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Q. Feng - J. Tu

Modeling and algorithm on a class of mechanical systems
with unilateral constraints

Abstract In the present paper, the cable-structures are considered as a class of mechanical complementary-
slackness systems. Based on the optimization algorithms used for multi-body dynamics with unilateral con-
tacts, an algorithm by means of artificial neural network (NNW) is developed. The following two classes of
cable-structures have been considered: force-elongation of cable member follows elastic behavior and work-
hardening assumption. Due to simplicity the former is used to prove the method reliability, and the latter, as
general cable-structure problem is handled. First, the complementarity problems for those structures have been
formulated; then using generalized Gaussian® least action principle they are summarized as an optimization
problem. Based on Hopfield’s work, an artificial NNW has been designed and used to decide combination
of possible constraints at each step in simulation. As examples, two cable-structures have been investigated.
The calculated results for a simple suspension structure evidence the reliability and time-economization of
the proposed method. An example of guyed mast shows the suitability of the proposed method for practical
cable-structures.

Keywords cable — structure, artificial NN'W, linear complementarity problem

1 Introduction

The analysis of cable systems in the geometrically nonlinear range had been the object of a number of stud-
ies, for example, Greenberg [1], Jonatowski and Birnstiel [2], Murray and Willems [3] and Tene and Epstein
[4]. But the behavior of individual cables becomes highly nonlinear if slackening and plastic tensile strains
intervene. This behavior of cable can be called physical nonlinearity. Because of this physical nonlinearity the
cable-structure belongs to a class of mechanical systems with unilateral constraint.

To avoid loosening phenomenon of the cables for practical constructions, pre-tension of cables is always
used in design. However, for some cable-structures loosening phenomenon occurs still under dynamical load.
As a typical example, in 1963, the roof of station hall Villars was damaged under wind load [5]. The model
experiment has shown that when an unsymmetrical load acts on this structure, some cable members may be
loosening and the roof may be floating. Therefore description with consideration of only geometric nonlinear-
ity for cable-structure can be not realistic. So by modeling structures with cables, the behavior of unilateral
constraint must be considered.

The consideration of nonsmooth behavior for the cable-structures may date back to the 1970s. In 1975,
Maier et al. [6] had dealt with energy approach to inelastic cable-structure analysis, in which they consid-
ered geometric nonlinearity and physical nonlinearity of cable members. They had adopted piecewise linear



constitutive idealizations, particularly in limit and elastoplastic-work-hardening analysis. Their aim was to
alleviate difficulties by using of smooth models [6]. In 1976, Panagitopoulos had dealt with the inelastic, stress-
unilateral analysis of cable-structures undergoing large displacements [7]. The response of the cable-structures
to load- and initial strain-increments is described by a set of equations and inequalities, which are formulated
compactly as variational inequalities. Two dual extremum principles with inequalities as subsidiary conditions
are derived. The numerical calculation is performed iteratively by using the decomposition techniques of the
multilevel optimization and applying to the resulting substructures the algorithms of non-linear optimization.
Based on the above mentioned works, analysis of cable-structures may be included in the complementarity
problems. But at that time that study was on static or quasi-static problems.

The mechanics with unilateral constraint as an important subclass of non smooth mechanics develops
rapidly since 35years [8]. This field consists of two parts in the area of variational inequalities in connec-
tion with convex energy functions [9-12] and the area of hemivariational inequalities in connection with
non-convex energy function, which is only 15 years old [13]. Most nonsmooth mechanical problems possess
non-convex features. In [11] Panagiotopoulos considered inequality problems, which led him consistently to
the development of hemivariational inequalities [13]. His works established the mathematic base of modeling
and algorithm on cable-structures.

Nonsmooth mechanics allows a general theoretical description but relevant problems must be solved
numerically. In spite of many value contributions to the numerics of non-continuous systems [14] the existing
algorithms are still extremely time-consuming. Therefore the numerical solution of all kinds of complementar-
ity problems is a topic of current research. Recently, many researchers are interested in the study of numerical
algorithms subjected to unilateral constraints. The significant step may be to decide the real one of possible
combination of constraints. For example, by means of common numerical method, if the number of cable
members is equal to m, one must search for the real one among 2™ possible combination of constraints and
therefore it consumes a large of time on computer. This is not suitable for calculating of a real construction.
Also in this paper development of general computer method will be devoted to calculate nonlinear vibrations
of cable-structures.

