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Abstract This paper focuses on the dynamical
analysis of the motion of a new three-degree-of-
freedom (DOF) system consisting of two segments
that are attached together. External harmonic forces
energize this system. The equations of motion (EOM)
are derived utilizing Lagrangian equations, and the
approximate solutions up to the third order are
investigated using the methodology of multiple scales.
A comparison between these solutions and numerical
ones is constructed to confirm the validity of the
analytic solutions. The modulation equations (ME) are
acquired from the investigation of the resonance cases
and the solvability conditions. The bifurcation dia-
grams and spectrums of Lyapunov exponent are
presented to reveal the different types of the system’s
motion and to represent Poincaré maps. The
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piezoelectric transducer is connected to the dynamical
system to convert the vibrational motion into electric-
ity; it is one of the energy harvesting devices which
have various applications in our practical life like
environmental and structural monitoring, medical
remote sensing, military applications, and aerospace.
The influences of excitation amplitude, natural fre-
quency, coupling coefficient, damping coefficient,
capacitance, and load resistance on the output voltage
and power are performed graphically. The steady-state
solutions and stability analysis are discussed through
the resonance curves.
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1 Introduction

The primary energy-producing resources are nonre-
newable fossil fuels, but they are swiftly running out
and will be exhausted within the next several decades.
It is essential to alter the way energy is produced and
create clean, renewable energy sources. The most
promising form of renewable energy is energy
harvesting, which involves gathering wasted ambient
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energy and transforming it into a more usable form of
energy.

One of the used energy harvesting tools, to convert
mechanical stress and vibrations into electrical power,
is a piezoelectric device [1-3]. An innovative piezo-
electric energy (PE) harvesting model is examined
theoretically and experimentally in [4]. It is based on
coupled transverse and interference galloping to
enhance the energy’s efficiency of the traditional
one. In [5], the authors analyzed theoretically the
nonlinear dynamic behavior of the energy harvester
that is consisting of buckled piezoelectric ribbon layer.
The EOM are derived using Lagrange’s equations and
the analytical solutions are obtained utilizing the
harmonic balance method.

Hamlehdar et al. [6] offered a comprehensive
analysis for the methods of capturing energy, from
fluid flow, utilizing piezoelectric materials. In [7], the
authors suggested a thin-walled PE harvester actuated
by fluid pressure to get homogenous solutions, in
which the weighted residual approach was used. Two
numerical examples are discussed to forecast how the
variations and output power would be responded. In
[8], a linked approach for modeling numerous PE
harvesters depending on vortex-induced vibrations
phenomena at random positions was presented and
experimentally validated. The Navier—Stokes equa-
tions [9] for incompressible fluid flow, piezoelectric
equations of Gauss law, and a damper system of mass-
spring were coupled to achieve the mathematical
formulation.

Wu et al. [10] examined several unique concepts for
PE harvesting from natural resources and environ-
mental vibration. The authors provided a detailed
summary and a discussion of the approaches and the
employed mechanisms to improve the efficiency of
piezoelectric power production and energy harvesting.
The outcomes of modeling a novel nonlinear multi-
stable system for obtaining energy from vibrating
mechanical devices were introduced in [11]. In
addition, the model was composed of a beam and a
system of springs to calculate the potential of a quasi-
flat well. They used the pattern of Lyapunov distribu-
tion to demonstrate that energy harvesting was
diminished in the chaotic motion zones.

