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Abstract 
 

This paper proposes a new finite element model for active constrained layer damped (CLD) rotating plate with self-sensing technique. 

Constrained layer damping can effectively reduce the vibration in rotating structures. Unfortunately, most existing research models the 

rotating structures as beams that are not the case many times. It is meaningful to model the rotating part as plates because of improve-

ments on both the accuracy and the versatility. At the same time, existing research shows that the active constrained layer damping pro-

vides a more effective vibration control approach than the passive constrained layer damping. Thus, in this work, a single layer finite 

element is adopted to model a three-layer active constrained layer damped rotating plate. Unlike previous ones, this finite element model 

treats all three layers as having the both shear and extension strains, so all types of damping are taken into account. Also, the constraining 

layer is made of piezoelectric material to work as both the self-sensing sensor and actuator. Then, a proportional control strategy is im-

plemented to effectively control the displacement of the tip end of the rotating plate. Additionally, a parametric study is conducted to 

explore the impact of some design parameters on structure’s modal characteristics.   
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1. Introduction 

Constrained layer damping (CLD) is an effective approach 

for vibration controls. The fundamental mechanism of CLD is 

that the relative motion of two face layers leads to the defor-

mation of the damping layer; the energy consumed through 

the deformation of the damping layer results in the damping 

effects. Currently, relatively large damping ratios can be 

achieved through a wide range of available viscoelastic mate-

rials.  

In literature, extensive investigations have been conducted 

on constrained layer damping for beam structures. These re-

searches widely employed an assumption proposed by Ross, 

Ungar and Kerwin (RUK) [1] that there is only shear deforma-

tion (pure shear) in the damping layer. In this assumption, the 

two face layers are treated as Euler-Beams while the core 

layer only experiences shear deformation. The motions asso-

ciated with this assumption are illustrated in Fig. 1. For the 

convenience of the discussion, two face layers are called the 

constraining layer and the base layer respectively in this paper, 

while the middle layer is called the core layer. The layers are 

also denoted by numbers 1, 2 and 3, respectively, throughout 

this work. The displacements u1 and u3 are employed to repre-

sent the longitudinal displacements of face layer 1 and 2 re-

spectively. w is utilized to denote the transverse displacement 

of sandwich structure, which is identical for each of the three 

layers. Shear deformation in the core layer is determined from 

the relative motion between u1 and u3. 

While the assumptions described above are widely used, 

they are not always valid in certain structures when RKU 

model is employed. Rao [2] studied the problem using the 

same transverse displacement assumption as that in Ref. [1] 

but with additional assumptions that the longitudinal dis-

placement varies linearly across the thickness of each layer, 

and the displacement is continuously across the layer connec-

tions. In that work, all of three layers are treated as Ti-
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Fig. 1. RUK model displacements for a CLD sandwich beam chart. 
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moshenko beams instead of Euler beams used in the RKU 

model. Zapfe and Lesieutre [3] presented a beam finite ele-

ment that can be regarded as the finite element implementa-

tion of the Rao’s model. In addition to the passive constrained 

layer damping (PCLD), the active constrained layer damping 

(ACLD) approach has been shown that can bring more damp-

ing into the structure [4]. In ACLD technique, a voltage is 

applied on the piezoelectric constraining layer to generate 

active force. Gao and Liao [5] implemented self-sensing 

ACLD approach based on the work of Dosch and Inman [6]. 

In self-sensing ACLD approach, the piezoelectric constraining 

layer works as both the sensor and actuator, and a bridge cir-

cuit [6] is used to extract the sensed voltage from measured 

signal. One of advantages for this approach is that it can 

achieve the true collocated control which means the control 

systems is unconditionally stable [7]. 

Recently constrained layer damping is employed for the vi-

bration suppressions of rotating structures, which has wide 

applications in industries such as wind turbines, helicopters, 

and vessels. Rotating beams, as simplification of rotating 

plates, have been extensively investigated, including funda-

mental dynamics [8]. Yoo and Pieere [9] studied the dynamics 

of rotating bare plates using analytical approach. Based on the 

work in [9], Liu and Hong [10] developed a plate finite ele-

ment model for a rotating bare plate. Fung and Yau [11] stud-

ied ACLD application on rotating beam, and Shen [12] gives a 

work-energy relation of a self-sensing ACLD rotating beam. 

