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Abstract

The plain journal bearing is a widely used machine element to mount rotating machinery. A

specific cost-efficient type of plain journal bearing is the porous journal bearing, which pos-

sesses a pervious bush that is filled with lubricant giving it self-lubricating properties. Increas-

ingly, the operating conditions of porous bearings are extended to higher loads (often with

changing direction), intermittent motion and higher rotor speeds. Because the current work is

concerned with modeling plain journal bearings in multibody systems the interaction of plain

journal bearings with surrounding machine elements is also of interest. Instead of steady state

models that are typically utilized to analyze the behavior of plain journal bearings, fully dynam-

ical models are needed to investigate the bearing’s behavior under these operating conditions.

To solve the plain journal bearing problem the differential equations governing the flow in the

fluid film and the porous bush need to be solved simultaneously in order to obtain the reac-

tion forces and moments on the surrounding system. A particular simple approach is to use

simplified analytical approximations, which are fast but neither are valid for the general case

nor for porous journal bearings. Numerical discretization methods on the other hand are valid

for the general case and can be easily extended to include several physical phenomena, but are

too time-consuming for the current application. To overcome these issues this work presents a

semi-analytical approach that is based on the mesh-free Galerkin method, which yields a dis-

cretized description with only few unknowns. It is, however, able to account for the relevant

physical phenomena such as the influence of the porous bush, surface roughness and misalign-

ment of the journal’s axis with respect to the bearing’s axis. The proposed bearing model

moreover enables symbolic calculation of stiffness and damping coefficients that can be used

to construct the Jacobian matrix efficiently. This matrix is employed to improve the robustness

and performance of the time integration and also may be used to analyze the stability of steady

state solutions.

An important effect in journal bearings is cavitation or fluid film rupture in the diverging film

thickness range. It is shown that the Gümbel cavitation algorithm, which is used for the pro-

posed bearing model, is a good approximation of numerical discretization methods with the

more realistic Reynolds cavitation algorithm. The model is validated for low and high load

cases by comparison of the friction coefficient with experimental results in the hydrodynamic

regime. It is observed that for increasing load the pervious nature of the porous journal bearings

has less influence and eventually is better described using solid journal bearing models.

The hydrodynamical load capacity of solid journal bearings approaches infinity when the mini-

mum film thickness goes to zero, whereas for porous journal bearings the load capacity is finite
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ABSTRACT

when the minimum film thickness approaches zero. The same phenomenon is observed for the

stiffness and damping coefficients. It is shown that surface roughness does not significantly

influence the hydrodynamical pressure but becomes influential through asperity contacts.

Finally, using the proposed bearing model stability and bifurcation analyses of elementary

rotor-bearing systems are carried out. It is found that for balanced rotor-bearing systems the

critical rotor speed decreases for increasing permeability but increases for increased applied

load. The nonlinear dynamical behavior of unbalanced rotor-bearing systems is analyzed using

path-following software that can follow the periodic solutions of the rotor-bearing systems for

varying rotor speed and identify so-called bifurcation points. These are studied for varying

applied load, permeability and rotor unbalance. The influence of misalignment in plain journal

bearings is demonstrated by studying the nonlinear dynamics of rotor-bearing systems with a

flexible rotor.

Finally, an application of the proposed bearing model to a multibody system containing porous

journal bearings is presented.

Therewith, it has been shown that the proposed bearing model is a viable approach to study the

dynamic behavior of (multibody) systems containing plain journal bearings, even beyond the

onset of (local) instability.
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Zusammenfassung

Gleitlager sind weitverbreitete Maschinenelemente, um rotierende Maschinen zu lagern. Eine

häufig verwendete und kosteneffiziente Gleitlagerart ist das Sintergleitlager: es verfügt über

eine poröse Buchse, die aufgrund ihrer Schmiermittelfüllung selbstschmierende Eigenschaften

hat. Ständig erweiterte Betriebsbedingungen stellen zunehmend höhere Anforderungen, weil

sie unter immer höheren Belastungen, wechselnden Richtungen und höheren Drehgeschwin-

digkeiten eingesetzt werden. Da sich die vorliegende Arbeit mit der Modellierung der Dynamik

von Gleitlagern und Sintergleitlagern in Mehrkörpersystemen beschäftigt, werden auch Inter-

aktionen von Gleitlagern mit umgebenden Maschinenelementen betrachtet. Anstelle von Mo-

dellen des stationären Zustands, welche typischerweise zur Analyse des Verhaltens von Gleit-

lagern angewendet werden, wird deswegen mit Hilfe von vollständig dynamischen Modellen

das Verhalten von Gleitlagern und Sintergleitlagern unter entsprechenden Betriebsbedingungen

untersucht.

Um eine Lösung für dieses Gleitlagerproblem zu finden, müssen die Differenzialgleichungen

für den Schmierfilm und die poröse Buchse simultan gelöst werden: dies liefert letztlich die

Reaktionskräfte und -momente auf das umgebende System. Ein besonders einfacher Ansatz

ist die Anwendung analytischer Näherungen, die schnell sind, jedoch weder das allgemeine

Gleitlager noch das Sintergleitlager korrekt abbilden können. Numerische Diskretisierungsver-

fahren hingegen liefern bei Gleitlagern im Allgemeinen bessere Ergebnisse und können einfach

erweitert werden, um weitere physikalische Phänomene in die Betrachtung einzubeziehen. Je-

doch sind diese Verfahren sehr zeitaufwendig für die vorliegende Anwendung. In dieser Ar-

beit werden die genannten Probleme mit Hilfe eines semi-analytischen Ansatzes gelöst, der

auf der Galerkin-Methode beruht. Dieser Ansatz liefert eine Beschreibung mit wenigen Unbe-

kannten, der zeiteffizient gelöst werden kann. Dennoch werden die relevanten physikalischen

Phänomene wie der Einfluss der porösen Buchse, Oberflächenrauigkeit und Verkippung der

Wellenachse zur Lagerachse berücksichtigt. Die vorgeschlagene Methode bietet außerdem die

Möglichkeit, Steifigkeits- und Dämpfungskoeffizienten ohne numerische Differenzierung zu

berechnen, um sie für die effiziente Erstellung der Jakobi-Matrix zu verwenden. Diese Matrix

kann zur Verbesserung der Robustheit und Leistung der numerischen Zeitintegration eingesetzt

werden. Weiterhin kann sie zur Berechnung der (lokalen) Stabilitätsgrenze eingesetzt werden.

Ein weiterer wichtiger Effekt in Gleitlagern ist die Kavitation bzw. das Abreißen des Schmier-

films im divergierenden Anteil des Schmierspaltes. Es hat sich gezeigt, dass der hier ver-

wendete Gümbel-Kavitation-Algorithmus, eine gute Annäherung an Ergebnisse liefert, die

mit numerischen Diskretisierungsverfahren unter Verwendung des realistischeren Reynolds-
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Kavitations-Algorithmus berechnet wurden. Das Modell wurde validiert für Fälle mit niedri-

gen und hohen Belastungen, wobei die Reibungskoeffizienten mit experimentellen Ergebnissen

im hydrodynamischen Bereich verglichen wurden. Es wurde beobachtet, dass der Einfluss der

Durchlässigkeit von Sintergleitlagern bei steigender Tragkraft sinkt und deshalb effizienter un-

ter Verwendung von Modellen für klassische Gleitlager mit nicht poröser Buchse beschrieben

werden kann.

Die hydrodynamische Tragkraft von Gleitlagern mit nicht poröser Buchse geht gegen Unend-

lich, wenn sich das Minimum der Schmierfilmhöhe der Null nähert. Im Gegensatz hierzu ist die

Tragkraft von Sintergleitlagern stets endlich, selbst wenn das Minimum der Schmierfilmhöhe

Null beträgt. Das gleiche Phänomen lässt sich auch für Steifigkeits- und Dämpfungskoeffizienten

beobachten. Weiter hat sich herausgestellt, dass sich die Oberflächenrauigkeit zwar nicht signi-

fikant auf den hydrodynamischen Druck auswirkt, aber durch Kontakte von Rauigkeitsspitzen

an Einfluss gewinnt.

Abschließend wurden Stabilitäts- und Bifurkationsuntersuchungen von einfachen Rotor-Lager-

Systemen durchgeführt. Bei unwuchtfreien Rotor-Lager-Systemen nimmt die kritische Dreh-

geschwingigkeit der Welle bei steigender Permeabilität ab, aber nimmt bei steigender aufge-

brachter Belastung zu. Das nichtlineare dynamische Verhalten von Rotor-Lager-Systemen mit

Unwucht wurde mit Hilfe einer Pfadverfolgungssoftware untersucht, welche die periodische

Lösung der Rotor-Lager-Systeme bei variierender Geschwindigkeit verfolgen und Bifurkati-

onspunkte identifizieren kann. Hierbei wurde insbesondere der Einfluss von Belastung, Per-

meabilität und Rotorunwucht beleuchtet. Der Einfluss von Verkippung in den Gleitlagern wur-

de am Beispiel eines Rotorsystems mit flexiblem Rotor untersucht.

Zum Schluss wird eine Anwendung der vorgeschlagenen Methode auf ein Mehrkörpersystem

mit Sintergleitlagern vorgestellt.

Hiermit ist gezeigt, dass das vorgeschlagene Modell eine praktikable Methode ist, das dyna-

mische Verhalten von (Mehrkörper-) Systemen mit Gleitlagern zu untersuchen. Es kann sogar

angewandt werden, wenn das System nicht mehr lokal stabil ist.
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Chapter 1

Introduction

1.1 Motivation

The plain journal bearing has been used extensively during the past centuries to mount rotat-

ing machinery. Alongside a steady increase in application, knowledge about these machine

elements also has grown gradually. More recently, the application of a special type of plain

journal bearing – the porous journal bearing – has become popular due to its advantageous

self-lubricating properties and low production costs.

This thesis focuses on modeling the dynamical behavior of plain journal bearings with cylin-

drical bushings fabricated from both impervious and pervious materials. The classical solid

journal bearing has been covered extensively in literature and in this thesis it will mostly serve

as a foundation to understand the behavior of porous journal bearings. The models proposed in

this thesis can also be applied to solid journal bearings, however, simply by assuming that the

porous material is impervious.

Compared to solid journal bearings, the modeling of porous journal bearings is still a relatively

new topic in literature and many questions on the behavior of porous journal bearings remain

unanswered. This is especially the case when dynamical effects are additionally taken into con-

sideration. Porous bearings usually are restricted to low rotor speeds and relatively low loads,

but due to higher cost reduction demands manufacturers have sought to replace more expensive

types of bearings with porous journal bearings. This results in higher operating condition re-

quirements such as higher loads, changing load direction and higher rotor speeds. Effects such

as mixed lubrication, bearing misalignment and the nonlinear dynamical properties of the fluid

film are influential phenomena in these regimes. It can be concluded that there is a need for

1
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Figure 1.1: Porous metal bearings

simulation methods that account for these conditions. With the increase of calculation power,

prediction of the dynamical behavior of products containing e.g. plain journal bearings has

become more realistic. This has made possible the simulation of so-called multibody systems,

which finds a wide range of applications in industry. The simulation of plain journal bearings

in multibody system requires special attention. Large systems containing several bearings, re-

quire fast and robust models for time-efficient simulations.

Most of the current models are either too detailed and not applicable due to long calculation

times and high memory allocation demands or are too simple and therefore fail to describe

the essential physical behavior. This work proposes a semi-analytical bearing model, which

is based on a mesh-free Galerkin approach. The model yields a very compact and small dis-

cretization of the problem and thus allows for a very efficient solution scheme, however, it still

captures the essential physical behavior.

These fast but accurate models now make it possible to study the behavior of nonlinear dy-

namical systems containing plain journal bearings. In this work this is demonstrated firstly by

analyzing elementary rotor-bearing systems containing porous and solid journal bearings to un-

derstand their fundamental stability and bifurcation behavior. Finally, a potential application of

the method to a multibody system using the commercial multibody system software ADAMS
1

is presented.

1 c©
MSC software, for more information see http://www.mscsoftware.com
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1.2. LITERATURE SURVEY

1.2 Literature survey

This section features an overview of the literature on plain journal bearings with an emphasis

on the porous journal bearing. To this end, the classical solid journal bearing (i.e. impervious

plain journal bearing) and the porous journal bearing2 shall briefly be introduced. Subsequently

literature on several topics concerning both types of journal bearings will be discussed.

Hydrodynamic lubrication of thin films

A journal bearing consists of a journal (or shaft) which rotates and moves inside the bearing (or

bush) and is typically lubricated by oil, however many other fluids or even gases can be used

here. Although the journal bearing has been used for many centuries now, one of the first major

theoretical improvements was made by Reynolds who simplified the Navier-Stokes equations

for thin fluid films. Since the surfaces of the journal and the bearing have nearly identical

shapes the contact can be considered conformal. This assumption combined with several other

simplifications results in the Reynolds equation, which is a differential equation for the fluid

pressure [135, 149]. This governing equation is used to describe the hydrodynamical pressure

in the fluid film of a plain journal bearing and therewith also its load capacity. The total load

capacity of plain journal bearings is also influenced by several other phenomena, which will be

introduced throughout this literature survey.

Porous journal bearing

Since the first hydrodynamic model for a porous journal bearing was published by Morgan and

Cameron [106] many researchers have been working on this topic. The distinguishing prop-

erty of a porous bearing is its porous bush. This bush usually is made from sintered bronze or

iron. [21, 106] describe the fabrication process of porous bearings in detail. Porous bearings

are maintenance free, offer high precision, produce low noise levels and possess low friction

values, all for relatively low production costs. Despite these good properties porous bearings

are not able to carry high loads and here solid journal bearings or ball bearings are the preferred

alternative [6].