A wind energy harvester based on flutter that uses a
hybrid of piezoelectric and electromagnetic devices is
investigated in [12]. A scientific foundation for the
creation of remarkably effective wind energy
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harvesters is provided in this study. A spring pendu-
lum system was linked to two different energy
harvesting devices in [13] each in a separate case,
the authors obtained the EOM, and the ME, and they
classified all various cases of resonance. The temporal
histories of motion and the resonance curves were
graphed in their study. The authors in [14], a tri-
stable magneto-piezoelastic absorber was used to
examine concurrently energy harvesting and vibration
isolation. Concepts of Hamilton and Euler—Bernoulli
beam, in addition to a magnetic force are used to
derive the nonlinear EOM. A one DOF dynamical
system of a spring coupled with an energy harvester
was investigated in [15]. The outcomes of the
optimization revealed that the new framework can
output several times more power than the traditional
single DOF system. A reduction of vibration and an
energy harvesting of a spring pendulum dynamical
system is examined in [16]. The pendulum’s structure
was updated using a separate electromagnetic har-
vesting device. All zones of stability and instability are
examined and discussed.

It is well recognized that mechanical systems, in
particular vibrational dynamical problems, e.g.
[17-19], are among the most significant issues in
mechanics due to their wide range of applications,
particularly in engineering. In [20], the authors
performed a dynamic simulation and bifurcation
evaluation for a blade-disk rotor system backed by a
rolling bearing. It is found that the slender blades will
cause a chaotic behavior at high speeds, and blade
stiffness and mass will definitely expand the rotational
speed range of quasi-periodic motion as the system’s
motion sequence gets complicated. In [21], the authors
provided a method for identifying Hopf bifurcations
[22] in 2D dynamical systems that are characterized by
ordinary differential equations (ODE) using an ana-
logue active network. Additionally, they discovered
that the experimental technique is capable of detecting
global impacts that cannot be expected from a local
study, whereas in [23], the authors examined the
motion of a damped system attached to an automatic
parametric pendulum to constitute a 3DOF dynamical
model. They acquired the governing equations and
solved them analytically, in which the stability and
instability regions are analyzed. The topic of variable-
length pendulums was covered in [24]. Using math-
ematical modeling, dynamical analysis, and innova-
tive computer simulations, an attempt is made to
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evaluate current developments in this subject in a
novel way.

Our purpose of this work is to investigate the
vibration analysis of a 3DOF new dynamical system.
This system consists of two connected parts; the first
part is linked to a piezoelectric transducer to convert
the vibrations and stresses into electrical power, and
the second part is a nonlinear damped pendulum. The
regulating EOM are solved analytically using the
methodology of multiple scales till the third order of
approximations. Various cases of resonance are
assorted, in which three cases of external resonances
are investigated at the same time. Therefore, the ME
are acquired by utilizing the solvability conditions. To
confirm the reliability of the analytic solutions, the
numerical ones are compared with them. The bifurca-
tion diagrams are depicted. The spectrum of Lyapunov
exponents and Poincaré maps are graphed to illustrate
several types of system movements. In the electrical
part concerning the PE harvesting, various parameters
studied the influence of the output voltage and power
graphically. The stability of the model is explored with
the help of resonance figures. The value of this work is
due to the investigation of the vibration analysis of a
3DOF dynamical system, to acquire beneficial elec-
trical energy for several life applications in the
presence of a piezoelectric device.

2 Characterization of the dynamical system

The dynamical system under consideration is com-
posed of two segments linked together. The first
portion consists of a mass m;, which is coupled to a
piezoelectric transducer laden with the load resistance
Ry, and furthermore, it is linked to a linear spring with
length /; and stiffness coefficient k;. The second
portion is a nonlinear spring pendulum with mass m,,
length [, and the stiffness coefficients k, and k3. The
pendulum’s system is hanged on the mass m; from
point O as seen in Fig. 1. The mentioned dynamical
system is energized by the external harmonic forces
Fi(t) = Fy cosQut, Fo(t) = F5 cosQpt  and  the
moment M(z) = F3 cosQst. The frequencies and
amplitudes of the applied moment and external forces,
respectively, are Q, (n =1,2,3) and F,.

The described dynamical system has three degrees
of freedom in addition to three generalized coordinates
X(t), Z(t) (representing the springs’ elongations) and

my

Fig. 1 The dynamical system’s depiction

6(r) (indicating the rotational angle). It is considered
that C, (n=1,2,3) are the viscous damping
coefficients.

