continuous dynamic system

described by the state space equations

x(£) = Ax(t) + Bu(t) + Gw(t), x(ty) = x, (4.1a)

Cx(t) (4.1b)

y(t)

where x(t), u(t), w(t) and y(t) are n, m, q, and p
triples respectively. The initial condition X is
assumed to be a zero mean Gaussian random vector inde-
pending of w(t). w(t)is a zero mean white noise process
with intensity W. A, B, G and C are constant matrices
of compatible dimensions. (A,B), (A,G) are completely
controllable and (C,A) is completely observable. We

want to find an aggregated model of the form

63
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x (t) = A x (t) + B u(t) + Gw(t) (4.2a)

y, (t) C;xr(t) (4.2b)

where xr(t)eng is the aggregated state vector, and
yr(t)eﬂf is the output response of the aggregated model.

A

m’ B

v’ Gr and Cr are constant matrices of compatible
dimensions.

For a given class of inputs u(t), w(t) , the model
outputs {yr(-)} are to be satisfactory approximations to
the original system outputs {y(-)}.

Note that the model (4.2) has order r such that

max {gq,m} < r < n. To establish a link between the system

and the model, let
u(t) = Sx(t) (4.3)
be a state feedback law. The system (4.1l) becomes

(A+BS)x(t) + Gw(t) (4.4a)

x(t)

Cx(t). (4.4Db)

y(t)

Lemma 4.1: The system (4.4) is controllable if, and

only if the pair ((A+BS),G) is completely controllable.
Proof: It is known [22] that the state feedback preserves
the controllability of the original system, then ((A+BS),B)

is controllable if and only if (A,B) is controllable.
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Assume that the pairs (A,B) and (A,G) are controllable.

Note that
AG
(A+BS)G = AG + BSG = [I,BS]
G
2 2
(A+BS)“G = A"G + BSG + ABSG + BSBSG
A2G
= [I, BS, (A+BS)GS] |AG
G

In general

thus

I,

alg
. . at=1g
(a+Bs) e = (I, BS, ..., (a+BS)>"2ms, (a+Bs)i~lms]
AG
L6
(A+BS)G, ..., (a+Bs)P 1G] =
[¢ ac . ..a"l
0 & . ..av%
[, BS, ..., (A+BS)® 2psy | . )
o o . G
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Hence, the pair (A+BS,G) is controllable if (A+BS,BS) and
(A,G) are controllable.
Now suppose that there exists a nxr linear trans-

formation T such that
AT - TAr = ~BST (4.5)

where Ar is the rxr state matrix of the reduced model

ir(t) A x_(t) + G'rw(t) (4.6a)

y, (t) = C_x_(t) (4.6b)

where C. and Gr are as in equation (4.2), and

Ar = Am + BrST (4.7)

Let P be a mxr constant matrix such that
ST = Pcr. (4.8)

From equation (4.5), we have

(A+BS)T = TA_  or T (a+BS)T = TTTAr.

Thus, T has a left pseudo-inverse, denoted by

ot = (pTp) ~LlpT (4.9)

+ . .
TT and T have dimensions rxn,

where the matrices TT, T
rxr and rxn respectively, and the following properties

[22, 63] hold:
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(1) T'T = I.
(2) (TT+)T = TT+, (orthogonality)
(3) (TT+)2 = TT+, (idempotency)
(4) thret = oF

+

() TT T =T,
Using these properties, and the definition (4.9) we get.

rt (a+BS)T = A, (4.10)

and let x_(t) = tx (t). (4.11)

Using equation (4.11), the equivalence between the
system (4.4) and the model (4.2) is satisfied provided

that the conditions

(1) AT - TAr = —BPCr
(2) G, = e : (4.12)
(3) x_(0) = % (0).

Note that the model matrix A obtained in (4.10) is an
approximate solution to (4.4a) and it depends on the

matrix T.
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4.2, Properties of the Model Matrix

More often, it is convenient to select the dynamic
structure of the model (4.2) to reflect a significant
portion of the dynamic system (4.4) in aﬁ‘appropriate sense.
In this section, we will outline the most important proper-
ties of the model matrix Ar.

Proposition 4.1 ([(125]: When an aggregation matrix T

exists,

3(AL)C 3(a+BS) (4.13)

where 09(A) denotes the spectrum of A.

We now state a theorem which gives a necessary and
sufficient condition for equation (4.5) to have a unique
solution for Ar'

Theorem 4.1 [117]: A necessary and sufficient condition

for equation (4.5) to have a unique solution is that

Range {TT(A+BS)Th; Range {77} (4.14)
If, in addition, rank {T}= rank { (A+BS)T} = r,
then

Null{T} = Null { (A+BS)T} (4.15)

Observe that equation (4.15) is satisfied, if
(A+BS) is nonsingular and if all the conditions of the

theorem are achieved, then equation (4.10) is the
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desired solution. Note also that condition (4.15) implies

that the pair {(A+BS),T} is not controllable, since
Null {T} = Null {(A+BS)T}

and in general, Null {T} = Null {(A+BS)kT} for any k > 1,
which means that the matrix {T, (A+BS)T, ..., (A+BS)n-lT}

has rank r < n and so the pair {(A+BS),T} is not control-

lable.
4,.3. Computation of the Matrix T
Since xr(t) = T+x(t), then let the n-dimensional
row vectors of T  be {(tI) },i=1, .. ., r, thus

+
- we can express T as

+ _ + + T
T = [(tl) ’ (tz) 7 e s ey (tr)] .

Then the ith component of xr(t) is X (t) and is given by
i

(tf) x(t) which means that the x_ (t) is the weighted
i ry

sum of those components of x(t). If we select the elements
of T¥ so that Tt has at most one entry in each column,

then n components of x can be grouped into, at most, r
separate clusters. Thus, the vectors {(tI)}r for

1 <i < r, are mutually orthogonal, which means that

et has maximal rank. This method constitutes a technique

for determining the matrices T and T because



70

1,7 and - (19T =p(rTp) -1

* = (i)~
then

[T+(T+)T]—1 = TTT and T = (T+)T[T+(T+)T] -l.

>

This technique consists of projecting the state vector

x(t) into an arbitrarily chosen r-dimensional subspace.

An alternative technique for determining the matrix
T can be developed by considering the observability

matrices of the system (4.4) and the model (4.6).

It has been shown in [22, 63]) that a state feedback
law of the form (4.3) preserves the observability of the

system (4.1). Therefore, the pair (C,A+BS) is observable

if the pair (C,A) is observable.

Define
. [~ ]
i c
c r
C (A+BS) CrAr
Rs = . and Rr =i,
r-1 n-1
C(A+BS) CrAr

where

(A+BS)T = TAr

e



then
(a+BS) T = (A+BS)TA_ = TA
In general
(a+BS) i1 = TAJl: for i =
and hence
CT = Cr
C(A+BS) T = CTAr = CrAr
c(a+BS) 2T = c(A+BS)TA, = CTA
Thus
i, — i .
C(A+BS) T CrAr for i =
and
RST = Rr,
Therefore
R
T = Rer
where

0,

.

71

(4.16)



72

However, from the previous argument, if the pair

(C, A+B;S) is observable, then R; = R;l.

By specifying, A_ = diag{ll, . ey Ar} and choosing

r
Cr so that the pair (Cr, Ar) is observable, then rank

Rr =r.

A technicque based on the selection of the matrices
P and Cr such that the matrices A and Al have no common
eigenvalues and the pair (Cr, Ar) is observable, will now be
introduced to compute the matrix T.

The necessary condition for the existence of a

matrix T in AT - TAr = —BPCr, are that the pair (A,B) is

controllable and the pair (Cr, Ar) is observable,

Clearly from the Cayley Hamilton theorem p(A) = 0. Now,
if Ai is an eigenvalue of Ar, then p(Ai) is an eigenvalue
of p(Ar) and because A and AL have no common eigenvalues,
then p(Ai) # 0 for all Ai of Ar and det p(Ar) # 0. Hence,
p(Ar) is nonsingular.

The substitution of TAr = AT + BPCr into A2T - TAi

gives

2 2 _ ,2 I I
AT - TAr A T-(AT+BPCr)Ar = AT ATAr BPCrAr

A(AT-TAr)- BPCrAr = A(-BlPCr)-BPCrAr

ABPCr-BPCrAr.
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Proceeding in a similar manner, we get the following

equations:

IT - TI =0

AT - TA_ = =-BPC
Y r
a%r - Ta% = _aBPC_ - BPC_A (4.17
r r rr -17)
n n . N i
Allp - Al = 7 A Jepc_al.
r 5=0 r’'r

Now, multiplying the first equation by o_, the second by

n
Oalr = = e the last by 1 and then sum them up, let
q(s) = det(sI-A ) = st o+ glsr-l LR
then
_ ar r-1
q(a) = AL + g A t.e. .+ I =0

and let the (i,j)th element of the (n-r+l)xr constant

matrix V be defined as

b
- e L



Define the (n-r+l)xr constant matrix u as follows:

U =

where

such that

-
Ar

Now let

ol

VI

.

Ar+l

0 .
0 .
1 ..
0
I
Ar
= U ¢
Ar-—l
r
L.
[B, AB,
T T.T
[c,. ALCL,

°

rxr

r-1, T.T
r ) Cr

]T
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(4.19)
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and
0‘n-lIr ‘ 0LlIr
r
an_zlr . e . Ir
L = - - [ »
alIr . . 0 0
i Ir . . 0 0 ]

After some

P(A)T—Tp(Ar)

Noting that p(A)

T = RBPL

Since

n n-
P(Ar) A +oq A

we may write

;

':,RC(P(Ar))- .

1

algebraic manipulations, we have

I
-R_PL|--+| R
B U C

0, and det{p(Ar)} # 0, we arrive at

(4.20)

I

1

+ . . A

n-12¢ + o I

n



(ar |
r
p(Ar) = [an—rIr’ alIr’Ir] - t
Ay
L, -
™ e
Ar 17
r
+ [an—r+lIr’ . .y anIr]
We then have
[ r-1
r
p(a) = [o _ TI. o aqI I 1V +
L
rAr—l
r
+ [an-r+lIr' . ey anIr]

76
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P(Ar) = {[an_rIr, s e ey alIr]V +
- -
Ar-l
r
[an—r+lIr + .. ., anIr]} .
Ir
L J
or
Ar-l—
r
p(Ar) = [nlIr, . - .y anr] - (4.21)
Ir J
where
n7r+l
= ’
5 lil an—r+l-lvlj * “ner+j (4.22)
for 3 =1, . . ., r and ag = 1
and
_ r-1
p(Ar) = nyAL + . . .+ I

Therefore, if all the ai's are different from zero, then

the ni's are also different from zero and (p(Ar))-l exists.,
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Note that since xr(t) has lower dimension than x(t),
the system description given in (4.6) is nonminimal.
This situation occurs when there are (n~r) pole zero can-
cellations. The aggregation matrix considered here is
restricted to those creating zeros in the input/output
relationship that cancels (n-r) poles of the transfer func-
tion. There cancelled poles are precisely the eigenvalues
of (A+BS), that are not retained in A.. Let the aggrega-

tion error e(t) be defined as

e(t) = x(t) - Txr(t) (4.23)

Thus, from equations (4.2) and (4.6), the dynamics of the

error are diven by

e(t) = (A+BS)e(t) + [TA_ -(A+BS)x]x (t) (4.24)

This equation is obtained from the differentiation of

equation (4.23) and the substitution of equations (4.2)

* and (4.6) in the resulting equation, that is

e(t) = x(t) - T}.cr(t)

(A+BS)x(t) +Gw(t) =~ T[Arxr(t)+ er(t)]

(a+BS)x(t) +Gw(t) ~ TArxr(t)-Ter(t)
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If Gr = T°G or G = TG,
then
e(t) = (A+BS) x () - TA_x_(t)
= (A+BS) x(t) - (A+BS)Txr(t)—TArxr(t) + (A+BS)Txr(t)
= (a+BS) [X(£)-Tx_(t) ]+[ (A+BS) T-TA_lx_(t)
= (A+BS)e(t)+I (A+BS)T-TAr]xr(t)
This equation yields é(t) = (A+BS)e(t) provided

that (A+BS)T = TA_ is satisfied, then e(0) = 0 and the
case of perfect aggregation é(t)= (A+BS)e(t) implies
that e(t) = 0 for all t > 0. However, if xr(O) # T+x(0)
since S is chosen so that (A+BS) is asymptotically

stable, then e(t) = 0 as t goes to infinity.

4.4, Steady State Covariance Matrix and
Markov Parameters Matching
In this section, we will show that the model steady
state covariance and Markov parameters are automatically
matched to those of the system.
Let the transfer function of the system (4.1) be

represented as follows:

H(s) = [Hl(s), Hz(s)] (4.25)
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where

Hl(s) = C(sI-A)"lB and H,(s) = c(sI-A)'lH.

The expansions of Hl(s) and Hz(s) in power series

about infinity are

v

Hy (s) = cBs™t + caBs™? + ... + calsT(AFL) o
and

H,(s) = ces™t + cags™? + ... + catesm(AFL) .
Let Hy; = CA1~1B and H;, = cal=1lg. The Markov parameters

of the system (4.1) are given by
for i=1, 2, . . . (4.26)

and

N (o] _ [+] ....i
H(s) = Z H.s = .E [Hil, Hi2]s .

To determine the steady state covariance matrix

parameters of the system (4.1), let

I o}
D = [B, G] and Q =
O W

then the Lyapunov matrix for the system (4.1) is

@ T
= [ ePtpgpTeP tat (4.28)
0

o T @ T
= [ 2t erTeP tar + [ ePtawe TP tat.
0 0
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Using familiar techniques, we have

AR, + K AT + popT = 0

1 (4.29)

or

T T T _
AK, + K,A” + BB] + GWG = 0

From equation (3.13), the steady state covariance

parameters for the system (4.1) are

R, = calk,c®  fori-=o, 1,2, ... (4.30)

Similarly, the Lyapunov matrix for the system (4.4) is

given by
® (A+BS)t.. .T (A+BS)'t
K, = [ e GWG~ e dt (4.31)
0
and satisfies
T T
(A+BS)K2 + K2(A+BS) + GWG™ = 0 (4.32)

or

T T, T T =20
AK2 + K2A + BSK2 + KZS B™ + GWG

The steady state covariance parameters for the system

(4.4) are then computed by

R, = C(A+BS)1K2CT- (4.33)

Let C = CrT+ or Cr = CT, then the condition (4.8)

becomes
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S = PC. (4.34)

Now we can state the following proposition.

Proposition 4.2: The steady state covariance parameters

of the system (4.4) can be formulated as follows:

Proof:

Since R; = C(A+BS)1K2C

R

Ry

per]

bt |

Pﬁj for i =0, 1, ...