Liu et al. [13] extended their own work in Ref. [10] to active 

control of constrained layer damped rotating plates through 

finite element approach. It is worth noting that all of the work 

mentioned here utilized the same assumptions as those in 

RKU model that only shear strain exists in the core layer and 

extension strain in the constraining and base layers.  

In this research, a plate finite element is employed to model 

the multi-layer rotating plates. This plate finite element model 

extends previous research from beam to plate, and it is ex-

pected that more possible types of damping can be captured 

for practical rotating plate analysis due to the proposed dis-

placement field. This feature overcomes the over-simplifica-

tion in previous works. Also, this plate finite element model 

can be extended to multi-layer (more than three) rotating 

plates conveniently. Then, a proportional control strategy is 

implemented with a self-sensing constraining layer, which 

means the piezoelectric constraining layer works as both the 

sensor and the actuator. The model is validated and a compre-

hensive parametric study is conducted to illustrate impacts of 

different design parameters on modal characteristics of ACLD 

rotating plates.  

 

2. Finite element modeling  

2.1 Assumptions and kinematics relations 

Prior to introducing the rotating plate finite element model, 

the assumptions as those in Ref. [2] should be introduced. 

Note that the assumptions in Ref. [2] are for beams. 

(1) The transverse displacements of all three layers are 

equal. 

(2) The longitudinal displacement is linearly distributed 

across the thickness of each layer. 

(3) There is no slip between the layers. 

The rotating plate is modeled in this work based on above 

assumptions. Fig. 2 shows the proposed displacement field for 

the rotating plate with angular velocity ω. w is the transverse 

displacement for all of the three layers. ui and vi are the longi-

tudinal displacements at the contacting surfaces of different 

layers along the x and y axes, respectively. The longitudinal 

displacements of each layer vary linearly across the thickness 

of each layer. Note that there are two coordinate systems in 

Fig. 2, a rotating coordinate system o-xyz attached to the rotat-

ing plate, and a global coordinate system O-XYZ that is fixed 

without rotation. The transformation matrix between two co-

ordinate systems is defined as in Ref. [10]: 
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Fig. 2. Proposed displacement field. 
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is the so-called ‘stiffening effect’ [10], which are the coupling 

terms between the transverse displacement and the longitudi-

nal displacement due to the centrifugal force of the rotation. 

The transformation of the displacement from the o-xyz coor-

dinate system to O-XYZ coordinate system can be made as 

follows: 
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With the proposed displacement field, kinetic and strain en-

ergy can be obtained respectively, based on that, the equations 

of motion can be derived.  

 

2.2 Strain and kinetic energy  

Given displacement field, the elastic strain energy of the 

ith  layer in the rotating plate can be represented as: 
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where 
i

H  is the thickness of ith  layer.  

The kinetic energy is dependent on structure’s motion. Tak-

ing the time derivative of displacement '
XYZ

OP  in Eq. (3) 

gives: 
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The kinetic energy of the ith  layer then can be calculated 

as: 
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where ω θ= &  is the angular velocity of plate rotation. 

 

2.3 Finite element discretization 

As mentioned earlier, once the kinetic and the strain energy 

are obtained, the displacement field can be discretized using 

the new plate finite element. Fig. 3 shows the ith  layer of the 

proposed new plate finite element. Here it is worth noting that 

the mid nodes are employed to avoid shear locking [3]. As a 

result, there are 25 degrees of freedom for the ith  layer as 

shown in Fig. 3 and 41 degrees of freedom for all of three 

layers.  

The displacement vector of the ith  layer with this new 

plate finite element becomes as follows:  
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For the ith layer of plate finite element, the proposed dis-

placement field (Fig. 3) can be organized as: 
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and the dimensions of matrix B and F are 3 5×  and 

5 25,× respectively. Both matrixes are given as follows: 
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where z and Hi respectively are the transverse coordinate and 

the thickness of the ith layer 

 
 

Fig. 3. Proposed new plate finite element. 
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where 
1 4

n n−  are the shape functions for the longitudinal 

displacement and 
1 9

b b−  are the shape functions for the 

transverse displacement. Because they can be calculated ac-

cording to many finite element textbooks, they are not given 

in detail in this work. 

