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1 General introduction

Induction motors constitute a theoretically interesting and
practically important class of nonlinear systems. They are
described by a fifth order nonlinear differential equation with
two inputs and only three state variables available for mea-
surement. The control task is further complicated by the fact
that induction motors are subject to unknown (load) distur-
bances and the parameters are highly uncertain. We are faced
then with the challenging problem of controlling a highly
nonlinear system, with unknown time varying parameters,
where the regulated output, besides being not measurable,
is perturbed by an unknown additive signal.

Existing solutions to this problem, in particular thede
facto industry standard field-oriented control (FOC), were
not theoretically well understood. Consequently, no guide-
lines were available for the designer, which had to rely on
trial-and-error and intuition for commissioning and high per-
formance applications. These compelling factors, together
with the recent development of powerful theoretical tools for
analysis and synthesis of nonlinear systems, motivated some
control researchers to tackle this problem.

The main purpose of this minicourse is to review some of
the main developments on the field, with particular emphasis
on applications of passivity and flatness ideas. The course
starts by presenting the physical model of the motor adopt-�
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ing an innovative perspective that underscores the control as-
pects —in lieu of the classical electrical engineering view-
point. We then review, again from a control theory perspec-
tive, the well-known FOC. Connections between this clas-
sical technique and passivity ideas have been revealed in the
literature, in particular it has been shown that passivity-based
control schemes exactly reduce to FOC under some simpli-
fying modeling assumptions. After reviewing these develop-
ments we present the recent developments which rely on the
property of flatness of the motor.

2 Modeling

2.1 Introduction

The designers of controls for electrical alternating current
(AC) machines frequently use a “natural” method: they try to
write “direct models”, that is “physical models” which must
be easily “inverted”. Often, in the control algorithms, they
make various types of “compensations”: additive or multi-
plicative compensations. Furthermore, they implement “in-
ternal loops” to assure security on variables like currents. In
this section, we will present the case of the induction mo-
tor (IM) and present how the flux-oriented control (FOC) is
deduced from physical criteria and how the various loops di-
rectly are deduced from classical input-output linearization
by state feedback.

2.2 Physical modelling

The induction machine considered here has a three-phase sta-
tor and a three-phase rotor (see Fig. 1). We adopt the clas-
sical assumptions: linearity of the materials (no saturations),
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Figure1: Transversesectionof theinductionmotor

sinusoidaldistribution of the field in the air-gap, balanced
structure.Vectorsrelative to statorvariablesaredenoted���
	���
�� �� ����
� 	�
� ��
 ����������	���� �� ���� 	� � ��
andvectorsrelative to rotor variablesaredenoted����	������ �� �������	������� �������! #"%$&� �� �� ��"��$ ��
Fluxes,currentsandvoltageare(respectively)denoted:' ��	�� ,'  #"%$ , ( ��	�� , (  #"%$ , ) ��	�� , )  #"*$ . The fundamentalphysical
equationsof themachinearetherelationsbetweenfluxesand
currents: ' ��	�� � +�, ( ��	��%-/. ,10!24365 (  #"%$ (1a)'  #"%$ � . 07,628365 ( ��	��9- +�0 (  #"*$ (1b)
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wherel�m is thenumberof pairof polesand 3 is themechan-
ical positionof the rotor and n �porqs ; the otherparameters
(inductances)areconstant.Thesecondsystemsof equations
arethevoltagesequations:) ��	��D� tu
 ( �
	�� -wv ' ��	��vbx (2a))  #"%$ � t � (  #"*$y- v '  #"%$vbx (2b)

Note: In practical casesof squirrel-cagemotor, the rotor
voltagesarezero: )  #"%$ �z28{|{g{65�} . The final equationis
givenby theexpressionof theelectromagnetictorque:~���� � ( } ��	���� . ,10 24365� 3 (  #"%$ (3)

2.3 The criteria for the flux oriented control (FOC)

Thedesignershavechosenthetwo following criteriato have
a goodcontrolof theIM:� Controllingtheelectromagnetictorque~ ��� .� Controllingthemagnitudeof therotorflux '  #"*$�� ' � .
Theproblemhasnow two aspects:� First,whatarethecurrentsneededto imposethetorque

andthemagnitudeof therotorflux? Thatis: how to “in-
verse”equations(1) and(3) which are“algebraicequa-
tions”. If we observe (1) and(3), we seethat we have
6 unknown variables(the currents( �
	�� and (  #"*$ ) and
only 2 equationsgivenby ~ ��� and ' � .� Second:whatarethevoltages,whichcancreatetheap-
propriatecurrents?That is: how to inverse(2), which
are“dif ferentialequations”.Furthermore,we mustpro-
tectthemotoragainsttoolargemagnitudesof statorcur-
rents.

2.4 Algebraic propertiesof the coupling matrix . ,10�28365
Themostimportanttermin equations(1) and(3) is thecou-
pling matrix . ,10O24365 which describestheelectromechanical
conversion.We mustdetailsomeof its algebraicproperties.
Its eigenvaluesare: { , s����o��
�c�c��� and

s����o��6���c�c��� . It is pos-
sible to diagonalizethis matrix with theseeigenvalues.But
for convenience,we make two choices:first, we eliminate
the termsrelative to the “zero-sequence”component(asso-
ciatedto the eigenvalueequalto zero)becausetheseterms
arealmostalwayszeroanddo not participateto the energy
conversion;and,second,we preferto usea “real” transfor-
mation;for thisweobservethatif wedefinethe“real rotation
matrix”: � 24�b5������
�6� 28�b5C� �H�Z� 28�b5���a� 24�b5 ����� 28�b5p� (4)

andthe“Clarkesub-matrix”:� s o � �¡  �£¢o �£¢o{ -?¤ so � ¤ so � }
furthermore,also for convenience,we prefer use“normal-
ized” matricesfor later transformationsand we definethe
“Concordiasub-matrix”by: ¥ s o �§¦ os � s o , andwe have:¥ }s o ¥ s o �¨�   {{   � ���© o (i.e., ¥ s o is an orthogonalma-

trix). Thus,wehavethefollowing “f actorization”(whichhas
analoguepropertiesto diagonalization):. ,10R�«ª ¥ s o � 2 l�m 365 ¥ }s o (5)



where ª¬� so ª&­ . Furthermore,¥ s o diagonalizesthe ma-
triceslike +�, and +�0 : +�, ¥ s o �¡® 
 ¥ s o and +�0 ¥ s o �¯® � ¥ s o ,
with: ®°
°� : 
±�T<=
 and ®���� : ���T<=� . Thusthefundamental
equations(1) and(3) canberewrittenasfollowing:' ��	��D� ®°
 ( ��	�� - ª ¥ s o � 2 l m 365 ¥ }s o (  #"*$ (6a)'  #"%$ � ª ¥ s o � 2H� l m 365 ¥ }s o ( ��	�� - ®�� (  #"*$ (6b)

~ ��� � l�m ª ( } ��	�� ¥ s o � 2 l�m 3 -w² ³ 5 ¥ }s o (  #"*$ (7)

2.5 Concordia transformation

If we observe equations(6) and(7) we observe that we do
not have six unknown variables,but only four one, which
are given by: ¥ }s o ( �
	�� and ¥ }s o (  #"%$ . Then it is useful to
definethe“Concordiatransformation”appliedto all electric
variables(voltages) , fluxes ' , currents( ) by:��´\µ 
 �� � � ´ 
� µ 
¶� � ¥ }s o � ��	�� (8a)� ´Jµ � �� � � ´ ���´ � � � ¥ }s o �! #"%$ (8b)

Thenthe equationsof fluxesand torque(6) and(7) canbe
rewritten:·¹¸#ºJ»¸#¼ »=½ ¾ ¿ » ·�À4ºJ»À8¼ »?½?Á¶ÂÄÃuÅ8Á°Æ [fÇcÈ ·¹À4ºJÉÀ4¼ Éy½ (9a)·¹¸ ºJÉ¸#¼ É ½ ¾ ÂÄÃuÅ�ÊËÆ [hÇcÈ ·¹À ºJ»À4¼ » ½=Á¶¿ É ·¹À ºJÉÀ4¼ É ½ (9b)~ ��� � l�m ª ( } ´Jµ 
 � 2 l�m 3 - ² ³ 5 ( ´Jµ � (10)