Since Lagrange’s function of any dynamical system
has the form L = T — V, where T and V are the kinetic
and potential energies of the system. According to the
investigated system, one can write

L= %{(m1 + my)X? + 2my X'[Z sin 0 + (6, + 2)0'
x cos 0] + my[Z? + (6, + Z)*0'%}
— % (ki X? + kyZ* + %k3Z4) + mag(ly + Z) cos 0.
(1)

Here, (X',Z',0') are the system’s generalized
velocities that correspond to their generalized
coordinates.

The governing system of motion can be obtained
according to the following Lagrange’s equations

d (oL oL
E (6_qj’> - (@_q) = Qq_;; qj(: X, Z, 9) (2)

where Q, are the applied generalized forces on the
examined dynamical system and they have the forms
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QOx = F) cos Q1+ F, sin0cos Qt — C1 X — v,
Q7 = F, cos Qt — C2Z7
Qy = F3 cos Qst — C3é.
(3)

Here v is the piezoelectric transducer’s output
voltage and y refers the coupling coefficient.

Now, we are going to propose the following
dimensionless parameters to follow the system’s
inquiry approach

X:)c€—|—4(ml+mz)g7 Z—zf—i——ng,
ki ko
(my +mp)g ms g
P i Bk SN B
1 k] ) 2 k2 )
ki 8 ky
%: wg_ ) wgziv
(I’)’ll +m2) V4 my
,B* my o k3€2
(m1 —‘rng) w%mz’
m g )03 2_60_% _ %
sz (l)%’ 60%7 p1 w )
Q, Q;
P2 ) =
&) ()1
Y — G
E(ml —|—m2) w%’ w (I’I’ll +I’l’l2)
C C;
Cy = Cc3 =
2 0)11112’ 3 €2w1m2’
F F;
h P Te— Hh=
wi(m; + my) {w’my 2my
F;
f3:£2w%m23 T = wil,

(4)

where the gravity’s acceleration is indicated by g, the
natural frequencies are symbolized by
w, (n=1,2,3), and 7 is the dimensionless time
parameter.

Substituting (1), (3), and (4) into (2) to obtain the
following dimensionless system of the EOM

X+ pzsing +p(14z)0cosh+2B70cos0
—B(1+2)6*sin0
+ciX +x4 pv+ o’ =ficospit + ff sin 6 cos pat,

(5)
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(1+42)0* + 27+ @’z + 370z
+3na? +az’ (6)
+ *(1 — cos 0)

Z+ Xsin0 —

= facospat,

(142)%0+ (14z2)kcosO+2(14+2)70+c30
+ @*(1 +2)sin 0
= f3cos p3t, (7)

Moreover, the formula of the piezoelectric trans-
ducer’s equation can be according to its electrical
circuit mechanism, as follows
v Ly .
=X (8)

v+ =
cpRror ¢

where ¢, is the capacitor’s equivalent capacity.

3 The approximate methodology

In this part, we are going to solve the abovementioned
system of Egs. (5)—(8) analytically using one of the
perturbation techniques. The multiple scale method-
ology [25] is adopted to obtain the solutions up to the
third approximation. Accordingly, we assumed the
solutions in terms of the minuscule parameter ¢, as
follows

x(t) = ey(r;e), z(r) = C(T, g),
0(t) = ep(t;e), v(t)
The multiple time scales are represented by

7, =¢&"t (n=0, 1, 2), the solutions y, {, ¢, and v
can be written as follows

©)

I
32)
<

—~

a
)

~

(10,71, 72) + O(&Y),

i
M-

=~

w

(= ZPka(Toy‘Eufz) +0(e*),
kz T (10)
:Z k(70,715 72) + O(e*),
3
L= Zskvk(fo,‘[hfz) + 0(84).