Actually, it has been noticed that non-smooth models overstep the framework of mechanical systems, since
they also can apply for instance to electrical and NNW. In the present paper, the cable-structures are consid-
ered as a class of mechanical complementary-slackness systems. Based on the optimization algorithms for
multi-body dynamics with unilateral contacts, an algorithm by means of artificial NNW has been developed.
The following two classes of cable-structures have been considered: force-elongation of cable member follows
elastic behavior and work-hardening assumption. Due to simplicity the former is used to prove the method
reliability, and the latter as general cable-structure problem is handled. First, the complementarity problems
for those structures have been formulated; then using generalized Gaussian’ least action principle they are
summarized as an optimization problem. Based on Hopfield’s work, an artificial NNW has been designed and
used to decide combination of possible constraints at each step in simulation. As examples, two cable-structures
have been investigated. The calculated results for a simple suspension structure evidence the reliability and
time-economization of the proposed method. An example of guyed mast shows the suitability of the proposed
method for practical cable-structures.

2 Modeling of cable-structures as some complementarity problems

Although our work is aimed at cable-structures, the method proposed here is also available for some hybrid
dynamical systems, like convex systems [15, 16], or so-called complementary-slackness systems [17, 18]. As
examples in this paper, let us consider the following two systems with different nonlinear behaviors, to model
those systems as complementary problems.

It is necessary to have a brief review of cable behaviors. It was concluded that the assumption of elastic
behavior (Fig. 1a) of the structure yields the largest tensions in the cables [7]. The elastic-prefectly plastic
assumption (Fig. 1b) gives the lowest tensions in the cables. The work-hardening assumption (Fig. 1c) gives
tensions between them. It is clear that the developed theory permits us to analyze the calble-structures in their
“unstable region” because the possibility that a cable member can become slack is taken into account. In this
paper, two cases, elastic behavior and work-hardening assumption, are considered.



(a) The elastic assumption

S

(b) The elastic-prefectly plastic assumption

(¢) The workhardening assumption

Fig. 1 The elongation—tension curves of cables. a The elastic assumption. b The elastic-prefectly assumption. ¢ The workhar-
dening assumption

2.1 Modeling of cable-structures as linear complementarity systems

It is well known that cable-structures can be modeled as linear complementarity systems [6, 7], but very little

work for dynamical problems can be found. In the first example, a simple suspension structure is modeled as
a Linear Complementarity Dynamical System.

2.1.1 Linear complementarity dynamical system

The governing equations of a Linear Complementarity Dynamical Systems [8, 19, 20] are written as

x = Ax + BA,
y=Cx + DA, (1)
y() =0, A1) 20, y(®Tr@r) =0.



Fig. 2 A simple suspension structure

The modes of this hybrid dynamical system (there are 2”"modes, y and A € R™) correspond to y; = 0, for
iel C{l,....,m}, A =0, for i€ 1€, where I€is the complement of Iin{1, ..., m}. It is assumed
that each mode is autonomous, which means that each consistent state xo there corresponds a unique cou-
ple(x(t), A(t)), with A(e)smooth.

If cable-elements are elastic, see Fig. 1a, some cable-structures can be described by Eqgs. (1). To prove the
reliability of the method proposed in this paper, a simple example has been considered firstly in the following
subsection.

2.1.2 A simple example for a suspension structure

A simple suspension structure showing in Fig. 2 consists of a main cable, three slings and a beam. An unsym-
metrical external force p(t)acts at 1/4 position of the beam. Each sling is assumed to be elastic, see Fig. 1a.
Let the axial elongation of the i-th suspension sling be

Al = Alig —w; —u;(i =1,2,3), (2)

where Al;o— static expansion of the i-th sling;

w;— elastic deflection of the beam at connected point with the i-th sling;

u;— elastic deflection of the main cable at connected point with the i-th sling;
The governing equations of the entire system are given as follows:

N
mcii — Hu" = Fi8(x — x;),
2 4 33 - J *
mB%lev +EIZ% 4 L2 = S Fis(x — x;) 4+ P(1),

x4 droxt —t
i=

where m. and m p are mass permit unit length of the cable and the beam respectively. E is the Young’s modulus
of the beam; C indicates the damping factor; and P (¢)describes the external excitation; F; is the force of the
i-th sling acting at beam and main cable.