Also, the displacement vector 
i

q can be assembled to the 

total displacement vector q  of the whole plate finite element 

with three layers: 
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where 
i

TR  is the map matrix of the ith layer. 
i

TR  is a 

25n×  matrix and n  is the total number of degrees of free-

dom in the plate finite element (41 for three layers). While 

CLD rotating plate structure with three layers is employed as a 

physical base for derivation of motion equations in this paper, 

it can be easily extended to CLD structure with multiple layers 

using this modeling approach.  

Substituting Eq. (7) into Eqs. (2), (3) and (5), and neglecting 

high order terms, the kinetic and strain energy of the ith  

layer can be reorganized as: 

 

1 1 1 1 2 2

3 3 3 4 4 4

5 1 2 5 1 2

5

1
( ( ) ( ) ( ) ( ) ( ) ( )

6

( ) ( ) ( ) ( ) ( ) ( )

3
2 2

3

i

T T T T

i i i i
V

T T T T

i i i

T

T

i i i

i i

T

i i

F F F F F F
V E q q

x x x x x x

F F F F F F
E q q

y y y y y y

F F F F F F
G q q

x H x H

F F
G q

y

∂ ∂ ∂ ∂ ∂ ∂ 
= + + ∂ ∂ ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂ ∂ ∂ ∂
+ + + 

∂ ∂ ∂ ∂ ∂ ∂ 

   ∂ − ∂ −
+ − −      ∂ ∂   

∂
+ −

∂

∫∫∫

3 4 5 1 2 )
2 2

T

i

i i

F F F F
q dv

H y H

   − ∂ −
−      ∂   

  

  (11) 
. . . .

3 3 1 1 3

. .
2 2

1 3 3 1 1 1

3 3

1 1 1
0

1
( (2

2

) (

( ) ( ) 2 ) .

ρ ω

ω

= + + +

− − + +

∂ ∂
+ − +

∂ ∂

∫∫∫

∫

i

T T T

T T T T

i i i ii i i i i
V

T T

T T T T

i ii i i i

x
T T T T

i i i i i

T q N N q xN q q N N q q N N q

q N N q q N N q x q N N q

N N
q N N q xq dxq xN q dv

x x

  

  (12) 

 

2.4 Self-sensing ACLD 

The piezoelectric constraining layer acts as both the sensor 

and the actuator. The sensed voltage is feedback through a 

proportional gain to apply a voltage over the constraining 

layer to generate active force. There are two assumptions on 

the ACLD in this work. First the viscoelastic layer is fully 

covered by the piezoelectric constraining layer, and second the 

applied voltage is homogenous over the whole surface of the 

constraining layer.  

The constitutive equation of piezoelectric material is given 

in the book of Moheimani et al. [14] and shown as follows: 

 
1C dEσ ε−= +   (13) 

 

and 

 
TD d eEε= +   (14) 

 

where ,σ ,ε ,d ,E ,C ,e and D  are the stress, strain, matrix 

of piezoelectric constants, applied electric field, matrix of 

elastic compliance, permittivity matrix, and electric displace-

ment on the surface of the constraining layer, respectively. 

Then, the accumulated charges due to the deformation can be 

calculated as: 
 

T

z
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where z  is the transverse coordinate at the mid-plane of the 

constraining layer as given in the work of Hwang et al. [15], 

and the sensed voltage can be calculated accordingly as: 
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where 
p

C  is the capacitance of the constraining layer. 

Because the proportional control is used in this work, the 

applied control voltage 
a

V can be easily calculated as 

a p s
V K V= , and 

p
K  is the proportional gain. Then, generated 

active force can be calculated by 
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Note that the terms for active force should be discretized to 

be integrated into the finite element model. 

 

2.5 Equations of motion  

With Eqs. (11), (12) and (17), the global equations of mo-

tion for the rotating plate can be obtained using Lagrange for-

mula as follows; 
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The integration domain V is the volume of three-layer plate. 

[ ] ,
p

K  the stiffness matrix, comes from the proportional con-

trol, and 
1

K  and RP  are the elastic strain stiffness in o-xyz 

coordinate system and stiffening matrix, respectively. As the 

same coupling terms between the transverse and longitudinal 

displacements are used, the derivation of RP in this work is 

similar to that in Ref. [13]. It is worth noting that the proposed 

displacement field and derivation approach in present study 

are different from those in Ref. [13], where the bare rotating 

plate is investigated in the latter while three layer CLD struc-

ture is considered in this study. Here, the Lagrange formula is 

applied to each layer (
i

q ) first, and then the local equation of 

motion of each layer is assembled to form the global Eq. (18). 

