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Model Reduction Via Limited
Frequency Interval Gramians

Abdul Ghafoor and Victor Sreeram, Senior Member, IEEE

Abstract—An improved frequency domain interval Gramian-
based model reduction scheme for discrete time systems is pre-
sented. It is first shown that two of the main results presented
in the model reduction method of [20] are incorrect. Improved
methods which overcomes these shortcomings are then presented.
Improved methods not only yields stable reduced-order models
but also have easily computable frequency response error bounds.
The method is further extended to 2-D separable denominator
system approximation. The simulation results show the effective-
ness of the proposed scheme.

Index Terms—Balanced truncation, interval Gramians, model-
order reduction, 2-D systems, frequency domain Gramians, fre-
quency weightings.

I. INTRODUCTION

HE balanced realization has been a significant contribu-
T tion to system theory, especially, its application to model
reduction known as balanced truncation [8], [13] which can pre-
serve stability and give an explicit bound on frequency response
error [3], [2].

Ideally, it is important that the reduction error between
the original system and the reduced-order model is small for
all frequencies. However, sometimes, the reduction error is
more important over a certain frequency band than over other
frequencies. Enns [3] has extended the balanced truncation [8]
method to include frequency weightings. However, the Enns’
method may yield unstable models for two-sided weightings.
Gawronski and Juang [4] proposed a new balanced related
model reduction method based on the concept of Gramians
defined over a desired frequency interval for continuous time
systems. A similar method also appears in [1]. However, the
drawbacks of Gawronski and Juang’s method are that it can
yield unstable reduced-order models for stable original systems
and there are no a prior bounds on the approximation error.
Inspired by Wang et al. [18], Gugercin and Antoulas [5] mod-
ified the Gawronski and Juang’s method [4] to obtain stable
reduced-order models and error bounds. In [20], Wang and
Zilouchian have extended the technique [1] (which is similar to
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[4]) for discrete-time sytems (Please also see [9] and [17] for
corrections and authors’ reply to the paper [20]). In the paper
[20], the authors provide a proof of stability of reduced-order
models and derivation of error bounds. In this paper we first
show that both these results are incorrect. We then present
some simple improvements to the method [20] to overcome
these shortcomings. The improved methods have the following
advantages: (i) guaranteed stability in the case of double-sided
weighting and (ii) easily computable frequency response error
bounds. Furthermore, this method is also extended to approxi-
mate 2-D separable denominator systems.

II. WANG AND ZILOUCHIAN’S TECHNIQUE
Consider a stable system Hy(z) = Cy(zI — A1)"'By + Dy,
where {Al S %n>@17 B € §R”X‘1, C, € §Rp><n7 D, € %pxq}
is its minimal realization. The equivalent time and frequency
domain controllability and observability Gramians

k=00
P.= " AbBBY (AT
k=0
L[ —jwy 1 T T juw)~1
=5 (I—A1e™7¥) BB (I-A7e’)  dw
k=oc0
Qo = Z (Af)k C{ClAif
k=0
I T jw\~1 ~T —jwy 1
=5 (I—Ale ) Clcl(I—Ale- ) dw

respectively, satisfy the following Lyapunov equations:
AP AT — P.=BBY )
AT QoAL — Qo = Cf C1. (@)

Definition 1: [20] The frequency domain controllability and
observability Gramians are respectively defined by

1 L -
Po=-— [ (I—A1e ) ' ByBY (I - ATe/) ™ duw
2 Sw
1 o o
Qur = - / (1= ATe) " OT 0y (1 - Aye) ™ dw
’ 27 Sw
where éw = [wy,ws] is the frequency range of operation and

0 € w; < wy < 7. Note that due to symmetry of the Fourier
transform, the integration is carried out over the intervals
[w1,ws] and [—wsa, —w1] (see also [6]). This will ensure that the
Gramians are always real.

The Gramians P.; and (., respectively, satisfy

APAT — Pt X =0 3)
AT Qo A1 — Qor +Y =0 “4)
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where

X = FBBf + B,B{ F* 6))

Y =Fclo,+ctfer (6)
. _wg — Wi i " _ —jw —1
F = y I+ o (I Ae ) dw (7)

Jbw

and F’* is the conjugate transpose of F'.