=~

=1

Considering the narrowness of the following vari-
ables and parameters
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,LL_82,u, ,y:82,)')~7 a:gz&, ﬁ:‘q[}a % b2 KV a/l alz aul (20)
o= 6, fo=f (1=1,2,3), an 0t wié,R, ¢ 0t 1 T
Ry — %7 — (iii) Order of (&)
ALY e i R /4
The next operators are employed to transform the o 1= Ef 1€ I o c %0
derivatives regarding 7, to the corresponding ones 2 )
e 8 Fu | On
garding the time scales 7, -2 +
610612 610611
d 0 0 , O
R — o(, 0 0
dt 610+8611 oty - B a—g%-f- 1a€l+C1 a(gl
P o G TO 0 o
— = 2¢ 2—— ) +0(&). o’ R
dr? 6 >+ 01901 te (611 + aroar) +0(&) +2 i (Zz ,
(12) 0190t Ot
(21)
To acquire the following the groups of partial
differential equations (PDE) in powers of &, substitut- %, PR ). )
ing (9)~(12) into the EOM (5)—(8), and neglecting the 02 T b =3he U L)
3 .
terms of O(¢’) due to their smallness. 62 Lo %
(i) Order of (&) o 610
6 0 0 0
oy, %( (2 <p2+<p1)
W""Xl = 07 (13) 2 610 67:0 a‘L'l
K 2L, 0
2
6251 N 2C o (14) + <6T06T2 + 610@‘61)
ot % e 2 62)(1 +62X2 62%1
, , #1 01901, 07} #2 ot '
0", 2 0" 11
=0 15 (22)
arg +w§01+arg ) ( )
g L ime R
vy v L0y (16) o2 s =ghe 7“)2(42(/"“'(”27?0
0t W ¢ R c 610' T O . Op
1¢p AL 14 — 6_1:12 - W —G3 6_7:0
(ii) Order of (&?) L, (% %) 00 (64.1 ., % 6{2)
019 \ 01, 019 019 \ Ot 16‘:0 0T
2 2
1y 300, P For Py
W _[)) a 2 aTOaTl I (17) B 2(610617 + aToah)
B Po, Py P 1 @]
6%2 o2 @202 a(/’l : 6251 azXl 2{ {261(,611 +amarl o5 2 0%
_r1 _ _ _ A 2
B2l 2T peeit <3T0) *orom ot +aiogi +a§o§il}
18 2 %, 2
(18) a(ﬂ‘ (T +20) - %1 (Cz—%>7
¢, > o _ ) e, O 23
T‘L_(Z)‘FCU 2+?—*(1(U)(p1+2671%+671(2)) ( )
5 0L, 0, o, 1
610 a‘[() 610611 610611 ’
(19)
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dvs v3 Ly <5X1 002 aX%) vy
— = Ay )
01 + w1 ¢ R, ¢ \0m2 + 01, 019 01y
_ o0
6‘[1 '
(24)

The PDE of these groups can be solved sequen-
tially. Therefore, we begin with the general solutions
of the first group of Eqgs. (13)—(16) as follows

1 =A™+ CC, (25)

{, =A™ + CC, (26)
X A ei‘CU

@, = A3 0 _;'_ﬁ—l— CcC, (27)

. fwl'leAl el

L tCC, 28
(wlc,,RL—z) ( )

U1

Here, CC denotes the complex conjugates of the
foregoing terms, and A, (n=1,2,3) and A, are
unknown complex functions of the scales (7, t2) and
their conjugates, respectively.

Substituting the solutions (25)—(28) into the second
group of PDE (17)—(20), and then eliminating the
produced secular terms, to get the following
conditions

oA,
6‘51 o

0, n=12,3. (29)

As a corollary of these conditions, the solutions of
Egs. (17)-(20) are

U)2ﬂA3 et 7o

Y2 = W + CC, (30)
C _ (4 — 3(,02)A1K1 O)2A3Z3
T R -1 P
3(02A% 621'170 3(1)2A§ eZiwrg