H = 0 for £ < 0,

T and S = PC, then

T

CK,C

2

CK.CT

2

C(A+BS)KZCT = CAK2CT + CBSKZCT

T T _ T -
CAK,C™ + Hy;PCK,C = CAK,C" + H,,PR,

C(A+BS)2K2CT = CA2K2CT + CABSKZCT +

CBSAKZCT + CBSBSchT

ca?k.cT + H.. pcI.CcT + H,.PCAK.CT + H,,PCBSK

cT
2 21 2 11 2 11 2

2 T
CA K2C + H21

= T
PR, + H,;PC(A+BS)K,C

2 T = =
CA K2C + H21PR0 + HllPRl.
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Proceeding in a similar manner, we have

- i T i-1 —
R, = CA'K,C +_§ H;_5,1PRye
j=0
Let
® Art T ALt
Ky = [ TG _wG a“r-dt (4.36)
0

be the state covariance matrix of the model (4.6), such
that

T T
A Ky + KA. + G WG = 0. (4.37)

3 3

The steady state covariance parameters of the model

(4.6) are then equal to

= i T
Ri = CrArKBCr' (4.38)
' +
Note that Gr = TG and
+ +
T (A+BS) = ArT (4.39)

since T+T = Ir’ then the post-multiplication of the
equation (4.39) by T, yields the expression given by

equation (4.9). Thus
rt(a+Bs)t = A;T+ for i =0, 1, 2, . . . (4.40)

Lemma 4.2: The expressions (4.32) and (4.37) are equivalent

if and only if Ky = T'K, (1D 7, (4.41)
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Proof: The proof of this Lemma consists of two parts.
(a) Necessary part: If the expressions (4.32) and
(4.37) are equivalent, then the pre- and post-multiplication

of equation (4.31) by " and (T+)T respectively yield
T (a+Bs) K, (1) T + Tk, (a+Bs) T(rh) + TraweT(rh T = 0.

Using equation (4.38) and G, = T+G, we get

+ +, T + + T T T _
A TKy(T')" + T'K,(T") A + G WG, = 0.

Subtracting this equation from the equation (4.32), we

have

+ +, T + +.T, T _
B[Ry = T'Ry(T) ] + [Ky - T Ky (T ) ]A, = 0

The pre- and post-multiplication of this equation by

A t T

e and eArt respectively leads to

T
A t + +, T oty Ty ATy At _
e {Ar[K3-T K2(T YTl + [K3 T K2(T ) ]Ar}e r- = Q.

This equation can also be written as follows:

T

d At + + T, Ayt, _
I {e [Ky - T K2(T )" ler-} =0
. Apt + , +.7. AT¢

which implies that et [K3 - T K2(T y“le" -~ is a constant

for all t. In particular, the integration of the dif-

ferential equation from t = 0 to t =£ gives:

T
- qt + T _ JArE _ mt +, T, _AyE
Ky = T K (T)" = e"F>[K, - T'K,(T") ]e"r>.

&
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Now letting £ -+ « and using the fact that Ar is a stable

matrix, we obtain

+ + T _ + +, T
K3 - T K2(T }° =0 or K3 T K2(T ) .

(b) Sufficient part: 1If K3 = T+K2(T+)T, then the
substitution of equation (4.41) into equation (4.37)
gives

+ +, T + +, T, T T _

AT KZ(T YT+ T K2(T ) A, + GWG = 0.

Using equation (4.38) and G, = T+G, we have

T+(A+BS)K2(T+)T + T+K2(A+BS)T(T+)T + treweT (tH T = o.

Thus,
T+[(A+BS)K2 + K2(A+BS)T +ewet1(thHT = o
or
T T
(A+BS)K, + K, (a+BS)” + GWe® = 0.

Therefore, the equations (4.32) and (4.37) are equivalent.

Using expressions (4.40) and (4.41l), we can relate the
steady state covariance parameters of the model (4.6) to
those of the system (4.4) as follows.

Proposition 4.3: If K3 = T+K2(T+)T, then

R. = R, for i=0,1, 2, . . . . (4.42)
i i
Proof: Since the steady state covariance parameters of

the system (4.4) are given by ﬁi = C(A+BS)1K2CT, then,
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using the equations C = CrT+ and (4.40), we have
= + i + t. T _ i + T.T
Ri = CrT (A+BS) K2(T ) Cr = CrArT + K2(T ) Cr'

From equations (4.41) and (4.38), we have

|

lK CT -

R; = CrAr 37r i*

1

The Markov parameters of the system (4.4) are

determined by the following equation
H, = c(a+Bs)  la, ' (4.43)

Proposition 4.4: Ei can be expressed in terms of the

Markov parameters (Hil, Hi2) of the system (4.1), as

follows:
— l-l —_
H, = H;, + jzlﬁi-j,lij for i = 1, 2, .
(4.44)
and H21 =0 for & < 0.
. i-1 i-1 ‘
Proof: Since Hil = CA B, Hi2 = CA G and S = PC, then
Hl = CG = le
H2 = C(A+BS)G = CAG + CBSG = H22 + HllPCG
= Hyp + Hy PHyp = Hyp + Hy PHy
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C(A+BS)2G + CA2G + CABSG + CBSAG + CBSBSG

x|
It

CAZG + CABPCG + CBPC(A+BS)G

H32 + H21PHl + HllPH2.

Proceeding in a similar fashion, we get

— i-1_
. Ly + H. . .PH.
i i2 jzl i-§,1 HJ

Similarly, let the Markov parameters of the model (4.6)

be defined as
H. = crAr G for i=1, 2, ... (4.45)

Proposition 4.5: The equations (4.44) and (4.45) are

equivalent and ﬁ; = ﬁi for i=1, 2, . . .

Proof: From equation (4.17), we have

i-1

i_ ,i i-3-1 ]
TA, = AT + ] A BPC AL
3=0
then
. . i-1 , 4_s .
i-j-1
Al = TatT + _zofr“‘A 1" BeC 2] (4.46)
J=

Replacing i by i-1 gives
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. . i-2 .. .
al-l o gfal=lp 4 7y ptatTI=2ppe Al |
r J=0 Y r

Substituting j-1 instead of j yields

: . i-l, ..
alt™l o gtalvlp 4 Ty gtaioicl

L BPCrAg—l. (4.47)
J...

Pre- and post-multiblying equation (4.47) by C. and G,

respectively, we get

. . i-1
- +
CAAL G, =C T A "TG, + jzlch A

l—J_lBPCrAg_lGr.

Using the expressions C = CrT+ and G = TGr’ we have

i-1, I3t
CA™ "G + )
j=1

i-9-1 5-1
CA BPCrAr G

il
i

r

or

all
I
o
-+

g =Byt LBy g PHL

This expression is equal to the one given by equation

(4.44) . Therefore, Hi = Hi

Let the transfer function of the model (4.2) be

H(s) = [Hy(s), Hy(s)] (4.48)
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where

~ -1
H, (s) = c (sI_-a.) "B,

and

H - _a -1
H,(s) = Cr(sIr A) G-

The power series expansions of ﬁl(s) and ﬁz(s)

about
infinity result in the following expressions:
~ _ =1 =2 i-1 -1
Hl(s) = chrs +crAmBr'° + . . .+CrAm Brs + . . .
o = -1 -2 i-1 ~-i
Hz(s) chr s +crAmGr s “+ .. -+C A G.s "+ . ..
Now let
H,, = c_ai-lp and H,, = c.al lg .
il r’m r i2 r’’m r (4.49)

The Markov parameters of the model (4.2) are inus given by

H. = [H.., H

1 for i=1, 2, . . - (4.50)
i i

12
']l II' ]s . (1'51)
1

Using equation (4.7), we can derive an expression similar

to the one given by equation (4.17) that is

i 1 i-j-1 ] 4.52
AL = AL+ I oAy By PCAL. ( )

3
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Furthermore, from equations (4.5), (4.7), and (4.34), we
have

(A+BS)T = TA_, A = A +B_PC
r r m r r

ST = PCr and B = TBr.

Then AT + BST T(Am + BrPCr) = TAm + TBrPCr

= TAm + BST
and AT = TAm SO
alr = TA;'l and TTalr = A;'l for i = 0, 1, 2, ... (4.53)

We now establish a link between the Markov parameters of
the model (4.2) and those of the original system (4.1).

Proposition 4.6: H,

; =H fori=o0,1,2, ... (4.54)

Proof: From equation (4.49), the Markov parameters of

the model (4.6) are given as: Hi = [Hil' Hi2] where

= _ i-1 ~ - i-1 . + _

Hil = CrAm_ Br and Hi2 = CrAm Gr' Since CrT = C,

TB, = B and TGr = G, using equation (4.53), we obtain

~ + i-1 _oaai-l ~ 4pi-1 - eai-l
Hil = CrT A TBr = CA B and Hiz-CrT A TGr = CA G.
Thus, equation (4.26) leads to Hil = Hil and Hi2 = Hi2
and Hy = [H;,, Hipl = [H;,, Hipl = H;.

Therefore ﬁi = Hi for i=0,1, 2, . . .

To determine the steady state covariance parameters

of the model (4.6), let
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I 0]
D= [B_, G.] and Q = .
r r r o W

The Lyapunov matrix is then given by:

T

o]
- ApT T At
K, = foe D,QD e m-dt
o T o T
= | ePmtp BT Pmtgy 4+ [ ePmt g wgT oPmtyy
0 ; r 0 r r2
and satisfies
T T _ .
A K, *+ KA + DOD_ = 0 (4.55)
T T T
AmK4 + K4Am + BrBr + GrWGr = 0.

The steady state covariance parameters are

~

— i T
Ri = CrAmK4Cr .

(4.56)

Using the equations (4.52) and (4.53) and the property
rtp = I., we have tta = AmT+ and T+Ai = A;T+ for (4.57)
i=0,1, 2, .. . The following Lemma determines the
link between the Lyapunov equation of the model (4.2) and
that of the original system (4.1).
Lemma 4.3: The expressions (4.29) and (4.55) are equi-

valent if and only if K, = T'k (T))7. (4.58)
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The proof of the Lemma 4.3 is similar to the proof of
Lemma 4.2, and therefore, it is omitted here.

Using the expressions (4.57) and (4.58) we can
relate the steady state covariance parameters of the
model (4.2) to those of the original system (4.1).

Proposition 4.7: If K, = T+K1(T+)T, then

R, = R, for i=20,1,2, ... (4.59)

The arguments for proof of this proposition are sim-
ilar te those given in the proof of Proposition 4.3..

Up to this point, we have seen two ways to derive
the reduced order model:

(a) by applying the aggregation method directly to
the original high order system, and

(b) by using state feedback and then applying the
aggregation to the resulting system.

The first method is straightforward, but it requires
more computation to determine the Lyapunov matrix. By
using the state feedback concept, the second method ensures
the stability of the reduced model. Note that if Br or P
are equal to zero, the two methods are similar. From now

on, we will use the second method.
4.5, Selection of the Aggregation Matrix

In a comparative study done by Hyland et al. [62]

it was shown that the major differences among Moore [93]
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Skelton [126] and Wilson [135] methods are in the defini-

tions of the aggregation matrix and its pseudo-inverse.

From equation (4.41l), we have
- T+K2(T+)T 3

K3

where K2 and K3 are real symmetric positive definite

Their singular value decompositions [22] are

matrices.
K, = U,D,UT (4.60)
2 27272 '
and
K, = U.D.UT
3 37373 (4.61)

where D, and D3 are nxn and rxr diagonal matrices and

02 and U3 are nxn and rxr orthogonal matrices;

T T T T
U.U. = U-U. = nd U.US = U-U. =
I a 373 373 Ir'

Then, the pre- and post-multipliation of equation (4.60)

by Ug and v, respectively yields
T
D2 = UzK2U2 (4.62)

}

diag{Al, Aoe o o o Ay

where the'&fs are the singular values of K, and satisfy

Ay 2 A 2 0 0 2 A, 20,
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Repeating the previous operations with equation.(4.61)

Ug and U3, we obtain
D, = U,K U~ (4.63)
3 37373

diag{ull uzl o e o ur}

where the ui's are the singular values of K3 and satisfy

1'12—>.."..>.“lrio

.

Since the controllability Grammian K2 determines the effects

of the system inputs on the system state variables, then

« > A .

assume that Ar >> A and Ar 42 > e > n

> A

r+l +1

Let L be a rxn matrix defined as follows:

L = [1,:0] (4.64)
such that L’ = 1. Let
Dy = diag{kl, ceey Ar}
that 1is Hy = A4 for i=1,2, ..., r
then
D, = LD,L. (4.65)

The substitution of equation (4.65) into (4.63) results
in

T T
Dy = LU, K, U,L (4.66)
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and the substitution of equation (4.66) into (4.61l) leads
to
_ T T T
K3 = U3LU2K2U2L U3. | (4.67)

By comparing equations (4.41) and (4.66), we have

™ = U3LU§.
Since
r= ()T et eh Tt
it follows that
T = u, LTy, (4.68)

2 3

T satisfies all the properties stated in section 4.2.

To determine the orthogonal matrix U let

3’

_ T
K, = LKL (4.69)

then Kr is a real symmetric positive definite matrix,
because it is the rxr upper left submatrix of K,. It

can be represented [22, 119] as follows:

- T
K. =UDU_ (4.70)
Letting U3 = Ur' equation (4.67) becomes
T.T
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4.5.1. Observations

(a) Let Kc2 and K02 be the system controllability and

observability Grammians, and let K3 and Koz be the model
controllability and observability Grammians. Then using

equations (3.59), (3.60) and (4.41l) we have

K . =1k (rH7T (4.72)

c3 c2(

K03

T%%ZT. (4.73)

The real symmetric positive definite matrices, Kc2’ KoZ’

K and Ko can be written [22] as

c3 3
_ T
KcZ - Uc2Dc2Uc2
K = T

02 ~ U02D02U02
- T
Kc3 - Uc3Dc3Uc3

- T
K03 uo3D03Uo3

where Uc2’ UoZ’ U 3 and U03 are orthogonal matrices with

c
appropriate dimensions, agd Dc2’ D02, Dc3 and D03 are

diagonal matrices.

Define

_ 1/2.T 1/2 T
Hr = Dgo U02U02Dc2

then the singular value decomposition of H. is
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. T )
such that Vrvr = I and Wrwr =T o

if T (respectively T+) is chosen to be:

. _ 1/2 T T + _ s1/2.T
(1) 7T Ucchz LW, (T -erDc2 Ucz)

it follows that Kc3 = Ir and K03 # Ir. The model

is then said to be input-normal.

‘

) _ -1/2, T . + T 1/2,T
(2) T =u,,b 5 v ¥, (T =Leroé U,,)

it follows thgt Kc3 # Ir and K03 = Ir' The model

is then said to be output-normal.

(b) We now review the ways to determine the
state feedback matrix S of equation (4.3) or the matrix
P of equation (4.34).

det(sI—A)

Recall p(s)

Now let Ap = A+BS, and following equation (4.34),

set S=PC, we then have

pf(s) det(sI—Af)

n - n-1 -
0,8 toooto .
We consider separately the single variate and multi-

variate cases.
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(1) single input single output system. In this
case P is a scalar and pf(s) is given by
pf(s) = det (sI-A-BPC) = det[(sI-A)-BPC]
= det{ (sI-A) [I-(sI-A) 'BPC]}.
= det(sI-A) [1-PC(sI-A) 1B
= p(s)-PCadj(sI-A)B
where
adj (sI-a) = Flsn"l + Fzsn'2 + . + F
and
Fl =1I
Fi+l = AFi + aiI
o, = - itr(AF ) for i =1
i 1 i rosor o0
Fn+l = 0.
This is the so-called Faddeva algorithm [22, 63].
By subtraction, we have
Pe(s) - p(s) = —P[CFlBsn—l + CFZBs“‘2 + ... + CF _B]
r - -
SO gh 17 an 1
[(al—al),...,(an—an)] : = —P[CFlB,,..,CFnB] :
1 1
-~ - —=3
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or

[(al-a),...,(ah—an)] = -P[CFlB,...,CFnB].

In this case, P is chosen so that the roots of pf(s) are
in the desired locations.

(2) Multi-input, multi-output system. In order
to investigate this case, we will review the following
[22, 63]:

Definition 4.1: A matrix Ag is called cyclic if its

characteristic polynomial is equal to its minimal
polynomial.

Definition 4.2: Ag is cyclic if and only if the Jordan

canonical form of Af has one and only one Jordan block
associated with each distinct eigenvalue.