Furthermore,wehave for thevoltages:) ´Jµ 
D� tu
 ( ´Jµ 
 - v ' ´\µ 
vbx (11a)) ´\µ �Ì� tÍ� ( ´Jµ � -¯v ' ´Jµ �v6x (11b)

2.6 Choiceof the “useful variables”

Equations(9) and(10) show that we have now 4 unknown
variablesto determinethecomponentsof thestatorandrotor
currentsandonly 2 equationsrelative to the torque ~���� and
to the magnitudeof the rotor flux ' � . For convenience,we
chooseto use,not exactly the rotor flux, but the so-called
“magnetizingcurrent” (�Î � . This new variable,its magnitude(�Î andits polarangle � � aredefinedby a Cartesianto polar
transformation:� ' ´ �' µ �Ï� �� ª ( Î ´\µ �Ð�«ª � ( Î ´ �( Î µ �Ñ�� ª � (�Î � ����� 24� � 5(�Î � �H�Z� 24� � 5¶�� ª ( Î � � 24�
�c5=�  {Ò� (12)

Thenit appearsthatit will benaturalto choosethefollowing
“useful variables”(physicalsignificationof thefuture“state
variables”,whichwill bedefinedin alatersection):thestator
currents,which aremeasurable,andthemagnetizingcurrent
(magnitudeandpolarangle).We canrewrite theothervari-
ables(torque,statorfluxes,rotor currents)with the help of
thesetwo vectorvariables:~
��� � l m ®�Ó ( Î 
 ( } ´Jµ 
 � 2 l m 3 - �
� - ² ³Ë5 �  {Ò� (13)

' ´Jµ 
 ��Ô ¢ ( ´Jµ 
9- ® Ó (�Î � � 2 l�m 3 - � � 5=�  {Õ� (14)

� ( ´ �( µ � � � ª®�� �Ð� (�Î ´ �(�Î µ � � � � 2]� l m 3�5 � ( ´ 
( µ 
 �Ð�
(15)

with thedefinitionof new parameters:Ö �   � ª o®�
!®�� (16a)Ô ¢ � Ö ® 
 ����® 
 � ª o®�� � (16b)®�Ó � 2   � Ö 5�®�
�� ª o®�� (16c)

2.7 Park transformation

If we examine the equation(13), we observe that it will
be much more simpler to write it, if we make the follow-
ing transformationfor thestatorvariables(voltages,currents,
fluxes): � 2]��� 
 5=� � ´ 
� µ 
y� � � ��×��ØÑ� (17a)� 2H���
�Ù5 � � ´ ���µ � � � � ��Ú�!ÛÜ� (17b)�Ù
Ý� �
� - l m 3 (17c)

this leadsto the following torqueequation,which has the
mostsimpleform: ~ ��� � l�m ® Ó (�Î � ( Ø (18)

This transformationis, in fact,a rotationof theaxesandthev -axe is givenby thedirectionof therotor flux. It is known
as“Park transformation”.

2.8 Statevariablesand stateequations

The mostpracticalstatevariablesare: first, the statorcur-
rentsin Cartesianrepresentation( × and ( Ø (see(17a)); and
second,themagnetizingcurrentin polarform (12). Thestate
equations,whichdeterminethesestatevariables,are,first for
theequationsdeducedfrom statorvoltage:v ( ×v6x �  Ô ¢ 2 ) ×Ð� � ×Ù5 (19a)v ( Øv6x �  Ô ¢ 2 ) ØÞ� � Ø�5 (19b)



with the following definitions for the “back-electromotive
forces” � × and � Ø :ß�à ¾ á »�À à Á ¿hâã!ä Å À à Ê Àæå
É ÈÊ · Æ [�ç Á¨èã ä À4éÀ åÙÉ ½�êTë À é (20a)ß é ¾ á » À4éÁ · Æ [�ç Á¨èã ä À4éÀ åÙÉ ½«Åìêuë À à Áy¿ â À8åÙÉ È (20b)

and,second,for theequationsdeducedfrom therotor vari-
ables: ×1íZî�ï× } � ¢ð7ñ 2 ( × � (�Î � 5 (21a)×rò ï× } � ¢ðcñ íZóí î�ï (21b)

3 Field oriented control

3.1 Estimator

If wewantto imposeadynamicwith thehelpof astatefeed-
back,it is necessaryto determinethe threevariableswhich
arenot measurable:�Ù
 @ �
� @ ( Î � with the help of the measur-
ablevariables:that is statorcurrents,( ´Jµ 
B� ¥ }s o ( ��	�� , and
mechanicalvariables:ô and 3 . Theequationsof theestima-
tor arededucedfrom theequations(21a)and(21b):õö�×�ØÝ� � 2]� õ�Ù
�5 ¥ }s o ( ��	�� (22a)v õö Î �vbx �  õ¥ o 2 õö × � õö Î � 5 (22b)v õ�
�vbx �  õ¥ o õö�Øõö Î � (22c)õ� 
 � l�m 3 - õ� � (22d)õ~ ��� � l�m ® Ó õö Î 
 õö Ø (22e)

Thesymbol
õ
denotesestimatedvariablesandparameters.

3.2 Closed loop control and intr oduction of physical
constraints

For thedesignof thecontrollers,we have to solve two prob-
lems:

1. We want to imposethe dynamicand the steadystate
behaviorsof thetwo variablesof interest:thetorque~����
andtheamplitudeof themagnetizingcurrent: ( Î � . For
this we will usean input-outputlinearizationby state-
feedbackusingthedifferentialequations:×1÷�ø4ù× } � l�m ® Ó�ú ×1íaî�ï× } ( ØË- ×1í ó× } (�Î 
1û (23a)Ô ¢ ×1í î�ï× } - Ô ¢ ¥ o × ñ í î�ï× } ñ � ) × � � × (23b)(�Î ��- ¥ o ×1íaî�ï× } � ( × (23c)

And we choosearbitrarily thefollowing dynamicmod-
els, which have the lowestordersphysicallyrealisable

(1üìý for thetorque,2þÙÿ for themagnetizingcurrent):v ~����vbx �  ~ � 2r2 ~
��� 5�� ��� � ~���� 5�  ~ � l�m ® Ó (�Î � 2æ© Ø�� ø�� � ( Ø 5 (24a)( Î � - ³ �ô � v (�Î �vbx -  ô o� v o (�Î �vbx o � ( Î ��� ø�� (24b)

2. We have to limit thevariationsof thestatorcurrentsfor
securityduringlargemovements.Thuswewantto have
acontrolstructure,whichcontainsinternalloopson the
statorcurrents.Algebraiccomputationsgivethefollow-
ing resultsfor thecontrollaw:

(a) In the“ � -axis”,wecontrolthetorqueandthemag-
nitudeof thecomponent( Ø of thestatorcurrent:) Ø � ) Ø ¢ - ) Ø o (25a)) Ø ¢ � 	 Ø 2æ© Ø�� ø�� � õö Ø 5 (25b)
 ����
 	�ØÐ� õÔ ¢~ �) Ø o � � Ø � õÔ ¢õ¥ o õö�Øõö Î � 2 õö × �Ñö Î � 5 (25c)

(b) In the “ v -axis” we control the rotor flux ' � �ª ( Î � andthemagnitudeof the component( × of
the statorcurrent: first, the two loopsstructureis
givenby:©Ù×�� ø�� � 	 Î 2æ© Î ��� ø�� � ( Î �Ù5 - ©
×�� ø�� ñ (26a)) × � 	�× 2æ©
×�� ø�� � ( ×Ù5 - ) × o (26b)

andthecoefficientsof theproportionalcontrollers
andtheadditivecompensationsaregivenby:	�× � Ô ¢¥ o 2 ³ � ô � ¥ o �   5 @ ) × o � � × (27a)	 Î � 2 ô � ¥ o 5 o³ � ô � ¥ o �  