The boundary condition can be expressed by

u(0,t) =u(l,t) =0;
92w 9w

w(0,1) =w(, 1) = ) ly=0 = o lx=t = 0.
Introducing the following relations
o o0
=D Y@ w= Y j(x)q;). “
n=1 j=1
Take into account the boundary conditions, one has
j 2
¢;(x) = sin %x (G=1,2,3..); Yam(x) = sin "T”x =123, .). (5)



Substituting expression (4) into Eq. (3), and integrating the resulting equations, the equations of motion for
the entire structure can be rewritten as

3
. . — ¢;(x;) Pj
i+ 26pj08iq; + 0}q; = > A1 Fi + 37
=

(6)

2 S Yan (Xi)
V2n + Wep,V2n = Z ﬁFSiv
i=1

where

/ 1
N2
J7T EI Ca)B.
M, =m3/¢12-(x)dx, “B; = (T) \ mg’ 58, = 2EJ’ P; =/¢j(x)de;
’ 0
l
2 2nmwt | H
Mc,, =mc [ ¥3,(x)dx,  oc,, = e mc’
0

LetY =[Y,, YU]T = [qlqz...q V21 v22...v2n]T, the above equations can be rewritten in the following form:

Y+ EY +QY = FkAS+ Fp = FxK|AL|x + Fp, ™
AS=KAL =K(L—Lyp) =KDY >0,
in which,
Al -
) Qp.
AL = Al : E:[—&O} Q:[—&Q }
Al = —Cn
M o) ei1(x2)  e1(x3) 7

M)_!;1 MB1 MBI
: Py
: . : Mg,

pix1) ¢ @i(x3) .

o ) . o Mp. Mp. Mpg. . :
D=lg; ¥;l: Fk= WZI(;I) 1//21(;2) 1//21(;3) » Fp= P
Mcy  Mcy  Mcy, AZB!‘
Yon(x1) Yon(x2) Yon(x3)
- MCZn MCZn MCZn -
ki 0 0 A [Si] 0 O
K=[0k 0 |; S=|SIA; A=12¢; IS = 0 S 0 |,
0 0 k3 A3 0 0 |S3]

where A; indicates as an indicative function of the i-th cable tension. According to the elastic tension—elongation
relation, tension increment of each sling can be described in the following form.

AS; = ki Al;. 8)

Let y; = As; — ki Al; and introducing the state vector,x = [Y Y 1T, the mathematical problem (7) can be
reformed into a standard Linear Complementarity Dynamical System as described in Eq. (2), in the following
form.

% =Ax+ Fp+ FxkAS, y=AS—KAL ©)
AS>0, y>0 ASTy=0

where



In Egs. (9), one can see that

if AS;i>0, yi=0,

IfAS,' = 0, Al,’ < 0, yi > 0.

2.2 Modeling of cable-structures as a Mechanical Complementary-Slackness System
2.2.1 Formulation of Complementarity-Slackness Systems

If cables behave as the work-haderning, the cable-structures may be modeled as a class of Complementarity-
Slackness Systems. Let us consider the second example, a guyed mast as a Complementary-Slackness System.
This class of systems war defined in [17, 18], namely

x=f(x,u), y=h(x,u), (10)
y>0, u>=0, yTu=0.

2.2.2 Example 2: a guyed mast

Petersen had investigated a guyed mast [19], which is described by DAE. In this mast the space chaotic vibra-
tion subjected to wind was discovered. But he did not consider the loosing phenomenon of cables, which may
occur under the dynamic wind load. In this paper, based on Petersen’s model a new model will be suggested
as a Complementarity-Slackness System.