2w? — 4)(w? — 1) 2(@? —40?)
Ro(w+ 1) — 1]w?A Az el @)
(02 = 1)[@? — (0 +1)?]
Ro(w — 1) — 1]aw?AsA; el
(@ =)@ = (0 —1)’]

+ CC,

(31)
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(207 — 2@ — 3)A A€l 0
(? — D[w? — (w+ 1)
(20” + 2@ — 3)ArA el 1w

(@ = D]w? = (@ —1)7]
o2@ + )ArAze/ ")
a(w + 2w)
02w — 0)ArAzel (@)%

cc
* @(w —2w) +e6

¥y =

Ldw R JAz e

(ww1GyRy, —i)(w? — 1)

vy = — +CcC, (33)

The requirements of removing the secular terms
from the third group of PDE (21)—(24) can be obtained
after inserting the solutions (25)—(28) and (30)—(33)
into these equations. Therefore, one obtains

oA
i6A +2i@l+DIA1 =0, (34)

oA _
iGymAy + 310As + 2im—— + DrArAsA,

0ty (35)
+ D3A1A2A, = 0,

0A3 _ _
1C3wA3 +2iw——— DyA3(D4A3A; — ArA
3WA3 on hA3(DsA3A3 24A3) (36)

+ D5A1A3Z] =0.

Ultimately, the solutions of Egs. (21)—(24) can be
found in the forms

o ﬂeim T0 (m + 1)2((92 + @? — Z)ﬁA]Azei(erl)fﬂ
3= 20=p?) "w@+2)(@—o+ )(@+o+1)(w 1)
(w—o)(w+ w)3BA2A3ei(rﬂ+u))m
@(w+20)[1 — (o + w)z]
(@ — 1)2(0? + @ — 2)pArA el @0
o(w—2)(w? - 1)[(w — 1)2 — ]
(@ + w)(w— w)3;§Azg3er‘<m2—m>ro L ec.
o(w—20)[1 — (o — w)’]
(37)
C3 = C3l + C32 + C33, (38)
§D3 = (p3l + (.032 + @33, (39)

where (3, and ¢3,, (n = 1,2,3) are defined as in the
appendix ().
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(pya R T fe?™ LonRLj B + o —2) [ L0A,
= = - —iclAy —2i——DA; =0
” 2(1 = p1)(p1oiépRL — i) @(w? - 1) 2fle rat 1612 o ’
3 i(m T l ~ .~ -
(w +21) AiAyell +i) —f,e% —iGmAy —3 ’120(142
(05 Dl(m+ 1)’ — e2lfond Ru(m+ 1) 1] S
_ ) A _ _
. (@ — 1)*A, Agei@ 0 —2i wa—z — D>A>A3A5 — D3A 1 AXA, = 0,
= - T
(@ —2)[(m—1)* = @][01&R (@ — 1) — i] ) 2 oA
-~ . ;i1 6 .~ . 3
B Lo Ry B { (o — w)(w+ w)4A2A3e’(m+‘“)T" Ef% €' —iczwAy —2i wa—rz
7 w20l sor —toGRere) —il b b AR, — Ay — DsAAsA; = 0
(@ + 0)(w — 0)*AAel ™)
3 — —1+cc. (42)
(w—20)[(w—w)” — 1][wiéR(m — w) —i]

(40)

4 Resonance investigation

In this section, different aspects of resonance [26] will
be identified which affect the behavior of the system.
Moreover, the solvability conditions that generate the
modulation equations will be determined. Meanwhile,
the frequency response curves will be used to highlight
the zones of stability and instability according to the
system’s physical parameters.

The resonance conditions are fulfilled based on the
denominators of the second and third orders of
solutions (30)—(33) and (37)—(40) when they have
zero values. Here, we have two divisions of resonance.

a. Internal resonance takes place, once the following
terms are met

ox0, o=x-1, ox12, = to,
w20, wx~Et(o+1),
ortw-—1), ox+tl, ox=+QR2w+l),
oxt2w—-1), ox=43, o=x==*l/3.

b. External primary resonance can be achieved when
pr=1,pp~w, and p3 ~ w.