@ ©
×�� ø�� ñ � ( Î � (27b)

We observethatthis structureuseproportionalcontrollers
like 	6Ø , 	 Î , 	6× and “additive compensations”like ) Ø ñ , ) Ø ñ
and ©
×�� ø�� ñ .
3.3 Examplesof transients

Fig. 2 andFig. 3 show transients,which prove that this ap-
proachgivesa complete“inversion”of thedynamicalof the
model. Fig. 2 shows threeresponses:First, the “magneti-
zation”, that is, the responseof the statorflux to a stepref-
erence(dynamicof 2ndorder, givenby (24b)).Fig. 3 shows
thatthe ( × componentof thestatorcurrentreachestheautho-
rizedmaximumvalue(denoted( ×������ ), but withoutovershoot:
that is a protectioneffect due the internal loop. After the
magnetizationweseetheresponseof thetorqueto stepsref-
erence:thedynamicis 1storder, givenby (24a). Thespeed
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ô hasquasi-linearresponses(the torqueis well controlled).
We observethatthedecouplingbetweenthetwo axesis per-
fect: the magnitudeof the flux remainsconstantwhen the
torquehaslargevariations.The “inversion”of themodelis
completed.
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3.4 Conclusion

Thisbrief approachof thecontrolof inductionmachineshas
two aims. First, to prove that the classicalField Oriented
Control(FOC) is thelogical solutionto theproblemof con-
trolling simultaneouslythe two outputs(torqueandmagni-
tudeof therotorflux); thisshowsthattheParktransformation
in thereferentialof therotorflux is necessaryto resolvesim-
ply thealgebraicequationswhich describethephysicalsys-
tems.Second,thenecessityof imposingsimultaneouslythe
steadystateanddynamicbehavior of thetwo outputsleadsto
control in thetwo-axis v and � ; we canlimit (for protection)
themagnitudesof thetwo componentsof thestatorcurrents
by the help of internal loops, which can realizethe input-
output linearizationof the inductionmachine. This proves
theability of determinationof thecomplete“inversemodel”
of themachine.

4 Passivity-basedcontrol

4.1 Background on passivity-basedcontrol

Thetermpassivity-basedcontrol(PBC)wasfirst introduced
in [18] to define a controller design methodologywhich
achieves stabilizationby renderingpassive1 a suitably de-
fined map. This idea hasbeenvery successfulto control
physical systems,in particular those describedby Euler-
Lagrangeequationsof motion,which asthoroughlydetailed
in [19], includesmechanical,electricalandelectromechani-
cal applications.PBC hasits rootsin the work of Takegaki
and Arimoto [20] on state-feedbackregulationof fully ac-
tuatedrobot manipulators.PBC designproceedsalongtwo
basicstages.First, anenergy shapingstagewherewe mod-
ify thetotal energy of thesystemin sucha way thatthenew
energy functionhasastrict localminimumin thedesiredbe-
havior. Second,a dampinginjection stagewherewe now
modify the dissipationfunction to ensureasymptoticstabil-
ity.

Thereareseveral importantadvantagesof PBCwhich, to
a largeextent,explain it practicalsuccess:

1. The actionof the controllerhasa clearphysicalinter-
pretationas an interconnectionof the systemwith its
environment. In particular, stabilizationcanbe under-
stoodin termsof energy balancebetweenthem.

2. Passivesystemsarerobustvisa visuncertainparameters
andunmodeleddynamics.For instance,in mechanical
systemsthe passive outputsaregeneralizedvelocities,
thusunmodeledeffectslike friction (which is a dissipa-
tiveaction)cannotdestroy stability.

3. In somecasesit is possibleto attacha clear physi-
cal interpretationto the controller tuning parameters.
For instance,as dampersor springs. This property
canhardlybeoverestimatedin engineeringapplications
wherecommissioningof thecontrollerfor a robustbe-
havior is an issueof prime importance,(alas! largely
neglectedin controltheory).

4. SincePBChasevolvedfrom considerationsof physical
propertieslikeenergyconservationandpassivity -which
shouldbecontrastedwith feedbacklinearizationthatre-
sultsfrom purely mathematicalconsiderations-the de-
signis consistentwith thephysicalconstraints,without
cancellingdynamicsor introducingcontrollersingular-
ities.

In thispartof theminicourseweshow how PBCcanbeap-
plied for speed(or position)regulationof inductionmotors.
To provide the readerwith a suitablerangeof referenceson
PBCof electricalmachines,andat thesametime give some
perspective on this approach,we presentin thenext section

1We recall herethat a passive systemis one wherethe storedenergy
cannotexceedtheenergy suppliedto it from its environment,thedifference
beingdissipated.



a brief historicalreview of thesedevelopments.In Subsec-
tion 4.3,wetakeoff from themodelof themotorpresentedin
Section2, to exhibit two importantpropertiesof themachine:
its passivity and“invertibility”. In Subsection4.4 we derive
a PBC,which assumingmeasurementonly of statorcurrents
androtorspeed(orposition),yieldsagloballyconvergentbe-
havior. We alsoprovethat,if thestatordynamicsis assumed
sufficiently fast(like in theso-calledcurrent-fedmachines),
thenour PBCcanbeconsiderablysimplifiedandexactly re-
ducesto thedefacto industrystandardfield-orientedcontrol
introducedbeforein Section3.

4.2 A historical review

To give somehistoricalperspective to the developmentsof
PBCasappliedto electricalmachines,webriefly summarize
them herein a chronologicalorder. Theseresultsare pre-
sentedin full detail in [19].� In [21] the controllerdesignmethodusedin robot mo-
tion control to solve theoutputtrackingproblemfor a class
of underactuatedEuler-Lagrangesystems,wasextendedto
torqueregulation of the induction motor, with all internal
statesbounded.Therewereno controllersingularities,but
exactmodelknowledgeandfull statemeasurementhadto be
assumed.It wasalso indicatedhow to follow sinusoidally
varying torquereferences.A modelrepresentationin a v � -
frameof referencewasused,andthismodelbecamethebasis
for laterdesigns.� The previous designwas extendedto a globally sta-
ble controller for torque regulation without measurements
of rotor variablesin [22]. This globally definedand glob-
ally stableinterlaceddesignof controllerandobserver, was
the first such result reportedin the control literature [23].
Exactmodelknowledgewasassumed,but it was indicated
how to compensatefor unknown rotor resistanceand load
torque,unfortunatelyundertheassumptionof full statemea-
surement.Thetorquereferencewasrestrictedto bebelow a
certainupperlimit dependingonmotorandcontrollerparam-
eters,but againit wasshown how thiscouldbeavoidedin the
caseof full statemeasurement.This is a foundationalpaper
for PBCthatfirst illustratedtheapplicationof this technique
for electromechanicalsystems.� Torque regulation with a globally definedand stable
controllerwithout measurementsof rotor variables,wasex-
tendedto torquetracking with adaptationof unknown lin-
earlyparameterizedloadtorquein [24].� In [25] PBCswere extendedto include the important
caseof rotorflux normregulationwithoutrotorvariablemea-
surements.Thecoordinateindependentpropertiesof thisap-
proachwerealsorigorouslyexplained. It follows that PBC
canbe derived in any frameof referencechosenfor model
representation,henceclarifyingsomeerroneousclaimsmade
in [26]� Recently, a new approachto the inductionmotor con-
trol problemwaspresentedin [27], whereit wasshown that
global torquetrackingandrotor flux norm regulationcould
be donewithout flux measurementor estimation.This was