(1) Petersen’s model
The equations of space vibration of a guyed mast are given as follows [19]:
mwy + djwy +d2u'))2c+Rx = Fy (1), (11)
miby + dyiby + dawy + Ry = Fy (1),

where m is effective mass, d| and d>are damping factors, R, and Ryindicate the components of restoring
forces in the x- and the y-directions; w, and w, describe the components of displacements at mast top
in the x- and the y-directions; F and F) are the components of wind load in the x- and the y-directions,
respectively. Figure 3 shows the structure diagram of a simple guyed mast in which the x indicates the

(a) (b)

Fig. 3 The structure of a guyed mast



direction of symmetric area on this mast, and r is distance from the mast to anchoring points. Introducing
the dimensionless variables & and 1, and let

& =wy/r, and n=w,/r,

the Egs. (11) can be rewritten in the following dimensionless form:

{ £+ %i’ + %éz + (Sicos @ — Sy cos B+ Szcos 7)/rm = F(t)/rm, 1)
i + ;11—11'7 + dri—rr';z + (=Sisin @ + Sy sin B+ Szsin 7)/rm = Fy(t)/rm,
in which,

Si=Sicoss, i=1,273, (13)

where S; is the horizontal projection of tension S; of the i-th cable, § is defined as an inclined angle between
the cable and the horizontal plan, and tension S; is the solution of the following algebraic equation:

s\’ Si\?
) o) —a=o, (14)
So So

in the above equation, the parameters are given by

_ g2s%cos? §
© 2480E Ay

_ EsAgcos ér

b;
Sos

’

- - A;
C,‘Zd—b,’Ai—l; A,’:—, (15)
r

where g is the weight per unit length of the cable; s means the length of the cable; E stands for the Young’s
modulus; Aj is cross-sectional area of the cable; Sy describes pre-tensile force; A; indicates the elongation
of the i-th cable and its the first order approximations are given as follows:

Alz(\/1+s—ﬁn+sz+n2—1)r,
A2=(\/1—2’§+52+n2—1)r,

Agz(\/1+§+m+§2+n2_l)r’ (16)

where Z,- indicates dimensionless elongation of the i-th cable. In Eq. (12), &, ,B_ , ¥ are defined as inclined
angles between the three cables and the x-direction, respectively, which can be determined using the
following relations.

24&—+/3n

a = 60° — arccos ,
2\/1+$—«/§n+%‘2+n2

B:arccos 1-¢ ,
VI—26+ 8242
24&4/3n
2\/1+$+«/§n+€2+n2

7 = 60° — arccos



(2) A new model as a Complementarity-Snackness System
Some cables may loosen under a largest wind load. A new model is proposed here. It includes the non-

smooth behavior of the structure. Setting ¢ = [S n]Tand writing the Eq. (14) as §; = G(A), Eqgs. (12)
may be rewritten in the following form,

amn

{ G+h(@ — 0 +TS=§+h(@ — Q) +TIS|xA=0,
AS=G(A)— Sy >0,

in which, X; is the indicative function of the i-th cable, and where

. i+ 7 i cos& —cosf  cosy
ha) = di dr .2 |’ ow = Fy [ le: —sin@ sinf  siny :|;
L w42+ 50493 e 1%
5100 Al
S=10 Sz 0 f; A=| A
0053 A3

From the Eq. (14), the relationS = G(A) can be derived.
Equation (17) can be rewritten as a standard form of a Complementarity-Snackness System described by
Eq. (10). Let x = [¢ ¢]" and y = § — G(A), one has the following equations:

x=fx,9), y=85—-G(AX)), (18)
y>0, $>0, yI's=o.

In the Eq. (18), it is clear that
if §>20, y=0andif S=0, A0, y>0.

Summing Egs. (9) and (18), a general model for cable-structures may be expressed in the following form.

[ j+elq,q)=H(q, S+ P1), y=S—h(), (19

S>Os }720’ STyZO.

According to Eq. (10), the above problem can belong to Compelementarity-Slackness Systems. It is well
known that this problem can be solved using the optimization techniques. But some algorithms of optimi-
zation are still CPU-time consuming to decide possible constraints. Hence, a new algorithm of artificial
NNW will be proposed in the following section.

3 The artificial NNW algorithm

Study of numerical algorithm to systems subjected to unilateral constraints is our main assignment. As a
powerful tool by investigation of the dynamic systems with unilateral constraints, the optimization method
has been commonly used to solve linear compelementarity problems (LCP) [20]. Using generalized Gaussian’
least action principle the Complementarity-Slackness Problem (19) will be summarized as an optimization
one.