Remark 1: Note that for éw = [0, 7], the Gramians P, = P,¢
and Qo = Qof-

Simultaneously diagonalizing
Gramians P,y and QQo¢, We get

the frequency domain

TTQuT = T7'PfT™" = diag {o1,09,...,0,} (8

where o; > 0y41,2 = 1,2,...,n — 1l and 0, > 0,4;. Trans-
forming and partitioning the original system, we get

. A A

A:TflA T = 11 12:|
! |:A21 Asy

H_a—1p _ | B

B=T "By = {Blz

C=CT=[Cy C]

where A7 € R"™*". The reduced-order model is given by
H, (2) = C11(zI — A11)" By + Dy
Theorem 2: ([20, Th. 5.2]) If the system (A1, B1,C4) is
asymptotically stable, controllable, and observable, then every
reduced-order subsystem is also asymptotically stable.
Theorem 2: ([20, Th. 5.6]) The error bound for the frequency
weighted model reduction technique is

2 n
|Gy (2] = Ay) " By — Cra (2] — Ayp) " Bui || < 5 3 o
k=r+1

where 0 = 20min(Re(F)).

III. MAIN RESULTS

In [20], it is claimed that if the matrices P.y and Qo¢ are
diagonal and positive definite then the matrices X and Y [see

(3)-]

X = Pop— A P AT
Y = C20f - A:{onfAl

are also positive definite, for stable A; matrix. The proofs of
[20, Th. 5.2 and 5.6] are based on this claim. Here we first show
by an example that this claim is not true.

Example 1: Let P = [(1) 002] and A = _0045 gi

] with
eigenvalues —0.6521 and 0.5521. Then the matrix

—0.718

—0.168

T ~0.168
APA P‘[ —0.008]

is indefinite having eigenvalues —0.7557 and 0.0297.
See [7], for more information on indefiniteness of this type of
matrices.
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Since this claim is essential to guarantee the stability of re-
duced-order models and the existence of the frequency response
error bound, the method [20] may produce unstable models and
error bound does not exist.

Note also that error bound (if it exists) can only be given if the
stability of the reduced-order model is guaranteed. In the next
subsection, we show how their method [20] can be modified to:
(i) guarantee the stability of reduced-order models and (ii) to
derive frequency response error bounds.

A. Stability Preserving 1-D Approximation Using Frequency
Domain Interval Gramians - 1

Since the matrices X and Y are real symmetric, there exist
orthogonal matrices U, V and diagonal matrices S, H such that

X = usu? ©)
Y =VHVT (10)
where
S =diag(s1, 82, .., 8n),
H =diag(hy, ha, ..., hy)

[s1] 2 [s2[ 2 -+ 2 [sn| 2 0,ha] 2 [ha| = -+ 2 |hn| 2 0.

Let the new controllability and observability frequency do-
main interval Gramians, respectively, be defined as follows:

Y
(12)

AlpcfA? - Pcf + Blgf =0
AT QotA1 — Qep + CTCL =10
where the new fictitious input and output matrices are defined,

respectively, as By := U|S|M/(2) and €, := |H|(W/PyT,
Lemma 1: Assume that

rank[ By Bip] = rank[B] (13)
rank [gl} = rank[C1] (14)
1
then By = B1 K3 and Cy = L;C; where
K, = diag (\51\—%7 \52|_%,...,|sil|_%,()7...,()) Ut B,

L, = C1Vdiag (‘hl‘_%7 ‘hg‘_%,...7‘hj.l|_%,07...,0)

rank[X] = 43 and rank[Y] = j;.
Proof: Similar to that in [18].
Remark 2: It is shown in [18] that (13) and (14) are almost
always true.
Theorem 3: The realization { A1, By, Oy} is stable and min-
imal.
Proof: The proof follows from the stability and minimality
of the realization {Aq, B1,C4}.
Let 17 be the transformation obtained by simultaneously di-
agonalizing the frequency domain interval Gramians P.; and