Due to its porosity the porous bush can absorb lubricant and sustain a lubricant flow (see fig-

ure 1.2). Typically fluid is pressed into the bush where a fluid film has formed and exits into

the clearance outside the fluid film extent. Pressure formation still is very similar to classical

2To avoid misconception, unless stated otherwise throughout this thesis, the solid journal bearing will refer to

the plain journal bearing with an impervious bush.
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Figure 1.2: Lubricant flow in a porous bearing with respect to the fluid film.

journal bearings: due to an eccentric displacement and/or motion of the journal pressure will

typically build up where the clearance converges and it will rapidly decrease in the diverging

part of the clearance where pressure is for the most part atmospheric or depends on the sur-

rounding pressure. However, lubricant circulation in the clearance and the bush as well as fluid

exchange through the porous-fluid interface have an important impact on the fluid film extent

and influence porous bearing characteristics significantly.

An important parameter of the porous material is permeability, which is the ability of the ma-

terial to transmit fluid. For low Reynolds numbers flow through a porous material can be de-

scribed with Darcy’s law [34]3. Darcy’s law relates the fluid’s flow velocity to its pressure and

will simplify to the Laplace equation of pressure, when the permeability of the porous material

and viscosity of the fluid are assumed isotropic and constant.

Cavitation

Cavitation is an important effect in journal bearings and should be taken into account for both

porous and solid journal bearings. Additional conditions are needed to model the effect of cavi-

tation together with the conventional Reynolds equation. Cavitation takes place in the diverging

part of the clearance where the fluid film has ruptured and a mixture of gas and fluid remains

[41, 42]. If no cavitation condition is prescribed, the Reynolds equation will solve to the so-

called SOMMERFELD solution. The pressure will then become negative in the diverging part of

3Actually, for higher Reynolds numbers the Forchheimer equation is the correct relationship [117], but under

normal operating conditions Reynolds number stays low in porous bearings and it suffices to use Darcy’s law [79].
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the clearance, which is physically unrealistic4. The most simple way to incorporate cavitation

is to only take into account the positive part of the SOMMERFELD solution, which is called the

HALF-SOMMERFELD or GÜMBEL solution. This approach is still applied nowadays to plain

journal bearings, mostly in studies that take into account the dynamical behavior for solid jour-

nal bearing e.g. [16, 25, 152] and for porous journal bearings [31, 33, 97, 106, 108, 131].

A more sophisticated way is the REYNOLDS or SWIFT-STIEBER boundary condition, which re-

quires the derivative of pressure to vanish at the rupture boundary of the fluid film, which gives

rise to a free-boundary value problem since the position of the boundary is a priori unknown

[145, 146]. It is more accurate than the GÜMBEL solution and it is nowadays one of the more

popular boundary conditions since it is easily implemented into numerical schemes using iter-

ative methods. Applications for plain journal bearings can be found e.g. in [21, 36, 153] and

for porous journal bearings in [130, 133, 134, 139, 150].

Although the REYNOLDS condition has proved to be very effective for plain journal bearings,

it does not assure mass balance between the fluid film and the cavitation area. The bound-

ary condition proposed by JAKOBSSON, FLOBERG [73] and OLSSON [121] (JFO) corrects for

this. The ELROD algorithm [45, 46] implements this JFO-conditions with a computational al-

gorithm using a variable which represents both the fluid pressure in the fluid film and the fluid

fraction in the cavitation area. Since the publication of the algorithm several applications to

numerical schemes have been published, which also could be applied to plain journal bearings

[86, 154, 160]. The Elrod algorithm was also applied to porous journal bearings by several

authors [51, 103, 150]. Another mass-conserving approach is to consider the fluid film as a

control volume and to determine the fluid film extent by using the momentum integral method

[128], which was also applied to porous journal bearings [82, 83]. Recently the Elrod algorithm

was adopted and modified for a so-called simulated-annealing technique which was applied to

model porous journal bearings lubricated with ionic fluids [115].

For an extensive overview of cavitation in fluid film bearings the reader is referred to [19, 41].

Solution methods

To be able to predict the forces and moments in a plain journal bearing, the pressure in the fluid

film has to be determined. As was mentioned before this pressure is governed by the Reynolds

equation and solving this differential equation is therefore the central issue in this thesis. When

dealing with a porous journal bearing additionally Darcy’s law needs to be solved which now

is coupled by an extra fluid exchange term in the Reynolds equation and pressure continuity

4For special cases this is however a valid solution, for example in the so-called submerged journal bearing

5
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For simplified cases for solid journal bearings – the so-called short and long bearing approxima-

tions [104, 119, 144] – the Reynolds equation can be solved analytically [25, 152]. When con-

sidering a porous bearing particular simple analytical solutions are available when the porous

bush is assumed thin [23, 106, 130]. By using separation of variables the Darcy equation can

be solved in Cartesian and polar coordinates [31, 102, 107, 108, 131, 138], which results in

analytical solutions that are valid for porous journal bearings with a porous bush with finite

thickness.

However, to solve the Reynolds equation for plain journal bearings of finite length one has to

rely on either semi-analytical or numerical discretization methods. The Galerkin method with

global ansatz functions is such an approach and has been applied by several authors to solve the

Reynolds equation for solid journal bearings [52, 148]. By solving Darcy’s law with separation

of variables, this method can also be applied to porous journal bearings [31].

When the solution field is discretized Galerkin’s method is also applicable as a numerical dis-

cretization method. Local ansatz functions instead of global functions are now used for each

finite element to build a system of equations. This method is referred to as the finite element

method (FEM) and can be applied to more complex geometries due the discretization. It has

been applied to the plain journal bearing by several authors e.g. [36, 56, 86, 160] and is now a

standard method available in commercial software [85]. Although some authors have used FEM

for porous journal bearings [133, 150] the finite difference (FD) method seems to be preferred

in literature. By approximating the differential operators in the Reynolds equation with finite

differences a system of (linear) equations is obtained, which usually is solved using iterative

algorithms such as Jacobi, Gauss-Seidel and Successive-Over-Relaxation (SOR). Due to their

easy implementation and flexibility many authors have used FD methods to obtain the pressure

in solid journal bearings e.g. [21, 152] and porous journal bearings [48, 50, 51, 77, 78, 81–

83, 103, 134].

Porous-fluid interface

To capture the essential behavior in a porous journal bearing, it is crucial that flow between

the porous bush and the fluid film is incorporated adequately. The most important interactions

are continuity of pressure and flow in radial direction [23, 31, 106, 107, 131, 138]. Addition-

ally, continuity of flow in axial and circumferential direction can be demanded at the inter-

face [103, 134], however, for realistic parameters this influence proved to be negligible [103].

Physically more correct is to use the BEAVERS-JOSEPH boundary condition [9] to model the

transition from the fluid film to the porous medium [57, 77, 79–83, 102, 108, 131]. However,

6
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BEAVERS-JOSEPH’s boundary condition results in a discontinuity in the velocity’s derivative

at the porous-fluid interface. BRINKMAN’s model [20] assures this continuity and also was

implemented for porous bearings [51, 93, 94, 96–100]. Nevertheless, even this sophisticated

interface condition seems to have only a small impact on the bearing characteristics for realis-

tic bearing parameters [55, 103]. Moreover is the choice of the parameter which governs the

slip conditions problematic, since only experimental data are available for extremely simplified

cases. An elaborate discussion on the choice of parameters and the validity of the different

slip-flow boundary conditions is given in [117]. This topic will be discussed in more detail in

section 2.2.

Rough surfaces

In reality the bearing surface will not be perfectly smooth, but have a certain roughness profile.

This roughness will affect the hydrodynamical pressure and – more importantly – induce solid

contact pressure due to elastic and plastic deformation of micro-asperities on the bearing sur-

face.

It is possible to calculate the influence of these micro-asperities in real-time with direct pressure

calculation of each contact, using the BOUSSINESQ-CERUTTI theory5 [5, 75, 143]. A rough-

ness profile is needed, which can be generated numerically or obtained from measurements.

This approach has been applied in several studies on solid journal bearings e.g. [13, 156].

A more simplified approach is to describe the pressure induced by the asperity contacts sta-

tistically. GREENWOOD & WILLIAMSON [58, 59] proposed a model where the asperities are

approximated by paraboloids, whose contacts can be conveniently described with Hertzian the-

ory. Now only a few statistical parameters are needed to describe asperity contacts. The reader

is referred to [10, 12] for an elaborate overview of multiple asperity contact properties and

models.

Flow in the fluid film can also be obstructed by the micro-asperities, depending on their direc-

tion and shape. Using so-called flow factors these effects can be incorporated in the Reynolds

equation. Calculation of these factors can be performed either analytically using stochastic

models to describe the asperities [26, 27] or numerically considering every micro-contact in

a small area [123–125]. More recently, homogenization techniques were utilized to calculate

these flow factors to describe the surface roughness with more accuracy [2, 37, 159]. Thus far

stochastic models have been used to model the influence of rough surfaces on the hydrodynam-

ical pressure in porous journal bearings [65, 66, 68, 129].

5Often this theory is also referred to as the model of elastic half-space or simply as the BOUSSINESQ theory
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Elastohydrodynamic lubrication

When high pressures are generated in a solid journal bearing its bush may notably deform.

This will in turn affect the film thickness function and therefore influence the characteristics of

the fluid film. Because an additional differential equation is introduced, the complexity of the

problem increases significantly.

Assuming the deformation to be small and purely elastic, the so-called thin liner model can be

used. This model assumes that elastic deformation only takes place in a thin liner in the inner

edge of the bush [69, 70, 152]. When larger deformations occur these are usually calculated

using FEM [13, 84, 120].

Although the generated pressure and the applied load for porous bearings are considerable

lower in comparison to solid journal bearings, some studies on flexible porous journal bearings

are available [50, 95, 101].

Misalignment

Several authors studied the influence of misalignment in solid journal bearings e.g. [14, 74, 127,

155] and its effect on stability [118]. To be able to accurately predict the fluid film pressure for

misaligned journal bearings with very small minimum film thickness many degrees of freedom

are needed. It has however been shown that for normal operating conditions simpler modeling

approaches with less degrees of freedom seem to be adequate [15].

Few studies address misalignment in porous journal bearings and these only account for steady

state situations using numerical discretization methods [47, 133].

Non-Newtonian fluids

Because most porous bearing applications deal with light loading and pressures, the use of

non-Newtonian fluids and their dependency on density, pressure and temperature has not been

broadly studied. Several models to describe non-Newtonian fluids are available, an overview

is given in e.g. [13]. Some studies account for the effect of percolation of polar additives into

the porous matrix, which happens when so-called couple stress fluids are used for lubrication

in porous journal bearings [49, 92, 111–114]. Another improvement is to include the viscosity

dependency on pressure using BARUS’ law [51].

Experimental evidence

Cameron et al. [22] were the first to compare experimental with theoretical results. In their

work the theoretical results of the short bearing model from [106] were corrected to finite

8
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length and friction values were compared. Although the results are in good agreement for

lower loads, a large deviation is seen when the load exceeds a critical value. The authors as-

cribe this discrepancy to the effect of pore closure which occurs at high eccentricity ratios and

is not accounted for in their model.

Using optical interferometry Yung et al. [161] studied the film formation and running-in be-

havior at the bearing surface in detail. Small so-called micro-land pads are observed in the load

carrying zone in between which ruptures the fluid film. An essential conclusion was that the

running-in behavior allows for sufficiently flat surfaces that are necessary for film formation

and therewith hydrodynamic lubrication.

Mokhtar et al. [105] show comparable results for friction coefficients, but also compared ex-

perimental and theoretical journal center loci from [106] for increasing loads. Here the trend

in change of attitude angle is confirmed when permeability is varied, however, a significant

discrepancy still remains.

The oil film extent of a porous bronze bearing was studied using a fluorescent-dyed oil com-

bined with ultraviolet lamps and a shaft made of transparent silica glass in [81]. This showed

that there is significant difference in oil film extent between solid and porous journal bearings.

It is concluded that the angular oil film extent is considerably smaller than for solid journal

bearings. Subsequent papers of the same authors build on this conclusion and a corresponding

model was developed [78, 80, 83]. Although good agreement of this model with experiments

was shown, an important addition to all experimental setups was a circumferential groove in

the porous bush with an oil feed pressure applied to it. It seems that the oil pressure is an

important, influential model parameter. However, most normal porous journal bearings do not

have an external oil supply or circumferential groove.

More recently Tschentke [150] studied the porous journal bearing by comparing experimental

results to simulation results using an FEM based model which utilizes JFO cavitation proposed

in [86]. To some extent the model agrees to the experimental results, but it is noted that these

results depend strongly on several model parameters. These include the permeability, its distri-

bution throughout the porous matrix and the cavitation pressure. The permeability distribution

is influenced during the fabrication process and it also changes over time due to running-in. The

cavitation pressure seems to be especially problematic, because an unrealistic value is needed

to achieve a good comparison. Similar behavior has been observed in [103].

Some studies have been published that investigate the wear mechanisms in porous journal bear-

ings experimentally [43, 44]. The influence of periodic loading on the friction coefficient of

porous journal bearings was studied in [132].

9
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Nonlinear dynamics of rotor-bearing systems

In reality, a rotor-bearing system will possess a certain unbalance and usually carries a dynam-

ical load (often with changing direction). When this is the case the journal center’s motion will

– depending upon the loading situation – either converge with a whirling motion to a steady

state solution or become unstable. One way to quantify the dynamic behavior is to linearize

the forces generated by the pressure, which results in linear stiffness and damping coefficients.

These coefficients only hold for a specific working point e.g. defined by eccentricity and are

only valid for small changes in position and velocity around this point. Using stiffness and

damping coefficients one can identify the linear stability threshold of the steady state [54].