It is generally agreed that the optimization problem can be solved by means of artificial NNW. The early
work for analysis of LCP using the artificial NNW algorithm to solving LCP had been reported in [21]. A
new NNW based on a reformation of the LCP into unconstrained minimization problem was proposed. In this
paper, based on Hopfield’s work a class of artificial NNW will be designed and used to decide the combination
of possible constraints at each step of simulation.



3.1 The generalized Gaussian’s least action principle

The Gauss’s least action principle is one of the several variational principles in mechanics. In fact, Gauss’s
principle is a reinterpretation of d’Alember’s principle into a minimum principle. It turns out that Gauss’s
principle is also valid for systems subjected to unilateral constraints [22—25]. It is found that integrating of the
system at a given time instant is a quadratic procedure, and is closely related to complementarity conditions.
The general form of the complementarity conditions can be found in the works by Loetsted [23], Baraff [26]
and Moreau [24]. From the above dynamics one may see that a solution to the LCP (19) is equivalent to the
following quadratic programming problem (20), and vice-versa.

1 d
min G(A\) = ATV, f()TH (g, §)ISIn + AT [vqﬂq)Tz + —(qu(q))Tc}] (20)
) 2 dr
z=—g(q,9)+ P(),

G d
= = Vel @ H@ IS+ Ve f(@) 2+ 3 (Ve f@)'d

d
=V, [ (@ [H (g, ISIA —g(g,§) + P1)] + E(Vqﬂq)fq'

2rg)’
dr? =0

. d .
= Ve @'G+ 5 (Ve f@)'q =
From this, the following dynamical equation can be obtained.

G+glq.q)=H(q,¢)S+ P(t)=H(q,I|SIrA+ P(1), @1
S=f(g) =0,

where the inequalities S = f(g) > 0 can be rewritten into the following complementarity conditions:
y=S—f(g =0, §=>0; sTy=o0.

Thus it is proved that the optimization problem (20) and the dynamics with unilateral constraints (19) are
equivalent to each other.

3.2 An algorithm of artificial NNWs

Much of the resurgence of interest in NNWs during the early 1980s can be attributed to the work of John
Hopfield [27]. He wrote two highly influential papers in 1982 [28] and 1984 [29], respectively. A number of
important ideas and a clear mathematical analysis in his early papers include content-addressable memory,
analog-to-digital conversion, and optimization [30, 31].

The Hopfield network does not have a learning law associated with it. It is not trained, nor does it learn on
its own. Instead, a design procedure based on the Lyapunov function is used to determine the weight matrix
and the bias vector. This trick, of course, is of convenience.

In this section, adopting Hopfield’s method [30], an artificial NNWs equivalent to optimization problem
(20) will be designed. Let V; = A;, V; = F(x;), from the Gaussian’s function, an energy function may be
assumed to be

1
E(V) = EVTqu(q)TH(q, DISIV+VIV, f(@)"z

Vi
d ) W
+E(qu (q))TqHZ;‘E / F(n)dpu. (22)
= 0



According to Hopfield’s method, we put 0 E/0V; = —dx; /dt. Whent — oo, and dx; /dt = 0, a stable solution
can be obtained as

Xjr1=W;V; +1;,

0, Xj<0

, 23
V./’+1:F(Xj):{1’ X;>0 *9

in which,
W =—V,f(g) " H(g;,q ISl
d
I} = —[Vyfg) 'z + E(vqﬂqj))%]
d
= —[Vyf(g)"(~g(qj. 4)) + Pj) + a(vqf(qrj))Tq,-].

Using artificial NNW to decide the real involved constraints and by means of a modified Rung—Kutta method,
the solution of Eqgs. (21) can be obtained. The flow chart for this method is shown in Fig. 4.
The description of the flow chart:

(1) Using Runge—kutta method, response of the whole structure given by (19, a) at the j-1- step can be
obtained;

(2) Introducing the above results into equation of artificial NNW (23), the values A at the j-th step can be
determined and the involved constraint combination at the next step can be decided;

(3) Substituting the values A at the j-th step into the Eq. (19, a) and return to Eq. (23).