Qef
TAH . —1p T oo 1
17 QotTh =T7 “ P17~ = diag{o1,09,...,0,] (15)

where 0; > 0441, =1,2,...,n—land o, > 0,41.
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The reduced-order model { A131, B1p1, C1p1, D1} is obtained
by transforming and partitioning the original system realization

_ _ A A B
T 1A T T 1B 161 162 161
[ 101} L ID 1} Aws Awa Bua|. (16)
S ’ ! Cip1 Cupz ’Dl

Algorithm 1: Given Hi(z) and desired frequency range
[w1,ws] for approximation, reduced-order model is obtained
using the following steps:

i) Use (5)—(6) to compute X and Y.

ii) Use (9)—(10) to decompose XandY, respectively, to ob-

tain By = U|S|V/) and Oy = |H|W/ @Y7,

iii) Solve the (11)—(12) to compute Pcf and Q.

iv) Find the transformation 7} to satisfy the (15).

v) Compute and partition the balanced realization [(16)].

vi) Obtain the reduced-order model: {A11, B1p1,

Cip1, D1}

Theorem 4: The reduced-order models obtained using the Al-
gorithm 1 are stable.

Proof: The proof follows immediately from the proof of
stability of the unweighted approximation [13] and is, therefore,
omitted.

Theorem 5: Let the reduced-order models be obtained by the
algorithm, then frequency response error is bounded by

T

[1H1(2) = Hin(2)lloo < 20| Lol K1l D o

i=r+1
Bir . _
[];;1;}»01 = [011 Clz], sub-
stituting B1py = B11K1,Cip1 = L1Cqq and using Lemma 1,
we can write

Proof: Partitioning B =

[H1(2) = Hir(2)l o0
= |C1(zI — A1) "' By = Cup1 (2] — A1) ™" Bun||oo
= ||Ly (Cl(ZI—Al)_lBl—Cll (=1 — Albl)_lBll) K1l

<2kl Y o

i=r+1

where from [2], we have

Cua(zl— Ap) ' Bulle <2 > 04
i=r+1

HC’l(zT— Al)_lél —

Remark 3: Note that, when X > 0and Y > 0, the proposed
method is equal to Wang and Zilouchian’s method. However,
in general, the matrices X and Y are indefinite. The frequency
domain interval Gramians satisfy P.; < P.y and Qot < Qof. In
order to reduce the distances between the Gramians, P. ¢ — Py
and Py — Py, inspired by [16] we propose another improved
model reduction scheme.

B. Stability Preserving 1-D Approximation Using Frequency
Domain Interval Gramians - 11

In this technique, the new controllability and observability
Gramians P,y and Py, respectively obtained as the solutions to
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Lyapunov equations

Aq P,,fA1 - ,,f—|—BlBl =0 17)
Af POfA1 —Pe+ (71 'CL=0 (18)

are simultaneously diagonalized
T Pogly = 17 Popdy T = diag {61,62,...,6,)  (19)

0; 2 Gir1,0 = 1 2,.. \n o= 1 and 6, > &,41. The new
fictitious matrices B1 and (’1 in the above Lyapunov equations
are defined as B’l = UlS /2 and C’l = / V:l , respectively.
The terms U/ 1, 5'17 V1 and R 1 are obtalned from the orthogonal
eigendecomposition of symmetric matrices

X0 0|5 O][0r (20)
=2l S| | OF
_ O . IAZ]_ O V]_T

Y = [Vl VQ] |: 0 R2:| |:V2T 20

S 0, R0,

where [0 Sz} = diag (s1,82,...,8a),| 0 Rz} =

diag (7"177‘27...77“,1),5} > 82 2 0 2 8y, T1 2

e > e > 1,51 = diag (s1,82,...,8:),B1 =

diag (r1,72,...,7),81 > 82 2> > s > 0,11 2>

Fo > > p > 0

Note that the realization { Ay, By 7ACA’l} is stable and minimal.