This gives a first insight at which point the journal motion becomes unstable and when critical

rotor speeds are reached. Many references describe the procedure in obtaining the stiffness and

damping coefficients of plain journal bearings, e.g. [54, 152]. Some studies with analytical

expressions for stiffness and damping coefficients in porous journal bearings for the simplified

short and long bearing cases are available [24, 29, 32, 33, 63, 98]. In other studies the problem

is solved numerically and the coefficients are calculated for the general (finite bearing) case

[62, 63, 77, 110].

For large deflections linearizations are no longer applicable and one has to use the nonlinear

force relationship. This regime now has to be studied using numerical time integration, steady-

state solvers to obtain periodical solutions and path followers. A detailed survey is beyond

the scope of this thesis and the reader is referred to e.g. [152] for an overview. In this thesis

the software MATCONT [39] has been used for path-following and the analysis of bifurcations,

however, other software such as AUTO [40] or BIFPACK [141] can also be used here.

Using these methods it is possible to identify fixed-point and periodic solutions and their depen-

dence on system parameters such as angular frequency, unbalance or – in the case of a porous

journal bearing – permeability. Therewith so-called bifurcation diagrams can be created, that

represent the dynamical solution of the nonlinear system in a compact way. These techniques

can be applied to rotor-bearing systems containing plain journal bearings e.g. [30, 71, 152].

Only few publications are available that deal with the nonlinear dynamical behavior in porous

journal bearings [89, 90, 99].

1.3 Thesis outline

The first part of this thesis introduces the underlying governing equations describing the physi-

cal phenomena that are relevant for the plain journal bearing problem. This includes the theory
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of lubrication in thin films and flow through porous media and are respectively governed by

Reynolds’ equation and Darcy’s law. Several corresponding effects such as cavitation condi-

tions in the fluid film and slip-velocity conditions at the porous-fluid interface are discussed as

well as the influence of surface roughness on the fluid pressure and asperity contacts.

The following chapter focuses on dynamical systems containing plain journal bearings and

includes the subjects of multibody systems and nonlinear dynamics. The kinematics and dy-

namics of revolute joints with clearance (i.e. plain journal bearings) will be discussed, which

is followed by a brief introduction of steady state solutions, (non)linear stability and potential

bifurcation points that can occur in the dynamical systems that are studied in this work.

In the second part the reader is introduced to the plain journal bearing and several modeling

approaches to calculate the forces and moments generated in journal bearings. First the ge-

ometry, the governing equations and the boundary conditions of the plain journal bearing are

given as well as a short explanation of the impedance method and definitions of the forces and

moments. After this analytical, semi-analytical and numerical discretization methods for plain

journal bearings are discussed. Here, the Galerkin method is proposed as a semi-analytical

approach to solve the dynamical solid and porous journal bearing problem. Along with this a

description to calculate stiffness and damping coefficients and an approach to include the influ-

ence of surface roughness with flow factors are given.

The following chapter briefly focuses on the performance and accuracy of the proposed bearing

model. After that the Galerkin-based bearing model will be verified through comparison with

existing analytical solutions for the solid journal bearing and by comparison with numerical

methods for solid and porous journal bearings. Finally, friction curves of porous journal bear-

ings are compared to experimental data to establish the validity of the proposed bearing model.

Continuing, this chapter will then focus on the characteristics of a single plain journal bearing.

The behavior of the porous journal bearing with respect to a solid journal bearing will be shown

and typical characteristics of plain journal bearings such as damping and stiffness coefficients

and impedance maps are studied. These also include the influence of surface roughness on the

hydrodynamic pressure and asperity contacts. Finally, the consequences of misalignment for

the force and moment capacity are shown.

In the last part rotor-bearing systems containing plain journal bearings are studied. The on-

set of instability as well as the occurrence of bifurcation points is investigated for elementary

(un)balanced rotor-bearing systems containing porous and solid journal bearings and a rigid ro-

tor. The influence of misalignment is discussed for a rotor-bearing system containing a flexible

rotor. Finally, the applicability of the developed bearing model for real live engineering prob-
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lems is demonstrated with a realistic multibody system simulated with the multibody software

ADAMS.

The final chapter contains a conclusion and an outlook, including the most important results

and recommendations for future research.
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Chapter 2

Lubrication theory

This chapter describes the theory of conformal lubricated contacts appearing for example in the

plain journal bearing which will be introduced in detail in chapter 4. The laws governing flow

in thin films and porous media are introduced as well as relations describing the influence of

surface roughness on the (dynamical) behavior of a lubricated contact.

2.1 Fluid film lubrication

The contact occurring in a plain journal bearing is a conformal contact, which means that the

contact surface curvatures are very similar to one another. Figure 2.1 shows such a lubricated

contact in a Cartesian coordinate system. The arbitrary velocities U1, V1, W1 and U2, V2, W2 are

prescribed at the fluid boundaries at the bottom and top surfaces respectively. These velocities

are imposed to the fluid by the motion of the confining surfaces and may also include additional

components when the fluid can also flow through the surface. The distance between the surfaces

is given by the film thickness function H(x,z). When making the assumptions that

• the lubricant matches the prescribed velocities at both contact surfaces (which can in-

clude additional components when the fluid is allowed to also flow through the surface),

• the fluid behaves like a Newtonian fluid with constant density ρ and has a constant dy-

namical viscosity η ,

• the film is sufficiently thin (i.e. curvature and temperature differences can be neglected),
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Figure 2.1: Lubrication of a conformal contact with a thin fluid film having film thickness H(x,z).

• in the region where the fluid film forms, it extends continuously from the top to the

bottom surfaces,

• inertial forces and turbulent behavior in the fluid can be neglected (i.e. the fluid flow is

laminar)

the Reynolds equation can be deduced from the Navier-Stokes equations to describe the hydro-

dynamic gage pressure ph in the fluid film1. The Reynolds equation reads [147]

∂
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12η

∂ ph

∂x

)
+

∂

∂ z

(
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12η
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∂ z

)
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∂
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U1 +U2

2
+
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. . .

. . .+H
∂
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W1 +W2

2
+

W1 −W2

2

∂H

∂ z
+(V2 −V1).

(2.1)

Please refer to figure 2.1 for the other used parameters and variables. The reader is referred to

appendix A for a detailed derivation based on the force balance over an infinitesimal volume

element.

The main issue in this thesis will be to solve this partial differential equation in order to obtain

the hydrodynamical pressure in the fluid film, from which the majority of important quantities

can be deduced. To be able to do this proper boundary conditions need to be applied to the

pressure field. Aside from the geometrical boundary conditions which bound the pressure

function in the fluid film, the most important other condition occurs due to cavitation.

In order to apply the Reynolds equation to journal bearing problems the velocities U1, V1, W1

1Unless stated otherwise all references to fluid pressure in this thesis refer to the so-called gage pressure,

which is the absolute pressure minus atmospheric pressure.
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and U2, V2, W2 need to properly represent the motion of the journal and the bearing in the same

reference frame, which will be shown in chapter 3. The geometrical boundary conditions are

related to the journal bearing type and will be introduced in chapter 4, the subject of cavitation

will be discussed in the following.

2.1.1 Cavitation

Figure 2.1 illustrates a typical lubricated contact in which cavitation can occur. Imagine a fluid

flowing in the positive x-direction. Due to fluid and pressure build-up in the converging part

of the fluid film pressure in the diverging part will drop significantly. If the pressure does not

fall below the vapor pressure, e.g. because the surrounding pressure is raised using an external

fluid supply, an additional cavitation condition is not needed and it will suffice to solve for the

pressure ph from equation (2.1) solely using boundary conditions that geometrically bound the

pressure field. In general, however, this is not the case and a serious error is made when the

negative pressure part is included in succeeding calculations. Under normal (hydrodynamical)

operating conditions film rupture occurs in plain journal bearings somewhere downstream of

the minimum film thickness. Instead of fluid there now will be a mixture of gas and fluid

(or so-called two-phase flow) throughout a certain extent of the clearance until a certain point

where the fluid film will reform, as shown in [41, 42]. This usually is where the film thickness

function starts to converge again. The pressure throughout this cavitation area is negligible

and it therefore strongly influences the load capacity of the journal bearing. This section will

present the most common cavitation models from literature, which can be categorized in two

categories: non-mass-conserving and mass-conserving boundary conditions.

Non-mass-conserving cavitation conditions

Three typical pressure profiles for a lubricated conformal contact can be found in figure 2.2.

This figure shows the pressure profile obtained for a steady state case2 with different cavitation

conditions. Without any additional condition the SOMMERFELD solution is obtained. As al-

ready has been mentioned the negative part of this solution is unrealistic and should in general

not be taken into account for the succeeding calculations.

There are several improved boundary conditions to correct for this. The simplest of them is the

2By steady state is meant that the time dependency of the film thickness function is negligible i.e. V1 and V2

in equation (2.1) can be ignored. This does, however, not mean that U1,2 and W1,2 necessarily are zero!
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Hmax Hmin Hmax
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GÜMBEL

REYNOLDS

Figure 2.2: Theoretical steady state pressure profiles in a lubricated conformal contact for different
boundary conditions. The cavitation pressure is here set to zero (pcav = 0).

so-called HALF-SOMMERFELD or GÜMBEL solution [64]. This method only takes into account

the positive part of the SOMMERFELD solution, i.e.

ph(x > Hmin) = 0. (2.2)

Due to its simplicity this condition is still applied in many theoretical studies, including this

work. It should be mentioned that in this form this cavitation condition is not entirely correct

when addressing dynamic problems. This issue will be discussed later on.

For steady state conditions the REYNOLDS or SWIFT-STIEBER boundary condition [145, 146]

is believed to be more accurate. Here the pressure gradient is demanded to vanish where the

fluid film ruptures. This condition is implemented with the additional boundary conditions

∂ ph

∂x

∣∣∣∣
ph=pcav

=
∂ ph

∂ z

∣∣∣∣
ph=pcav

= 0, (2.3)

where pcav indicates the cavitation pressure. This solution is a good approximation of reality,

especially at larger eccentricities [147]. Moreover is the pressure function’s derivative con-

tinuous at the rupture boundary, which indicates that mass is being conserved here. This is,

however, still not the case for the reformation point (at Hmax), which will be addressed in the

following paragraph. When the GÜMBEL condition is compared to the REYNOLDS condition

a difference is observed. The solution with the GÜMBEL condition seems, however, to be a

reasonable approximation. We shall see in chapter 5 that the difference actually turns out to

be quite small for typical plain journal bearings geometries. Unfortunately, the REYNOLDS
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condition is harder to implement for analytical methods. The problem complicates to a free

boundary problem in which the rupture and reformation points of the fluid film are a priori

unknown. Implementation into a numerical iteration scheme is, on the other hand, easier. Such

algorithms will be discussed in chapter 4.

Mass-conserving cavitation conditions

Although the REYNOLDS condition is mass-conserving at the rupture boundary, it still is not

completely mass-conserving over the entire circumference of the bearing. At the fluid film

reformation point the amount of fluid, which comes from the cavitation range is not taken

into account. The first mass-conserving cavitation conditions were introduced by JAKOBSSON,

FLOBERG [73] and later by OLSSON [121] for dynamical problems. These cavitation conditions

therefore are conveniently abbreviated as the JFO conditions. Floberg proposed boundary con-

ditions for the vapor or cavitation region. Later on Elrod [45] introduced an algorithm which

utilizes a modified Reynolds equation to automatically distinguish between the fluid film and

the cavitation range. Due to its complexity and high computational demands this cavitation

algorithm has not been employed in this work and because of this a detailed description is

omitted here.

Dynamic problems

Up to this point, all the introduced cavitation conditions only were formulated for steady state

problems, for which the velocity term V2 −V1 on the right hand side in equation (2.1) could be

ignored.

Figure 2.3 shows that when the change of the film thickness function over time becomes more

profound, the boundaries of the positive pressure range of the GÜMBEL solution do not neces-

sarily coincide with the minimum (Hmin) and maximum film thickness (Hmax) (as was the case

in figure 2.2). As a result the boundaries of the positive pressure range have to be determined

additionally. For some simplified analytical plain journal bearing models analytical expressions

for these boundaries can be formulated, as will be shown in chapter 4.

The REYNOLDS condition for the rupture boundary still holds for dynamical problems. How-

ever, problems arise for the fluid film formation boundary, because its position is not known

a priori anymore. One solution is to also apply the REYNOLDS conditions to the formation

boundary. When doing so the pressure derivative will also be continuous at this boundary. The

JFO condition shows, however, that in general a discontinuity does occur here and applying the
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Hmax

Hmin

(a) τ = 1.2 (b) τ = 3.3 (c) τ = 18.3

Figure 2.3: Snapshots of the dynamical pressure profile of a so-called short bearing model (the reader
is referred to section 4.2 for a detailed description of this model). The journal starts in the center and
moves to an equilibrium position due to loading in vertical direction. The red curves corresponds to the
pressure, the blue curve shows the orbit, the green dot the journal center’s position and the maximum
(Hmax) and minimum (Hmin) film thickness are indicated with the magenta line of centers.

Although the JFO boundary condition is more accurate, the corresponding methods require too

much calculation time to be applicable to the problems in this work. Therefore, this work will

mainly employ the GÜMBEL condition to solve the plain journal bearing problem.

2.1.2 Mixed lubrication

The phenomenon of mixed lubrication is the combined influence of hydrodynamic lubrication,

its dependency on rough surfaces and the influence of asperity contacts that occur due to sur-

face roughness. In the previous section all contact surfaces were assumed to be completely

smooth, which is a valid assumption for large fluid film thicknesses compared to the asperity

peaks heights. For small film thicknesses this influence has to be taken into account: within

this thesis the flow factor method proposed by PATIR and CHENG [123–125] to include the

influence of rough surfaces on the hydrodynamic pressure is applied. The asperity contacts it-

self are modeled with the statistical contact model proposed by GREENWOOD & WILLIAMSON

[58, 59]. To be able to describe the previously mentioned phenomena knowledge about the sta-

tistical properties of the roughness profile is required. The rough surface is defined by adding

a deviation δi (where the subscript i indicates the surface) to each nominal contact surface as is

18

illustrated in figure 2.4. This leads to a new local film thickness function, defined by HT;



2.1. FLUID FILM LUBRICATION
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Figure 2.4: Definition of a contact between rough surfaces.