Lemma 4.4: If {A,B,C} is irreducible, then for almost
any mxr real constant matrix P,‘the eigenvalues of A+BPC
are distinct and consequently Af = A+BPC is cyclic.

Since A+BPC is cyclic, then the matrix P can be written as
the product of two vectors and the single input single

output technique is used to compute these vectors.

4.6, Illustrative Example

To illustrate this technique, the following example

was contrived.

a



Recall system (4.1), namély
x(t) = Ax(t) + Bu(t) + Gw(t)

y(t) = Cx(t)

Let us choose

[-1.0 0.0 0.01 0.05 0.25
0.0 ~4.0 0.0 0.45 0.1
A= [-0.088 0.2 ~5.0 0.0 0.22
1.0 0.0 0.075 =-4.0 0.05
| 0.11 0.2 1.0 0.44  -3.0 ]
1.0 ] (1.5 |
0.0 1.0
B=]0.5 , G=|1.05
2.0 2.65
(1.0 | 1.0

c = [-0.61249, ~-0.33522, 2.18751, 0.2333, -0.24787].

The pairs (A,B) and (A,G) are controllable and the
pair (C,A) is observable. The system is stableé, its

characteristic polynomial is
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p(s) = ss+l7s4+110.6613853+339.5254852+476.622595+228.38203-
and its eigenvalues are
Al = ~-5,09152
12 = ~-3.92956
A3 = =4,11341
A4 = -2.91282
Ag - -0.9527
Following the development of page 81, we take ST = Pcr’ or
S = PC,
where S, C are 1x5 vectors and P is scalar used to allocate
the eigenvalues of the system with state matrix Ap = A+BS.
Let P =1, then S = C and
[~1.61249 -0.33522 2.19751 © 0.2833 0.00213 |
0.0 -4.0 0.0 0.45 0.1
-0.39425 0.03239 -3.90624 0.11665 0.09606
~-0.22499 -0.67044 4.45002 -3,5334 -~0.44574
_70.50249 -0.13522 3.18751 0.6733 -3.24787J )

The characteristic polynomial of Af is

pe(s) = s5416.35%4105.1253+335.55%+531.00563+334.86469
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The eigenvalues are

A, = -4.05-30.15
A, = -4.05+30.15
A3 = -=3.5

A, = -2.35-30.55
A\g = -2.35+j0.55,

Therefore, the system

x(t) = Apx(t)+Gw(t)

y(t) Cx(t)

is stable.
The pair (Af,G) is controllable and the pair (C,AF)
is observable. The real symmetric positive definite

matrix K., satisfying the Lyapunov equation

2

T T . B
AK, + KyAL + GWG™ = 0, with W= I,

is given by

(1.20249 0.4340 0.29809 1.07033 0.62757
0.4349 0.18513 0.14681 0.47672 0.25996
K, = 10.29809 0.14681 0.12882 0.39028 0.19978
1.07093 0.47672 0.39028 1.24231 0.66828

0.62757 0.25996 0.19978 0.66828 0.38064




0.19918
0.14724
0.31214
0.16096

or K, = UzDng
where
[0.61084  -0.755
0.24899 0.10496
U, = |0.19043 0.34083
0.63486 0.54632
0.35436
and

0.06578 -0.90294

-0.00083
-0.54041
-0.62695

0.51939

~-0.21245
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0.13105 |
-0.78311
0.59756
-0.05308

0.09832

D, = diag{2.94978, 0.17786, 0.01162, 0.00013, 0.000001}.

Now let

Using equations (

[0.88016
0.20689
0.08593
0.38626

| 0.16105

4.67),

-0.31726
0.01718
-0.02155

0.35146
0.88038

-

-0,32787
0.22714
0.49195
0.67431

-0.37973

(4.68) and (4.70), we have
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then

-1.84345 -0.49498 1.74063
A =]-0.51341 -3.00001 2.42753
-0.82095 -0.1422 -2.92501

and
2.802
G, = 1.33039
1.65908
The characteristic polynomial of the matrix A, is
found to be

p,(8) = 57+7.768467s°+21.2175585+19.242783

and its roots are

;= =2.91067-31.187722
Hy = -2.91067+31.187722
ny = -1.947114.

The pair (Ar,Gr)_is controllable. The parameters of

the reduced model

§r<t) = A x (£)+B_u (£)+6G_w(t)

yp(£) = C x_(t)

e
o vy



where

are

-1.15595
-0.04862
-0.49251

1.8567
1.25525

0.877

-0.50462
-3.00652
-0.1468

and Cr =

-0.95578
0.60459
-4.21317

[-0.37028, 0.00519,

105

1.452261,

The pairs (Am’Br) and (Am'Gr) are controllable.

The pair (Cr,Am) is observable.

polynomial of A is

pm(S)

2

= s3+8.3756425 +20.606097s+13.082983.

Its roots are

-3.139515

-4,257288

]

-0.978839

The characteristic
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Therefore, the model is stable.

Using the Fourth order Runge Kutta routine, the
outputs of the 5th order system (4.1) and the 3rd order
model for this example are plotted in Figure 4.1, where
u(t) is the unit step, and w(t)is a Gaussian white noise.
As it is seen from Figure 4.1, the model output follows

the system output perfectly.

4,7, Order Reduction of Deterministic, Uniformly
Controllable, Continuous, Time Varying System

Consider the n-dimensional linear time varying

system

]

x(t) = A(t)x(t) + B(t)u(t) (4.74a)

y (t) C(t)x(t) (4.74Db)

where A(t), B(t) and C(t) are nxn, nxp and gxn continuously
differentiable matrix functions of t.

To reduce the order of this system using the aggre-
gation method, we must find an aggregation matrix T which sat-
isfies conditions similar to (4.9) or an algebraic transforma-
tion similar to T. However, the existence of algebraic
transformations are related directly to the requirements
of controllability and observability. Furthermore, these
conditions can be specified in terms of matrices which do

not depend on the knowledge of the state transition matrix



108

which is known to play an important role in the theory of
controllability and observability [ 22].

Let

Rc (t) = [dl(t) e e ey dn(t)] (4.75)

where

dl(t) = B(t)

di+l(t) = di(t) - A(t)di(t) (4.76)

. _d
di(t) =

t[di(t)] for i=1, . . ., n-1

Q

We now review the following controllability theorems
[118]:

Theorem 4.2: The system (4.74) is completely controllable

on the interval [to, tl]’ if and only if the matrix Rc(t)
has rank n on the interval [to, tl]'

Theorem 4.3: The system (4.73) is totally controllable

(differentially controllable) on the interval [tO, tl];
if and only if it is completely controllable on every
subinterval of [to, tl]'

It is shown in [118] that a necessary and sufficient
condition for total controllability is that the matrix
, Rc(t) has rank n almost everywhere on [tO’ tl], (i.e.,
except for a subset of measure zero). Notice that

neither complete nor even total controilability are
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strong enough conditions to ensure the existence of a
transformation needed in a number of system representa-
tion problems. These problems are characterized by the
requirement that the matrix Rc(t) has rank n everywhere
in a given interval. Therefore, a new concept of
controllability is introduced.

Definition 4.5 [118]: The system (4.74) is said to be

uniformly controllable on the interval [to, tl] if the
matrix Rc(t) has a rank n everywhere on [to, t1]‘
Let

Ec(t) = [dz(t), . e ey dn+l(t)] ) (4.77)

then on any interval where Rc(t) has rank n, the A(t)

matrix of the system (4.74) can be written as:
—_ - - +
A(t) = [Rc(t) Rc(t)]Rc(t) (4.78)

where

+ I T -1
RG(t) = R_(t) [R,(E)RZ(£)177,

Equation (4.78) is obtained from the following equation:

(t) = —A(t)Rc(t) + Rc(t)

|

C

Since dl(t) = B(t), then Rc(t) is sufficient to determine
the system (4.74) uniquely on any interval where (4.74)

is uniformly controllable.
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Before we introduce the system transformation,
it is necessary to review the definition of equivalence.

Definition 4.6 [117]: Let P(t) be an nxn nonsingular

differentiable matrix, such that z(t) = P(t)x(t). Then,

it can be said that the system

2(t) = A, (t)Z(£) + By (£)u (t) (4.792)

y(t) = ¢ (£)z(t) (4.79b)
where

Bp(t) = [P(E)A(E) + P(£)1P™H(t)

Bp(t) = P(t)B(t) (4.80)

Co(t) = C(t)P L (t)

H(E) =

is equivalent to the system (4.74) and P(t) is an equivalent
algebraic transformation.
Using this definition, the basic transformal

property of the matrix Rc(t) can be established.

Let P(t) be the algebraic transformation given

in the definition 4.6, then
R = 4.
Rc(t) P(t)Rc(tL (4.81)

This equation is found by induction. If ak(t) = P(t)d, (t),

then
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d) 1 (B) —Ap(t)&k(t) + 4, (t)
= ~[P(£)A(E)+R(£) IPT1 (1) [P(£)d, (£) ]+
[P (£)d () +7 (£)d (&)

= —P(t)A(t)dk(t)—P(t)dk(t)+P(t)dk(t)+

P(t)qd, (t)

il

P(t)[-A(t)dk(t)+ék(t)] = P(t)d, . (t)

k+1
and

P(t)dl(t) = P(t)B(t) = El(t) = Bp(t),

The significance of equation (4.81) is that if an equivalent
algebraic transformation between two uniformly control-

lable systems is known to exist, it is given as

= +
= .82
P(t) R, (£)R,(t). (4.82)
4.7.1. Phase Variable Canonical Form

The technique for finding the phase canonical form
using the transformation matrix which depends on the
uniform controllability was first introduced by Silverman
[118], and later on, improved by Ramaswami and Ramar [101 ].
The construction of the transformation matrix reveals that
the uniform controllability is a necessary and sufficient
condition for a nonsingular transformation matrix to exist.

Consider the single input system:
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x(t) = A(t)x(t) + B(t)u(t) (4.83)

Let P(t) be the nonsingular transformation matrix which

reduces (4.84) to the phase variable canonical form.

Let z(t) = P(t)x(t) (4.84)
then
z2(t) = Ag(t)z(t) + By(t)ul(t) (4.85)
where
[ o 1 ... 0 0 ]
0 0 e . . 0 0
0 0 .. 0 1
:“n(t) o p(t) oo —og(t) -ozl(t)_J

Bp(t) = [Or . e ey 0, 1] .

A_(t) and Bp(t) are continuously differentiable matrices.
Let xl(t), e e ey xn(t) and zl(t), e . ey zn(t) be the
components of the vectors x(t) and z(t), respectively.

Let

zl(t) = pll(t)xl(t) + Plz(t)xz(t) + ... +
(4.86)

Py, (B) X, (£) = p; (E)x(t)
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where pl(t) is given by

py(t) = [py1 (), Piy(t), + . ., p (0D,

From equation (4.84) and the representation (4.85), we

have

z,(t) = z,(¢).
Using equation (4.86), we get

2, (t) =Vél(t) = p (B)x(t) + py (£)x(t)

+

=[p, (t) + py (£)A(E) Ix(t) + p (£)B(E)u(L).

Since the state variable zz(t) is set to be a function of
the state variable x(t) alone, we take pl(t)B(t) = 0,

So

Zz(t) = [pl(t)A(t)+él(t)]X(t) = pz(t)x(t), pl(t)B(t) = 0.
Therefore, the row vector pz(t) is given by
P, (t) = p (D)A(E) + p (b),

Repeating the procedure, we obtain

25(8) = [p, (E)A(E)+p, (£)1x(£) = p (E)x(t), py(t)B(t)=0

z_(t) = [p__  (E)A(E)+p__j (E)1x(t) =

Cp,(B)x(E),  p_;(£)B(t) = 0.



114

The transformation matrix P(t) is then
T T T T T
P(t) = [pj(t), pPy(t), «o.y P _ (%), p (B)]

The rows of the matrix P(t) are to be computed from the

»

recursive formula

Pipp(t) = py(E)A(L) + fai(t) (4.87)

for i=1, . . ., n=1l.

These rows should satisfy

Py (E)B(t) = p,(£)B(t) = ... = p_ _;(t)B(t) = 0.
(4.88)

However, from equation (4.84), we know that P(t)B(t) =

Bp(t), then

py(0)B(E)]  [o]]

) = |. (4.89)
p, (t)B(t) 0
po (0Bt | |1 |

To construct the matrix P(t), one has to evaluate pl(t).

Therefore, equation (4.89) leads to

py (E)B(£) = py(£)d; (£) = 0 or d;(t) = B(t)
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then
Py (£)B(t) + py(£)B(t) = 0 or p;(£)B(t) = -p, (£)B(t)
and
P, (E)B(t) = [py (£)A(t)+py (£) IB(t)
= py () [A(t)B(t)-B(t)] = -p; (t)d,(¢) = 0.
Thus
By (£)d,(£) = =p, (£)d,(t) and Py (E)B(E) = -p, (£)B(E)

p;(t)B(t) = [pz(t)A(t)+f>2(t)]B(t)
= p,(t) [A(£)B(£)-B(t)] = -p,(£)d,(£) = 0.
and
P5(t)B(t) = -[pl(t)A(t)+f)l(t)]d2(t)
= -p; (£) [A(£)d, (£)=d, (£)] = p, (£)d, () = O
Pn(t)B(t) = [p 3 (E)A(E)+D _, (£)IB(t) = -p _,(t)d,(t)
_ = (_1yb-1 _
= .= (-7 Tpy(B)d (&) =1 (4.90)
where dl(t), dz(t), . e ey dn(t) are the columns of the

controllability matrix R_(t) of the system (4.74)

Ry (t) = [d; (), . . ., d_ (£)]
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where d, (t) = B(t) and di+l(t)=éi(t)—A(t)di(t)

for i =1, . . ., n-1l., Using equation (4.87), the repre-

sentation (4.90) can be written aé
py (£)[d (), ...,4, ()] = (<D 1ro, 0, . . ., 0, 1]

or

py (IR (8) = (-1)"7Y[o, 0, . . ., 0, 1]

Therefore,

-1

.. (4.91)

p () = (-1 tro, 0, . . ., 0, 1IR

Once pj (t) is known, we can form P(t) using the recursive

formula of equation (4.87), then we compute Ap(t) as

1

A, (E) = [P(D)A(Y) + O (4.92)

Since we know the structure of Ap(t) we need to compute the

last row only. Thus,

(-5 (£), =o__y(€), . . ., =G ()] = [p, (E)A(E)+B (£)1P7 (&)

The proof of the nonsingularity of P(t) can be found in

[117].
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4.7.2. System Transformation Using the State Feedback
Concept
The controllability of the system (4.74) is invariant

under any state feedback of the following form:

u(t) = v(t) + sS(t)z(t) (4.93)

where S(t) is a pxn state feedback continuous matrix
function of t. From a previous argument, it is known
that, if a single input, single output linear time
varying system is uniformly controllable, it can be
transformed to its state variable canonical form, and
if the system is in its companion form, by an appro-
priate choice of the state feedback matrix S(t), it can
be changed into a linear time invariant system, and the
theory developed in the previous sections can be applied
here without difficulty.

Note that the transformation (4.84) does not pre-
serve the dynamic properties of the system (4.74). To

see this fact, let

pls,t) = det(sI -A(t)) = s" + aj(0)s™ L 4, 4

an_l (t) s <+ an(t)
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and

pp(s,t) det(sI - Ay(t))

det[éxn-p(t)A(t)P'l(t)-é(t)P'l(t)]

det{  (t) [sI_-a(t)-P 1 (t)p(£)1p ()}

det[sI_-A(t)-P L (t)P(t)]
which can also be written as

n-1 — -
+ . .+ an_l(t)s+an(t)

ppls,t) = sn+El(t)s
where the coefficients El(t),---, ah(t) are different from the
coefficients al(t),..., an(t) of the original system (4.77).