accomplishedby the fundamentalobservation that the me-
chanicalpartof theinductionmotordynamicsdefinesa pas-
sive feedbackaroundtheelectricalsubsystem,which is also
passive. Hence, insteadof shapingthe energy of the to-
tal systemasin previousdesigns,the control goal could be
achieved by shapingonly the energy of the electricalsub-
system,with the mechanicalsubsystemasa passive distur-
bance.It wasalsoshown in thispaperhow to extendthecon-
troller for speedtrackingwith adaptationof a constantload
torque. Drawbacksof this schemeare that it is openloop
in speed,andthattheconvergencerateof thespeedtracking
error is boundedfrom below by the mechanicaltime con-
stant,relying on a positive dampingof the mechanicalsys-
tem.However, this papergavea first rigoroussolutionto the
longstandingproblemof avoiding rotor flux estimatesin in-
ductionmotor control, still with global stability results,but
unfortunatelyundertheassumptionof known parameters.� The problemswith the convergencerateandthe speed
controller were solved in [28]. In this papermechanical
dampingwas injectedinto the closedloop by useof linear
filtering of the speedtracking error, giving a globally sta-
ble observer-lessspeed(or position)trackingcontrollerwith
flux regulation.Thatpaperestablishedalsothefundamental
fact that our PBC reducesto the well-known field-oriented
control schemefor current-fedmachines.This “downward
compatibility” of PBC with currentengineeringpracticeis
a remarkablefeaturewhoseimportancecanhardly be over-
estimated.On onehand,it providesa solid system-theoretic
foundationto popularcontrolstrategieswhichenhancestheir
understandingand paves the way for subsequentimprove-
ments. On the other hand,viewing the new controllersas
“upgrades”of the existing ones,it facilitatesthe transferof
thesedevelopmentsto practitioners.� In [29] it wasshown how thecontrollercontrollercould
be extendedfrom regulationto trackingof rotor flux norm,
animportantresultfor powerefficientoperationof induction
motordrives.� Theresultscitedabovearespecificto theinductionmo-
tor, andit wasof interestto seeif theseresultscouldbeex-
tendedto other typesof electric machines. An answerto
this questionwasgiven in the seminalpaper[30], whereit
is shown thatpassivity-basedcontrollerscanbedesignedfor
a large classof electric machines,including synchronous-,
stepper- andreluctancemotors.� In [31] the first globally stablediscrete-timeinduction
motorPBCwaspresented.Thecontrollerwasbasedon the
exactdiscrete-timemodelof a current-fedinductionmotor.� Experimentalresultsfrom the applicationof passivity-
basedcontrollers,have beenpresentedin several publica-
tions,e.g.[32, 30, 33, 34, 35].

4.3 Control propertiesof the induction motor model

In this sectionwe establishsomepropertiesof the model-
input-outputand geometrical-that will be instrumentalfor
furtherdevelopments.



4.3.1 Model

In Section2.5 we have derivedthe standardtwo phase��� -
modelof an l�m polepair squirrel-cageinductionmotorwith
uniformair-gap.For conveniencein thesequel,set' � � '��
 @ '����� �( � � (��
 @ (��� � �
Thus,therelationbetweentheflux andthecurrentsreads:' � ®�243�5 ( (28)

where ®�24365�� ® � 24365���{ is the � �!� inductancematrix of
thewindingsdefinedas®�28365��#" ® 
 © o ª e$ �\�Ù�ª e� $ �\�Ù� ® � © o %
wherewehavedefinedthe(skew-symmetric)rotationmatri-
ces & �#" { �    { % � � & �
and

e$ �c�Ù� � � 2 l�m 365Ñ2 ��'(' 2 � 5H5
The electricaldynamicsaredefinedby the voltagebalance
equation )' - t ( � Ô+* (29)

wherewehave introducedthematricest«�#" t 
 © o {{ t � © o % @ ÔÜ�#" © o{ %
with t 
 @ t � � { statorand rotor resistances.Particularly
usefulfor furtherdevelopmentsis thefollowing relationship
betweenrotor fluxesandrotor currents)' � - tÍ� ( �Ì� { (30)

Themodelis completedcomputingthetorqueof electrical
origin as~���� �  ³ ( � � ®�243�5� 3 ( �w�  ³ ' � � ® � ¢ 24365� 3 ' (31)

andreplacingit in themechanicaldynamics,�-3R� ~ ��� � ~(. (32)

where
, ��{ is therotationalinertiaof therotor, andwehave

introduceda term of load torque ~(. , which we will assume
constantbut unknown. For simplicity, wehaveneglectedthe
effect of friction but, as shown in [19], this can be easily
accommodatedinto our analysis.
Remark As pointedout above, we establishedin [25] that
PBCis coordinateindependent.That is, it canbederivedin
any frameof referencechosenfor modelrepresentation.For
instance,in [27] the /10 -modelwasused,while thedevelop-
mentsof [22] and[24] relied on the v � -model. Finally, the
work of [30] wascarried-outin theoriginal ��� frame.

Input-output properties. The cornerstone of the
passivity-based design philosophy is to reveal the pas-
sivity propertyof thesystem,andidentify -asa by-product-
its workless forces. This is easily establishedfrom the
systemstotal energy, which for theinductionmotor is given
as 2 2 ' @ )3 @ 365��  ³ '3� ® � ¢ 243�5 '4 576 893: -  ³ & )3 o4 576 89<;
where

2>= 2 ( @ 365 @ 2 Ó`2 )3�5 denotethe electrical energy and
themechanicalkinetic co-energy, respectively. We have ne-
glectedthe capacitive effects in the windingsof the motor,
andconsidereda rigid shaft,hence,the potentialenergy of
themotoris zero.

The rate of changeof the energy (the systemswork) is
givenby

)2 � ( �
 * � )3 ~?. � ( �
 t ( 

Fromthe integrationof the equationabove we obtainthe

energy-balance2 2 x 59� 2 28{654 576 8
storedenergy

� �A@ }B ( � 2DC759t ( 2�Cc5 v C4 576 8
dissipated

- (33)

- @ }BFE (��
 2DCc5G*92�Cc5%� )3O2�Cc5 ~ .IH v C4 5J6 8
supplied- extacted

which proves that the mapping � * � @ � ~(. � �LKM � ( �
 @ )3 � � is
passive,with storagefunction

2
.

Furthermore,as shown in [27], the motor model can be
decomposedasthe feedbackinterconnectionof two passive
operatorswith storagefunctions

2>=
and

2 Ó , respectively.
Thesepassivity properties,and their correspondingstorage
functions, are the basisfor two different PBCsstudiedin
[19].

Geometric properties. We now exhibit an “invertibility”
propertyof theinductionmotormodelwhich is essentialfor
obtaininganexplicit expressionof thePBC.

From (31) and(28) we seethat the torquecanbe written
as ~
��� � l m ª (��
 & � $ �c�Ù� ( � (34)

where the fact that

&
and e$ �c�Ù� commute(

&
e$ �c�
� �

e$ �\�Ù� & ), and the skew-symmetryof

&
(

& � � � & M� � & �Ò�Ä{ @ON �QPSR o ) hasbeenused.Now, solving (30)
for ( � andsubstitutingit into (34)gives~
��� � l m ª® � (��
 & � $ �c�Ù� ' � (35)

Finally, (28)canbesolvedfor ( 
 as( 
 �  ª � $ � � � 2 ' � �Ñ® � ( � 5



andthensubstitutedinto (35) to give~ ��� � l mtÍ� )' �� & ' � (36)

where(30)hasbeenusedagain.This is akey expressionthat
allowsusto “invert” thesystemsdynamics,thatis, explicitly
“solve” thisequationas)' � � ~����T ' � T t��l m & ' � (37)

where
T�UVT

is theEuclideannorm.
The two equationsabove will be instrumentalin the next

Sectionfor the derivation of the PBC. In [30], where we
study the model of the generalizedrotating machine,we
assumethat the machineis Blondel-Park transformableto
ensurethis “invertibility” property. The underlyingfunda-
mentalassumptionfor themachineto beBlondel-Parktrans-
formable, is that the windings are sinusoidallydistributed,
giving a sinusoidalair-gap magnetomotive force and sinu-
soidally varying elementsin the inductancematrix ®�24365 .
For a practicalmachine,this meansthat themagnetomotive
force canbe suitablyapproximatedwith the first harmonic
in a Fourierapproximation.Examplesof machinesin which
higherorderharmonicsmustbe taken into account,arethe
squarewave brushlessDC motors,andmachineswith sig-
nificantsaliency in theair gap.For thisclassof machinesthe
applicationof PBCis still anopenissue.