HT(x,z) = H(x,z)+δ1(x,z)+δ2(x,z). (2.4)

In a statistical sense, the variation of the roughness profiles can be characterized with a corre-

sponding root mean square

σ2
h,i =

1

A

∫

A
δi(x,z)

2dA, (2.5)

where A corresponds to the nominal contact area. This also is the standard deviation of the

probability density function Pi(δi) if δi corresponds to the deviation from the mean surface

distance. From this the probability function can be defined with

F(d) =
∫ ∞

d
P(δ )dδ , (2.6)

which gives the percentage of asperities that are in contact for a mean surface distance d. When

treating problems where both surface roughnesses play a role, the problem is replaced by an

equivalent problem with a composite standard deviation σh =
√

σ2
h,1 +σ2

h,2. Apart from these

statistical parameters describing the vertical surface heights another important characteristic of

the surface are its directional properties. Depending on the flow direction a so-called Peklenik

factor γ̃ can be defined, using the characteristic length scales λx,z (in x- and z-direction) to

which the auto-correlation function of the roughness profile reduces with a certain percentage

of its initial value [126]. The auto-correlation function is defined by

Rcor(λx,λz) =
1

σ2
h

lim
A→∞

1

A

∫

A
δ (x,z)δ (x+λx,z+λz)dA (2.7)
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(a) Transversal, γ̃ > 1 (b) Isotropic, γ̃ = 1 (c) Longitudinal, γ̃ < 1

Figure 2.5: Contact areas for three roughness profiles with different Peklenik factors for a given flow
direction. Here, the x-axis points in horizontal direction and the z-axis in vertical direction.

and with this the Peklenik factor is defined by

γ̃ =
λx(Rcor = 0.5)

λz(Rcor = 0.5)
. (2.8)

Here, the first index of the characteristic length scales indicates the amount to which the auto-

correlation function is reduced, in this case a percentage of 50%. Depending on the roughness

profile different values can or have to be chosen here. Figure 2.5 illustrates the influence of the

Peklenik factor on the contact area with a given flow direction.

Hydrodynamic lubrication of rough surfaces

Although possible, it is hard to include the original surface roughness profile into the numerical

simulation (it would require extremely fine grids, micro-cavitation algorithms, etc.). As will be

shown in chapter 4, numerical discretization methods alone already demand too many degrees

of freedom. Therefore, Patir et al. [123–125] proposed an averaged flow model to account

for the surface’s roughness. The idea is to take a small patch of the rough surface which then

is taken to represent the entire rough surface. Using a small scale hydrodynamic simulation

an averaging procedure is introduced, which produces so-called flow factors. The flow factors

account for the fact that the asperities have modified the effective film thickness function. In

turn, these flow factors can then be used to construct an averaged Reynolds equation which

incorporates an approximation of the surface roughness influence:

∂

∂x

(
φ f

x

H̄3

12η

∂ p̄h

∂x

)
+

∂

∂ z

(
φ f

z

H̄3

12η

∂ p̄h

∂ z

)
=

U1 +U2

2

∂ (H̄)

∂x
+

U1 −U2

2
σh

∂φ
f

s

∂x
+(V2 −V1),

(2.9)
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where φ
f

x and φ
f

z are so-called pressure flow factors and φ
f

s is the shear flow factor. H̄ and

p̄h respectively are the mean film thickness and mean fluid pressure. Note that for reasons

of simplicity the velocity terms in the z-direction have been omitted here. To determine the

pressure flow factors a measured or statistically generated roughness profile is used for a flow

simulation on a small yet representational surface patch (i.e. including a sufficient number of

asperities). Now say that the macroscopic film thickness in the contact will equal H̄ and be

constant and let the microscopic film thickness function be HT. Then the pressure flow factors

are determined using

φ f
x =

1

Lz

∫ Lz

0

(
H3

T

12η

∂ ph

∂x

)
dz

H̄3

12η

∂ p̄h

∂x

and φ f
z =

1

Lx

∫ Lx

0

(
H3

T

12η

∂ ph

∂ z

)
dx

H̄3

12η

∂ p̄h

∂ z

, (2.10)

where Lx,z indicate the geometrical sizes of the surface patch and p̄ the average macroscopic

pressure. The shear flow factor is determined by

φ f
s =

2

Usσh

q̄x =
2

Usσh

E
(
− H3

T

12η

∂ ph

∂x

)
, (2.11)

where Us = U1 −U2 and E(. . .) the expectation operator. The expectation operator is for in-

stance used to determine the mean film thickness; H̄ = E(HT).

Since this thesis is only concerned with the modeling of plain journal bearings in the context of

larger dynamical systems, the calculation of flow factors is beyond the scope of this work. In

chapter 4 a general implementation for flow factors is proposed and the examples in chapter 5

feature the flow factors published in [124, 125] as a prove of concept.

Asperity contact

GREENWOOD and WILLIAMSON introduced an asperity contact model which is based on sta-

tistical parameters, it was later extended for two rough surfaces coming into contact [58, 59].

The idea behind this model is to simplify the roughness profile, approximating it with a surface

that is solely made up out of identical parabolic asperities, possessing a curvature with radius

β̂ , the standard deviation σe of the peak heights and the surface density η̂ of the asperity peaks

on the surface. Using the Hertzian approximation for the contact of one asperity peak the en-

tire surface roughness can be approximated. The resulting load and contact area from a single
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elementary asperity can now be described by

Ae = π
β̂

2
w and Pe,load =

4

3
E

√
β̂/2w3/2, (2.12)

where w is the indentation depth of the asperity and E is the composite elastic modulus3 of

both contact surfaces (the subscript e refers to the elastic contact). Using this load function the

nominal pressure (i.e. the complete load Pe,area, per nominal contact area Anom which can be

described with the previous introduced roughness parameters) for a rough to smooth surface

contact can be expressed with

pe(H) =
2
√

2

3
(η̂β̂σe)E

√
σe

β̂
F3/2

(
H

σe

)
(2.13)

and for a rough to rough surface contact with

pe(H) =
16
√

2

15
π(η̂β̂σe)

2E

√
σe

β̂
F5/2

(
H

σe

)
, (2.14)

where Fn(d) is the probability density function of the asperity peaks (analogue to equation (2.6)),

Fn(d) =
∫ ∞

d
(u−d)ns(u)du, (2.15)

in which s(u)= 1/
√

2π exp(−u2/2) for a Gaussian height distribution. By using the error func-

tion, this integral can be approximated with a simplified expression for Gaussian distributions.

The approximation reads

Fn(d)≈ c0

(
1− erf(λ1d +λ2)

)
, (2.16)

where c0 = 3.851, λ1 = 0.478 and λ2 = 1.123 for the rough to smooth surface contact (n= 3/2)

and c0 = 23.375, λ1 = 0.454 and λ2 = 1.563 for the rough to rough surface contact (n = 5/2).

This approximation has the advantage that it is valid for arbitrary film thicknesses. Other ap-

proximations are described in [88, 123].

The original GREENWOOD & WILLIAMSON approach gives good results when the probability

density function of the asperity peaks is Gaussian. However, due to prolonged loading running-

in can occur, which can change the shape of the probability density function significantly. For

such cases either a more accurate distribution function or a more accurate method to calculate

3The composite elastic modulus E is determined by 1/E = (1−ν2
1 )/E1+(1−ν2

2 )/E2, where E1,2, ν1,2 denote

resp. the elastic modulus and Poisson’s ratio of the contact bodies.
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2.2. LUBRICATION OF POROUS MEDIA

the local contact pressure is required. Since determining the distribution change after prolonged

exposure can be difficult and unpractical, the usual approach is to use the BOUSSINESQ theory

to calculate the pressure and deformations resulting from asperity contacts numerically [10].

Using this approach it is possible to simulate the elastic asperity deformations and extend it

to account for perfect plastic deformations [13]. Although it would be possible to numerically

calculate the elastic contact behavior of a ran-in surface prior to a dynamical simulation, doing

so for plastic deformations is very hard. In comparison, the GREENWOOD & WILLIAMSON

approach utilizes only several statistical contact parameters (but only accounts for elastic de-

formations). Due to this simplicity the latter contact model is used in this work.

2.2 Lubrication of porous media

Next to the pressure in the fluid film, the fluid pressure in the porous matrix is also required

when considering a porous journal bearing. To this end Darcy’s law for flow inside a porous

medium is introduced and the issues related to fluid-porous interfaces are addressed.

2.2.1 Darcy’s law

By means of empirical methods, DARCY [34] concluded from his experiments on the flow of

water in vertical homogeneous sand filters, that the rate of flow is proportional to the constant

cross-sectional area and to the piezometric head4 and that it is inversely proportional to the

length of the porous medium. When combined these observations resulted in Darcy’s law. The

original formula was stated for one dimensional flow with an isotropic porous medium. For

three dimensional flow in an anisotropic medium the relationship reads

q̂ =−H grad ϕϕϕ, (2.17)

where bold symbols indicate vectors and all quantities are macroscopic, q̂ refers to the fluid

velocity and grad ϕϕϕ represents the hydraulic gradient. This is a gradient of the piezometric head

over the length of the flow path. H is the hydraulic conductivity tensor that expresses the ease

with which the fluid is transported through the porous matrix. It depends on fluid properties

such as the density ρ and viscosity η and properties of the porous matrix (introduced as the

permeability K in the following) [8, 72]. The current formulation is practical when treating for

4The piezometric head is the sum of the pressure head and the elevation head, which are the pressure energy

and the potential energy per unit weight of the fluid respectively.
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example aquifers or ground water reservoirs, but less insightful when applied to porous journal

bearings. A more useful formulation is

q̂ =−K

η
(grad p̂−ρg) (2.18)

where the term (ρg) on the right hand side occurs due to gravity. More interesting though is

K , which represents the permeability tensor. The permeability defines the ability of the porous

medium to transmit fluid. Throughout this thesis, the permeability will be assumed isotropic

and homogeneous, for which the permeability tensor K reduces to a single scalar K [m2]. To

gain more insight in the physical meaning of the permeability it can be rewritten to K = Ñd̃2,

where d̃ [m] is a mean conduit diameter that characterizes the size scale of the pore structure

and Ñ [-] is a shape factor which relates to the shape of the passages or conduits through

which the fluid flows. Thus, increasing the porosity of a permeable material will also increase

the mean conduit diameter and therefore also its permeability [72]. There are several ways

to derive Darcy’s law including complex mathematical derivations involving homogenization

methods, for more details the reader is referred to e.g. [8, 72].

It should be noted that Darcy’s law does not account for inertia effects as well as viscous friction

within the fluid. To correct for this several extensions can be found in literature. For example

q̂ =−K

η
(grad p̂−ρg)+ρC

∂ q̂

∂ t
, (2.19)

where C is a so-called acceleration coefficient tensor. In most cases the time derivative can

however be ignored and equation (2.19) reduces to the original form [117]. Another issue with

Darcy’s law is that it only holds for small fluid flow velocities q̂. This can be corrected by

introducing the so-called Forchheimer correction

q̂ =−K

η
(grad p̂−ρg)−F(q̂), (2.20)

where the last term on the right depends on the flow velocity q̂ and can be defined in several

ways depending on fluid and material properties. When the fluid velocity remains low, i.e. the

Reynolds number Re does not exceed 10, Darcy’s law still holds [8, 117].

Finally, the basic continuity for flow inside a porous medium is given for the general case of an

inhomogeneous anisotropic porous medium in a volumetric average sense. Assuming the axes

of the Cartesian coordinate system are aligned with the principal directions of the permeability
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qx,y=0 = 0
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(a) MORGAN/CAMERON

[106]
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q̂x

(b) MEURISSE/GUIDICELLI

[103]

qx y
x

dqx
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∣∣
y=0

= α√
K
(qx,y=0 − q̂x)

q̂x

(c) BEAVERS/JOSEPH [9]

qx

η
f̄

d2q̂x

dx2 − η
K

q̂x =
d p̂
dx

qx,y=0 = q̂x,y=0

dq̂x
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y=0

= α dqx
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∣∣
y=0

(d) BRINKMAN [20]

Figure 2.6: Different flow boundary conditions and the resulting fluid velocities qx,y (fluid film) and q̂x,y

(porous medium) near the interface for uniform flow through a channel partly filled with porous material
[55].

tensor the following equation is obtained

∂

∂x

(
Kxρ

η

∂ p̂

∂x

)
+

∂

∂y

(
Kyρ

η

∂ p̂

∂y

)
+

∂

∂ z

(
Kzρ

η

[
∂ p̂

∂ z
+ρg

])
= f̄

∂ρ

∂ t
, (2.21)

where f̄ indicates the porosity.

2.2.2 Porous-fluid interface

When a fluid flows through and alongside a porous medium, the fluid velocity will gradually

change inside a transition zone at the porous-fluid interface. This transition is caused by vis-

cous shear stresses in the fluid, which were deemed insignificant compared to the resistance of

the porous medium in Darcy’s law. Customizations are necessary to reintroduce this gradual

transition into the problem formulation.

Several boundary conditions for the porous-fluid interface found in porous journal bearings
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were proposed in literature (see figure 2.6) [9, 20, 103, 106]. For reasons of simplicity the

porous-fluid interface problem in a porous journal bearing is simplified to a channel with uni-

form flow, which is partially filled with a porous medium. The simplified problem has zero

fluid velocity qx at the channel boundaries, moreover is the bottom boundary assumed suffi-

ciently far away (i.e. outside of the figure) such that it has no influence on the fluid flow at the

interface.