It can be seen that this approach can be easily extended to 

CLD structure with multiple layers (more than three layers), 

and this newly proposed model could be adopted in practical 

design of rotating machines, such as wind turbine blades. 

 

3. Validation of the finite element model 

In this section, the developed finite element model is vali-

dated using data from open literature, upon which, further 

parametric study can be performed. In this regard, we consider 

an identical 0.3 m long rotating and constrained layer damped 

sandwich beam as studied in Ref. [11]. The first three bending 

modes of this beam are calculated using the newly proposed 

finite element model and compared with those in Ref. [11], 

where the rotation speed is set at 30 revolutions per-minute 

(rpm). One can see from Table 1 that all of the first three 

modes obtained from the new finite element model match 

pretty well with those in Ref. [11]. It is interesting to note 

from Table 1 that the developed new finite element model is 

able to identify the first torsion mode while the beam model in 

Ref. [11] is not, and this is an advantage of plate model over 

the beam model. With the validated active constrained layer 

damped plate model, it is possible to conduct the parametric 

study to check their impact on the model modal characteristics. 

 

4. Parametric studies 

In this section several parameters includes the proportional 

control gain
p

K , the thickness of constraining layer H1, the 

thickness of damping layer H2, the width of the plate L2, and 

the rotation speed rpm are selected. Then, the impacts of these 

parameters on the frequency response function (FRF) are stud-

ied because it is necessary to check the damped response [16], 

and the first three natural frequencies and damping ratios are 

studied as well. The parameters used in this study are based on 

a baseline configuration listed in Table 2, and their variations 

of configurations (configurations from 1 to 5) are listed as in 

Table 3. When each selected parameter varies in the study, all 

other parameters are kept as the same as those in the baseline 

configuration. 

In order to check the impacts of different values of
p

K  on 

the frequency response function, an impulse in time domain is 

applied at a corner point as shown in Fig. 4. In this way, both 

the bending and torsional modes can be captured. Apparently, 

the response at this point is the FRF of this point. Figs. 5-7 

show the FRF over the first three modes function, and it can 

be seen that when 
p

K increases, the amplitudes of FRF at the 

Table 1. Comparison between results of new plate finite element model 

and Ref. [11] with 30 rpm rotation speed. 
 

Frequency (Hz) Damping ratio (%) 

Modes New  

FE 

model 

Ref. [11] 

Differ-

ence  

(%) 

New  

FE  

model 

Ref. [11] 

Differ-

ence  

(%) 

First  

bending 
20.2 20.2 0 3.8 3.8 0 

Second  

bending 
106.1 104.0 2.0 2.3 2.3 0 

First  

torsion 
186.3 N/A N/A 0.49 N/A N/A 

Third  

bending 
290.1 277.0 4.5 1.15 1.23 7.0 

 

 

Table 2. Parameters for the baseline configuration in parameter study. 
 

Parameters Value Parameters Value 

Thickness 1 0.000762 m Shear modulus 1 24.96 Gpa 

Thickness 2 0.00025 m Shear modulus 2 0.2615 Mpa 

Thickness 3 0.002286 m Shear modulus 3 27.3 Gpa 

Young’s modulus 1 64.9 Gpa Density 1 7600 kg/m3 

Young’s modulus 2 29.8 Mpa Density 2 1250 kg/m3 

Young’s modulus 3 71 Gpa Density 3 2700 kg/m3 

Width 0.15 m Length 0.3 m 

Rotation speed 240 rpm loss factor 0.38 

Kp 10   

1: Constraining layer 

2: Damping layer 

3: Base material 

 
Table 3. Different configurations in parameter study. 
 