Now, we will explore the cases of external primary
resonance at the same time. Then, we introduce the
detuning parameter ¢, (n = 1,2,3) according to

= l = = .
P1 +26~17 ) 2] @+ 02, D3 w + 03; (41)

Op = E°G.

Substituting (41) into the third-order solutions
(37)—(40), and making use of the conditions (34)-
(36), the solvability conditions become

Let us consider a,, and l/;n to express the amplitudes
and phases of the solutions y, {, and ¢. Therefore, we
can specify the functions A, in their polar forms, as
follows

An _ dn(TZ) eil/;nfz;

5 (n=1,2,3).

a, = &, (43)
Henceforth, their first derivatives can be stated as
follows
0A; ,04;
— = . 44
ot ¢ 01y (44)
For simplicity, the above solvability conditions of
PDE (42) can be transformed into the ordinary form.
To gain this objective, the following modified phases

can be utilized
01(t1,72) = 1261 — ¥ (2),
O2(11,72) = 12 G2 — Y5(72),

03(11,72) = 1263 — Y3(12)-

(45)

Substituting (43)—(45) into (42) and isolating the
real and imaginary portions to obtain the following
ME

al‘%:%m cos 0 —ay(Dg — 201)],

% = %[f, sinfy —ai (D7 + ¢1)),

az%:%{fzcosﬁz —a {30:;12 - 2w0, +41*‘(D2‘l§ + Dsa; } }-,
%:ﬁ(ﬁ sin 0, — wascy),

asda’ir3 - i {‘fs cos 03 + % |:4O'3 + %D2“3(D4a§ —@) - Dsa?} }’
%:i(ﬁ sin 03 — wascs),

(40)

where the terms D, (n=1,2,...,7) are given in
Appendix (I).
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—— Approximate solutions

————— Numerical solutions

—0.05f

Fig. 2 The numerical and approximate solutions comparison

The modulation equations system (46) may be
numerically solved through the planes a,6, and
according to the arbitrary initial conditions a;(0) =
0.01, a(0) = 0.1, a3(0) = 0.08, and
01(0) = 62(0) = 65(0) = 0.

A comparison between the numerical solutions and
the approximate ones is graphed in Fig. 2. The
portions of this figure are drawn according to the
following data of the system’s parameter [27]

fi=f=f=001x10"% ¢ =0.002, c=0003, c;3=0.0012,
@=001, =015 u=0000003, 5=00001, f=0.01
% =001, 7=000003, ¢ =a=—0003, q3=0.003.

The inference from the figure’s portions reveals
high consistency among these solutions; meanwhile, it
confirms an excellent accuracy of the approximate
solutions. The subsequent parameters were considered
for the comparison as shown in Fig. 2.

@ Springer

5 Chaotic motion

In the mentioned dynamical system, tiny adjustments
to the system’s parameters can have an impact on the
system’s behavior. Hence, the system offered three
different types of motion as we will describe below.
The bifurcation diagrams of the variables X and Z, and
the spectrum of Lyapunov exponents (LEs of
ny n=1,2,...,6) versus the excitation amplitude f;
were simulated to display the kinds of these motions
[28]. Figure 3a, b shows the bifurcation diagrams of X
and Z, and Fig. 3c displays the spectrum LEs that
describe different types of motion. According to the
below three figures, we have three ranges of the
excitation amplitude f;, every range refers to different
kind of system’s motion. The first range at
/i € [0,0.04065], we noticed in this range of values,
the spectrum of LEs lines are approximately under the
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A

Fig. 3 The bifurcation diagrams of X, Z, and their spectrum of
LEs

axis 4 = 0 or equal to zero, which indicated that the
motion is in a quasi-periodic sequence and it is seen
also in the bifurcation diagram of X, Z for the same
range of fj especially in Fig. 3a, the system exhibits
nearly as a line. The second range is founded at
/i € (0.04065,0.23]. It is noticed that, there is more
than one LEs spectrum that has a positive value like
the blue and red lines. Hence, the system behavior is a
hyper-chaotic motion as it is obviously observed in the
bifurcation diagrams for the aforementioned second
range. Finally, we can observe from the third range of
/1 € (0.23,0.5] that only one spectrum has a positive
value. Therefore, the system is in the chaotic phase as
seen at the same time in the bifurcation diagrams of X
and Z.