Now substitute (4.93) into (4.79), and let

As = Ap(t) + BpS(t) (4.94)
we have

z(t) = A z(t) + pr(t) (4.95a)

y(t) = sz(t) (4.95b)

and

A, = P(£)A(t)P L (£)+P ()P L (£)+P (£)B(t)S (t) (4.96)
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A = . .
s
0 0 . . 0 1
“&n “Eh-1 “ty 75
L J
The El, e v ey En are the constant coefficients of the

characteristic polynomial of the new system (4.95).
The problem is to approximate the new system by a

model of the following form

]

ér(t) Az_(t) + B_v(t) (4.97a)

y, () C_z_(t) ' (4.97Db)

where zr(t)dRr.

Therefore, we need to f£find an nxr aggregation constant
matrix T such that the aggregation error
e(t) = z(t) - Tzr(t) is zero for all t (4.98)
or AT = TA , c.=CJT, B. = T+Bp and zr(O) = mt%(0)
then
[P(£)A ()P L (£)+P(£) P (£) +P(£)B(t)S(£)]T = TA_.
Let Q(t) be a pxq time varying matrix such that

S(t)T = Q(t)cr
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then

awr e H o e B (os(oT = P h(eyTa_. (4-99)
Now let

M(t) = P L(g)T (4.100)

be an nxr continuous time varying matrix with the following
properties:

(1) Mr(e) = T emce) 17T ()

(2) MY(t)M(t) = I

r

(3) M(t) = =P~ L(e)P(t)M(t)
(4) MTomMe) = Mt p e rMEe)
(5) M(e)MT(£)M(t) = M(t)

6) MMM (e) = Mt(r)

M(t)MT(t)

(7 et 1T

@) me)MT ()12 = meymte).

M(t)M+(t) is an nxn orthogonal, idempotent matrix,
thus it is a projection matrix, its complementary
projection matrix is (I - M(£)M'(t)).

Using equation (4.100) and the property 3, the

equation (4.99) becomes
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A(E)M(£)-M(t) +B(£)S(£)T = M(t)A_. (4.101)

In order to have a good approximation, the following

conditions must be satisfied:
(1) ACEIM(E)-M(£)A, = M(£)-B(£)Q(t)C
where S(t)T = Q(t)Cr
(2) B_ = M'(t)B(t)

r

Mt (0)z(0).

(3) zr(O)

These conditions are similar to the ones given by
equation (4.9). Note that, since M(t) = P-l(t)T, then
M(t) is also dependent on the uniform controllability of

the original system (4.74). The substitution of
M(t)A_ = A(E)M(£)-M(£)+B () Q(t)Cy

into
a%(e)mM(t) - M(t)aZ

yields

A2 ()M (E) (£} A2 = A2 (E)M(E) - [A(E)M(E) -M(£) +B(£)Q(E)C 1A,

A2(t)M(t)—A(t)M(t)Ar+ﬁ(t)Ar—B(t)Q(t)CrAr

A(t)[A(t)M(t)-M(t)Ar]+ﬁ(t)Ar-B(t)Q(t)CrAr
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A(t)[M(t)-B(t)Q(t)cr1+ﬁ(t)Ar-B<t)o(t)crAr

A(t) [M(£)-B(£)Q(t)C 1+[M(t) -B(t)Q(t)C 1A .
Proceeding in a similar manner, we get the following

equations

InM(t)—M(t)Ir = 0

A(E)M(£)-M(E)A, = M(£)-B(E)Q(E)C,

A(t) [M(£)~B(£)Q(£)C_1+M(£) -B(£)Q(E)C 1A

Az(t)M(t)-M(t)Ai

S . .
P Al-J—l(t)[M(t)-B(t)Q(t)Cr]Ag

atwue - = 1

]
then

. i-1 . ) .
= mt(e)at (e)M(t) - ) M+(t)Al—3_l(t)[M—B(t)Q(t)Cr]Ag
j=0

i
Ay

(4.102)

Since the systems (4.95) and (4.97) are continuous time
invariant linear systems, then let ﬁl's be the Markov

parameters of the reduced order time invariant model

(4.98)



T =cC A;'lsr for i =1, 2, 3, . . . (4.103)

and ﬁi's be the Markov parameters of the time invariant

system (4.95)

H. = cA B (4.104)

Since AST = TAr, then
i-1,., _ i-1 + i-1. _ _i-1
AS T = TAr or T AS T = Ar (4.105)
for i=1, 2, 3, . . .,
while C_ = C.TT or C_ = C.T
p ° r °p
+
and B = TB or B_ = TB_.
P r r P

The substitution of C_ = C_T™ and B_ = TB_ into
p r p r

equation (4.104) yields

T
It
0

o]

>

o}
Lo
o

]
Q
o
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(4.106)

T
[
m
Fh
0
R
| el
i
|
3]
W

Hence

The aggregation matrix T is determined in similar manner
as in section 4.6.
Note that, in order for the equality Cr =CT

p
to exist, the following condition must be satisfied

1

C C(t)P ~(t)

P

so that

C. = CpT = C(t)P—l(t)T

C(t)M(t). (4.107)

Similarly, since Bp = P(t)B(t) = TBr' we have

P'l(t)TBr = B(t), thus B_ = Mt (£)B(t). (4.108)

Let

A () Mt (eya ()M e) -mt (e)M(t)

AL - BrQ(t)Cr (4.109)
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be the state matrix of the reduced order time varying

model given by

A xr(t) = Am(t)xr(t)+Bm(t)u(t) (4.110a)

- 4.110b

Yr(t) = Cm(t)xr(t) (4.110Db)
where

Bm(t) = Br | and Cm(t) = Cr (4.111)

Equation (4.111) can be obtained by defining a new

aggregation error as

e' (t) = x(t)-M(t)x_(t) ' (4.112)
then

o' (£) = x(£)-M(E)x_(£)-M(t)x,(£)

&1 () = A(t)x(£)+B(£)u(t)-M(£)x_(£)-M(£)A_(£)x ()

- M(t)Bm(t)u(tL

If equations (4.108) and (4.1l1l1l) are satisfied, then
&' (£) = A(t)x(£)-M(t)x, (£)-M(E)A_ (£)x ()

= A(t)x(t)-A(t)M(t)xr(t)+A(t)M(t)xr(t)



126

-M(t)xr(t)-M(t)Am(t)xr(t)
= a(t)e’ (t)+[A<t>M<t)-r'ut)-.m(t)Am(t)Jxr(u,
The dynamics of the error are given by
e'(£) = A(t)e'(£) +[A(£)M(E)-M(£) -M(£)A, (£) 1x_(t) (4.113)
If equation (4.110) is satisfied, equation (4.113) becomes

e'(t) = A(t)e' (t)

Therefore, for a good approximation, the following con-

ditions must be satisfied.

(1) A(t)M(t) = M(t)Am(t)+ﬁ(t)

— + —
(2) Bm(t) = M (t)B(t), Cm(t) = C(t)M(t)
(3) x_(0) = M'(0)x(0)
Furthermore, since z(t) = P(t)x(t) and P-l(t) exists, then
the substitution of x(t) = P_l(t)z(t), x, . (t) = z_(t), and

equations (4.98) and (4.100) yields
e'(t) = P'l(t)z(t)—P’l(t)Tzr(t)=P'l(t)[z(t)—Tzr(t)]
e'(t) = p H(t)e(t) (4.114)
The consfant matrix As of the system (4.95) is stable,
then e(t) + 0 as t + ». Therefore, if P—l(t) is bounded,

then from equation (4.114), e'(t) +- 0 as t + o,
Since the model (4.96) is a time invariant system, then

its state transition matrix is given by

o (t,tg) = ePr(tto), (4.115)
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Let Ad(t) be an rxr continuous time varying matrix defined

as

ag(t) = - Pr{t"t0)p o(e)c ePrit-to), (4.116)

r o

and satisfying the following expression

bqltitg) = Bg(t)o4(t, tg). (4.117)
Proposition 4.8: The state transition matrix of the
reduced time varying model (4.111) is given by

Ay (t-tg)
¢ (t,tg) = e'F 0794 (t,tp) (4.118)

Proof: Since ¢m(t,t0) is the state transition matrix of the

model (4.11l1), then it satisf&es the following condition

&m(t,to) = A_(t)¢ (t,tg). (4.119)

Since

o (£, tg) = ePr(E7E0) g (e, t0)

then

bmit,to) = A BT (B0 (¢, 0y +ePr(ErE0)g . (¢, ¢0)

= a ePr{t o)y (¢, eq)+ePr(F7E0a, (£) 940k, t0)

- AreAr(t-to)¢d(t’t0)+eAr(t—t0){_e-Ar(t—tO)
B o (£)CePT (F7E0) 34 (¢, 0)

A, (t-t -
=ae r ( 0)¢d(t,t0)—BrQ(t)CreAr(t t0)¢d(t,t0)

4
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Ar (t-tg)

I

[A-B Q(t)C_le ¢4, t0)

A (£)¢_(t,tq).

4.7.3. Stability of the Reduced Order Time Varying Model

th

Consider the n order linear time varying system

of equation (4.74)

x(t) = A(£)x(£)+B(t)u(t)

y (t) C(t)x(t),

The response of the system is composed of two parts,
the zero input response and the zero state response as

: t
y(t) = C(t)o(t,tg)x(ty) + [ C(t)o(t,T)B(T)u(r)dr
tg .

where ¢(t,tg) is the state transition matrix of the system

(4.73). To study the stability of the reduced order model

(4.111), we will review the following definitions and

theorems [22, 631].

Definition 4.7: A linear time varying system is said to

be totally stable if and only if for any initial state
and any bounded input the output as well as the state

variables are bounded.

4
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Theorem 4.4: A linear time varying system is totally

stable if and only if C(t) and ¢(t,t0) are bounded

and

& .
J. ||¢(trT)B(T)'ldT f_ k < o
to

for any tg and for all t > tg. 1In the above, any

valid matrix norm can be used.

Theorem 4.5: The zero state x(t) = ¢(t,t0)x(to) of i(t)

A(t)x(t) is asymptotically stable at tg if and only if
[lo(t,to) || < k(tg) < =
implies

| |o(t,t0) | |—>0 as £ — o,

The zero state is uniformly asymptotically stable over

(0, «) if and only if there exists positive numbers kl

and k2 such that

o, ]| < ke 2(E"t0)

for any tg 20 and all t > tg-
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If the matrices B(t) and C(t) of the system (4.74) are
bounded, uniform asymptotic stability implies total stahility.
Suppose now that system (4.74) is totally staﬁle. To
investigate the stability of the model (4.111), we need
to find an expression relating ¢(t,tp) of the system to

¢m(t,t0) of the model (4.111). Before doing so, let
¢p(t,to) be the state transition matrix of the system
(4.78), that is

$ (t, t

p. O) = Ap(t)¢p(t,to). (4.120)

From equation (4.81), we have

A (t) = P(£)A(t)P L (t)+p(£) P L (b)

and
d(t,ty) = PTH(E) g (£, tg) P (tg), (4.121)
From equation (4.94), we get
s

A = Ap(t)+BpS(t)

or

Ap(t) = AS-BpS(t) (4.122)

Since the system (4.95) is a linear time invariant system,

its state transition matrix is given as

b, (Eitg) = oAs (t-tg) (4.123)
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and satisfies the expression

b (titg) = Ajb (t,tp) (4.124)
thus
and

by (t,tg) = A ()0 (¢, ) (4.126)

where ¢q(t,t0) satisfies the following

5 - (4.127)
bq (k) = B (E)o (£t

and

A (£) -e'AS(t'tO)Bps(t)eAs(t'tO)' (4.128)

Equations (4.105), (4.114) and (4.122) give

_ in _ i .
AST = TAr or AST = TAr for i=0,1, 2, . . .
o (t,tg) = ePr(t=to) _ 7 ,i (eeg)?
r o0 - LA P il

i=0

then
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or

T (t,tg) = o (t,ty)T (4.129)

Post-multiplying equation (4.128) by T, leads to

e"'As (t"‘to )

- Ag (t-t,)
Aq(t)T = BPS(t)e 8 0'T,

Using equations (4.109), (4.114) and (4.129) and the

condition

S(t)T = Q(t)crr

we have
Aq(t)T = —e'AS(t'to)TBrS(t)TeAr(t'tO)
_ -Te'Ar(t‘tO)BrQ(t)creAr(t'tO)
- T[__e-Ar(t-to)BrQ(t)creAr(t—to)]
thus
Ag(E)T = TA4(t) (4.130)
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and hence

dq(tetQ)T = Toq(E o) - (4.131)

The substitution of equation (4.125) into (4.120) gives

-l eAs (t-tO)

o (t,tg) = P L (t) bt/ tQ) P (tQ)

or

oAs (t-tg)

P(£)¢(E, ty) = b (trtQ)P(tg)

The pre-multiplication of equation (4.117) by T yields

A, (t-t 0)

%q
- eAs (t-to) T‘bd(tlto)

_ eAs(t-to)¢q(t,t0)p(;0)p'l(t0)T

P(£) 6 (t,tg) P T (tg) T,

Il

Thus

o (t,ty) = P(£)o(t, tg) P (£g)T

or

Pl (t)To_(t,t5) = ¢ (t,tg) P (tg)T

M(t) (t,tg) = ¢(t,tg)M(tg)
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and

o (£, tg) = M (£)o(t, Eg)M(tg) (4.132)

If P(t) and P—l(t) are bounded for all te(0,«), then
M(t) and M+(t) would also be bounded in (0,«»), and
since the original system is assumed to be totally stable,
then ¢ (t,ty) is bounded. Therefore, ¢m(t,t0) is also
bounded. Furthermore, since Bm and Cm are constant matrices,

then they are bounded and the reduced order model (4.111)

is totally stable.
4.8. Conclusion

In this chapter we have studied the order reduction
of stochastic linear time invariant systems or linear time
invariant systems with uncertainty, and deterministic
linear time varying systems. A modified version of the
aggregation method has been proposed and an example has

been given to justify the effectiveness of this method.

In the next chapter, we will consider the Routh and
Schwarz simplification techniques for deterministic linear

time invariant systems.




CHAPTER V
ROUTH AND SCHWARZ APPROXIMATIONS
5.1. Introduction

In the previous two chapters, we have examined order
reduction techniques using state space framework. How-
ever, in control applications, more often, systems are
designed in the frequency domain and then subsequently
converted to the state space representation. In this
chapter, we will focus our attention on the description
of the reduction techniques that always yield stable
models. These approximations use the Routh table and

the properties of the Schwarz matrix,
5.2. Mathematical Background

Consider the n-dimensional linear continuous time
invariant system, which is asymptotically stable, com-

pletely controllable and observable:

x(t) = Ax(t) + Bu(t) (5.1a)

Cx(t) (5.1b)

y(t)

where

135
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[ o 1 . 0 0 ] 0 ]
0 0 . 0 0 0
A= . . . . » B=1. (5.2)
-0 =0 -Q -0 1
SR n-1 2 l_ nxn . Jdnxl

B1l1xn-

Let the characteristic polynomial of the matrix A be

p(s) = aosn + ulsn—l SR A (5.3)

Since the system (5.1l) is asymptotically stable, then
for completeness we shall state the following

theorems.[16, 22, 63].