The equation(37) also shows that the zero dynamicsof
themotorwith outputs~ ��� and

T ' � T areperiodic.This fact
becomesclearerif weevaluatetheangularspeedof therotor
flux vectorrelative therotor fixedframe(theslip speed) as)W � vv6xYX[Z �7� X � 2 ' � o' � ¢ 5/�    - 2?\ ï ñ\ ï�] 5 o

)' � o ' � ¢ � ' � o )' � ¢' o� ¢�  T ' � T o )' �� & ' �� tÍ�l m T ' � T o ~ ��� (38)

Fromthis equationwe thatif ~���� and
T ' � T arefixedto con-

stantvalues,the rotor flux rotatesat a constantspeed.This
expressionalsoshows that torquecanbecontrolledby con-
trolling rotor flux norm andslip speed-asis well known in
thedrivescommunity.

4.4 Nested-looppassivity-basedcontrol

It is shown in [19] that for electromechanicalsystemsthe
PBCapproachcanbeappliedin at leasttwo differentways,
leadingto differentcontrollers.In thefirst, moredirectform,
a PBC is designedfor the whole electromechanicalsystem
usingasstoragefunctionthetotal energy of thefull system.
This is the way PBCsare typically definedfor mechanical
andelectricalsystemsand is usually referredas PBC with
total energyshaping.

Another route stemsfrom the applicationof a passive
subsystemsdecompositionto theelectromechanicalsystem.

Namely, we show that(undersomereasonableassumptions)
wecandecomposethesysteminto its electricalandmechan-
ical dynamics,wherethe latter canbe treatedasa “passive
disturbance”.We designthena PBC for the electrical sub-
systemusingasstoragefunction only the electricalpart of
the systemstotal energy. An outer-loop controller (which
canalsobe a PBC, but hereis a simplepole-placement)is
then addedto regulatethe mechanicaldynamics. The so-
designedcontroller will be called nested-loopPBC. There
are at leastthreemotivationsfor this approach:firstly, us-
ing thisfeedback-decompositionleadsto simplercontrollers,
which in generaldo not requireobservers. Secondly, typi-
cally thereis a time-scaleseparationbetweenthe electrical
andthemechanicaldynamics.Finally, sincethenested-loop
configurationis theprevailing structurein practicalapplica-
tions,we canin someimportantcasesestablisha clearcon-
nectionbetweenourPBCandcurrentpractice.

Althoughfor bothcontrollerswecanproveglobalasymp-
totic speed/positiontracking, for the sake of brevity we
presenthereonly the torquetrackingversionof the nested-
loop PBC.

4.4.1 Controller structur e

In this sectionwe solve thespeed-positiontrackingproblem
adoptinga nested-loop(i.e. cascaded)scheme,where ^ í`_ is
an inner-loop torquetrackingPBC,and ^ ­ _ is anouter-loop
speedcontroller, which generatesthe desiredtorque2 ~ ��� × .
We will show in this sectionthat ^ ­ _ maybetakenasanLTI
systemthatasymptoticallystabilizesthemechanicaldynam-
ics. Themaintechnicalobstaclefor its designstemsfrom the
fact that ^ í�_ requiresthe knowledgeof

)~���� × , andthis in its
turn impliesmeasurementof acceleration.To overcomethis
obstacleweproceed,asdonein [19] for theroboticsproblem,
andreplacethe accelerationby its approximatedifferentia-
tion, while preservingthe global stabilizationproperty. (In
simpleapplications,of course,̂ ­ _ is just a PI aroundspeed
error. We go herethroughtheseadditionalcomplicationsto
providea completeproof of stability.)

A very interestingpropertyof theresultingscheme,which
is furtherelaboratedin Subsection4.4.4,is thatif theinverter
canbemodeledasacurrentsourceandthedesiredspeedand
rotor flux norm areconstant,the controllerexactly reduces
to thewell known indirectfield-orientedcontrol,hencepro-
viding a solid theoreticalfoundationto this popularcontrol
strategy.

4.4.2 Torque tracking PBC

Implicit and explicit forms. In thissubsectionwederivea
torquetrackingPBCfrom theperspectiveof systems“inver-
sion”. Towardsthisend,using(28),werewrite (29)and(31)
as )' - tÍ® � ¢ 24365 ' � Ô+* (39)

2Wewill adoptthroughoutthefollowing notationconvention.If asignal
is explicitly givenasanexternalreferencewe denoteit Iba M � . If insteadit is
generatedby thecontroller, weuse Iba M à .



~���� � l mt � )'��� & ' � (40)

where,for easeof reference,wehaverepeated(36).
Typically the PBC is a “copy” of the electricaldynamics

of themotor(39), (40) with anadditionaldampinginjection
term that improvesthe transientperformance.To simplify
thepresentationwewill omit thedampinginjectionhere,and
refer the readerto [19]. Thus,we definethe PBC in an im-
plicit form as Ôc* � )' × - tu® � ¢ 24365 ' × (41)~
���ed � l�mtÍ� )'���r× & ' �1× (42)

where ~����Od is the torquereference,and ' ×=�gf ' �
]× @ ' ��1×Jh �
definedesiredvaluesfor thefluxes.

An explicit realizationof the PBC above is obtainedby
“inversion”of (42)as)' �1× �  � od 2 x 5 � tÍ�l�m ~
���ed & - )� d 2 x 5 � d 2 x 5]© o � ' �1×
where' �r× 2æ{65��i� � d 28{65 @ { � � , and � d 2 x 5 is the(time-varying)
referencefor

T ' � T . The latter equationcan actually be
solvedas ' �r× � � $Yj7k " � d 2 x 5{ % (43))W±× � tÍ�l�ml� od 2 x 5 ~
��� d @ W�×62æ{65Ë��{ (44)

Thedescriptionof thecontrolleris completedby replacement
of ' �r× and

)' �1× in the last two equationsof (41) to get ' 
]× .
After differentiationweget

)' 
]× whichcanbereplacedin the
first two equationsof (41) to get3*B� )' 
H× - f�© o { h tÍ
1® � ¢ 28365 ' ×
the expressionabove we canseea difficulty for the imple-
mentationof thenested-loopscheme.Namelythat thecon-
trol law dependson

)' 
]× , which in its turn will dependon
)~���� d . On the otherhand,the signal ~���� d will now be gen-

eratedby an outer-loop controller ^ ­ _ , which will generally
dependon

)3 . We will seein the Proposition4.4.3how to
overcomethisobstacleby theuseof a linearfilter.

Stability. Let us now analyzethe stability of the closed-
loop. Theerrorequationfor thefluxesis obtainedfrom (39)
and(41)as

) m' - tu® � ¢ 28365 m' ��{
where

m'in� ' � ' × aretheflux errors.Globalconvergence
canbeeasilyestablishedconsideringthestoragefunction4o \ �  ³ m' � t � ¢ m'qp {

3An explicit statespacedescriptionis givenin Proposition4.4.3.
4This functionwasusedin [36] to give an“implicit observer” interpre-

tationof thePBCcontroller.

whosederivativesatisfies)o \ � � m' � ® � ¢ 24365 m'sr � � o \
for some� ��{ . Hence,

m' M { exponentiallyfast.
To illustratethe seconddifficulty in the stability analysis

of the nested-loopscheme,let us turn our attentionto the

torquetrackingerror

m~���� n� ~���� � ~����Od . After somesimple
operationsfrom (40)and(42)wegetm~���� � l�mt��ut )m' �� & m' � - ) m' �� & ' �1× - )' �1× & m' �1v
We have shown above that

m' M { (exp.), consequentlyalso
) m' M { . Also, ' �r× is boundedby construction,see(43).
Unfortunately, we cannotprove that

)' �1× is bounded,unless~����Od is bounded. In position-speedcontrol ~
���wd is not a
priori bounded,sinceit will begeneratedby ^ ­ _ . Therefore,^ ­ _ must be chosenwith careand a new argumentshould
be invoked to completethe proof. Proposition4.4.3below
showsthat ^ ­ _ canbetakenasa linearfilter.