The original approach from Morgan et al. [106] for porous journal bearings ignored any slip

effect at the porous-fluid interface. This means that they assumed the standard boundary con-

ditions which also are applied for the normal Reynolds equation (the reader is referred to ap-

pendix A for a detailed description on the application of these boundary conditions). Fig-

ure 2.6a shows the corresponding fluid velocity field. It is obvious that an error is made when

applying this approach.

To correct for this several adjustments can be found in literature. The most simple solution

is to demand that the fluid velocity has to be continuous. An application of this condition for

porous journal bearings is found in literature [103] and it is illustrated in figure 2.6b. It is

pointed out by Meurisse et al. [103] that for practical applications this boundary condition has

little to no influence on the fluid film pressure in comparison with the simplified approach from

figure 2.6a.

Still, a discontinuity is observed in the fluid flow derivative in figure 2.6b. Corrections for this

were proposed by Beavers et al. [9] and Brinkman [20], respectively shown in figure 2.6c and

figure 2.6d. It is clear that the latter produces the most satisfying result, but also will increase

the problem complexity. The correction shown in figure 2.6c is applied more easily and it can

be argued that – at least for the fluid film flow – also produces the correct behavior. In fact it has

been shown that when the so-called slip-coefficient α of the BEAVERS/JOSEPH model is chosen

such that α̃ =
√

η̃/η (where η̃ = η/ f̄ is a parameter in the BRINKMAN model), both models

produce the same velocity profile in the fluid film [116]. This also introduces the problem of

parameter determination. Since these boundary conditions were only studied for the current

problem formulation and not for the application in this thesis, finding the right parameter α̃ or

η̃ proves to be difficult and elaborate. Moreover, it has been pointed out in literature that even

these more complex models have little influence on the essential behavior of porous journal

bearings [103]. Therefore, the use of these porous-fluid interface models will be omitted in this

work and the assumptions made in figure 2.6a are adopted.
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Chapter 3

Dynamic systems containing revolute

joints with clearance

In this chapter the kinematics and dynamics of revolute joints with clearance in the context

of multibody systems are introduced. The representation of all necessary degrees of freedom

in a plain journal bearing with misalignment in the proper reference frame is covered and the

equation of motion for a misaligned plain journal bearing in the context of a rotor-bearing

system is derived [157].

The rotor-bearing system containing revolute joints (i.e. plain journal bearings) that is under

consideration in this work is a nonlinear dynamical system. In brief, the steady-state solutions

and bifurcation points occurring in the considered examples as well as a short overview of the

stability criteria for dynamical systems are given in this chapter [87, 142, 152]. These will

be used later on to analyze the dynamical behavior of rotor-bearing systems containing plain

journal bearings.

3.1 Multibody systems

In terms of a multibody system the plain journal bearing can be seen as a revolute joint with

clearance, where the fluid film and asperity contacts generate forces and moments even though

the nominal contours of the journal and bearing are not in contact. A conventional revolute joint

only has one degree of freedom (DOF). The introduction of radial clearance leads to additional

DOF: a total of three DOF for aligned journal bearings and five DOF for misaligned journal

bearings when motion in axial direction is not considered. The kinematics of a plain journal
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Figure 3.1: Orientation of the journal (K2) and the bearing (K1) of a plain journal bearing with respect
to the reference frame K0.

bearing will be addressed by describing the motion of a misaligned journal with respect to

the bearing’s reference frame. These are used to properly include the motion according to the

Reynolds equation. Following, the topic of dynamics is addressed by deriving the equations of

motion for a misaligned plain journal bearing in which the kinematic relationships are used.

3.1.1 Kinematics

The relative (angular) displacements as well as the relative (angular) velocities of the journal

and the bearing are needed to calculate forces and moments acting inside a plain journal bear-

ing. For an aligned plain journal bearing where the bearing is fixed to the global reference frame

and the journal’s axis is parallel to the bearing’s axis this is trivial. When the bearing’s reference

frame possesses a different motion with respect to the global reference frame (ground) and the

orientation of the journal differs from that of the bearing extra efforts are needed to obtain the

appropriate journal’s motion. Figure 3.1 shows an arbitrary orientation of a misaligned plain

journal bearing in a global reference frame K0. The bearing’s reference frame is indicated with

K1 and the journal’s reference frame with K2. The representation of the motion of an arbitrary

reference frame Ki relative to another reference frame (e.g. a global reference frame) K j is
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a superposition of the translational motion of the origin Oi with respect to O j and the rota-

tional motion of Ki with respect to the reference frame K j. Such a translational motion can

be deduced from the vector kri j between Oi and O j, where the subscripts indicate both origin

points and the preceding superscript k indicates the reference frame in which the quantity is

expressed. Examples of such vectors are found in figure 3.1. This alone suffices to describe the

motion in aligned plain journal bearings. Additionally, for misaligned plain journal bearings

the rotational motion needs to be taken into account. The relative rotational motion between Ki

and K j can for example be described with the following three consecutive rotations:

T1(φx) =

⎡
⎢⎣

1 0 0

0 cosφx −sinφx

0 sinφx cosφx

⎤
⎥⎦ for Ki → K′

i, (3.1)

T2(φy) =

⎡
⎢⎣

cosφy 0 sinφy

0 1 0

−sinφy 0 cosφy

⎤
⎥⎦ for K′

i → K′′
i (3.2)

and

T3(φz) =

⎡
⎢⎣

cosφz −sinφz 0

sinφz cosφz 0

0 0 1

⎤
⎥⎦ for K′′

i → K j, (3.3)

which depend on the rotation parameters φx, φy and φz (these rotations always are about the

axis in current coordinate system, e.g. the rotation φy is about the y-axis belonging to K′
i).

Depending on the simulation environment the order of the rotations and the choice of rotation

axes may differ. Using these rotation matrices a vector can be represented by coordinates

in different reference frames, e.g. jr = T3T2T1
ir. Referring to figure 3.1 the rotations φx

and φy correspond to the misalignment or tilting of the journal relative to the bearing and

φz is the axial rotation of the journal. Under normal operating conditions for plain journal

bearings, the former two rotations are orders of magnitude smaller than the latter one. To be

able to describe the film thickness function and its time derivative for a misaligned plain journal

bearing the (angular) displacements (ex, ey, φx and φy) and their respective time derivatives (ėx,

ėx, φ̇x and φ̇y) of the journal (K2) relative to the bearing’s reference frame (K1) are needed.

In addition, the angular velocity about the journal’s axis Ω2 and the bearing’s axis Ω1 are

needed, which can be readily deduced by observing the angular velocities of the reference

frames belonging to the journal (K1) and the bearing (K2). The relative displacements and

velocities are described by 1r21 and 1ṙ21. Given the orientations of K1 and K2, the rotations
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φx and φy are determined by the consecutive rotations from equation (3.1) and (3.2). The time

derivatives of the angular coordinates of the journal in the bearing’s reference frame K1 are

given by the following kinematic differential equation [76]

⎡
⎢⎣

φ̇x

φ̇y

φ̇z

⎤
⎥⎦=

1

cosφy

⎡
⎢⎣

cosφz −sinφz 0

cosφy sinφz cosφy cosφz 0

−sinφy cosφz sinφy sinφz cosφy

⎤
⎥⎦

⎡
⎢⎣

ωx2

ωy2

ωz2

⎤
⎥⎦ , (3.4)

where ωx2,y2,z2 are the coordinates of the angular velocity of the journal in (or relative to)

the reference frame K1. It should be noted that here a singularity occurs when φy = π/2.

Fortunately, due to the fact that the clearance in journal bearings is very small compared to the

journal radius φy ≪ 1 holds and therefore singularities will not occur. This also will allow for

several simplification as will be shown in the next section. Here, equation (3.4) will be used to

derive the equation of motion. This equation is also used to obtain the correct values of φ̇x and

φ̇y in the context of a multibody software environment.

Reynolds equation

To properly include the translational and rotational velocities of the journal and the bearing in

the Reynolds equation they need to be represented in the same reference frame. A close-up of

the geometries of the journal and bearing surface for a misaligned configuration is shown in

figure 3.2. The axis denotation and its relation with the velocities U , V and W in this figure is

analogue to that of figure 2.1.

Consider two corresponding points; one on the journal’s and one the bearing’s surface that are

separated by a film height H. These points possess a velocity described with the vector v2 for

the journal and v1 for the bearing. The velocities include the translational motion as well as

the angular velocity which results from the rotation about the bearing’s and journal’s axis (Ω1

and Ω2). Analogue to figure 3.1 a coordinate system K1 for the bearing is defined. This will

be the reference frame in which the velocities appearing in the Reynolds equation for these

two points are expressed. The journal’s reference frame is indicated with K2. For a misaligned

journal bearing the reference frame K2 is rotated with respect to K1 by the angles ϕx and ϕy

due to misalignment and by ϕz due to a possible change in the local curvature of the surfaces

at the corresponding points. It is assumed that the velocity components of the translational

velocities are assumed small in comparison to the velocity resulting from the rotational motion.

In addition, it is assumed that the angles which define the difference in curvature and rate of

misalignment are small, i.e. ϕx ≪ 1, ϕy ≪ 1 and ϕz ≪ 1. These are valid assumptions for the
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Figure 3.2: A close-up of the geometry of the journal’s and bearing’s surface for a misaligned configu-
ration.

plain journal bearing, since the radial clearance is orders of magnitude smaller than the bearing

radius and length. The point at the bearing’s surface possesses the velocity vector

1v1 = (vx1 + vR1)ix + vy1iy + vz1iz (3.5)

defined in the reference frame K1 and the point at the journal’s surface

2v2 = (vx2 + vR2)ix′ + vy1iy′ + vz1iz′ , (3.6)

which is defined in the reference frame K2. Using the transformation matrices in equation (3.1)-

(3.3) and assuming small angles, the projection of all velocity components in the reference

frame K1 results in [38]

U1 ≈ vR1, V1 = vy1 −Vp and W1 = vz1 (3.7)

for the bearing and

U2 ≈ vx2 + vR2 − vy2ϕz +ϕyvz2 ≈ vR2, (3.8)

V2 ≈ (vx2 + vR2)ϕz + vy2 −ϕxvz2 ≈U2
∂H

∂x
+ vy2, (3.9)

W2 ≈−(vx2 + vR2)ϕy + vy2ϕx + vz2, (3.10)

for the journal. Vp represents the (optional) velocity corresponding to the fluid exchange be-

tween the fluid film and the porous medium, which will be defined later on in chapter 4. In this
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work motion in the axial direction of the plain journal bearing is not taken into account and

terms containing the velocities W1,2 are therefore ignored. Using these assumptions the right

hand side of the Reynolds equation (2.1) can now be rewritten to [157]

H
∂

∂x

U1 +U2

2
+

U1 −U2

2

∂H

∂x
+H

∂

∂ z

W1 +W2

2
+

W1 −W2

2

∂H

∂ z
+(V2 −V1)≈ . . .

. . .
∂

∂x

(
H

U1 +U2

2

)
+

∂H

∂ t
+Vp.

(3.11)

3.1.2 Dynamics

Having obtained all model variables the equation of motion for a plain journal bearing can be

constructed. These equations can be deduced from the Newton-Euler equations1;

m
0d2

d t2
r20 = m 0r̈20 = ∑

i

Fi and
0d

d t
(I ωωω20) = ∑

i

Mi , (3.12)

where m indicates the journal’s or rotor’s mass, Fi indicate the forces and Mi the moments (or

torques) acting on the journal and I refers to the moment of inertia tensor of the journal or

rotor. It is noted that the center of mass of the rotor is here fixed at O2. To simplify matters

the angular momentum is evaluated in the journal’s reference frame K2. This is advantageous,

because the journal’s moment of inertia in this reference frame does not depend on time and is

here taken as

2
I =

⎡
⎢⎣

Ix 0 0

0 Iy 0

0 0 Iz

⎤
⎥⎦ , (3.13)

where the values on the diagonal depend on the journal’s geometrical shape. Using Euler’s law

the time derivative of the angular momentum becomes

0d

d t
(I ωωω20) =

2d

d t
(I ωωω20)+ΛΛΛ0→2 ×(I ωωω20) , (3.14)

where ΛΛΛ0→2 represents the angular velocity corresponding to the journal’s orientation with

respect to the global reference frame. The acceleration and angular velocity appearing in equa-

tion (3.12) can be deduced from the motion of K1 relative to K0 and the motion of K2 relative

to K1:

0r̈20 = 0r̈10 + 0r̈21 and ωωω20 =ωωω10 +ωωω21. (3.15)

1A preceding subscript indicates the reference frame in which the time derivative is taken
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Although in reality the bearings are often attached to the ground through some kind of supports,

in this work the bearings are assumed to be fixed to the ground. With this simplification, the

journal’s acceleration simplifies to 0r̈20 = 0r̈21 and its angular velocity to ωωω20 =ωωω21.