The phase portraits and Poincaré maps are plotted
in Fig. 4, where the blue curves denote the phase
portraits and the red dots symbolize the Poincaré
maps. The figures were depicted for different values of
the excitation amplitude f; to show the various three
motions of the system.

In Fig. 4a, we consider a value f; = 0.0005 that lies
in the first range of the excitation amplitude. The red
dots pattern of the Poincaré map shows approximately
a closed curve for both variables X and Z, which leads
to the previous conclusion of the quasi-periodic
movement of the system.

The red dots at f; = 0.24 as in Fig. 4b start to
diverge randomly because of the chaotic state which
appeared in the third range of values of f;. In the same
way, in Fig. 4c, the system at fj = 0.11 behaves as the
hyper-chaotic motion as in the second range of f;.
Therefore, the red dots are in a very messy distribution
unlike in the previous two figures.

6 The piezoelectric transducer

In this portion of the study, we pursued to take the
advantage of producing electrical energy by integrat-
ing a piezoelectric device with our mentioned dynam-
ical model, which is one of the energy harvesting
devices. The piezoelectric device consists of dielectric
materials, which can be polarized due to the mechan-
ical stress that comes from the vibrations of the
dynamical model in our case when these materials are
polarized; an electric field is generated. This process is
called the piezoelectric effect. So, electrical energy
from mechanical energy using the merge between the
piezoelectric device and the dynamical model is
produced. The electrical energy is generated by the
energy harvesting device which may be used for many
different purposes, including environmental monitor-
ing like habitat monitoring (light, temperature, and
humidity), structural monitoring, and medical remote
sensing such as emergency medical response moni-
toring, pacemaker, defibrillator, military applications,
and aerospace.

The piezoelectric transducer is merged with our
dynamical model specifically with the mass m; and
loaded with the resistance R;, in which the influence of
various system parameters on the energy production is
checked. In Fig. 5, the effect of different values of the
damping  coefficient ¢;(= 0.002, 0.005, 0.008),
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Fig. 4 The phase portraits and Poincare maps of X, Z
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Fig. 5 The time histories of the output voltage, and power at different values of damping coefficient ¢, capacitance c,, and load

resistance Ry

capacitance c,(= 0.001, 0.004, 0.007), and the load
resistance Ry (= 500, 700, 900) on the time histories
of output voltage and power is drawn. We logically
concluded that the output voltage and the power
decrease with the increasing of ¢ and c,. It is observed
that the output voltage rises as the load resistance
increases in accordance with Ohm’s Law [29], and in
contrast, as Ry grows, the output power falls.

Simultaneously, the effect of other parameters
which, increase the productivity of electrical energy
is studied, as shown in Fig. 6. Moreover, the impact of
various values of the excitation amplitude
f1(=0.0005, 0.0007, 0.0009), natural frequency
wi(= 2.5, 3.5, 4.5), and the coupling coefficient y(=
0.0003, 0.0009, 0.0015) is examined. The rising of
the mentioned parameters yields, the output voltage
and power growth as time passed.
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Fig. 6 The behavior of v and P versus 7, when varying of excitation amplitude f;, natural frequency ;, and coupling coefficient y

7 Steady-state solutions and stability analysis

This section of the research covers the steady-state
solutions and the stability analysis of the dynamical
model according to the resonance response curves.
When transient processes are eliminated as a result of
the system’s dampening, steady-state vibrations are

@ Springer

apparent [30]. We presumed that the amplitudes’ and
phases’ time derivatives are equal to zero in modula-
tion Eq. (46). Therefore, these equations are trans-
formed from a system of ODE to a system of algebraic
equations as follows
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fl COSQ] *al(D(, — 201) = 07
fl sin@l —al(D7 —|—(,'1) = O7

1
frcos b, —ay {30(172 —2wo, + 1 (Dzag + D3a%)] =0,
frsinl, —waze, =0,

wa 1
f3 CcOS 93 + 73 |:4(73 + 5D2a3(D4a§ — a%) — D5a%:| = 07
f3 sin 93 —wascy = 0.