Connection with system inversion. Before closing this
section,we will view thePBCfrom thestandardsystemsin-
versionperspectiveof nonlineargeometriccontrol[37]. The
purposeof the exerciseis to show that if we completein a
suitablemannerthe “output” vector, then the standardin-
versionalgorithm,-asappliedto the referencesignals-, will
give us thePBCcontrollerabove. This fact is importantfor
at least two reasons,first becausethe inversionalgorithm
is a generalsystematicprocedure,while the procedureused
above is somewhatad hoc. Second,it providesa clearcon-
nectionwith feedbacklinearizationwherethesameinversion
algorithmis invoked,but now appliedto theoutputsignals.

To this end,we proposeto completethe “output” vector
for thesystem(39)as x �y� ~ ��� @ x o � � , wherex o n�w� l m ' �� f�{ © o h ® � ¢ 24365 ' � l�mtÍ� ' �� )' �
Recallthat ~ ��� canbewritten in theform (40).

Following the inversionalgorithmwe evaluatethedecou-
pling matrixby takingthetimederivativeof xz{ ¾ Æ [á É!| ¸Y}ÉY~¸�}É ��� áÞ¿Y� ë Å Ç7È�� ä ë�� Á3�BÅ ¸ È��¾S�ÍÅ ¸ É?� Ç7È � Á3�BÅ ¸ È
where<Ñ2 ' 5 is somefunctionof ' . It canbeshown that� tu® � ¢ 24365�� o ¢ � t � ª®�
1®�� Ö e$ � � �
which is globally invertible.On theotherhand" ' �� &' �� % � ¢ �  T ' � T o f � & ' � ' � h
Consequently, thedecouplingmatrix � 2 ' � @ 3�5 is nonsingular
everywhereexceptwhen

T ' � T �§{ . This implies that the



system(39) with output x hasrelative degree �   @  [� . (This
shouldbecontrastedwith thesignal

T ' � T , whichhasrelative
degree2.)

A feedbacklinearizingcontrolleris chosenas*B� � 2 ' � @ 365 � ¢ � )x d �Ñ<Ñ2 ' 5 - ) �
where ) is anadditionalstabilizingcontroller. On theother
hand,thecontrolsignalfor thePBCderivedabovecanbeob-
tainedby “evaluatingtheinversionfor thereferencesignals”,
thatis *£� � 2 ' �1× @ 365 � ¢ � )x d �Ñ<Ï2 ' ×c5 � - *#×1í
where * ×1í is thedampinginjectiontermand ' �1× is obtained
from (43)and(44).

Roughly speaking, we can summarizethe discussion
above as follows: While input-outputlinearizationimple-
mentsa right inverseof thesystem� 2 ' @ 365 , thatis*�� . � � � ¢ 2 ' @ 365�2 x d - ) 5 @
thePBCimplementsa left inverse*I�h"*$ � � � ¢ 2 ' × @ 365 x d - *#×1í
Notice that, except for the dampinginjection, the PBC is
open-loopin ' . However, theloop is closedwith 3 .
4.4.3 Speedtracking PBC

Main result. A globally stablespeedtrackingPBCis pre-
sentedin the propositionbelow, whoseproof may be found
in [19].

Proposition4.4.3 The nonlineardynamicoutput feedback
nested-loopcontroller� ¾/¿ » zÀ » à Á¶Â e��� �J� zÀ É à ÁyÆ [ Â ~ e��� �J� zÇ À É à� ��� ���V� k ÁÞá » À » à

(45)
withÀ à ¾¡ ¢ ë£¥¤ Å è Á§¦ ï �¼?¨© ï ¼?¨ ÈDª ä Á ¦ ï� � ¼ ñ¨¬«7­b® à ~�¯ e�°� � � ¸ É àÊ²±´³ ø4ù k� � ¼ ñ¨ ~ Á �¼?¨© ï ¼?¨ ª ä¶µ ¸ É à ·¸

(46)
where m ( � " m ( 
m ( � % � " ( 
Ë� ( 
]×( �Þ� ( �r× %~���� × � , -3�¹��eº - ~ .
andcontrollerstateequations)' �r×Ì� » t �l m � od ~
��� × & -

)� d� d © oJ¼ ' �1× (47))º � � / º - 0 )m3 (48)

with

)m3 n� )3 � )3 d and / @ 0 ��{ , providesa solutionto
the speedandrotor flux norm trackingproblem. That

is, whenplacedin closed-loopwith (28),(29),(31) and
(32)ensures½ ��¾ }b¿ÁÀ )m3`��{ @ ½ ��¾ }b¿ÁÀ§Â T ' � T � � d 2 x 5 Â ��{
for all initial conditionsandwith all internalsignalsuni-
formly bounded.

Extensions. � [Position control.] It is easy to see that
choosingthedesiredtorquein thecontrolleraboveas~���� × � , -3 d �Ãºe�²Ä m3 - ~ . (49)

yieldsglobalasymptoticpositiontrackingfor all positiveval-
uesof / @ 0 @ Ä . Theproofof globalasymptoticrotorflux norm
andpositiontrackingfollowsverbatimfrom theproof of the
mainresultabove.� [Adaptationof loadtorque.]We canextendtheresultin
Proposition4.4.3to thecaseof unknown but linearlyparam-
eterizedload ~ . �sÅ �ÇÆ 243 @ )3�5
where ÅÈPQÉ Ø is a vectorof unknown constantparameters,
and Æ 243 @ )3�5 is a measurableregressor.� [Integralactionin statorcurrents]It is commonin appli-
cationsto addanintegrallooparoundthestatorcurrenterrors
to the input voltages.The experimentalevidencepresented
[19] shows that this indeedrobustifiesthePBCby compen-
satingfor unmodeleddynamics.It is interestingto notethat
theglobaltrackingresultabovestill holdsfor this case.

4.4.4 PBC is downward compatiblewith FOC

Under assumptionsthat can be satisfiedin many practical
applications,the statorcurrentscanbe taken ascontrol in-
puts for the induction motor. In other words, in someap-
plications the inverter can be modeledas an ideal current
source. In this subsectionwe will prove that, under this
condition,thenested-loopPBCfor voltage-fedmachinesde-
rived above considerablysimplifiesandactually reducesto
thewell-known indirectFOC.

For current-fedmachinesthecontrolsignalis actuallythe
statorcurrents.Hence,they canbesetequalto ( 
H× , thefirst
row of (46), andwe do not needto calculate* as in (45).
Consequently

)~���� × , whichwasrequiredbecauseof thepres-
enceof the term

)( × , is no longerneededfor the implemen-
tation. Hence,we can remove the filtered speederror and
replaceit directly by the speederror. In this way the con-
troller reducestoÂ À » ¾ | · è Á ã É zÊ �Ê � ½ ª ä Á ¿ ÉÆ [ Ê ä� «7­b® à ~ ��Ë �°� �J� ¸ É à (50)z¸ É à ¾ · á ÉÆ [ Ê ä� «7­�® à ~ Á zÊ �Ê � ½ ¸ É à (51)«7­b® à ¾ Ì zÇ � Ê Í zÎÇ Á «7­b® ¦ (52)

Now, aspointedout above the controllerstatesin (51) can
beexactly integratedas' �r× � � d "R����� 2bW±×75���a� 2bW±×c5 % �ÐÏ � j7k " � d{ %



whereW × is thesolutionof)W × � t �l m � od ~ ��� × @ W × 28{65Ë��{ (53)

By useof theseexpressionsin (50)weget

( 
 �  ª Ï $�Ñ �c�Ù�¶Ò j7k¶Ó�Ô � d - ¥ � )� d. ï�c� µ ¨ ~���� ×§Õ (54)

On the otherhand,assumingthat the desiredspeedis con-
stant(

-3 d � { ), andreplacingtheexact loadtorquecancella-
tion by anintegralactionwegetfrom (52)~���� × � �e2 / -×Ö ØÙ 5 )m3 @ ÖÚØ �¹{ (55)

That is, a PI actionaroundthe speederror. The last three
equationsareexactly theindirectFOC.