The orientation of the journal with respect to the bearing can be realized by two consecutive ro-

tations, defined here as φx followed by φy. To this end the rotation matrices from equation (3.1)

and equation (3.2) are used. Using these transformations or the inverse of equation (3.4)

2(I ωωω20) = Ix cosφyφ̇xi′′x + Iyφ̇yi′′x + Iz(Ω2 + sinφyφ̇x)i
′′
z (3.16)

and

ΛΛΛ0→2 = cosφyφ̇xi′′x + φ̇yi′′x + sinφyφ̇xi′′z , (3.17)

where i′′x,y,z indicate the base vectors of K2. Since φx,y ≪ 1 the simplifications sinφx,y ≈ φx,y

and cosφx,y ≈ 1 are in order. With this equation (3.14) can be simplified to

0d

d t
2(I ωωω20)=

⎡
⎢⎣

cosφyIxφ̈x +Ω2Izφ̇y + sinφyφ̇xφ̇y(Iz − Iy − Ix)

Iyφ̈y −Ω2Izφ̇x + sinφx cosφxφ̇ 2
x (Ix − Iz)

sinφyIzφ̈x + cosφyφ̇xφ̇y(Iz + Iy − Ix)

⎤
⎥⎦≈

⎡
⎢⎣

Ixφ̈x +Ω2Izφ̇y

Iyφ̈y −Ω2Izφ̇x

φyIzφ̈x + φ̇xφ̇y(Iz + Iy − Ix)

⎤
⎥⎦

(3.18)

where the third term of the x- and y-component can be ignored because φx,y ≪ 1. Another

implication of this is that the order of the rotations φx and φy is not important and will not affect

the result. This work is not concerned with the axial moments and forces and therefore the

conservation of angular momentum in the z-direction is not considered beyond this point. This

leads to the following equation of motion

mëx = Fx +Fa,x (3.19)

mëy = Fy +Fa,y (3.20)

Ixφ̈x + Izφ̇yΩ2 = Mx +Ma,x (3.21)

Iyφ̈y − Izφ̇xΩ2 = My +Ma,y, (3.22)

where Fx,y are the bearing forces and Mx,y the bearing moments. An additional subscript a

indicates an externally applied force or moment.
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3.2 Nonlinear dynamics

The equation of motion which was derived in the previous section is a nonlinear dynamic sys-

tem, since the bearing forces and moments are nonlinear. By formulating it with the following

set of equations ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u̇1 = ėx

u̇2 = (Fx +Fa,x)/m

u̇3 = ėy

u̇4 = (Fy +Fa,y)/m

u̇5 = φ̇x

u̇6 = (Mx +Ma,x − Izφ̇yΩ2)/Ix

u̇7 = φ̇y

u̇8 = (My +Ma,y + Izφ̇xΩ2)/Iy

, (3.23)

the dynamic system is described with a first order differential equation in the following state

space form

u̇ = f(u,λ ), (3.24)

which is an autonomous system since the vector field f ∈R
n does not explicitly depend on time

(t). In this equation u(t) ∈ R
n is the state vector and λ ∈ R is a bifurcation parameter. In this

thesis this mainly will be the sum angular frequency of the journal and the bearing in a plain

journal bearing (other parameters are also varied, but are not taken as bifurcation parameters).

The state vector will contain – among other quantities – the (angular) displacements and (an-

gular) velocities of the journal’s center at the mid-plane with respect to the bearing’s center at

the mid-plane.

For a given starting point u(t = 0) = u0 the dynamical system may follow different trajectories

depending on the initial conditions and the system parameters. The main concern is how these

solutions will look like in the long run. Will it converge to an equilibrium point or limit cycle?

A fixed-point solution is a steady-state solution corresponding to an equilibrium position of the

dynamical system for which the time derivative of the state vector is defined to be zero. When

this is the case fixed-points u0 abide f(u0,λ ) = 0. An example for a fixed-point solution for a

rotor-bearing system is shown in figure 3.3a.

Periodic solutions return to the same state vector after a certain minimum period T > 0, i.e.

up(t +T,u0) = up(t,u0) ∀ T ∈ R. An example of a periodic solution is shown in figure 3.3b.

There are two more kinds of solutions that can occur for the studied dynamical systems. These

34



3.2. NONLINEAR DYNAMICS

     
 

 

 

 

 

−1 0 εx 1
−1

0

ε y

1

(a) Fixed-point solution
(a∗ = 0, Ω∗ = 0.5, F∗

0 = 1)

     
 

 

 

 

 

−1 0 εx 1

(b) Periodic solution
(a∗ = 0.2, Ω∗ = 2.125,
F∗

0 = 1)

     
 

 

 

 

 

−1 0 εx 1

(c) Quasi-periodic solu-
tion (a∗ = 0.3, Ω∗ = 10,
F∗

0 = 1)

     
 

 

 

 

 

−1 0 εx 1
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0 = 15)

Figure 3.3: Examples of possible orbits for an elementary rotor-bearing system without bearing mis-
alignment. The dynamical system and its corresponding parameters are introduced in chapter 6.

are quasi-periodic and chaotic solutions. The detection of chaotic and quasi-periodic solutions

is still an ongoing field of research and therefore most path-following algorithms are not able

to identify them. Because of this, the consideration of quasi-periodic and chaotic solutions is

beyond the scope of this work. An example for a quasi-periodic and chaotic solution are given

in figures 3.3c and 3.3d. The interested reader is referred to e.g. [1, 122] for other examples of

such solutions.

Using a path-following algorithm only fixed-point and periodic solutions of systems of equa-

tions can be followed when certain system parameters are varied. This method is often also

referred to as numerical continuation.

3.2.1 Stability

The following lists criteria to determine the stability of fixed-point and periodic solutions.

When considering a fixed-point solution of the dynamical system in equation (3.24), it is called

stable when all nearby trajectories remain close to it for all time. In mathematical terms a

solution u0(t) is considered stable in the sense of LYAPUNOV if for a perturbed solution u(t)

for any ε > 0 there exists a number δ = δ (ε)> 0 such that ‖u(t)−u0(t)‖< ε for all t ≥ t0 if

‖u(t0)−u0(t0)‖< δ (ε).

Now assume that the dynamical system has a fixed-point solution u0 which also is its initial

condition: u(0) = u0. After adding a small initial perturbation ∆u to the solution u(t) = u0 +

∆u, substitution into equation (3.24) and a subsequent Taylor series expansion of f yields

u̇0 +∆u̇ = f(u0 +∆u,λ ) = f(u0,λ )+
∂ f

∂u

∣∣∣∣
u=u0

∆u+O(|∆u|2), (3.25)
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where it is assumed that f is sufficiently differentiable. When ruling out u̇0 against f(u0,λ ) and

ignoring the higher order derivatives O(|∆u|2) this results in the linearization of equation (3.24)

[142]

∆u̇ = J(u0,λ )∆u, (3.26)

where the Jacobian matrix is defined by J = ∂ f
∂u

∣∣
u=u0 . By observing its eigenvalues for a given

fixed-point solution the stability of this solution can be determined. It is stable when all eigen-

values have negative real parts and it is unstable when an eigenvalue exists with a real part

greater than zero. A critical case exists when the largest eigenvalue has a real part which equals

zero and then no statement can be given on the fixed-point solution’s stability using the current

linearization. If the linearized system in equation (3.26) is stable, then for a fixed point solution

u0 it can be proven that u0 also is stable solution of the nonlinear system in equation (3.24)

[67].

The stability of periodic solutions is determined using Floquet theory. Assume the dynami-

cal system has a periodical solution up with period T . For a small initial perturbation u(t) =

up +∆u (analogue to the approach in equation (3.25)) linearization now yields

∆u̇(t) = J(up,λ )∆u(t). (3.27)

Although being time-variant this is a linear differential equation. Hence, solutions may be

stated as

u(t) =ΦΦΦ(t)u(0) (3.28)

using the so-called fundamental matrix ΦΦΦ(t). Differentiation and substitution into equation (3.27)

reveals

Φ̇ΦΦ(t) = J(up,λ )ΦΦΦ(t) (3.29)

which has the initial condition ΦΦΦ(0) = I, where I is the identity matrix. From equation (3.28)

it follows that

∆u(t +T ) =ΦΦΦ(T )∆u(t). (3.30)

Using the modal matrix R of right the eigenvectors of ΦΦΦ, one can write ∆u=Rααα . With L⊤R= I

and L⊤ΦΦΦR = ΛΛΛ = diag(λi) being the diagonal matrix of eigenvalues of ΦΦΦ and L the modal

matrix of left eigenvectors, one obtains

αi(t +T ) = λi(T )αi(t). (3.31)
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Obviously, the eigenvalues of ΦΦΦ(T ) determine whether the components of ∆u(0) along the

eigenvectors will grow or decay over one period. Thus, to ascertain the stability of the periodic

solution one observes the eigenvalues of the monodromy matrix ΦΦΦ(T ), which are called Floquet

multipliers. One Floquet multiplier always exists with magnitude one, the other multipliers

can be used to determine the periodic solution’s stability. The solution is stable when all of

the remaining multipliers have a magnitude less than one. When a multiplier exists whose

magnitude exceeds one the solution is unstable. A borderline case exists when two or more

multipliers have the magnitude one and the remaining multipliers have a magnitude less than

one: again, this case cannot be judged using the linearized equations.

3.2.2 Bifurcations

When a bifurcation parameter (here λ ) crosses a critical value λ ∗ the nature of a steady-state so-

lution can change significantly at bifurcation points. Knowing the location and the implications

of bifurcation points is therefore useful when studying the dynamical behavior of rotor-bearing

systems. The following treats fold and Hopf bifurcation which occur for fixed-point solutions

and fold, torus and flip bifurcations which can occur for periodic solutions [152].

Fixed-point solutions

A fold (or saddle-node) bifurcation constitutes the transition from a coexisting stable and un-

stable fixed-point solution to a parameter range where no fixed-point solutions exist (at least

locally). At the bifurcation point the fixed-point solutions coincide. Here, at least one of the

eigenvalues will equal zero. Figure 3.4a illustrates a fold bifurcation.

A Hopf bifurcation occurs at the transition from a fixed-point solution to a periodic and coex-

isting fixed-point solution. At the transition the fixed-point and periodic solution coincide and

the fixed-point has a purely imaginary pair of conjugated eigenvalues. Hopf bifurcations can

appear in three different forms: super-critical, sub-critical and degenerate Hopf bifurcations.

Examples of super- and sub-critical Hopf bifurcations are found in figures 3.4b and 3.4c. At a

super-critical Hopf bifurcation a stable periodic solution will coincide with an unstable fixed-

point solution, after which it continues as a stable fixed-point solution. Before the bifurcation

point the periodic solution coexists with the fixed-point solution. The real parts of previously

addressed fixed-point’s eigenvalues now change sign from negative to positive. The opposite

case is a sub-critical Hopf bifurcation where all solution branches have the opposite stability.

Here the real parts of the pair of eigenvalues change sign from positive to negative. A degen-
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λλ ∗

A

(a) (Cyclic) fold bifurcation
λλ ∗

A

(b) Super-critical bifurcation
λλ ∗

A

(c) Sub-critical bifurcation

Figure 3.4: Bifurcation diagrams with different kinds of bifurcations points. The scalar A is a general
measure (chosen accordingly to the kind of solution), for plain journal bearings this can be the maximum
eccentricity ratio for instance. Solid lines represent stable solutions and dashed lines represent unstable
solutions.

erate Hopf bifurcation has no periodic solution at either side of the bifurcation and can be seen

as borderline case.

Periodic solutions

The cyclic fold bifurcation for periodic solutions is analogue to the fold bifurcation for fixed-

point solutions. Now, however, before the bifurcation point a stable and an unstable periodic

solution coexist whereas after the transition no periodic solutions exist (at least locally). One

(additional) Floquet multiplier with a magnitude greater than one appears when passing the

bifurcation from the stable to the unstable solution (see figure 3.4a).

The torus, Neimark-Sacker or secondary Hopf bifurcation is in turn comparable to the nor-

mal Hopf bifurcation. This bifurcation constitutes the transition of a coexisting periodic and

quasi-periodic solution to a periodic solution. At the bifurcation point the quasi-periodic and

periodic solution coincide and the periodic solution has a complex conjugated pair of Floquet

multipliers with magnitude one. The multipliers move into the unit circle of the complex plane

for a super-critical torus bifurcation whereas for a sub-critical bifurcation the opposite happens.

When proper scalar measures are chosen to represent quasi-periodic and periodic solutions fig-

ures 3.4c and 3.4b can also illustrate these bifurcations, although it should be noted that it might

not be possible to find a proper scalar measure for qausi-periodic solutions.

Finally, the flip bifurcation or period doubling bifurcation constitutes the transition of the co-

existence of a period-n and period-2n solution to a period-n solution, where n ∈ N. At the flip

bifurcation point the period-n and period-2n solution coincide, where the n-period solution has

a multiplier which equals −1. The flip bifurcation is super-critical when a Floquet multiplier
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moves into the unit circle of the complex plane, whereas it is sub-critical when a multiplier

moves outside of the unit circle. Again by choosing proper scalar measures figures 3.4c and

3.4b can also illustrate these bifurcations.
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Chapter 4

Models for plain journal bearings

This chapter treats several models to calculate the forces and moments generated in plain jour-

nal bearings. First, the governing equations and their accompanying boundary conditions as

well as definitions for the bearing forces and moments are given. After that analytical, semi-

analytical and numerical models for solid and porous journal bearings are introduced.

4.1 The plain journal bearing

The top-left panel in figure 4.1 shows the schematic cross-section at the mid-plane (z = 0) of a

plain journal bearing with an arbitrary eccentricity. The origin of the x,y-coordinate system is

positioned in the center of the bearing. The journal rotates with angular frequency Ω2 around

its own axis and its center is displaced relative to the center of the bearing with an eccentricity

vector e at the mid-plane. The bearing has an inner radius Ri and an outer radius Ro and rotates

with an angular frequency Ω1 around its axis. The attitude angle γ is defined as the angle

between the eccentricity vector and the y-axis. The remaining panels in figure 4.1 show the

geometry in a plain journal bearing when the journal axis is misaligned with respect to the

bearing axis. Next to an eccentric displacement at the mid-plane the journal axis is tilted by

φx and φy around the x- and y-axis respectively. The journal has a radius R and its difference

compared to the bearing inner radius is denoted with the radial clearance c.