Theorem 5.1 (Routh): Comstruct the Routh array {rij} having

initial two rows

{rOl’ Toor Tgzr - - 1= {ao, Uyr Gur o - .}

(5.4a)

{rll’ Tygr Tygs - - .} {al, Qys Cgr o - .3

and subsequent rows defined by
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rij = —det /i 1,1 (5.4b)

The polynomial p(s) is asymptotically stable if and only
if all the first column elements riq for i=290,1, . . .,

are positive.

Theorem 5.2 (Hurwitz): Construct the nxn Hurwitz
matrix
[al %2 % -+ + O%2p-1
o a, Gy - - G55
% 93 %2n-3
n=] 0 9% 9y -« Oy 4 (5.5)
i 0 0 0 oh
el

where O = 0 for k > n,

The polynomial p(s) is asymptotically stable if and only

if all the leading principal minors Hl' Hyr o o oy H

of H are positive.
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Theorem 5.3 (Margin of Stability): If p(s) is

. asymptotically stable then the negative number
o=max{Re{);}}, called the abscissa of stability

i
of p(s), has the following upper bounds

_z—e(n)R—(n—l)(n+l)/2r

° = 11%21 * * * a1 (5.6)
and
A A (5.7)
where R = zmaxlai/a0|l/i
1
n(n-1)/2

and e(n) = (-1)

Proofs of these theorems can be found in [1l6, 22, 63].
The first two theorems are equivalent, as the following

example for n = 3, shows

1 0 0] fog a3 O [r1; f1p T3
iQ 1 0 o o 0 0 r r
oy 0 %2 _ 21 To2
%% “i 1 0 o, o 0 0 «r
Up03=0 0, 0naa=0;0, 1 3J N 31

This can be generalized to give
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rr11 12 T13 * Ti,n
0 r r
21 22 .o Ty
0 0 r31 . r3n_2 |
T, = . . . . (5.8)
0 0 0 r,

where Ty is an nxn nonsingular matrix. The principal

minors of H are

21 * ¢

and

Hy = oaH1-

The first column elements of the Routh array are then

given as follows:

ryp = Hys

(5.10)

Now, let



1 0 ... 0
0 l - 0
r
rn‘l'2 0 .. 0
n-1,1
0 r“'2'2 .. 0
n-2,1

Ty = ) i
. .. 0
] F32
i1

« o e 0

be a similarity transformation matrix

such that
z(t) = sz(t).
Then the system (5.1l) becomes

z (t)

Asz(t) + Bsu;t)

y(t) Csz(t)

i
H

where As

Bs = T2

Cs = CT2
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"(5.11)

(5.12)

(5.13a)

(5.13b)

(5.14)



and
0 1 0o . 0 0 0 ]
-y, O 1 .. 0 0 0
0 -y ,, 0 . . 0 0 0
A = . . . . .
S

AS is called the Schwarz matrix [16].

We will show that p(s) = det(qu-As

let

0 0 0 « .« « S -1

0 0 0 - e - Yo s+yl

-

and Dy for k=1, 2, . . ., n be the kth
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(5.15)

nxn

). To do so,

(5.16)

leading principal

minors of det(sIn-As) and Dn = det(sIn-AS). Then the
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expansion of Dn by its last column gives

D, = (s + 'yl)Dn_l R (5.17)
Dy = sD_3 * Ynk+2Pk-2 . (5.18)
for k = 3, . , n-1
_ n-4% n-g-2

Let D, _, = dlls + dy,s + .

(5.19)
n-¢-2j
+ dg,j+ls + . . .

Substitute equation (5.19) into (5.18) with k = n-g and

equate coefficients sn-£-23, to get

dg,5+41 = Gg41, 541 T Ye+2942,5¢

Evaluate D, _; and D__,, using equation (5.19). It

follows that the first two rows of the Routh array

{rij} for D, are the coefficients of sD _1 * YD, 5 and
YiDn-l' that is
{r01, Y ro3,...} = {dll’ dig t Yodyyr dy3 + vydys, eeol}

{rygr 900 Tyg0ec0d = {ygdyy0 vidy50 vydy50 --- b
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The third row is obtained as

d11 4, 541%72%7

r2j

11 *%1%1,5+1

Ypdpy fOr 3= 1,2, ...
Then we can establish by induction [16], that in general

Til T Yiti-2,1 (5.20)

d i>1. (5.21)

iy T Ti1%5

The first column of the Routh array for det(sIn—As)

is
LYy Yor YiYge YoYgr Y3Y3Yse YaYgYgr Y1Y3YgYq .. (5.22)

We select the elements of the Schwarz matrix to be

H2 H3
Yy = Hyrvp = H Y3 = H H,
H
§E22_£ (5.23)

'Y =
k  Hp oHp g

fork=4' . - * 7 n
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Then the sequence (5.22) becomes

H H
e (5.24)
1 n-1

It follows that with the choice made previously for the
Gi's the polynomial p(s) and det(sIn—AS) are identical,
since their Routh arrays have the same first columns.
Therefore,

p(s) = det(sIn-As),

Let G(s) be the transfer function of the system (5.1).

Then -
n-1 . stn 2 ..+ 8

G(s) =

G(s) can be expanded in the continued fraction form:

1 n
= 1 ...t (—) ...
C(s) = 1o57sr tog+ to G-
17 1 5. S+ 1 n
S s+ 2
2 ‘53s+
(5.26)
+§l_ 1
n® 8pS
where Si and ci for i =1, . . ., n, are scalars obtained

from the following arrays:



o1 = %o o2 © % Foz = %4 .
1= % 12 T 93 i3 T %5 .
and
Tis = Tio,5+41 ~ 8i-1%i-1,441
for i =2, ..., n+l and j =1, 2, ...
Ti-1,1
. Ti,1
for i =1, ..., n.
Similarly,
So1 = Byr So2 = B3s 503 T Bgr - - -
S11 = By S12 = By Sy13 = Bgr - - -
and
ij = Si-2,3+1 T 9i-1%i-1,3+1
for i = 2, . ., n+l and j=1, 2, ... while
5. = oi-1,1
i, 1
fori=1, 2, ..., n

145

(5.27)

(5.28)
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These arrays are called the 6- and o-arrays (13, 611].

Let T3 be a similarity transformation matrix such that

n(t) = T3z(t) (5.29)
where
i 1]
0 0 ) 0 7
0 0 S o
192
o= ) } ) i
3 i ) i i (5.30)
1
0 S8, - - 0 0
3——1 - 0 .. 0 0
Ll n = nxn .

The system (5.13) becomes

hee) = An(t) + B ul(t) (5.31a)

y(t) = Cyn(t) (5.31b)
whgre

A= T3AST;1

By = T4Bg

O
H
i
Q
n
+3
w




i -g— 0 ) 0 0
6y 1
61— 0 'Sl— .. 0 0
2 2
By = ; .
0 0 0 61 0
n-1
0 0 o ... 0 1
. Gn
PL1
6y
0
B, =
0
0 i nxl
and
Cp = [cl, Oor o = =4 on]lxn'

From equations (5.20) and (5.27), we have

r.
Y, = ¥ r Yy T i1
1 11 i i_2,1

-
0
0
1
n-1
"
«eey 11
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nxn

(5.32)
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and
r.
8 = l—l’l for
1 =1, ...
1 i1 ' F
Thus, rol =1, rll = é— and r = ~—l———-
1 1 61...6.
i
for i =2, ..., n
and Y]_ = %_—
1
1
'Y. p—1
; 61_161 (5.33)
for i =2, ..., n

The system (5.31) can be obtained directly from the system

representation (5.1), using the transformation T,=T3T,, Or

-
o ez o Tufa g
£31 I
fata o Imfaz o, p,
ttor3 rr 33
31742 r
31
0 79 0 )
r r
il 32 ¢ T41 0 o o
51
. 0 Is5) 0 0 0
r61 0 0 0 0
r ba
T, = 0 -Eigél—ﬂlihi ... © 0 0 0 0 0
n-4,1
X r
_n-4,1 n-3,3 0 .. O 0 0 0 0 0
rn--3,l
r r
0 n-i,l n-2,3 . 0 0 0 0 0 0
n-3,1
r r
_n-2,1n-1,2 0 . 0 0 0 0 0 0
fn-1,1
X
0 n-1,1 ... 0 0 0 0 0 0
r 0 ... O 0 0 0 0o 0
B n,l
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5.3. Routh Approximation [61]

The Routh approximation is based on expanding the
nth order system transfer function in the continued
fraction form (5.26). The continued fraction expansion

{(5.26) can be rewritten as follows:

G(s) = 0lfl(S)-l-.Ozfl(s)fz(s) + ...+ cnfl(s)...fn(s)

i
o. VTEf.(s)
1% =13

il
I~

i (5.34)

where fk(s), for k=2, 3, ..., n are determined by the

following continued fraction:
fi.(s) = 1
k § S+ 1

5k+1s+ 1
8k 425+ (5.35)

and £,(s) = 157575 -

The reduction process is done by truncating the
expansion (5.34) and rearranging the retained terms as a
rational transfer function. Truncating the continued
fraction (5.35) after the kth term and denoting it by

gj k(s), the kth order model transfer function Ry (s) is
’ .

similar to (5.34) and is given as

k i :
Rils) = } o, TT g, k(s) (5.36)
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s+ (5.37)

Let the numerator and denominator of Rk(s) be P, (s) and

Qk(s) respectively, such that

Pl(s)

Pz(s)

PZ(S)

Q3(S)

In general
P (s)

Q (s)

for k

oy Qp(s) =1 + &5

- 2
= “2*62013' QZ(S) =1+ 8,8 + §,8,8

‘ 2
+c3) + 63025 + 6263015 .

(ol

3

2
1 + (6l+63)s + 62635 + 616263s

= 8, 5P _1(S) + P _,(s) + 0y (5.38)

81 SQc_q1(8) + Q_5(s) | (5.39) "

]

=
-

N
-

.

.
-
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P_l(s) = Po(s) =0 and Q_l(s) = Qo(s) = 1. (5.40)

The equations (5.38), (5.39) and (5.40) with the

8- and o-arrays are sufficient to determine a kth order

model. However, this model preserves high frequency

characteristics, and for control applications, it is

desirable to use the system reciprocal transfer function

given by

G(s) =

mga
ul

n n-1 °
= = . . (5.41)

The reduction process can then be summarized by the

following algorithm.

5.3.1. Routh

Step 1:

Step 2:

Step 3:

Step 4:

Approximation Algorithm

Determine the reciprocal of the system
transfer function a(s) = éG(%).
Construct the g - S arrays corresponding
to a(sL

For a xth order model use the recursive

formulas (5.38) and (5.39), to determine

Ry (s) = Py(s)/Qy(s).
Reverse the coefficients of Py(s) and Qk(s)

back to find Rk(s) = Py (s)/Qx(s).
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For a stable system, this algorithm gives a stable
reduced order model. For an unstable G(s), a shift of the
imaginary axis would provide a modified asymptotically

stable transfer function S
G(s) = G(s+0) (5.42)

where the real positive parameter ¢ is chosen to be

o > Re{),} where An i$ the closed loop pole with the
largest positive real part. However, it is not always easy
to compute the closed loop pole. Therefore, it would be
simpler to estimate ¢ so that a(s) is stable and then
evaluate the new o which is equal to the absolute value of
the results of eqguations (5.6) and (5.7). The next step
would be to find Rk(s) as usual and finally shift back

the imaginary axis to its original position providing

Rk(s) = ﬁs(s-c)

where Ry (s) is the xth approximant of the unstable system.

Another Routh-based model reduction scheme has been
proposed by Krishnamurthy et al. [67, 68]. In this technique,
the Routh 8§ - ¢ arrays for the numerator and denominator

th order system are first constructed and then a

of an n
desired reduced order model is obtained. Using the

coefficients of the second and third rows, a polynomial
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of (n-l)th order can be constructed. Similarly, an
(n--2)th order polynomial can. be constructed using the
third and fourth rows of the o-Routh array, etc. Although,
this method guarantees that a stable system is reduced
to a stable model. Singh [120] has shown that it is a
nonunique procedure in that several systems can have the
same reduced model.

In the next section, we will describe a method that

overcomes the Routh approximation drawback.
5.4. Schwarz Approximation

This approximation method is based upon the Schwarz
canonical form, to produce a stable reduced model from a
stable system. It was originally presented by Arumugan
et al. [11] as a state space method, then showed by Lal
et al [74] to have moment matching properties, and later
reformulated by Davidson et al. {[33] as a frequency domain
technique. ILucas et al. [82] established links between
Routh and Schwarz approximations and showed that the
Schwarz approximation can also be obtained from the con-
tinued fraction expansion of G(s). It does not, however,
require any reciprocal transformation for the continued
‘fraction expansion to obtain a reduced transfer function.
This is due to the fact that the last k terms of the con-
tinued fraction expansion of G(s) are retained instead

of the first k terms, as in the Routh approximation.



Hutton [61]

tion of G(s) 1is

P
81 9y

1
= 0

Sy

n(t)=

0 0
| 0 0
y(t) =

154

has shown that a state space realiza-

0 ... 0 0 | rg__
1
1
= . 0 0 0
P
n(t) + u(t)
. . . . (5.43a)
o..o-al—- 0
n-1
o..aLo 0 |
n = -
[01, Oor = o o4 cn]u(t). (5.43b)

The block diagram realization of the state space repre-

sentation (5.43) is shown in Figure 5.1.

The kth order model is obtained by letting

nj(t) = 0 for k < j < n to get



+ J’+
O

w1

+
v O—
o 2

Figure 5.1. Block Diagram Realization of the Routh System.

GST
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r' . . r ——
AL o . 0 0 é—
6y Sy 1
1 o ... 0 0 : 0
) P
g (0)=| . . s ke + ] o
1
0 0 0 ... 0 =—-—> 0 (5.44a)
S -1
1
i L 0
K 0 0 = 0 | o |
Yk(t) = [O'll 0'21 e o ey O'k]nk(t) (5.44Db)

where nk(t) approximates the first k §- and o- parameters
and has the property of matching the first k Markov
parameters of the system and the model. However, it

is a high frequency approximation, since no reciprocal
transformation has been used.

The Schwarz version begins with the realization



z(t) =

where the yi's are given by the equation (5.33) and

similarly, this state space representation has its

y(t)

[}

0 . .. 0 0 fb

1 . 0 0 0

) ) .

0 . .. 0 1 0

o . . . -y -y 1
2 1] Lt

[Cnl Cn_lr e o ey Ei]z(t)

associated block diagram realization shown in

Figure 5.2.

found the kt

2 (t) =

)

. . . O 0
. L] L 0 0
. LJ . 0 l
_ “n-k+1,1
ot Yn-k+2

In deriving this scheme, Lucas et al.

h order model to be
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u(t)

(5.45a)

(5.45b)

[82] have
[0
0
z (£)+] | (b)
0 (5.46a)
k




Yy 3 3 +
g ———ig— Qi
63 -~ En-l C,I
»[ L
“1.s
%

'7
I
v

Z2

€1
C}*‘l F“‘$C>" 1 £O->] L
s _} - s |z f\ s |z
n n-1 A ne-2
Y1 Y3 Yn
Y2 . e e Yn-1

5.2.