Remark. The observer-basedfeedback-linearizingcon-
troller of [26]5 may be viewed asa variationof direct FOC
where, in order to achieve a linear systemin closedloop,
sometermsareaddedto thecontrol law to cancelthemotor
nonlinearities.Thesameideahadbeenalreadyadvancedin
[38] for the caseof the full motor dynamics,seealso [39]
wheresomeadaptationtermsareaddedto thebasicscheme
of [38]. Although the objective of feedbacklinearizationis
quiteluring, theresultingschemessuffer from seriousdraw-
backs,from boththeoreticalandpracticalviewpoints. First,
they invariablyrequiretheexplicit implementationof anob-
server. This, besidesincreasingthe computationalburden,
makesthestabilityanalysisextremelydifficult. For instance,
it is well known that for nonlinearsystemsthe certainty
equivalenceprinciplefails. Also, it widely recognizedthatat
this stage,our understandingof nonlinearobserversis quite
rudimentary. It suffices to say that in spite of many years
of research,to thebestof our knowledge,a completestabil-
ity analysisfor exact linearizationschemesin thefull motor
modelcaseis conspicuousby its absence.However, it should
be pointedout that for the simplified model of current-fed
machinesthis problemis elegantly solved in [26]. Second,
sincetheseschemesarebasedon nonlinearitycancellations,
it is expectedthatpotentialinstability dueto parametermis-
matchwill arise.Onesuchinstabilitymechanism,whichap-
pearseven in thestatefeedbackcase,wasidentifiedin [32]
this work, andobservedin theexperiments.

5 Flatness-basedcontrol

5.1 Structural propertiesof the model

5.1.1 Complex form of the model

For thesake of simplicity we preferto work with a complex
model insteadof the real one given by (9)–(10)–(11). To
simplify theproofof theflatness[40], it is usefulto consider

5Calledin thatpaperobserver-basedadaptive controller.

somevariablesin the framerotatingat the speedl�m7ô ; it is
thenaturalframeto considervariablesof therotor. In order
to distinguishthevalueof a givenvariablewhetherit is ref-
erencedin the fixed frameor in the rotatingframe,oneput
a

m
over the variablereferencedin the rotatingframe. With-

out the

m
, a variableis supposedto bereferencedin thefixed

frame,i.e. the naturalframefor consideringthe variableof
thestator.

Set: ' 
 � ' ´ 
9-ÜÛ ' µ 
 (56a)m' � � ' ´ � -AÛ ' µ � (56b)( 
 � ( ´ 
 -ÜÛ ( µ 
 (56c)
m( � � ( ´ ��-AÛ ( µ � (56d)* 
 � *#´ 
i-ÜÛ *!µ 
 (56e)

whereevery variable ��´ 
 , �Oµ 
 , ��´ � or ��µ � is definedin (8).
Therefore,equations(9a)and(9b) respectively read:' 
 � ®�
 ( 
 - ª ' � l m � m( � (57a)m' � � ª ' ��� l m � ( 
 - ® � m( � (57b)

Equations(11)become:vvbx 2 ' 
 5 - t 
 ( 
 � * 
 (58a)vv6x 2
m' � 5 - t�� m( � � { (58b)

Theadvantageto considercomplex variableswill clearlyap-
pearin the sequel;it reducethe numberof equationsto be
considered,moreover, changeof framesaresimply doneby
multiplying complex variablesby an appropriatecomplex
exponential.We thushave

m' � � ' � ' ��� l�m � , m( 
 � ( 
 ' ��� l�m �
and ( � � m( � ' � l�m � .

The expressionof the electromagnetictorque(10) in this
notationis: ~���� � l m ª, ® �ÞÝ ¾ ú ( 
 ' d� û (59)

5.1.2 Flatnessof the model

The flatnessof the modelof the induction motor hasbeen
establishedin [41]. We hererecall the proof in the present
notations. Set W � Â ' � Â and define ß the anglesuchthat' � �¥W ' �Dà ; this is the angleof the rotor flux w.r.t. a fixed
frame.Set � � ß � l m 3 .

A flat output of the induction motor is x � 283 @ � 5 . As
usual,thisflat outputhasaphysicalmeaningwhichwill sim-
plify the control design: 3 (or its first derivative ô ) is the
variableto-be-controlled,� is theangleof therotorflux w.r.t.
a framerotatingat speedl�mcô (recall that l�m\ô is calledthe
synchronousspeed).Noticealsothat

)� � )ß � l m ô is theslip
speed(usuallyonly definedon constantspeedoperations).

Wethushave

m' � � ' � ' ��� l m � �sW ' � ´ . It is usefulto begin
to expresstheelectromagnetictorqueproducedby themotor



in termof W and � : Eq. (57b)and(58b)leadto:m( 
 � ( 
 ' ��� l m � �  ª 2 m' � �Ï®�� m( � 5 (60)m( � � �  tÍ� vv6x 2
m' � 5 (61)

Thus, ( 
 ' � d � m( 
 ' �O� l m � ú m' � ' ��� l m � û d� m( 
 m' � d�  ª � m' � - ®��t � vvbx 2 m' � 5 � m' � d�  ª �Yááá m' � ááá o - ® �tÍ� vv6x 2 m' � 5 m' � d �
And finally ~ ��� � l m, tÍ�IÝ ¾ � vv6x 2

m' � 5 m' � d �� l m, tÍ� W o )�
So,themechanicalequationof theinductionmotorbecomes)ô � l m, t � W o )� � Ä, ô �  , ~ . (62)

Hypothesis: The torque load is an unknown function of
time but it candependon 3 or its derivatives,but not on the
othervariables( ( 
 , ( � , ' � , . . . ).

It is obviousthat ô � )3 (63a)ß � l m 3 - � (63b)

From(62), W satisfiesWg�×â tÍ�b2 , -3 - Ä )3 - ~ . 5l�m )� � / 2 )3 @ -3 @ )� @ ~ . 5 (63c)

which is a functionof theflat outputandits two first deriva-
tives.So m' � � W ' � ´ � 0 2 )3 @ -3 @ � @ )� @ ~ . 5 (63d)

Continuing the calculationsusing successively (61), (60),
(57b),and(58a)oneobtains:ÎÀ É ¾ Ê èá Éäããæå Å Î¸ É È ¾²ç7ÅJèÇ � Ç¬éëê�ì � zí � èí � « ¦ � z« ¦ È (63e)À » ¾ î�ï Æ [ �Â ± Î¸ É ÊB¿ É ÎÀ É µ¾ ã Å Ç ��ð7ð�ð�� Ç[éñê�ì � í �¶ð�ð�ð7� èí � « ¦ � z« ¦ È (63f)¸ » ¾ ¿ » À » Á¶Â À É¾ ß Å Ç �¶ð7ð¶ð�� Ç éëê�ì � í ��ð¶ð�ð�� èí � « ¦ � z« ¦ È (63g)� » ¾ á » À » Á ããæå Å ¸ » È¾ ò�Å Ç ��ð¶ð�ð�� Ç éëó�ì � í �7ð¶ð�ð�� í éëê�ì � « ¦ �7ð�ð�ð¶� è« ¦ È (63h)

So x �w283 @ ß 5 is aflat outputof theinductionmotor.