The reduced-order model { A131, Bip1, C1p1, D1} is obtained
by transforming, partitioning, and truncating the original system
realization

C1 o Ay |Aupe B
T 1A T, T 1B Albl A11)2 A1b1
[ L ol I } Az |Awa Bip (22)
ot | n

Cwi [Cue  Di

Algorithm 2: Given Hy(z) and desired frequency range
[w1,ws] for approximation, reduced-order model is obtained
using the following steps:

i) Use (5)—(6) to compute X and Y.

ii) Use (20) (21) to decompose X and Y, respectively, to

obtain Bl = (/15 1/2 and Cl = Rl/ZVT

iii) Solve (17)—(18) to compute P ¢ and Qof

iv) Find the transformation T1 to satisfy (19).

v) Compute the balanced realization [(22)].

vi) Olgtain R R the reduced-order

{A1p1, B1p1, Cp1, D1 }.

Theorem 6: The reduced-order models obtained using Algo-
rithm 2 are stable.

Proof: The proof follows immediately from the proof of
stability of the unweighted approximation [13] and is, therefore,
omitted.

Remark 4: The frequency domain interval Gramians satisfy
Py < Pcf < PCf and Q¢ < PCf < Qot. The equality holds
when X > 0and Y > 0.

Remark 5: The frequency response error bound (similar to
Theorem 5) holds subject to fulfillment of the following rank
conditions: A

Bi| -
rank [BJ = rank [B]

model:

rank [ ql

Cl] = rank [C}].
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C. 2-D Approximation Using Frequency Domain Gramians

Let H(z1, z2) € RP*7 be a stable, minimal, and separable de-
nominator transfer function matrix of a system of order (n, m).
The Roesser state-space model [10] to describe H(z1, z2) can
be written as

H(Zl, Zo)

T
[y o[ @] e
the symbol & denotes the direct sum, I is the iden-
tity matrix, 4 € REOtmxmtm) B e Rtmixg o ¢
ppx(rtm) andD, € RPX9,

Let the minimal rank decomposition (see [21] for more de-
tails) of the Roesser state-space realization [(23)] be written as

follows:
Ay Bl | B
& )= m i e

then we can write H (21, 22) = Hi(z1)Ha(22).
Similarly, the minimal rank decomposition for (23)

ER AR S

H2 (Zg)Hl(Zl) where

Clz1l, @ 220, — A)T'B+ D,

where

allows us to write H(z1,22) =

Hy(z1) = Ci(z1] — A7 By + Dy (24)
HQ(ZQ) = 02(221 - Ag)_lBg + DQ. (25)

Algorithm 3: Given H(z1,29) and the desired frequency
ranges ([w1, ws] and w3, w4]) for approximation, reduced-order
model is obtained using the following steps.

i) Decompose H(z1,z2) into Hy(z1) and Hz(z2) as in
(24)—(25).

ii) Use Algorithm 1 or 2 to find 1-D reduced-order models
{A1p1, Bis1, Crpr, D1} and {Aspr, Bapr, Capr, D2}, re-
spectively.

iii) The 2-D reduced-order model is

A, B, A BinnCoi |Bini D2
C Dol = 0 Aopy Boyy
o " Cinn  D1Con ‘ DD,

where

A, € Rretme)x(netm.)

B, € R(nrtme)xq

C, ¢ RpX (Rrtme)

D, € ®°*9 n, < nand m, < m.

Theorem 7: Let H(z1,z2) be a stable original system and
H,.(z1, z2) be the reduced-order model obtained by Algorithm
3, then

i) The reduced-order model is stable.
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ii) The frequency response error is bounded by
1H (21, 22) = Hr (21, 22) o

< <||D1 1K Zm)
=1

m

< 2|Lal| Kall D i

i=m,+1
+ <||U2 + 2| Lol K2 D 801:)
i=1

n
<2 Lf|Kill Y o
. t=n,+1
alternatively

HH(Z]_7 252) - HT(Z]J ZZ)HOO

< <||D1|| + 2[| L ||| K Z Ui)

=1

2|\ Lol Kol D i

1=m,+1

+ <||U2 + 2| Laflll K2l ) soi)

=1

ALK S o
i=n,+1
where o; and ¢; are the frequency weighted Hankel sin-
gular values taken from (15) for horizontal and vertical
systems, respectively.
Proof:

i) This follows immediately from the stability of the 1-D
reduced-order models.