8ST

Block Diagram Realization of the Schwarz System.
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Yk(t) - [énl Cn_ll ’ Cn_k+l]zk(t) (5.46b)
where
r r r x
K= —ob = 0 AL oadketd o s5 8 o
Tn-g-1 11 Fa21 Fn-k-1,1 pok=ld.
(5.47)
2, approximates the first k components of z. Using
equations (5.33) the system (5.46) becomes
[ o 1... 0 0o (0]
-1 0 . 0 0 0
sndn-l
zk(t)= . zk(t)+ . u(t)
0 0 0 1 of (3-48)
-1 1
0 0. .. zFr—— e K
L n-k+28n-k+1 6n-k+1__ i J
v (t) = [e rc yr « « «v C 117 (B (5.48b)

The approximation retains the last k §-parameters.
Hence, the model will have the low frequency character-

istics of the system.
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Using the following transformation

... 0 -
0 0 ka1 Sy

0 0 . . 'Gn—k+l"'6n_1 0

2 (e)=) ~ ' ' N (t)
0 Spke1bn-xe2 = - ¢ 0O 0
(5.49)
L-6n-k+l 0 e o o 0 0 J
the Routh counterpart is found to be
1 1 0 0 ] C 1]
Sn-k+l OSp-k+l I
3 L 0 .o . 0 0 0
n-k+2
r.wk(t)= : : : ’ n(t)+ : u(t)
0 0 R — 0 (5.50a)
Sn-1
1
0 0 . . = 0 0
L Sn i B ]

1
Yi(t) = [0 p,q0 - « -0 oplnglt) (5.50b)
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By comparing Equation (5.50) with (5.32) and (5.26),
it can be seen that the transfer function of the model

(5.50) is

Gk(S) = 1 (
l+5n-k+ls+

n ' (5.51)

Therefore, the Schwarz approximant cén also be written
as a continued fraction. It is not, however, necessary
to invert this continued fraction to obtain the reduced
transfer function. The denominators and numerators of
the model transfer functions are generated by successive
pairs of rows in the § and o-arrays respectively. How-
ever, by reformulating the § and o-arrays, it is possible
to exhibit the reduced transfer function coefficients in
single rows of each array. To determine the Schwarz
’approximation of G(s), Lucas [82] derived the so-called D
and N tables which are different from the § and o-tables
used in the Routh approximation.

Given

n-1 n-2
Bls +st +...+Bn

G(s) =
n n-1
OLOS +0Lls +.. .+0Ln
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The D and N tables are:

D Table

OLO Ctl 0(.2> 0(.3. P ¢4

(5.52)

L L
Oy 0 0y o . . .
' ' %0
where 0y = oy 0q =0, ~ EI g
a' = a a' - a —-— (.X_Q- a
3 3 4 4 aq 5
and so on.
N Table
B B B
1 2 3 B4 . Bn
al 0 CX3 0
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. g
: By
By = By B5=‘35'EI°‘5

and so on.

If each row and column containing a separating
zero is omitted, we obtain the 8- and o- tables associated
with G(s). The D and N tables do not have to beAcompleted
to obtain the Lucas-Schwarz approximation. For example,

the (n--l)th order Schwarz approximation of G(s) is

(5.54)

5.4.1. Time Moment Matching Property

Most of the order reduction technigques do not match
some of the first-time moments between the system and the
model. This leads to steady state errors in the responses
to step and polynomial inputs. The time moment matching
property is essentially a match of time moments of the
system impulse response to those of the model.

th

The n order transfer function of the system

(5.15)
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can also be expressed in terms of the system impulse

response g(t) as follows

o]

G(s) = [ g(t)e Stat. (5.55)
0

‘

st

The power expansion of e about s = 0, leads to

oo 2 2

Stat = [ g(t){1-st+s® & +...)at
0

G(s)

g(t)e_ T
) 5

o ] o 2
fog(t)dt—s / tg(t)dt+52 f -;—, g(t)dt+...
0 0o “°

- 2
= m, + mls + m2s + ... (5.56)

where the constants mi's are related to the time moments
Mi's by the following relation
(-1t

-t~ - (5.57)
m., = ——y— f t g(t)dt = _J'.—!_Ml .
. 0
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Furthermore, from the direct division of equation (5.25)

the constants mi's are also given as follows:

Bn
Mo = o
n
l i
m, = —[B__. - a__.m, ] (5.58)
i a "n-i j=1 n-j i-j

for i =0, 1, . . .

To overcome the steady state errors in the responses
to step and polynomial inputs, the Schwarz approximation
may be modified to build in the time moments matching
property. The denominator of the reduced transfer func-
tion is still computed from the D-table to insure
stability. But the denominator is calculated by equating
the coefficients of si in the power series expansion,

h

for i=0,1, . . ., k-1, (for a kP order model) ,

between the system and the model transfer functions.
This guarantees that the same steady state responses
are given by the system and the model to step and poly-

nomial inputs up to degree (k-1).
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5.5. Modified Schwarz Approximation

Consider the nth dimensional, asymptotical stable,

completely controllable and observable system

z (t)

Asz(t) + Bsu(t)

Il

y(t) = ¢ z(t)

where the matrices As, B_ and Cs are obtained from the

S
equations (5.2), (5.14) and (5.15).
Let K be an nxn symmetric positive definite
matrix
o T

gk = [ ePstp_pTePstat
0 s°s

and satisfying the Lypunov equation

T T _
s * BB, = 0, (5.59)

ASK + KA
Using equations (3.50), (3.57) and (3.58), the expres-

sion (5.59) becomes:

W o=W (5.60)
where
— — Kﬁ En
Z = Zn = _ _
Fn Zno1 (5.61)

n(n+l) x'n(n+l)
2 2




gl

= T
V= [k lll’kln’kZZ""'k2n""’knn] lXn(n+1)

2

117K927

W=[0, 0, ..., O, l]Tlxn(n+l)
, B

To demonstrate, consider n = 5 in which case

"0 2 0 - 0 0

il
(51}
]
o
t
=<
S
o
[
o

167

4
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and
[0 2 0 (] 0 0 0 0 0 0
-y, 0 1 0 1 0 0 0 0 0
0 ~y; O 1 0 1 0 0 0 0
0 0 Yy Y 0 0 1 0 0 0
= - 0 0 2 0 0 0 0
Z, - 0o -2y, O
0 0 -y, 0 =-y; O 1 1 0 0
0 0 0 -y, 0 -y, -y, O 1 0
0 0 0 0 0 -2y, 0 0 2 0
0 0 0 0 0 0 vy ~Y, YV 1
K 0 0 0 0 0 0 0 -2y, -2y,
-l e
After some simple algebraic manipulations, we have
kij =0 for i #¥3j, i,j =1, 2, 3, 4, 5
and
Ky = ——— ks, 4, fori=1,2,3,14,5
Yn-i+l !
1
k = e
55 271

thus
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K = diag{ 1 L L L 1
- (4 4 r 14
2Y1Yo¥3Y4 Y5  2Y1YaY¥3Yyq' 2YyYaY¥3y' 2Y1Yp' 2V,
In general, _
kij=0 for i1 # j and i,j =1, 2, ..., n
_ 1
kis =y oy Sivl, i+l
or
ki =3 1 for i =1, ..., n=1  (5.62)
5 Y1 ¢ 0t Yn-isl
and
_ 1
Knn = 2y, -
Hence,
. 1 . 1
K = diag{ r e o« . 5=—1} (5.63)
2Yl. - - Yp 2Yl
Qr:
K=diag{2r 1 3 1 ’..., 1 }-

, 1
n-1,1%n,1" %*n-2,1%n-1,1 2T91%11
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Astrom [13], working in the frequency domain, has de-
rived an equation, equivalent to the time domain
equation (3.50). To introduce Astrom's result, let

the impulse response enerqgy be

1 3
= 5= [ G(s)G(-s)ds (5.64)
mj L
where G(s) = C(sI—A)_lB
Let g(t) be the impulse response, i.e., the inverse
Laplace transform of G(s), is g(t) = celtn
From Parseval's theorem, equation (5.64) can be
rewritten as
2 ® T
[lgll© = [ g(t)g™(r)at
0
or
_ 2 _ 2
E=|]g]|® = [ g%(t)at (5.66)
0
where ||g|| is the RMS value of g(t). -
Astrom [13] has shown that
2
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where o; and Gi are obtained from the 6- and o- Routh

arrays or the D and N tables for G(s).

h

Let gk(t) be the impulse response of the kt order

Routh or Schwarz approximant, i.e., the inverse Laplace

transform of Gk(s). Then
o1 e
Ek = 73 {j(;on(S)Gk(-S)ds
or
%
B = Bk-1 T 75, (5.68)
s2
I 2rk_1%'l
kl'k-1,1
&
for k=1, 2, . . ., n, and E, = 0.

Since all the Gi's are positive, it follows from [61],

that

Hence the impulse response energies of Routh or Schwarz
approximants converge monotonically to the impulse response

energy of the system.
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To estimate the participation of each state
variable, Hutton et al. [61l], proposed to evaluate its
contribution to the total impulse response energy to the
output of the system, by computing the ratio Ek/E' The
order of the model is then determined by picking the smallest
k for which the RMS value ||gkl| is greater than about 90
percent of ||g||. For the same purpose, Arumugan et al.

[11] proposed the following comparison process:

'Y_.
(a) IfY—n_—l—>1o for i=1, . . ., n-2,
n-i-1

then the comparison is successful, where the figure 10
is found to be satisfactory for the problems considered
by the authors. This figure depends upon the variables

of interest to be retained in the model.

Yn-i

(b) If < 1 the comparison process is

Yn-i-1

termined.

{c) 1If no comparison is successful, then the eigen-
values of the system are of the same order of magnitude,

which implies that no reduction is possible.

th

If the i comparison is the last successful one,

h order, where

then the system can be reduced to the kt
k = n~i and the last i state variables are assumed to

have negligible effects.
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This comparison process is similar to Davison's
dominance criterion [34 1, since the diagonal elements
of the matrix K dictate the contribution of the input
to the states. For the purpose of this analysis, the
states to be retained are those associated with the
elements of the diagonal matrix K with the highest magni-
tude. Once the dominant state variables are selécted,
the Yi's that are left are rearranged to give the

following kth order reduced model:

[0 1 .. o 0] 0]
-Yﬁ o . .. 0 0 0
z, (£)= | . i ) Az 0+ | ue (5.69)
0o 0 .. 0o 1 0
! —_ !
] 0 0 e . Y5 YkJ _l_

Yy (£) = [E]'c, . . Ei]zk(t)

and transfer function

' k-1 ]
Bls + ... + Bk

Gy (s) = —¢ k=T .

(5.70)
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In order to determine the ui's and Bi's, let p, (s) be
the characteristic polynomial of the submatrix comprising
the last k rows and columns of the Schwarz matrix As

of equation (5.15), then .

pO(S) =1

pl(s) s + v,
p2(s) =s" + vys + vy,

(5.71)

Il

Py (s) sPZ-l(S) + szg-z(s)

p(s)==pn(s) = s + a;s + ...+ a

po(s) is chosen so that the recursive definition of
py(s) is valid for £ > 1.
Equations (5.71) can be grouped to form the following

matrix equation
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r{:0(5)... Py (s)  Py(s) My 0 . ..0 o
' (s)
S ) pl(S) pl s l . . 0 0
. . . . Y - - T4
n-1
s cee Py (8) g (8) sPlgn-2 . L
~sn cos spn_l(S) Pn(s) st oML -+ 5 1
where q _;(s) = (p (s)-t .y | .,4)/s. (5.72)
The (n+l)x(n+l) matrix T4 is given as follows:
- -
S P R O e |
0 tr2 ¢ ¢+ tan topn
T4 = * ° ° (5.73)
0 0 T . tnn+1
_0 0 o e e 0 tn+l,n+l
.
where
0 for i > j
tij = 1 for i =1 and j =1, ..., n+l (5.74)
'Yl fO!.' i = 2 and j= 2, e e 0 n+l
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and
for i = 3, ..., n+l and i =3, ..., ntl

Hence, p,(s)= t1,£+lsz+ ty 41S Tt Ll 4+ t2+1,£+1 (5.75)
r

Therefore, the coefficients ai, . e ey ai of Gk(s) are

determined as follows. Let

0 for i > j
' -
tij = 1 for i 1 and j>1
yi for i = 2 and j > 1
and
' = ' ] 1
ti3 = %i,5-1 7 %i-2,5-275-1

for i =3, ..., k#1 and 9§ =3, ..., k+l.

Also let Ek(s) = X+ aisk-l + ... + ai be the character-

istic polynomial of the model state matrix, then from

equation (5.75),

— k k=l 4 L+ g
P (8) = tins © F2,k41® k+1,k+1
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thus

241, k+1 (5.76)

and
| - ! =
% = f1,x+1 = 1
Similarly, since the system and the model are supposed

to have the same first k time moments, then from

equation (5.58), the coefficients Bj's are given by
L
8y = qg,m, + o) .m, .
kog = Gpmy Zl KeiMg- (5.77)

for £ =0, 1, . . ., k=1. To determine the outout vector

C8k’ we first need to find 6!,..., 6&, using eithier the

following sequence

] ] 1 ] L
sp = by ok, 5y = oxZy, 6y = T3, sy = A
: T T P
oyp" "2 o vy” 730 vyt T4 oYyt S Y3Ys
or the 6. array with ai,..., ai. Similarly, ci, .y oi

are found from the o array, with Bi, ooy Bi. Finally,

the components of the model output vector c8k are given as

1
-1 ok

Cc, = =4 for i =1, ..., k
i 61...6i

This technique can be summarized by the following algo-

rithm.
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5.5.1. Modified Schwarz Approximation Algorithm

Given the state space representation (in canonical
form), or the transfer function of the system (5.1),
(1) Construct the denominator and numerator Routh

arrays using equations (5.27) and (5.28).

(2) From equations (5.11) - (5.15), find the
similarity transformation matrix T, and the Schwarz system.

(3) Using equation (5.62), form the Lyapunov matrix K.

(4) Determine the time moments of the origin system,
using equation (5.58).

(5) Compute the impulse response energies and the
ratio Jk = 100(Ek/E)’ for k=1, ..., n.

(6) Find the value of k for which (lOOEk/E)> 50, where
the figure 50 seems to be very satisfactory for all the
examples considered.

(7) Select the k diagonal elements of the matrix
K, with the highest magnitude, and their associated states.

(8) Rearrange the remaining components of the
Schwarz matrix, according to equation (5.69).

h order model

(9) Find the coefficients of the x*
transfer function (5.70), using equations (5.76) and
(5.77).

We now illustrate this algorithm by the following

example.
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5.6. Illustrative Example

Consider the following Sth order system matrices:

F 0 1 0 0 0 |
0 0 1 0 0
A =
0 0 0 1 0
0 0 0 0 1
_:2.37305 -7.25625 -9.49688 -7.5625 —3.65J
[0 ]
0
B=1|0 and C= [9.775, 7.125, 5, 6.5, 11.75]
0
1

and transfer function

_ 11.755%+6.553 +55%47.1255+9.775
H(S) = 5 3 .

s2+3.655%47.56255°49.496885%+7.256255+2. 37305

The following calculations then follow.