Parameters Config. 1 Config. 2 Config. 3 Config. 4 Config. 5 

Thickness 1 0.0001 m 0.00025 m 0.00045 m 0.00065 m 0.000762 m 

Thickness 2 0.00025 m 0.0005 m 0.00075 m 0.001 m 0.0012 m 

Width 0.15 m 0.3 m 0.4 m 0.5 m 0.6 m 

Kp 2 10 50 100 200 

Rotation 

speed 
60 rpm 120 rpm 180 rpm 240 rpm 300 rpm 

1: Constraining layer 

2: Damping layer 

3: Base material 

 

 
 

Fig. 4. Impulse applied on the corner point of the rotating plate. 
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first and the third modes drop and these two resonant frequen-

cies shift to right (increase). This is due to the increase of 

stiffness and damping ratio with higher 
p

K value. However, 

for the second mode which is a torsional mode, the 
p

K has no 

much impact on it, and this is due to the assumptions of uni-

form voltage over the surface of constraining layer, and fully 

coverage of damping and constraining layer. This means the 

proposed proportional control strategy in this work can effec-

tive suppress the bending vibration, but not so much for tor-

sional vibration [17]. Some additional numerical solution for 

similar work can be found in Refs. [18-23]. 

Figs. 8-10 show the variations of first three nature frequen-

cies in different configurations. It can be seen that the first 

nature frequency goes up as the 
p

K  increases, and goes 

down as the thickness of constraining layer and damping layer 

increase. This can be explained as the increase of stiffness and 

mass of the plate, respectively. However, same as discussed 

before, the 
p

K  value doesn’t have much impact on the sec-

 
 

Fig. 5. FRF over the first three modes. 

 

 
 

Fig. 6. FRF at the first mode. 

 

 
 

Fig. 7. FRF at the third mode. 

 

 

 
 

Fig. 8. Variations of the first natural frequency with regard to different 

parameters. 

 

 
 

Fig. 9. Variations of the second natural frequency with regard to dif-

ferent parameters. 

 

 
 

Fig. 10. Variations of the third natural frequency with regard to differ-

ent parameters. 
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ond mode. Due to the ‘stiffening effect’, the first three nature 

frequencies increase with higher rotation speeds. Note that this 

sharp increase hardly can be seen in Figs. 8 to 10 due to the 

plot scale setting. Also, it can be seen that increasing the width 

of the plate leads to a lower natural frequency at the second 

mode, which is a torsional mode, and this means the torsional 

stiffness of the plate drops. 

Figs. 11-13 illustrated the impacts of selected parameters on 

the first three mode damping ratios. When 
p

K  increases, the 

damping ratios of the first and third mode increase accordingly, 

while the second mode damping ratio keeps almost unchanged 

which agrees with the FRF shown previously. Higher con-

straining layer thickness can increase damping ratios at all 

three modes, and wider the plate can only leads to a higher 

damping ratio at the second mode and has no obvious impact 

on the other two modes. Also, damping ratios at all three 

modes drop with higher rotation speeds. It seems that the 

damping ratios at the first three modes have same trends to 

either increase or decrease when most selected parameters 

change, however, it is interesting to note that it is not so for the 

damping layer thickness. It can be seen that as the damping 

layer thickness increases, the first mode damping ratio in-

creases while the other two modes damping ratios decrease. 

 

5. Conclusions 

A new self-sensing active constrained layer damped plate 

finite element model is developed for rotating plates. The pro-

posed displacement field and degrees of freedom enable this 

finite element model to capture the shear and extension de-

formation in all three layers. This model is validated using the 

results of natural frequencies and damping ratios from pub-

lished literature, and then the validated model is employed for 

parametric study. Results show that the active constrained 

layer damping works more effectively than the passive con-

strained layer damping. From the parameter study, it can be 

seen that higher proportional gains can apparently lead to 

higher damping ratios and slightly increase the natural bend-

ing frequencies, while has no much impact on the torsion 

mode. Also, higher core and constraining layer thickness 

cause lower natural frequencies. Not surprisingly that wider 

plate leads to lower frequency and higher damping ratio of the 

torsional mode. When rotation speed goes up, the natural fre-

quencies go up as well because the stiffening effect is streng-

thened, while the damping ratios drop down. The finite ele-

ment model developed in this study provides a generic method 

for dynamic characteristic investigation of rotating plates with 

active constrained layer damping. In the future, this model can 

be used to conduct design optimizations of active constrain 

layer damped rotating plates, and also can be treated as a start-

ing point for the fluid-structure coupling analysis on rotating 

structures with complex geometries such as wind turbines. 
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