5.1.3 Stationary operation

Thestatevariablesform of themodelwith thecomplex no-
tationwritten in thestatorframe:zÇ ¾ ç (64a)zç ¾ Æ [ ÂÌ!¿ Éwôöõ ± À » ¸ �É µ Ê òÌ ç Ê¡èÌ « ¦ (64b)ããæå Å ¸ É È ¾ Å�Ê èã É Á ÷�Æ [�ç È ¸ É Á Âã É À » (64c)ããæå Å À » È ¾ Âø ¿ » ¿ É Å èã É Êù÷�Æ [ ç È ¸ ÉÊ èø ¿ » Å4á » Á Â ä á É¿ É ä È À » Á èø ¿ » � » (64d)

However, the most useful frame to study stationaryop-
erationsof the motorsis certainly the frameof the flux —
usuallycalledthe “ v - � frame”. Denotesas � ÿ(ú thevalueof
thevariable � in this frame,i.e. � ÿ?ú �¡� ' �O�Dà � m� ' ��� ´ . In
this frame,thecomplex model(64),where(64b)is replaced
by (62), reads: zç ¾ Æ [Ì�á ÉVû ä zí Ê òÌ ç Ê èÌ « ¦ (65a)zû ÁÚ÷ zí û ¾ Ê èã ÉVû Á Âã É À »¶ü¶ý (65b)ããæå Å À »�ü�ý È ¾ Âø ¿ » ¿ É Å èã É Êu÷�Æ [ ç È ¸ ü�ýÉÊþ±7Í°Á ÷ zÿ µ À »�ü�ý Á èø ¿ » � »�ü�ý (65c)

with / � ¢� ®�
 2æt 
i- ª ñ tÍ�®�� ñ 5 Noticethatas W and � arereal

variables,equation(65b)canbesplittedinto:)W � �  ¥ � W - ª ¥ � � ' � ( 
 ÿ(ú �)� � ª¥ ��WÇÝ ¾ � ( 
 ÿ(ú �
A stationaryoperationat constantspeedô ­ with constant

load ~(. � ~?. ­ is obtainedwhen 3R� ô ­ x - 3J­ , � � � ¢ x - � ­
where� ¢ and � ­ areconstant(i.e.,theslip speedis constant).
In this case

)ß � l m ô ­ - � ¢ � ß ¢ is constant.
As a consequence,(65a)impliesthat W is constantW �sW ­

and,thus,' ÿ?ú� �QW ­ . Equation(65b)impliesthat ( 
 ÿ?ú � ( 
 ÿ?ú­
is constant,and,finally, with (65c) * 
 ÿ?ú �q* 
 ÿ(ú­ is constant.

In conclusion, ' � , ( 
 and * 
 are periodicalfunctionsof
time with pulsation ß ¢ � l m ô ­ - � ¢ . To run at constant
speedwith constantload, the inductionmotor hasto be fed
by sinusoidalvoltages.

Noticethatusuallythestationaryoperationis analyzedby
imposing * 
 is sinusoidalunderconstantloadanddeducing
that all electricandmagneticquantitiesareperiodicandfi-
nally thespeedis constant.Here,with theflatnessproperties
we areableto make thereverseanalysis,i.e. beginningwith
the“to-be-controlled”variableanddeducingthecontrol.

5.2 Trajectory generation

Onehasobtain(see(63a–63h))theexpressionsof everyvari-
ablesof the systemsin termsof the flat outputcomponents



andthe disturbance~(. . Theseexpressionallow in particu-
lar to calculatethecontrol * 
 , at leastwhen ~(. � { or for a
known meanvalue ~ . ­ of ~ . .

As 3 Ñ���Ó and ��Ñ s Ó appearin theexpression(63h)of thecon-
trol * 
 , theinductionmotorcanachievetrajectoriessuchthatx KM 3 is everywhere� -timesleft- andright-differentiableandx KM � is everywhere� -times left- andright-differentiable.
Thechoiceof thereferencetrajectoriesof 3 and � aremade
in order to respectthe constraintson all the variableof the
system.

For thefirst component3 of the flat output,thechoiceof
thetrajectoryis oftenclearwith respectto thecontrolobjec-
tivewhetherit is apositionor speedcontrol.Thiscorrespond
to a known function of time x KM 3 × on a given interval of
time � x í @ x�� � .

For thesecondcomponent� of theflat output,thechoice
is notsoobviousbecausethevalueof � donotcorrespondto
a clearcontrolobjective. However, this variablegivesa de-
greea freedomin orderto achieve a complementarycontrol
objective. For example,it is possibleto minimizethecopper
lossesin thestatorateveryconstantspeedwith achoicesuch
that

)� � ¢¥ � (see[42].

Betweentwo time intervalson which ô is constant,x KM� × canbechosenasa functionof ô . For example,we refer
to [42] for a detailedplanningof the referencetrajectories
of 3 and � in order to start the motor from rest to nominal
speedwithoutsingularityatstarting( * 
 remainsboundedev-
ery where).

5.3 Stabilization around desired trajectories

Wepresenthereafeedbackwhich is designedonthestation-
ary operationof thesystem.This is possiblebecauseof the
goodseparationof thetime scalesasseenbefore.This leads
to a controlschemewhich do not necessitatethe implemen-
tationof aflux observer.

As

m' � � ' � ' ��� l m � , m( � � ( � ' �O� l m � andfrom (58b) it is
possibleto write: ããæå Å ¸ É î � ï Æ [ � È Á¶á É1À É î ï Æ [ � ¾ �ããæå Å ¸ É È î � ï Æ [ � Êu÷�Æ [�ç ¸ É î ï Æ [ � Á¶á É1À É î ï Æ [ � ¾ �ããæå Å ¸ É È Êu÷�Æ [ ç ¸ É Áyá É À É ¾ �

(67)

which is theexpressionof theelectricalequationof therotor
in thefixedframe.

The stationarymodeof equations(58a)and (67) are re-
spectively: Û )ßc' 
 - tu
 ( 
 � * 
 (68a)Û 2 )ß � l�m7ô 5 ' � - t � ( � � { (68b)

As, ' 
 � ®�
 ( 
 - ª ( �' � � ª ( 
 - ® � ( �

onehas ( � �  ® � ú ' � �/ª ( 
 û (69a)' 
 � ®�
 ( 
 - ª® � ú ' � �/ª ( 
 û (69b)

Equations(68)and(69) leadto:ú t 
9-ÜÛ Ö )ß ® 
1û ( 
 -ÜÛ )ß ª®°
 ' � � * 
��ª tÍ�® � ( 
 - � tÍ�® � -ÜÛ 2 )ß � l m ô 5 � ' 
 � {
Thus, ( 
 � � 
 2 ô @ )ß 5�* 
 (70a)' � � �Ë�b2 ô @ )ß 5�* 
 (70b)

where

�Ë
\2 ô @ )ß 5>� tÍ�®�� -ÜÛ 2 )ß � l�m7ô 5
�

�Ë�b2 ô @ )ß 5>� ª tÍ�®��
�

with � � ú7tu
 -ÜÛ Ö )ß ®°
1û ú t �®�� -AÛ 2 )ß � l m ô 5Hû -ª t��® � Û )ß ª® 
 .
This leadsto thecontrolscheme
	 � » 	 ä ¾ Ì!¿ ÉÆ [ Â ôöõ ±�
 �É Å ç � zÿ à È 
 » Å ç � zÿ à È µ ± zç à Ê
��Å ç Ê ç à È µ

where ô × � )3 × is the referencetrajectoryof the angular
speedand ß × � � × � l m ô × is thereferencespeedof theslip
speed.Thiscontroldo not necessitatea flux observer.

5.4 Exampleof experiment

We endup this sectionwhit the presentationof few exper-
imental resultsof a flatness-basedcontrol schemeimple-
mentedon theexperimentalsetupof GDRAutomatique, IR-
CyN, Nantes.

The first experiment(Fig. 4) consistsin acceleratingthe
motor, startingfrom restto its nominalspeed.We observea
goodtracking(it is almostalwaysdifficult to distinguishthe
experimentaltrajectoryfrom thereferenceone)anda small
overshoot.

Fig. 5 show thebrakingof themotor from nominalspeed
to rest.

Finally, Fig. 6 illustratestheinversionof rotatingdirection
at very low speed,i.e. from � ³ ² rad/sto

³ ² rad/s.
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Techniquesdel’Ing énieur, D3:620–621,1990.

[4] P. Vas.Vectorcontrol of AC Machines. Oxford science
publications,1990.

[5] J.P. CaronandJ.P. Hautier. Modélisationetcommande
dela machineasynchrone. Technip,1995.

[6] G. Grellet and G. Clerc. Actionneurs électriques,
principes,Modèles, Commande. Eyrolles,1997.

[7] W. Leonhard. Control of Electrical Drives. Springer,
Berlin, 2ndedition,1997.

[8] D. Grenier, S. Yala, and J. P. Louis. Définition
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