Denominator Routh Array

7.25625
2.37305
0
0

Numerator Routh Array

1 7.5625
3.65 9.49688
4,96062 6.6061
4.63614 2.37305
4.06696 0
2.37305 0
11.75 5
6.5 7.125
-25.57215 2.13573
-1.53111 0
15.22507 0
0 0

The system poles are:

A

1

P
w N
]

~0.45 + j1.35

-0.45 - 31.35

~0.75
-1 + j0.75
-1 - j0.75

9.775

o O O o o

o o o o o o

o O O o
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then

1 'Yi
1 3.65

2 4.96062
3 1.27018
4 0.81985
5 0.51186

§.
i

0.27397
0.73579 -
1.06999
1.13995

1.71381

181

T,
1

3.21918
1.31032
-5.51583
~0.37648

6.41582

The similarity transformation matrix T, is given by

[ 1 0
0 1

T, = | 0.51186 0
0 1.33171

0.65015 0

0

2.60188

The Schwarz system matrices are then:

0 1 0
-0.51186 0 1
0 -0.81985 0
A =
0 0 -1.27018
0 0 0

1

0
-4.96062

-3.65
.4

=S



and

This system is stable, controllable and observable.

c

[15.22507,

-1.53111,

Lyapunov matrix is found to be

K = diag{0.05181, 0.02652, 0.02174, 0.02761, 0.136991}
and

i m, Ei Ji(%)

0 4.11917 0 0

1 -9.59303 18.91267 40.78835

2 14,9555 20.07939 - 43.30459

3 -17.72749 34.29654 73.96625

4 23.5422 34.35871 74.10032

5 -35.68313 46.36783 100

-25.57215, 6.5,

Since Jy = 73.96625 > 50, the order of the
model is 3 and the three diagonal components of K with
the highest magnitude are kll' k44 and k55, and the

corresponding states are x,, x, and x.. Therefore, the
1 4 5

rd

3 order model has the following representation
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0 1 0 0
z,(t) = [-1.27018 ' 0 1 jz5(t)+ [0 [ u(t)
0 -4.96062 -3.65 1

y3(t) = [-12.14768, -18.80907, 24.53872]23(t)

and transfer function

19.097125%+18.80907s+24.59872
Hy(s) = =5 )
53+3.6552+6.2308s+4.63615

d

The 3r order model is stable, controllable and observable.

From Figure 5.3, we can see that the model step
response tracks the system step response.
For comparison purposes, we have also plotted, in

h

Figure 5.4, the step responses of the 5t order system,

4th, 3rd and 2nd order models,
where
H4(s) - 12.45916§3+2.43484§2+3.35094s+2.61698
S +3.6557+6.742665°+6.50445s+2.53914
and
Hz(s) - 2g.43364s—32.5524l

87+3.65s5+4.96062
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From the plots of Figure 5.4, we notice that the
major difference on the responses of the models is on the
transient part of the outputs, and the only model with a
minor difference from the response of the system is the

rd

3 order model.

5.7. Conclusion

In this chapter we have described the Routh and
Schwarz approximations and their link. We have also
introduced a new version of the Schwarz method. This new
scheme combines the advantages of the Routh and Schwarz
and can be used either for time domain or frequency domain
design of reduced order models. An example has been
worked out to illustrate the goodness of this new

procedure.
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CHAPTER VI
CONCLUSION
6.1. Work In Retrospect

In this dissertation an attempt has been made to
present, in an unified way, a survey of the existing
technique of system order reduction. Due to the number
of more commonly used methods and their characteristics,
if one is interested in investigating some aspect of
performance of order reduction problem, one should select
the most appropriate method or a combination of methods
to achieve one's goal. Unlike in any other theory, the
order reduction problems have approximate solutions only.
However, most practical objectives are not concerned
with exact models, but rather with the ability to approxi-
mate systems which may be in some sense exactly reducible.
Furthermore, the exact models are difficult, if not impos-
sible, to obtain. Therefore, a better understanding of
the exactness of the model will assist in defining rational
approaches to the approximation problems.

Some of the techniques have characteristics such
as the measure of the degree of controllability and/or

187
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observability of the system. In Chapter III, a new
algorithm for the computation of the controllability and
observability Grammians is presented. This chapter
introduces the mathematical material to be used in the
chapter following it. Chapter IV uses the combination

of the aggregation and state feedback concepts to develop
a technique that yields a reduced order model whose steady
state output covariances and Markov parameters match

those of the original system.

This aggregation method seeks to form a model whose
state vector is a projection of the system state vector.
The projection is made on the most confrollable subspace of
the state space. Therefore, the controllability Grammian is
used to define a measure of the controllability in certain
directions of the state space. The reduced model is
then obtained~by truncating the least controllable state
variables of the system. The advantages of this approach
over other techniques is that it uses the projection of the
original system and does not change the input and output
vector dimensions. Hence,’the method can be used for time
invariant model reduction, time varying model, as well
as for controller reduction.

Chapter V describes in great detail the Routh and

Schwarz approximations and introduces a new version of
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the Schwarz approximation that matches the first r time
moments of the system to those of the model. Unlike the
Schwarz technique, this approach utilizes the impulse
response energy of the system to predict the order of the
model and the controllability Grammian to select the states
to be retained in the model.

In Appendix A, a critical review of Eitelberg's
model reduction technique is given in which it is shown that
if the models obtained by this method are not controllable,
then they are unstable and vice versa. 1In Appendix B, an
algorithm for the computation of the frequency reponses

of the system and the model is presented.
6.2. Directions for Future Research

The theory presented in the previous chapters relies
on the use of the controllability Grammian. An interesting
extension of this theory would be to include the obser-
vability Grammian to that the dominance measure would
indicate the choice of the measured_and manipulated variables
which maximizes the controllability and observability
Grammians of the system.

Similarly, the aggregation method of Chapter IV
could be improved using the combination of the algorithms
derived by Kwong [73] and Miminis et al.v[88]. Further-
more, despite the need of model reduction of systems

operating under varying conditions in areas such as
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aerospace control, navigation systems, etc., the time
varying model reduction has not attracted much attention.
Therefore, a more general version of the time varying
analogy of the method proposed in Chapter IV deserves
to be investiéated. Another avenue for future research
involves the further development of the téchniques presented
in the previous chapters to include one of the following
items:

(1) controller or estimator reduction

(2) distributed system reduction

(3) delay system reduction

(4) two dimensional system reduction

(5) simplification of the singular systems with

uncertainty.
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APPENDIX A

Equation Error Technique

Given an n-dimensional system,

x(t) = Ax(t) + Bu(t)

Cx (t)

y(t)

Eitelberg [41] proposed a technique to determine the m-

dimensional model:

% (t)

Ari(t) + Bru(t)

1l

§(t) = C &(t)

where the state vector X(t) reproduces the desired com-
ponents of x(t) and/or their 'linear combinations, such
that x_(t) = Rx(t)

where R is an mxn reduction matrix and xr(t) contains all
the components that influence the output directly so

that C = CrR

In order to determine the parameters of the model,

the author took the following approximation

204
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®(£) = x_(£) = Rx(t)
and used the equation error

d(t)

ér(t) - A_x_(t) - B_U(t)

instead of

d(t) xr(t) - X(t)

To derive the following reduced order model

matrices,

A = rasRrT (rsrT) "L
B. = A_RA 1B
r X
where
® at, -1 7 AT
s = [ 2P aTipygaie) TP tat
0

and Q is a weighting matrix.

Note that the author is assuming that the original
system is asymptotically stable, i.e., Re{Ai(A)}< 0, for
1 < i < n and completely controllable. Hence, if Ai

is an eigenvalue of A and vy its associated nonzero

. - -1 _
left eigenvector such that viki —.viA or viAiA = viI,

-1 _ -1
then viAiA B = viB # 0 and A "B # 0.
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Therefore, RA-lB # 0. Otherwise, no reduction takes
place. The purpose of this appendix is to show that the
models obfained by the equation error approach are uncon-
trollable, if they are not asymptotically stable, i.e.,
Re{xi(Ar)}Z()for 1 <i<m, and vice versa.

(1) First, we have to show that if the model is not
asymptotically stable, then it is not controllable and the
transfer function of the model is reducible. 1In other
words, more order reduction with pole shifting needs to
be done. . Let Ai be an eigenvalue of Ar and suppose that

Ai = 0. Let the characteristic polynomial of A be:

_ ,m m-1 =
P(Ag) = Ay + &4 toeeo H g _gA HE =0,

From the Cayley-Hamilton theorem, we have

m-1
Ay T4+ EAL + Ll F Ep1®p ¥ ELI =0

Ai =0 and .p(Ai) = 0, then gm = 0 and

A" is a linear combination of Am_l, . ey A2, A_. Now,
r r r r
consider the model controllability matrix,

m-1
[B., AB, . . ., A "B

Mo

since

-1
Br ArRA B

I

it follows that
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a8 ... o |
_ m-1
Mc— [Ar,---, Ar ] . .
0 .. .| .
- .
But rank RA™IB = m, hence
Rals . . . 0o ]
. 2 m
rank =mn~ and rank [Ar,..., Ar] < m.
-1
[0 ... RAB

Therefore, rank Mc < m, and the model is not controllable.

(2) We now show that, if the model is not control-
lable, then it is not asymptotically stable. The Popov-

Belevitch~Hautus (PBH) controllability test stated that:

If a model is not controllable then there exists a

nonzero left eigenvector 2 of Ar with Ai, its associated

eigenvalue, such that

vi(AiI - A, Br) = 0.

In other words, there exists a nonzero left eigenvector

of Ar orthogonal to all the columns of Br' i.e.,
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From the Cayley-Hamilton theorem, we have

m m-1 _
A+ gA T+ ..o+ E A +ET=0.
The pre- and post-multiplication of this matrix equation

by v; and R 1B yields

m_ -1 m-1_ -1
V;ARATTB + E;v;A T RATB + .

-1 -1, _
-+« + & JVARANB 4 E V,RACB = 0.

This equation can also be written as follows:

RA""B . .. O £l
v, [a S ' © |+t vrals=o0
i r,--o,r mi R
0 .. .RiB|| 1
L J L g
We can now prove the second part by contradiction. Sup-
pose that the model is controllable, but unstable, that is

Ai = 0, then gm =0
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-1 _ -
[rRa™B . . . 0 € 1
m - . . _
vi[Ar,...,Ar] =0
|0 .. RA'qu 1
or
- -
E"m—l
-1 m,,. =1 _
[viA RA "B,...,v A RA "B] . =0 .
1
L. -
-1

Since Br = ArRA B and gi # 0 for 1 < i < m-1,

we have
m-1 _
[v.B_, v,A B, . -r VAL Br] = 0
and
m~1 _
[viBr, xiler, . .y Ai viBr] = 0
But A. = 0, hence
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[wv.B., 0, . . ., 0] =0
or
fL, o, . . ., O]\)iBr = 0. ’ .

Thus, viBr = 0. This contradicts the assumption that
the model is controllable, The model is uncontrollable,
if it is unstable.

Therefore, the equation error method cannot be
used if the high order system has very sensitive eigen-

values or an ill conditioned state matrix.



APPENDIX B

Computational Method for Evaluating the Magnitude
and Phase of the Frequency Response of a System

Many small computers have compilers without the
capability of complex arithmetic. To overcome this
drawback, we will introduce an algorithm for the compu-
tation of the magnitude and phase of the frequency
response of a continuous time invariant linear system,

that does not require any complex arithmetic.

Problem

Given the transfer function

m-1

m
+ Bls + ... + B

BoS m _ q(s)
n n-1 ~ p(s)
OLOS + ocls + ... + Q

H(s) =

where n > m and =1

%

B ., B 1.

or given the sequence {ao, Uyr o o wr Opy By
Determine the magnitude |H(jw)| and phase X H(jw),
associated with H{(s).

Let the complex number s = a + jb, where a and b

are real numbers and j = V-1, and
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be a skew symmetric matrix.

To solve the problem above, we shall derive an algorithm
which is based upon the mapping s<-»E. 'The -matrix E is
also a normal matrix, it commutes with its complex conju-
gate transpose,

We now investigate the properties of the map

a b
s = a+ jbd—pE =
-b a
a ~-b
s* = a - jb€¢—3»E* =
b a
2al

n
+
n
*
I
N
o}
]
+
=
*
1l

0]
0]
*
]
V]
+
o
=
=
*
]

E*E = (a2 + b2)I2

where I, is the 2x2 identity matrix. Then, this mapping

2
preserves addition and multiplication, and it is
actually an isomorphism. Therefore, E has all the

properties of a complex number, and in particular,
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the following property

S €«———>F

s2 = (a+3b)? = (a®-b?%) + j2ab<—>E® = X

s3 = (a+ib)? = (a-3ab?) + j(3a’b-bl)e— S B3

where ,
5 a3-3ab®  3ap-b3
E =
~3a%b+b>  a3-3ap?
then
| ref(atimyt}  Im{(atib) )
st = (a+jb)l<—-——e‘—E3L =

—Im{(a+jb)i} Re{(a+jb)i}

To determine the expressions for Re{ (a+jb)*} and
Im{ (a+jb) '}, we have to use either Pascale triangle

or the following two tables:
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n an-2b2 an—4b4 an-6b6

n a . . .
1 1 0 0 0 . e .
2 1 -1 0 0 e e .
3 1 -3 0 0 .« e .
4 1 -6 0 0 . e e
5 1 -10 5 0 . .

6 1 -15 15 -1 . e .
7 1 =21 35 -7 « e .

TABLE 1. Coefficients of Re{(a+jb)n}

Imaginary Part

n an-lb an—3b3 an-5b5 an--7b7 . . .

1 1 0 0 0 . .
2 2 0 0 0 e e .
3 3 -1 0 0 . e .
4 4 -4 0 0 .« e .
5 5 -10 1 0 o e e
6 6 -20 6 0 « e e
7 7 -35 21 -1 . . e

TABLE 2. Coefficients of Im{(a+jb)"}
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since
Re{si} Im{si}
st = (a+jb)l<é—%>El =
-im{s'} Re{s"}
_ n n-1
and p(s) = a, s + ays + ...+ o, S + ooy
_ n n-1
then p(E) = uOE + alE + ... + an_lE + unIZ
where
n n
Re{s '} Im{s"} 1 0
p(E) = g i, . to.e. + ooy
-Im{s '} Re{s '} 0 1
n n-1
aoRe{s }+alRe{s + ...+ a
p(E) =

n n-1
—a Im{s"}-o;Im{s" "}- ... —a,_,Im{s}

n—l}

n
aOIm{s }+a., Im{s + ... + an_lIm{s}

1

n-l}

n
aoRe{s }+alRe{s + ... + 0

n~1

n
+ ... + 0
Re{aos +0., S n}

1

n n-
- o + ... + 0
Im{aos +0, S n}

n -
Im{aos +a,8 + ... + 0_}

n -
ee. +
Re{aos +0,S + o}
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Re{p(s) } Im{p(s)}
-Im{p(s)} Re{p(s)}
Hence p(s) €«<————> p(E),

and

1 Re{p(S)}

p (E)
0 -Im{p(S)}

Let T be a similarity transformation matrix such that

for b # 0,

-a 1l 0 -1/b
T = and T =
-b 0 1 -a/b

and E =T "ET

0 =-1/b a b -a 1
E =
€ 1 -a/b -b a ~b 0
0 1
—(a%+b?%) 2a

Note that the eigenvalues of E and Ec are Al = g and
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1

Furthermore, Ei = (T ET)Q =T "ET

-1 n n-1
T (aoE +alE + ... + 0O

thus T 1p(E)T L_1E+e I.)T

Iy + ... +

-1l _n -1_n-
aO(T E T)+al(T E

-1
a1 (T "ET)+a T,

aO(T'lET)n+al(T'1ET)n'1 o+

-1
a,_q (T "ET)+a I,
- -1 -
= p(T "ET) = p(E})
and
1 1 1
pE)| |= 1 p@er | |= cirlp(E)TiTTL
0 0 ' 0
0
= Tp(Ec) 1 )
then
Re p(s) 0 -a 1
= TP(EC) [} T =

-Im p(s) 1 -b 0
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Q Q
To compute p(E ) , let z, = such that
¢ 11 0 1o
n+1l 0
Ec zp = and let, for example, n = 4, then
0
(E)=aE4+aE+ ES + E_ + I
Pilg 0 ¢ 1%c T QB T G38s T Oyt
and
0 4 0 3 0 5 0 0
p(E) = gnE + a.B + o,E + o,E
c 111 0%c {4 1%c |4 o2 1 3%c
0
+ o
41
or
10 0 0 0
_ 5 4 3 2
p(Ec) = Ecz0 + aoEc + alEc + azEc
1 1 1
0 0
+ o,E + Qo .
3 c 1 4 1

We now apply Hormer's rule to this expression:



p(Ec)

0
p(Ec) .