ii) For the error bound, note that

iii) .
[H1(21) [0 < D] + 20| Tal[| K1 o
i=1
[Ha(22)|loo < [[ D2l + 2[| La[[| K2|| Z%‘
72=1
[ H1r(21)]loo < 1Dl + 2| Lo ||| K| Z”i
i=1
| Hzr(22)]|00 < || D2l + 2| L2 ||[| K2|| Z%’
=1
|H1(21) — Hir(21)|lco < 2[|Lal[|| K1l Z o
i=14n.,
[H2(z2) — Hap(22)]]00 < 2| [ K 2| Z ©;.
i=14+m.
Furthermore
|H(z1,22) — H,(z1, Z)Hoo
= [|H1(z1)H2(22) — H1,(21)Ha(22) |0
= [[H1(21)H2(22) — Hi(21)Har(22)
+ Hi(z1)Har(22) — Hir(21)Har (22) |00
< [Hi(21)][oo[[H2(22) — Har(22)]] 0

+ [[H1(z1) = Hir(21) |0 | H2r (22) ] 0 -

Authorized licensed use limited to: University of Western Australia. Downloaded on August 03,2010 at 02:07:51 UTC from IEEE Xplore. Restrictions apply.
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Similarly

| H (21, 22) — Hy (21, 22) ||
< [[Hir(21)|loo || H2(22) — H2r(22)]] 00
+ [|H1(z1) = Hir(21)||oo || H2(22) | oo

The result follows.

IV. NUMERICAL RESULTS

Example 2: This example is studied in [19, (Example 5.1)].
The stable original system is given by

H(z) 1073 (3.3152° — 4.96952” + 2.1668z — 0.24002)
# T U 3.70352% + 5.195722 — 3.27182 + 0.77986.

The frequency weighted balanced realization obtained using
Wang and Zilouchian’s method [20], [19] in the frequency in-
terval 0.25 7 to 0.75 7 is given by

H(z) =
0.4448 —0.7953 -0.0185 0.0044 0.0115
0.7953 1.7479 -0.3168 —0.0141 0.0570
0.0185 —0.3168 0.7162 0.0613 —0.0142
0.0044 0.0141 —0.0613 0.7947 0.0006
—0.0115 0.0570 —0.0142 —0.0006 | 0

The second-order reduced-order model obtained via parti-
tioning and truncating has system poles at 1.0963 + 0.4561z
and 1.0963 — 0.4561%. The third-order reduced-order model
obtained via partitioning and truncating has system poles at
1.0522,0.9283 + 0.2547¢ and 0.9283 — 0.2547¢. Clearly,
the second— and third-order models obtained by Wang and
Zilouchian’s method [20], [19] are unstable, where as our
proposed scheme produces guaranteed stable reduced-order
models.

Example 3: Consider a six-order Elliptic digital filter with
passband between [0.1m,0.57], peak to peak ripples 0.1 dB
and minimum stopband attenuation of 30 dB. The filter transfer
function is given by

0.1899z% — 0.10722% — 0.34432* + 0.0000z3
+0.344322 + 0.1072z — 0.1899
2% — 2.34882% + 2.33852% — 1.79762°
+1.303622 — 0.5248z + 0.0663

H(z) =

Fig. 2 shows the frequency response errors, o[ H (z)— H,.(2)],
where H,(z) represent the third-order reduced-order models
produced by the proposed Algorithms 1 and 2, Wang and
Zilouchian’s method [20] and the balanced truncation [13].
A close up view in the desired frequency interval is given in
Fig. 3. Note that, in the close up view (Fig. 3), the frequency
response error obtained using unweighted balanced truncation
method [13] is not shown because of large value. It is clear
from the figure that the proposed technique compares well with
other techniques [13] as shown in the matrix at the bottom of
the next page.

Fig. 1 shows the frequency responses for third-order reduced-
order models produced by the proposed Algorithms (1 and 2),
Wang and Zilouchian’s method [20], balanced truncation [13]
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Fig. 1. Frequency response comparison.
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Fig. 2. Frequency response error comparison.
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Fig. 3. Frequency response error comparison.

and the original system in the interval O to . Note that the fre-
quency interval for computing the Gramians in the proposed
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Fig. 4. Original system.