The film thickness is expressed as a function of the axial coordinate z and the circumferential

coordinate θ and will be derived in the following. Observe the triangle ABC in the bottom-right

panel in figure 4.1. Here, C is an arbitrary point along the journal axis, which depends on the
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Figure 4.1: Geometry of a plain journal bearing. The top-left panel shows a cross-section with geometri-
cal parameters including the pure squeeze velocity vector. The remaining panels describe misalignment
in a plain journal bearing.

axial coordinate. By applying the law of cosines and ignoring the second order terms in H/R,

c/R and AC/R it can be seen that [21]

(R+H)2 = (R+ c)2 +AC
2 +2(R+ c)AC cos(θ −δ ) ⇔ H ≈ c+AC cos(θ −δ ). (4.1)

Now observe the triangle ADC, where D located on the journal axis at the mid-plane. Here,

AD = e ≡ ‖e‖ and CD = ēz/L, where ē is defined as the length of the journal axis projected on

the mid-plane. For this triangle the law of cosines and the law of sines respectively result in

AC cosδ = e+
z

L
ēcosψ and AC sinδ =

z

L
ēsinψ,
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where ψ is defined as the angle between the eccentricity vector and the projection of the journal

axis on the mid-plane. When combined with equation (4.1) this results in the film thickness

function for a misaligned plain journal bearing

H(θ ,z) = c+ ecosθ +
z

L
ēcos(θ −ψ) or h(θ ,z∗) = 1+ ε cosθ + z∗ε̄ cos(θ −ψ), (4.2)

where h = H/c is the dimensionless film thickness function, ε = e/c is the dimensionless ec-

centricity ratio (at the mid-plane), z∗ = z/L is the dimensionless axial coordinate and ε̄ = ē/c

is the dimensionless projection of the journal axis on the mid-plane. When no misalignment

occurs, i.e. ε̄ = 0, this function reduces to classical film thickness function for an aligned plain

journal bearing; h(θ) = 1+ε cosθ . The reader is referred to appendix B for a list of the derived

parameters ε , ε̄ , γ and ψ and their dependency on the input parameters εx, εy, φx and φy (see

figure 4.1).

The Reynolds equation introduced in equation (2.1) is used to describe the pressure in the fluid

film of the plain journal bearing. Next to the assumptions made in chapter 2, it is assumed that

the journal’s motion with respect to the bearing in the axial direction can be ignored.

A porous journal bearing distinguishes itself from a solid journal bearing due to its bush which

possesses a certain porosity. This porous bush can contain lubricant and therefore also sustain

a pressure field, which gives rise to a rate of flow per unit area between the film and the bush.

This flow is introduced through the third term (V2 −V1) on the right hand side of the Reynolds

equation (2.1). This term represents the change in film thickness over time but also the veloc-

ity of the fluid particles entering or leaving the fluid film from or to the porous bush as was

explained in section 3.1.1. The latter velocity can directly be determined with Darcy’s law:

Vp =
K

η

[
∂ p̂h

∂ r

]

r=Ri

. (4.3)

More details on the velocity boundary conditions for the Reynolds equation are found in ap-

pendix A. Velocity conditions in axial and circumferential direction have been omitted since

they have no significant influence for porous journal bearings as was explained in section 2.2.2.

The dimensionless formulation from [152] is adopted for the pressure and time respectively:

p∗h = (c/Ri)
2 ph/6ηΩ0 and τ = Ω0t, (4.4)
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where Ω0 is a parameter to scale the angular frequency. This parameter will be defined later on

in chapter 6. With this the Reynolds equation can be written as

∂

∂θ

(
h3 ∂ p∗h

∂θ

)
+κ2 ∂

∂ z∗

(
h3 ∂ p∗h

∂ z∗

)
+12Ψ

[
∂ p̂∗h
∂ r∗

]

r∗=1

= Ω∗ ∂h

∂θ
+2

∂h

∂τ
, (4.5)

where κ = Ri/L, L is the bearing length and Ω∗ = (Ω1 +Ω2)/Ω0. This equation is valid for

porous and solid journal bearings. By choosing Ψ = 0 the Reynolds equation returns to its

original form which describes a solid bearing.

The fluid flow in the porous bush is governed by Darcy’s law. This equation combined with

the continuity equation was introduced in chapter 2 in equation (2.21). When assuming an

isotropic, homogeneous permeability distribution, ignoring gravity effects and making the same

assumptions as for equation (4.5) this equation now reads

∂ 2 p̂∗h
∂ r∗2

+
1

r∗
∂ p̂∗h
∂ r∗

+
1

r∗2

∂ 2 p̂∗h
∂θ 2

+κ2 ∂ 2 p̂∗h
∂ z∗2

= 0, (4.6)

when it is expressed in cylindrical coordinates. p̂∗h represents the dimensionless pressure in

the porous bush (using the same definition as for the dimensionless pressure p∗h in the fluid

film) and the dimensionless radial coordinate is defined as r∗ = r/Ri. In using Darcy’s law it is

assumed that flow inside the porous medium is laminar and shearing and inertial effects can be

ignored due to the fact that the seepage velocity as well as the corresponding velocity gradient

are sufficiently small [79, 117].

Both equations are coupled through the third term on the left hand side of equation (4.5) and

the continuity of pressure. The boundary conditions in axial and circumferential direction are

p̂∗h(θ ,z
∗ =−1/2,r∗) = p̂∗h(θ ,z

∗ =+1/2,r∗) = 0, p̂∗h(θ = 0,z∗,r∗) = p̂∗h(θ = 2π,z∗,r∗),

(4.7)

which also are valid for the Reynolds equation due to the first boundary condition in radial

direction

p∗h(θ ,z
∗) = p̂∗h(θ ,z

∗,r∗ = 1), (4.8)

which assures pressure continuity between the fluid film and the porous medium. At the outer

bearing radius either

∂ p̂∗h(θ ,z
∗,r∗)

∂ r∗

∣∣∣
r∗=Ro/Ri

= 0 or p̂∗h(θ ,z
∗,r∗ = Ro/Ri) = 0 (4.9)
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can be prescribed. These boundary conditions assume the porous bearing to be either embedded

in a solid material or to be surrounded by ambient pressure, which are respectively a Neumann

and a Dirichlet boundary condition. Unless stated otherwise, the Neumann boundary condition

(the first boundary condition in equation (4.9)) will be used throughout this work. Please refer

to figure 4.1 for the used parameters and variables.

4.1.1 Plain bearing forces and moments

Once the hydrodynamic pressure p∗h (given by equation (4.5)) and the pressure arising from

asperity contacts p∗e (given by equation (2.13) or (2.14)) are known the force and moment com-

ponents arising in the plain journal bearing can be evaluated by integration of the pressure

function. Depending on the cavitation algorithm negative pressures may arise. These are ex-

cluded by integrating over the positive pressure range, because the cavitation pressure in the

cavitation range (with negative pressure) is very small and can be assumed to be zero. The hy-

drodynamic dimensionless force components in the directions iε and iγ (see the top left panel

of figure 4.1) for the fluid film read

F∗
h,ε = 3

+1/2∫

−1/2

θ2∫

θ1

p∗h cosθdθdz∗ and F∗
h,γ = 3

+1/2∫

−1/2

θ2∫

θ1

p∗h sinθdθdz∗, (4.10)

where the dimensionless force is defined as F∗
(k, j) = (c/Ri)

2F(k, j)/ηΩ0LD (where k = h,e), D

denotes the inner bearing diameter and θ1 and θ2 respectively mark the beginning and end of the

positive range of the pressure profile p∗h. The magnitude of the hydrodynamical dimensionless

load capacity is calculated with F∗
h =

√
F∗2

h,ε +F∗2
h,γ . For the asperity contacts the dimensionless

force components read

F∗
e,ε = 3

+1/2∫

−1/2

2π∫

0

p∗e cosθdθdz∗ and F∗
e,γ = 3

+1/2∫

−1/2

2π∫

0

p∗e sinθdθdz∗. (4.11)
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Using the definition of pe from equation (2.13) or (2.14) the dimensionless contact pressure is

written as p∗e = csr
GWF3/2(h(θ)c/σe) or p∗e = crr

GWF5/2(h(θ)c/σe) where

ci
GW =



















√
2

9
E

η̂β̂σe

ηΩ0

(

c

Ri

)2√
σe

β̂
for i = sr

8
√

2

45
πE

(η̂β̂σe)
2

ηΩ0

(

c

Ri

)2√
σe

β̂
for i = rr

(4.12)

The parameter csr
GW is used for the smooth-rough contact and crr

GW is used for the rough-rough

contact. These forces are added to the hydrodynamical force components to obtain the total

force component; F∗
t,i = F∗

h,i +F∗
e,i where i = ε,γ .

Analogously, the bearing moment components for the fluid film are calculated with

M∗
h,ε =−3

+1/2
∫

−1/2

θ2
∫

θ1

p∗h sinθz∗dθdz∗ and M∗
h,γ =+3

+1/2
∫

−1/2

θ2
∫

θ1

p∗h cosθz∗dθdz∗, (4.13)

where the dimensionless moment is defined as M∗
k, j = (c/Ri)

2Mk, j/ηΩ0L2D (where k = h,e).

The total dimensionless hydrodynamic moment capacity is calculated with M∗
h =

√
M∗2

h,ε +M∗2
h,γ .

For the asperity contacts the dimensionless moment components read

M∗
e,ε =−3

+1/2
∫

−1/2

2π
∫

0

p∗e sinθz∗dθdz∗ and M∗
e,γ =+3

+1/2
∫

−1/2

2π
∫

0

p∗e cosθz∗dθdz∗. (4.14)

These moments are added to the hydrodynamical moments to obtain the total moment com-

ponent; M∗
t,i = M∗

h,i +M∗
e,i where i = ε,γ . Finally, the force and moment vectors need to be

transformed to the x,y-coordinate system using the attitude angle γ:

F∗
t,x = F∗

t,ε sinγ +F∗
t,γ cosγ

F∗
t,y =−F∗

t,ε cosγ +F∗
t,γ sinγ

and
M∗

t,x = M∗
t,ε sinγ +M∗

t,γ cosγ

M∗
t,y =−M∗

t,ε cosγ +M∗
t,γ sinγ

(4.15)

4.1.2 Friction force

The hydrodynamical friction force F∗
µ,h is found by integrating the viscous shear stress and the

friction force F∗
µ,e due to asperity contacts by multiplying the normal contact force with the
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friction coefficient parameter µc
1. When assuming a Newtonian fluid this eventually leads to

[21]

F∗

µ,h =
c

2Ri

+1/2
∫

−1/2

2π
∫

0

(

3h
∂ p∗h
∂θ

+
Ω

∗

s

h

)

dθdz∗ and F∗

µ,e = µc

+1/2
∫

−1/2

2π
∫

0

p∗e cosθdθdz∗, (4.16)

where Ω
∗

s = (Ω2 −Ω1)/Ω0. Assuming the film thickness function in equation (4.2) and ac-

counting for the same cavitation range as for the force calculation the hydrodynamical friction

force can be rewritten to

F∗

µ,h =
c

2Ri

(

εF∗

h,γ − ε̄
(

cosψM∗

h,ε + sinψM∗

h,γ

)

+Ω
∗

s

+1/2
∫

−1/2

(

∫ θ2

θ1

dθ

h
+

∫ θ1+2π

θ2

h(θ2)

h2
dθ

)

dz∗
)

.

(4.17)

For aligned journal bearings, the integrals on the right hand side can be solved analytically.

These are so-called Sommerfeld integrals and the reader is referred to [21, 60] for a list of

corresponding solutions. When considering misaligned bearings the integral in axial direction

is approximated by a summation of terms with constant axial coordinate. This again allows

for analytical integration in circumferential direction. The friction force for porous journal

bearings does not include the viscous friction caused inside the cavitation area, which means

that the integral from θ2 to θ1 + 2π in equation (4.17) is ignored. This assumption is justified

by the observations made in [81, 105]. The inclusion of the friction forces in the bearing force

and moment calculation has been omitted, since it has been observed that the friction force

is insignificant compared to the bearing force components F∗

t,i. To compare the model with

measurements the friction coefficient of the journal bearing is needed, which is defined as the

ratio of the friction force and the total load capacity; µ = (F∗

µ,h +F∗

µ,e)/F∗

t .

4.1.3 Impedance method

Childs et al. [25] showed that the right hand side of the Reynolds equation can be rewritten for

aligned cylindrical journal bearings by introducing a so-called pure squeeze velocity vector

v
∗

s
= εεε ′− (0,0, 1

2
Ω

∗)×εεε, (4.18)

1The friction force in a journal bearing can be seen as a tangential force parallel to the journal’s surface. In

reality, the friction in a journal bearing is exercised as a moment about the journal’s axis. Here, this moment would

consist of the tangential friction force multiplied by the journal’s radius.
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where the ( )′ indicates derivation with respect to τ , vectors in the x,y-coordinate system are

indicated in bold and the dimensionless pure squeeze velocity vector is defined by v∗s = vs/cΩ0.

When observing the motion of the journal’s center in the rotating x̃, ỹ-coordinate system (see

the top left panel in figure 4.1) it appears to be in a state of pure squeezing [25]. In adopting

this formulation the right hand side of the Reynolds equation becomes

Ω∗ ∂h

∂θ
+2

∂h

∂τ
= 2
(
ε ′ cosθ + ε(γ ′− 1

2
Ω∗)sinθ

)
= 2v∗s cos(α +θ), (4.19)

where v∗s = ‖v∗s‖ and α indicates the angle between the pure squeeze velocity vector and the

eccentricity vector. Due to the linear dependence of the Reynolds equation on the norm v∗s of

the pure squeeze velocity vector, it can be excluded from the Reynolds equation. In this case

one solves for p̃∗h = p∗h/v∗s . This does not influence the zero-crossings of the pressure function

and also can be applied to porous bearings because Darcy’s law also linearly depends on v∗s .

Instead of bearing forces one now calculates an impedance vector, defined by W∗
i =−F∗

h,i/v∗s .