From this

0 0
3
0+a0Ec N

E'{E4z
c'c

+0.,E

3
EC{EC{ECZ +0 . E 1B

2
0 "0 ¢

1

) .
{EC{EC{EC{ECZO+ 0Ec . +aq

0
{EC{EC{EC{EC{ECZO+ao . }+a

rearrangement, we have

0
Ecz0 + o Ll] with z0

0
E z., + «o
c’l 1 1

0
Ec22 + uz Ll

1

1

}+a2

1
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»-0—1
z4 = Ecz3 + a3 L
- -
[0
z5 = Ecz4 + a4 1
In general,
0
Z£+l = E z2 + oy L for &2 =0, 1, e o, N
and
0 0
p(E ) = Z_ with 2z, =
c 1 n+1l 0 0
Let o + jB =.p(s) = Relp(s)} + jIm{p(s)} ,
thus
o Re{p(s)1} 1 0
= = p(E) = Tp(E,)
-B -Im{p(s)} 0 1
or

220
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The same procedure can be repeated for the numerator
of H(s).
Let AN and AD be the numerator and denomi-

nator arrays of H(s) defined as

- ’ g -
Bo | o
By a1

AN =i} ° and AD =;°
Bm—l *n-1
Bm %n
L. - L. -

In ordexr to use this algorithm, we have to introduce

the following notation

]

AN(j) = B, for j 1, . . ., m+l

AD(i) = for i=1, . . ., n+l

and
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Given the array AR which is either AN or AD and NM

which is either M or N, compute the magnitude and phase

of gq(s) ox p(s)

(1)

Let NM1 = NM + 1

(2) x1 =20

(3) x2 =0

(4) TA = 2a

(5) TB = a% + b2

(6) Begin I =1, . . ., NMl

(7) Let TC = X1

(8) xl = x2

(9) X2 = TA-x2 - TB-TC + AR(I)

(10) end loop in I

(11) o = X2 - xl-a

(12) B = x1+b

(13) magnitude = (a2 + 82)1/2

(14) phase = tan-l(B/a)
Comments

since Zo41 = BEgZy t ooy : » B =
and xlz

“1 x2

2a
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then
xlov1 )
%2 -(a2+b2)-xl£+2-a-x2 +az
241
or
X1 X2
x25L+l -TB-x12+TA-x22+AR(£)
and
o r—a 1l
= 4
Y -b 0 n+1l
r—a'XIn+l + xzn+l
. -b- Xln+l
Thus,
o X2 w17 a-xln+1
B b.'Xln+l

In control systems theory, the frequency response
of a continuous time invariant system is obtained by

replacing s with jw (i.e., a = 0 and b = w), in the
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transfer function H(s), as w varies between two fixed

values.

Since H(s) = q(s)

p(s)
and
. & H(jw)
H(jw) = H(s)ls=jw=|H(jw)|eJ
. jFgiiw)
(g = |20 e
|p (3w) |e?
) j(4qﬁW)—4prn
_lgliw ‘e
—IP(JW)
then

W | = {238 ana FHGW =4qGw) - #p(Gw)

Let jw) = + ] d j = + o
et g(jw) Oq JBq an p(JW) ey ij

Therefore the algorithm should be used twice to compute

aq, Bq’ ap and Bp so that
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KX H(jw) = tan_l(z—cl) - tan'-l(-f—t—EZ )

q P
Re{H(jw)} = |H(jw)| cos(JH(jw))
and
Im{H(jw)} = |H(jw) | sin(<FH(jw))

]

For absolute stability analysis, it is usually
enough to have a rough sketch of H(jw), since only the
intersects on the real axis of the complex plane are to be
determined. However, for complex systems and system
designs, these computations may be too tedious to handle
and sometimes it may be necessary to know more about the
plot itself before the final sketch is made correctly.
Therefore, based on the previous algorithm, a FORTRAN
computer program is given in Table B.l, for the compu-
tation of the magnitude and phase to be used for the Bode
plots, as well as the real and imaginary parts of H(jw)
for the Nyquist plot.’ The time delay elements can be
included only if a finite number of terms of the
exponential function expansion are retained in the

transfer function.



LR N X X X XN J

10

20

30
a0

S0

60

70

a0
0

226

THIS PROGRAM COMPUTES THE MAGNITUDE AND PHASE

OF THE FREQUENCY RESPONSE FOR VARIOUS FREQUENCIES

N IS THE DEGREE OF THE DENOMINATOR

M IS THE DEGREE OF THE NUMERATOR

NP IS THE NUMBER OF POINTS IN EACH DECADE

ND IS THE NUMBER OF DECADES IN THE FREQUENCY VARIATION

ST 1S THE STARTING FREQUENCY

DIMENSIOGN P{(10),AD(3),AN(2)

KEAL MREAL,MIMAG

REWIND &

NF=10

ND=5

N=2

Mey

N1=N+1

Mi=tel

ST=0. 1

P1=4,08ATAN(1.0)

GAIN=1.0

WRITE (6, 10)

FORMAT (25X, * FREQUENCY RESPONSE®, /)

WRITE (&, 20)

FURMAT (5X, *OMEGA’ , 7X, * AMGS”* , BX, " AMDB" , 8X, "MREAL ",
7X, *MIMAG® , 6X, *PHASE” , /)

DO 30 I=1,Nt ’

HEAD(S, 40) AD (1)

CONTINUE

FORMAT (F16.5)

DO SO I=1,M1

READ (%, &0) AN(I)

CONTINUE

FORMAT (F10. 5)

DO 70 L=1,NP

P (L) =FLOAT (L)

SIGMA=0.0

DO 86 I=1,ND

DO 80 J=1,NP

-OMEGA=STAP (I X (10.0%x(1~-1))

CALL SFECT (AD,SIGMA,OMEGA, ALPHD,BETD,NL)
AMGD=GURT (ALPHD X ¥2+BETDX$2)

CALL CMPHS (ALPHD, BETD, PHASD)

LCALL SPECT (AN, SIGMA, OMEGA, ALFPHN, BETN, M1)
AMGN=SURT (ALPHNSX2+BETNKX2)

CALL CMPHB (ALFHN, BETN, PHASN)
AMGS=GAINXAMGN/AMGD

AMDE=Z0. O3ALOGLO (AMGS)

PHASE= (FHASN-FHASD) $180.0/P1
MREAL=AMGS¥LUS (PHASN-FHASD)
MIMAG=AMGS XS IN (PHASN-PHASD)

WRITE (6,90) OMEGA, AMGS, AMDBE, MREAL , MIMAG, PHASE
CONTINUE

FORMAT (UE12.3,1E11.3)

STOP

END

TABLE Bl. Main Program
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SUBROUTINE SPECT (AR, SIGMA, OMEGA, ALPHA, BETA, N)
DIMENSION AR (N}

X1=0,0

X2=0.0

Ta=2.0¥SIGMA

TE=SIGMA$2+0MEGAS#2

DO 10 L=i,N

TC=X1

X1=X2

X2=TASX2-TBSTC+AR (L)

CONT INUE

ALPHA=X2-X135IGMA

BETA=X 180MEGA

RETURN

END

SUBROUTINE CMPHS (ALPHA, BETA, PHASE)

P124, OBATAN(1.0)

ALP=ABS (ALFHA)

BET=ABS (BETA)

IF (ALPHA.EQ.0.0.AND.BETA.EQ.0.0) THEN
WRITE (&, 10)

FORMAT (10X, "ERROR IN THE COMPUTATION’, /)
ELSE IF (ALPHA.LT.0.0.AND.BETA.EQ.0.0) THEN
PHASE=P1

ELSE IF (ALPHA.GT.0.0.AND.BETA.EQ.0.0) THEN
PHASE=0,0

ELSE IF (ALFPHA.EQ.0.0.AND.BETA.GT.0.0) THEN
FHASE=P1/2.0

ELSE IF (ALPHA.EQ.0.0.AND.BETA.LT.0.0) THEN
PHASE=-P1/2.0

ELSE IF (ALFHA.LT.0.0.AND.BETA.GT.0.0) THEN
PHASE=F I-ATAN (BET/ALP)

ELSE IF (ALPHA.LT.0.0.AND.BETA.LT.0.0) THEN
PHASE=PI+ATAN (BET/ALP)

ELSE IF (ALPHA.GT.©.0.AND.BETA.LT.0.0) THEN
PHASE=~ATAN (BET/ALP)

ELSE

FHASE=ATAN (BET/ALF)

END IF

RETURN

END

227

TABLE Bl (Continued). Subroutines.
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OMEGA AMGE AMDB MREAL MIMAG PHABE

- 1QUE+00 « 100E+01 «428E-01 « 1Q0E+01 =« 424E-01 ~.242E+01
« 200E+00 « 102E+01 « 163E+00 +«101E+01 -+ F07E-01 ~.S10E+01
« 3VVE+QO « 104E+01 « 339E+Q0 « 103E+01 =+ 150E+00 ~,829E+01
« A0VE+Q0O « 106E+OL « SISE+00 « 104E+01 ~.224E+00 =.122E+02
« SO0E+00 « 108E+01 « 706E+00 « 104E+01 =.313E+00 ~, 167E+02
« 6OVE+00 « 110E+04 +«B07E+00 « 102E+01 =2 411E+00 ~,220E+02
« 7QUE+00 «110E+0} « 798E+00 «970E+00 -.510E+00 =~,277E+02
«BUOE+00 « 108E+01 « &S9E+00 « 898E+00 -.S78E+00 ~-,.3II7E+02
« 200E+00 « 105E+01 « 387E+00 «807E+00 - 663E+00 =, 3I9TE+02
«100E+01 « 100E+O} « 131E-02 +«707E+00 ~.707E+00 ~,4350E+02
« 1QUE+O1 « J00E+01 «131E-02 « 707E+00 =.707E+00 -.450E+02
« 200E+01 « 542E+00 - S31E+01 » 156E+00 -« B19E+00 -, 733IE+02
+« SUOE+01 « 349E+Q0 -.914E+01 « $746E~01 -, 344E+00 ~.80ZE+02
«Q00E+OL «257E+00 -.118E+02 . .297E-01 -.255E+00 -—.834E+02
«S00E+01 « 204E+00 ~, 138E+02 «181E-01 -.203E+00 ~-.849E+02
« 6OLE+01 « 169E+00 -+ 194E+02 « 123E-01 ~. 16BE+00 ~,.8%BE+02
«700E+01 « 144E+00 -« 168E+02 . 886E-02 ~s 144E+00 ~.B865E+02
+BOGE+O1 « 126E+00 -« 1B0E+02 «&71E-02 -. 126E+00 ~-,B69E+02
«900E+01 «112E+00 -« 190E+02 «526E-02 ~-. §12E+0Q ~,873E+02

« 100E+02 « LOOE+0Q0 ~.200€+02 « 424E-02 -« 100E+00 ~.B746E+02
« 1Q0E+02 « 100E+00 —. 20UE+02 « 424E-02 =. JQUE+00 —=.87&E+02

« 200E+02 «S0U1E-01 - 2L0E+02 « 104E~-02 -.501E-01 ~.BBBE+02
« 3QUE+02 «» 334E-01 -« 295E+02 +461E-03 -.333E-01 ~-.892E+02
« 400E+02 « SUVE-OL -« 320E+02 « 239E-03 -.250E-01 ~,894E+02
« SO0E+02 « 200E~01 -+ J40E+02 » L46E-03 -.200E-01 ~.895E+02
« H00E+02 « 167E-01 -, 3S6E+02 « 113E-03 -, 167E=-01 =,8V6E+02
« 700E+02 «143E-01 =« 369E+02 «845E-04 ~.143E-01 -.897E+02
« BOUE+02 «12%E-01 | -.381E+02 «L47E-04 -.125E-01 ~.B97E+02
« 900E+02 +111E-01 = 3PL1E+02 «311E-04 -.111E-01 ~,B97E+02
« 100E+03 « WOOE-01 =. 40UE+02 «414E-04 -.100E-0} ~-.898E+02
« 100E+03 « JO0E~01 ~. 400E+02 «414E-04 -.100E~Q1 ~-.898E+02

« 200E+03 « SOVE-02 -+ 440E+02 . 104E-04 -.500E~02 ~-.899E+02
«300E+03 « 333E-02 -. 49UE+02 » 460E-03 -+.33IJE~Q2 ~.899E+02
«400E+03 « 250E-02 -.520E+02 « 239E-03 -.250E-02 -.B99E+02
+ 300E+03 +» 200E-02 -+ S40E+02 « 166E-05 ~.200E-02 -,900E+02
« GONE+O3 «167E-02 ~.356E+02 .115E=05 ~,167E-02 =.9U0E+02
« 700E+03 « 143E-02 -+ S69E+02 «B4SE-06 ~.143E~02 -.9Q0E+02
«BOOE+03 « 12Z5E-02 -. S81E+02 «6b47E-06 -, 1283E~02 ~.900E+02
« RUOE+03 «111E-02 ~.S91E+02 +S511E~06 -.111E~-02 ~-.900E+02
« 1OUE+04 « 1OQE-02 =« &Q0E+02 414E-04. .~ 10QE~02 -.900E+02
[

TABLE B2. Frequency Response

Table B2 gives the results for the transfer

function

H(s) = Gain s+l ' Gain

s%+1.414s+1

|
|
.
o

with s = jw and w varies from 0.1 to 104 rad/sec.



In Table B2,
OMEGA represents
AMGS represents
AMBD represents
MREAL represents
MIMAG represents
Im{H(jw)}.
PHASE represents

in degrees.

Observations

(1)

the frequency w rad/sec.

the magnitude |H(jw)

20 log,, [H(3w)|.
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the real part of H(jw), i.e.,{Re H(jw)}.

the imaginary part of H(jw), i.e.,

the phase of H(jw), i.e.,<H(jw)

If the numerator and/or the denominator

of the transfer function H(s) are given as products of

first order factors,

i.e.,

(1+Tnls)(l+Tn25) . . . (1+Tnms)

H(s) =
(l+les)(l+szs) . . (1+TdnsT
or
1 1 1
(77— + s) (7 + s). (77— + 8)
H(s) = Tann2 * Tnm . Tnl Tnz Tnm
Ta1raz - Tan (Tl‘ + s)(Ti_ + s) (= + 5)
dl a2 dn

Then H(s) has to be changed to the following form:

H(s) =

Gain

B s™ + Blsm'l o, +

B8

m

o s? + a.s?L 4

0 1 ves +

o

n



230

where

TannZ vt Tnm

lesz . . Tdn

Gain =

’ ao =1 and n > m

The coefficients of the numerator and/or the denominator

are then computed as follows:
coef (L) = (—1)2 } (products of the roots taken

2 at the time)

(a) Numerator

roots are —Ti— for i=1, . . ., m

ni
coef (i) = Bi for 1i=0, 1, . ., m
(b) Denominator
1 .
roots are e fori=1, . . ., n
di
coef (i) = a, for i=0,1, . . ., n

1



Using the previous expression, a computer program
can be written to calculate the coefficients of

the transfer function to be used in the algorithm.

(2) The algorithm can be used to compute the

frequency response of a discrete time system, by replacing

s =a+ jb=0¢ + jw with z = eIWT coswT + jsinwT,
then
(o] w
E =
-w O
becomes
coswT sinwT
E =

-sinwT coswT

E is a rotation matrix, and it satisfies all the properties

jwT jwT

of e . The map e <> E is an isomorphic map.
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