Algorithms (1 and 2) and Wang and Zilouchian’s method is
0.4 m to 0.6 w, where as frequency interval for computing the
Gramians in the balanced truncation [13] is O to 7.

Example 4: Consider the 2-D separable denominator (6,6)-
order system studied in [14]. A state space representation of the
original system is given in (26). Fig. 4 shows the frequency re-
sponse of the original system. Fig. 5 shows the frequency re-
sponse of a (3,3)-order reduced-order model obtained using Al-
gorithm 3 (based on Algorithm 2) in the frequency interval 0 to
0.3 7. Fig. 6 shows the frequency response of a (4,4)-order re-
duced-order model obtained using Algorithm 3 (based on Algo-
rithm 2) in the frequency interval 0.6 to =. Comparing the orig-
inal system and the reduced-order model frequency responses,
it is clear that the proposed technique produces a better approx-
imation in the desired frequency interval than over the entire
frequency band.
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Fi

&

g.5. Reduced-order System.

Fig. 6. Reduced-order system.

A — Al A* —
,4_[0 AJ_

[—0.8827  0.2467 —0.0197 —0.2019 —0.0448 0.0147 | —0.4224 —0.1627 0.1170  0.2617 —0.0794  0.0541 ]
0.1298  0.6887  0.4814 02131  0.2621 0.0536 | —0.0054 —0.4688 0.1862 —0.1331 0.0445  0.0116
—0.0160 —0.4338 0.8053 —0.3793 —0.0374 0.0076 | —0.0915 —0.0561 —0.0515 —0.0676 —0.0148 —0.0139
0.1479  —0.1130 —0.3140 —0.5244 0.5713  0.1098 0.1479  —0.1130 —0.3140 —0.5244 0.5713  0.1098
—0.0877 —0.1005 —0.0245 —0.0376 —0.0684 0.6729 | —0.0877 —0.1005 —0.0245 —0.0376 —0.0684 0.6729
0.0698 —0.0601 0.0085  0.2492 —0.1493 0.6582 | —0.2692 —0.0191 —0.0885 0.1150 —0.0227 —0.0201
0 0 0 0 0 0 —0.5743  0.1868  0.2313 —0.3841 0.0765 —0.0121
0 0 0 0 0 0 —-0.6532  0.1874 —0.3837 0.1191  0.0107 —0.0187
0 0 0 0 0 0 —0.0827 —0.7194 —0.5015 —0.1799 0.0444  0.0050
0 0 0 0 0 0 0.1685  0.3515 —0.6241 —0.1327 0.1096  0.0708
0 0 0 0 0 0 0.0111  0.0186  0.0134 —0.4412 —0.7812  0.0168
L0 0 0 0 0 0 0.0000  0.0041 —0.0396 0.1736 —0.2118 —0.9188 |
B=[B. B,]"
= —[0.10800.0521 0.3807 0.0838 0.1324 —0.4289 82.3986 —49.4206 13.3025 16.9222 —7.3715 4.5489] x 10~*
c=[C G
=[-0.00538 —0.0049 0.0008 0.0050 0.0028 —0.0002 —0.0001 0.0005 0.0017 0.0015 0.0019 —0.0006]
D. = [0.3000]

Authorized licensed use limited to: University of Western Australia. Downloaded on August 03,2010 at 02:07:51 UTC from IEEE Xplore. Restrictions apply.



2812

Remark 6: The proposed algorithms are computationally
very expensive for large scale systems and are, hence, suitable
for only small to medium scale systems. Therefore, computa-
tional enhancements such as [11], [12], and [15] proposed for
balanced truncation [8] are highly desirable for the proposed
algorithms.

V. CONCLUSION

An improved frequency interval Gramians based model re-
duction scheme for discrete time systems is proposed. The al-
gorithms presented for model reduction of 1-D and 2-D discrete
systems overcome the shortcomings of the method proposed in
[20]. The algorithms presented has two main advantages which
include: 1) stability of reduced-order models and 2) easily com-
putable error bounds. Numerical simulation results shows that
the proposed algorithms give a better approximation of the orig-
inal system over a desired frequency interval.
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