(47)

The following set of nonlinear algebraic equations
is a relation between the amplitudes a, and the
detuning parameters o, after getting rid of the
modified phases 6, from Eq. (47)

f12 = (l?{[DG — 201]2 + [D7 + C1}2}7

1 2
f22 = a%{wzcg + |:3oc ;12 —2woy + Z (Dzag + D3a%)] },

1 2
f32 = wzgg{ |:20'3 + ZD2a3 (D4a§ — a%) — D5af:| +C§}.
(48)

The stability of steady-state vibrations is a unique
and significant feature of the topic of this study.
Consequently, we will examine the system’s behavior
in the immediate vicinity of the fixed locations to
understand this issue. The fixed point analogous to the
steady-state solution is asymptotically stable in the
perspective of Lyapunov if and only if the real
components of all eigenvalues are negative [31].

* unstable < stable
a1l laz]
0.25§ o.12F
0.20f 0.10}
o1 5 g 0.08f
ik 0.06f
0.10f
04}
005 0\2
. . o1 i . i i o5
-0.04 -0.02 0.02 0.04 -0.04 -0.02 0.02 0.04
las|
" . i . o
-0.04 -0.02 0.02 0.04
Fig. 7 Resonance curves of the amplitudes a,, n = 1,2, 3 versus a1, and o, = —0.002, o3 = —0.001
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0.0120947}
0.0120940}
. . . . o
~0.015 ~0.005 0.005 0.015

Fig. 8 The amplitudes a, vs 07, at ; = 0.001, o3 = —0.001

We will illustrate the stability of the fixed points
through the resonance response curves which can be
plotted using the numerical solutions of Eq. (48). In
Figs. 7 and 8, we noticed that all fixed points for the
ranges of g; and 0, are stable. In contrast and as shown
in Fig. 9, the influence of g3 on the stability of the
fixed points is obvious, in which the fixed points of
some areas lost their stability and turn into unsta-
ble fixed points. It must be noted that the stable fixed
points are represented with blue points while the red
ones are used to refer to the unstable ones.

@ Springer

8 Conclusion

The nonlinear motion of a 3DOf dynamical system
consisting of two linked components: The first one is
connected to a PE device, while the other is a nonlinear
damped pendulum, has been investigated. The gov-
erning equations are obtained using Lagrange’s equa-
tions and are solved analytically using the multiple
scale methodology till the third-order approximation.
These solutions are confirmed numerically and sup-
ported with graphs. All the obtained external reso-
nance cases are examined and the modulation
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Fig. 9 Representation of the resonance curves of the amplitudes a, vs g3, at 6 = 0.001, o, = —0.002

equations are achieved. The bifurcation diagrams,
Poincaré maps, and the spectrum of Lyapunov expo-
nents are depicted and explored that the system acted
in three different movements: a quasi-periodic, hyper-
chaotic, and chaotic motion. It is noted that we can get
high output voltage and power by controlling the
values of excitation amplitude, natural frequency,
coupling coefficient, capacitance, damping coeffi-
cient, and load resistance. The influences of these
parameters are represented graphically to be more
comprehensible. Moreover, the stability of the system
using the resonance response curves is drawn and
analyzed to clarify the stable and unstable fixed points.
The significance of the investigated dynamical system
is due to its uses in diverse applications including
medical remote sensing like emergency medical
response monitoring, and environmental applications;
for example, temperature and humidity monitoring.
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