4 Numerical examples and discussion
4.1 Example 1: a simple suspension structure

Figure 2 shows a simple suspension structure, which consists of a main cable, three slings and abeam. The struc-
ture parameters are assumed as listed below: length of beam / = 8 m, bending stiffness EI = 1.2 x 107 N/m?,
mass per unit length of beam m; = 650 kg/m, stiffness of the sling k = 3.75 x 103 N/m, the three slings are
arrange atl/4,1/2, 31 /4 of beam; mass per unit length of the main cable m, = 100 kg/m, the droop f = 0.1 m;
the external excitationP = Py sin(6t) with Pp = 5, 000N, 6 = 0.75wp,, acting at [ /4 of the beam.

Figures 5 and 6 exhibit the time histories of the deformations and tensions for the three slings using both
methods of artificial NNW and general search method (GSM), respectively. In those figures, the results calcu-
lated by the both methods are the same. This testifies that the method of artificial NNW is reliable. Moreover,
the calculated results show that using the NNW method to solve this simple problem requires only 15 min of
CPU-time, but using GSM needs several hours. From the above mentions one can conclude that it may be
better, to use the artificial NNW by solving the dynamics of the system with unilateral constraints.

4.2 Example 2: a guyed mast

The structure parameters are the same as Petersen’s mode [19],i.e., s=240m, m=27,500kg, r=145m,
g=85N/m, A; = 1.005 x 1073 m?,E; = 1.6 x 10" N/m?, Sy = 50,249 N, d; = 1,000,d> = 0, &, = 0.015,

Inputting; | <« r,=V,

Solving Equation using Modified R - K Method ?
i+ 2009,
= H(‘]j—l > ‘2/71)|S,>1|2'j—1 + P(1) j-1 A
)
Wi —_ ‘X_/ =W, A - [/—1‘

Fig. 4 The flow chart for the method of artificial neural network
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Fig. 6 The time histories of the deformations of the slings

no = 0.0075, fy = 33,541 x cos a N, f, = 33,541 x sin o N, a = 7/3 and step At = 0.1, calculated

number N = 10, 000.

Figures 7 and Fig. 8 give the results by using Petersen’s model and by new model suggested in this paper,
respectively. In Fig. 7, one can find negative values of tension, this is not reasonable, while this phenomenon is
avoided in the modified model. In Fig. 8, some cables sometime may be loosening, and their tensions are equal
to zero. It may be interpreted, that for this example the loosening phenomenon occurs due to the insufficient
pre-tensions in cables. From the calculated results, it can be discovered that the three cables can be loosening,
but they can be loosening not at the same time. In other words, no restoring forces in the motion equations are
vanished, so that the mast does not collapse. However, because of non-smoothness, this mast exhibits complex

2 2.5 3 3.5 4 4.5 5
Time (s)

dynamical behavior. Hence, this mast may be damaged due to fatigue.

11



10
Bx

o

m

w
T

tension S1 (N)

AR

9 5 10 15 20 25 30

time (s)
(a) The tension of cable 1 calculated using Petersen’s model

10
Bx
6} |
JUEED
2,
t]
s
2 of
>
2H
4 L u U
59 5 10 5 2 25 B

time (s)
(b) The tension of cable 2 calculated using Petersen’s model

5

AP “ |

time (s)
(¢) The tension of cable 3 calculated using Petersen’s model

Fig. 7 The results calculated using Petersen’s model. a The tension of cable 1 calculated using Petersen’s model. b The tension
of cable 2 calculated using Petersen’s model. ¢ The tension of cable 3 calculated using Petersen’s model
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Fig. 8 The calculated results using new model. a The tension of cable 1 calculated using new model. b The tension of cable 2
calculated using new model. ¢ The tension of cable 3 calculated using new model
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5 Conclusions

Through the analysis of two examples, the following conclusions may be drawn:

&)
2)
3)

The loosening phenomenon of some cables may occur when the design of structures with cables is not
reasonable.

In modeling of cable-structures, consideration of the non-smooth behavior of those systems has been found
to be necessary.

The artificial NNWs used to analyze the dynamic systems with unilateral constraints may be a reliable
and suitable method, which can save a large of time on computer.
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