With this, look-up tables can be generated which are called impedance maps. When observing

the impedance vector in the x̃, ỹ-coordinate system it depends only on two variables, namely ε

and α for a given bearing geometry κ and permeability Ψ. In this work impedance maps are

used to compare different plain journal bearing models. A description on how to calculate the

modified pressure p̃∗h with the proposed method will be introduced later on. Once W∗
ε and W∗

γ

are obtained the impedance components in the x̃, ỹ-coordinate system for the impedance map

are given by

W∗
x̃ =W∗

ε sinα +W∗
γ cosα

W∗
ỹ =W∗

ε cosα −W∗
γ sinα

. (4.20)

When taking into account misalignment, the right hand side of the Reynolds equation is no

longer linear in v∗s . Because of this, it cannot be ruled out anymore by linear scaling of variables

and the impedance method is therefore unusable. The right hand side is now written as

Ω∗ ∂h

∂θ
+2

∂h

∂τ
= 2
(

ε ′ cosθ +ε(γ ′− 1
2
Ω∗)sinθ +z∗

(
ε̄ ′ cos(θ −ψ)+ ε̄(γ ′+ψ ′− 1

2
Ω∗)sin(θ −ψ)

))
.

(4.21)

Apart from the eccentricity ratio ε and the attitude angle γ , parameters associated with the

misalignment ε̄ and ψ now also occur (see also equation (4.2)). This is the general case and

will be used throughout the rest of this thesis. Expressions for the derived parameters depending

on the input parameters εx, εy, φx and φy and their time derivatives ε ′x, ε ′y, φ ′
x and φ ′

y can be found

in appendix B.
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(a) Short bearing (L/D = 1/25)
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Figure 4.2: Comparisons of the analytical short and long bearing pressure solutions with the pressure
solution of the full Reynolds equation at z∗ = 0. An arbitrary case with εx = 0.5, ε ′x = 0.9, εy = −0.5 and
ε ′y = 0.3 is chosen here.

4.2 Analytical approximations

The journal bearing problem can be solved analytically for the long and short bearing sim-

plifications as was shown e.g. in [25, 152]. For a short journal bearing (L/D � 1/2) the term

∂ p∗h/∂θ can be ignored. Therefore, the first term on the left hand side of equation (4.5) vanishes

and when taking the boundary conditions from equation (4.7) the pressure function becomes

p∗h(θ ,z
∗) = (z∗2 − 1

4
)
(
ε ′ cosθ + ε(γ ′− 1

2
)sinθ

)
/κ2h3, (4.22)

which is positive between θ1 =
1
2
π + tan−1

(
ε(γ ′− 1

2
Ω∗)/ε ′

)
and θ2 = θ1 +π . This solution is

also known as the OCVIRK solution [119].

For a long bearing (L/D � 2), on the other hand, the term ∂ p∗h/∂ z∗ can be ignored and the

second term on the left hand side of equation (4.5) vanishes. This solution also is known

as the SOMMERFELD solution [144]. This combined with the boundary condition p∗h(θ1) =

p(θ1 +π) = 0 (as proposed by [60]) results in the pressure function

p∗h(θ) =
(
ε ′ cosθ +2ε(γ ′− 1

2
)sinθ/(2+ ε2)

)
(2+ ε cosθ)/h2, (4.23)

which is positive between θ1 =− tan−1
(
ε ′(2+ ε2)/2ε(γ ′− 1

2
Ω∗)
)

and θ2 = θ1 +π .

It should be noted that an error can be made when applying the long bearing solution. Whereas

the short bearing solution converges to the solution of the full Reynolds equation when L/D→ 0
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this is not the case for the long bearing solution when L/D → ∞. First of all, an error is made

at the axial boundaries where the long bearing solution cannot satisfy the prescribed bound-

ary condition. For very long bearings, this error becomes insignificant. More worrying is the

discrepancy observed when comparing the boundaries of the positive pressure range of both

solutions. Although the shapes of the pressure profiles for a given axial coordinate seem iden-

tical a difference is observed. This can be explained by the condition p∗h(θ1) = p∗h(θ1+π) = 0,

which is needed to restrict the solution to a certain pressure height. Without this condition any

valid solution with an added constant pressure would also be a valid solution. The condition it-

self is an assumption and apparently does not restrict the pressure function correctly. Figure 4.2

illustrates this.

To improve the quality of analytical solutions several corrections of the previously described

analytical solutions or approximations of the full solution are found in literature. Both analyt-

ical functions can be combined to a finite bearing approximation [152]. Another approach is

to use Galerkin’s method to improve the quality of an analytical solution, where the analytical

solution is used as ansatz function and the unaltered Reynolds equation as a residual function

[137]. Other approximations can be found in literature, e.g. [4, 7]. However, all of these so-

lutions remain approximations to the solution of the full Reynolds equation and extensions to

these solutions to account for example for a porous bush, misalignment or other phenomena

are problematic. To overcome these issues Galerkin’s method is utilized in which the govern-

ing equation for the porous medium is used to construct an ansatz function for the pressure

function.

4.3 An approximation using Galerkin’s

discretization method

In order to obtain a low-dimensional approximation Galerkin’s method [136] with global ansatz

functions is used to approximate the hydrodynamic pressure solution. To illustrate the origin

of the used ansatz function the method is applied to the general case without misalignment

(h = 1+ ε cosθ ), but including the influence of a porous bush. Subsequently, the method will

be extended to account for misalignment.

The governing equation for the fluid pressure inside the porous bush will be the starting point

to obtain our ansatz function. Since for constant κ equation (4.6) is a Laplace equation, it can

be solved by separation of variables [31]. By assuming that the solution can be written as a
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product of a circumferential, an axial and a radial solution,

p̂∗h(θ ,z
∗,r∗)∼= O(θ)Z(z∗)ρ(r∗), (4.24)

the partial differential equation is separated into three ordinary differential equations,

∂ 2O

∂θ 2
+λ 2

1 O = 0, (4.25)

∂ 2Z

∂ z∗2
+λ 2

2 /κ2Z = 0, (4.26)

r∗2 ∂ 2ρ

∂ r∗2
+ r∗

∂ρ

∂ r∗
+(λ 2

1 −λ 2
2 r∗2)ρ = 0. (4.27)

By applying the boundary conditions from equation (4.7) and (4.9) and the fact that the pressure

profile must be symmetric in axial direction around z∗ = 0 a solution for the pressure in the

porous bush is obtained. When this solution is evaluated at the inner radius of the porous bush

it can be used as an ansatz function to solve the Reynolds equation with Galerkin’s method.

With this the ansatz function for the fluid pressure reads

p∗h,a(θ ,z
∗) = p̂∗h,a(θ ,z

∗,r∗ = 1) = ∑
n,m

Anm(r
∗ = 1)

(
anm sin(nθ)+bnm cos(nθ)

)
cos(βmz∗),

(4.28)

where βm = π(2m−1). Anm contains the solution of equation (4.27) and depends on the bound-

ary condition from equation (4.9) which is prescribed at the outer bearing radius. Both solutions

for Anm are given in appendix C. Although for static problems the terms containing the sines

would suffice to describe the pressure solution [31, 52], the cosine terms must be retained in

order to solve dynamical problems. Note the mutual orthogonality of the solution components,

which eventually leads to a particular sparse system matrix. It should be mentioned that these

harmonic ansatz functions also lend them self very well to describe typical pressure solutions

of the Reynolds equation. The derivative with respect to r∗, which is needed in the Reynolds

equation is given by

∂ p̂∗h,a(θ ,z
∗,r∗)

∂ r∗

∣∣∣
r∗=1

= ∑
n,m

Bnm(r
∗ = 1)

(
anm sin(nθ)+bnm cos(nθ)

)
cos(βmz∗), (4.29)

where Bnm is given in appendix C for both types of boundary conditions prescribed at the outer

bearing radius. Using the Reynolds equation (4.5) as a residual function for Galerkin’s method
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produces the following weighted residual:

+1/2∫

−1/2

2π∫

0

{
∂

∂θ

(
h3

∂ p∗h,a
∂θ

)
+κ2 ∂

∂ z∗

(
h3

∂ p∗h,a
∂ z∗

)
+12Ψ

[
∂ p̂∗h,a
∂ r∗

]

r∗=1

−Ω∗ ∂h

∂θ
−2

∂h

∂τ

}

×ϕk(θ)cos(β jz
∗)dθdz∗ = 0,

(4.30)

where ϕk(θ) = sin(kθ), cos(kθ). Symbolic evaluation of this integral, followed by some cum-

bersome algebra and appropriate re-arrangement of the equations eventually yields a formula-

tion of the form
N

∑
n=0

an jFn jk = c jk and
N

∑
n=0

bn jGn jk = d jk. (4.31)

For k = 0, . . . ,N these equations form two systems of linear equations for each j = 1, . . . ,M

with the coefficients an j and bn j as unknowns. As will be shown later on, only a small number

of basis functions is needed to obtain a good approximation.

When setting up the problem matrices Fn jk and Gn jk the analytical orthogonality of the basis

functions in equation (4.28) is exploited in order to predict the sparsity pattern of the matrices

in advance. The symmetric positive definite problem matrices only have nonzero elements on

the main diagonal and the three adjacent diagonals below and above the main diagonal. This

information can be used to significantly accelerate the solution algorithm since it is a priori

known which elements vanish and non-necessary computations can be avoided.

The approach allows for symbolic calculation of the bearing forces where only the zero cross-

ings of the pressure functions (delimiting the region of positive pressures) have to be calculated

numerically. Due to the fact that the derivative of the pressure functions is known analytically

this can be performed efficiently using Newton’s method. Combined with the low dimension

and sparsity of the linear system, this results in very fast and accurate results compared to

numerical discretization methods introduced in the next section (the reader is referred to sec-

tion 5.1 for a detailed comparison). Moreover, it allows for symbolic derivation of stiffness and

damping coefficients without the need to carry out numerical differentiation (see section 4.3.1).

By setting Ψ = 0 and leaving out the term Anm from equation (4.28) the problem simplifies to

the solid journal bearing problem.

It also is possible to use the film thickness function from equation (4.2) to account for misalign-

ment. This requires a modified ansatz function, which allows asymmetrical pressure profiles in

axial direction:

p̂∗h,a(θ ,z
∗,r∗ = 1) = ∑

n,m

Anm(r
∗ = 1)

(
anm sin(nθ)+bnm cos(nθ)

)
sin
(
mπ(z∗+1/2)

)
. (4.32)
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By employing this new ansatz function and film thickness function the weighted residual has

to be adjusted accordingly. This eventually leads to a system of linear equations of size 2NM×

2NM
[

Fnmk j Hnmk j

Jnmk j Gnmk j

][

anm

bnm

]

=

[

ck j

dk j

]

. (4.33)

Although the left hand side still is a symmetric positive definite matrix it now contains several

additional non-zero diagonals that increase the needed effort to solve the system of linear equa-

tions accordingly. A brief description of the sparse matrix algorithm, which is used to solve

this system is given section 6.3.1.

When the coefficients are known the components of the fluid film force and moment can be

calculated by integration over the positive domain of the pressure profile. Because the bound-

ary of the positive pressure now depends on the axial and circumferential coordinate a new

strategy is needed to determine the boundaries and calculate the hydrodynamic bearing forces

and moments2. The pressure range is divided into smaller domains with linear boundaries as is

illustrated in figure 4.3. The advantage of this approach is that the resulting integrals still solve

to closed-form expressions. The hydrodynamic force and moment components are now given

by

F∗
h,ε = 3∑

i

z∗i+1
∫

z∗i

ξ2,i(z
∗)

∫

ξ1,i(z∗)

p∗h(θ ,z
∗)cosθ dθdz∗, F∗

h,γ = 3∑
i

z∗i+1
∫

z∗i

ξ2,i(z
∗)

∫

ξ1,i(z∗)

p∗h(θ ,z
∗)sinθ dθdz∗ (4.34)

and

M∗
h,ε =−3∑

i

z∗i+1
∫

z∗i

ξ2,i(z
∗)

∫

ξ1,i(z∗)

p∗h(θ ,z
∗)sinθ z∗ dθdz∗, M∗

h,γ =+3∑
i

z∗i+1
∫

z∗i

ξ2,i(z
∗)

∫

ξ1,i(z∗)

p∗h(θ ,z
∗)cosθ z∗ dθdz∗.

(4.35)

The next two sections cover two extensions of the Galerkin-based bearing model for plain jour-

nal bearings: the evaluation of stiffness and damping coefficients and the inclusion of flow

factors proposed by PATIR and CHENG [124, 125]. In principle these extensions are also appli-

cable to the plain journal bearing with misalignment. However, for reasons of simplicity the

2Actually, the boundaries of the positive pressure range always depend on the axial coordinate! This can be

seen e.g. for a pressure profile calculated with the REYNOLDS cavitation condition. For such a profile the rupture

boundary for example is slightly curved in axial direction. However, when applying the GÜMBEL condition these

boundaries always are independent from the axial coordinate for aligned axes.
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−1/2 +1/2z∗i z∗i+1 z∗ →
0

2π

θ
→

ξ1,i(z
∗)

ξ2,i(z
∗)

−

−

+

+

Figure 4.3: Schematic figure of the integration domain (positive pressure range) for the force and
moment calculation in a misaligned plain journal bearing. The negative and positive part of the pressure
range are denoted with − and +.

following only deals with aligned bearings, i.e. h = 1+ ε cosθ is used for the film thickness

function.

4.3.1 Stiffness & damping coefficients

Linear elasticity and damping coefficients for small movements about the journal’s equilibrium

position often are very useful in machine design, for example to calculate resonance frequen-

cies or to examine the stability of the equilibrium position. Usually, these coefficients are

constructed by linearizing the force vector:

[
F∗

t,x

F∗
t,y

]
=

[
F∗

t,x,0

F∗
t,y,0

]
−
[

k∗xx k∗xy

k∗yx k∗yy

][
∆εx

∆εy

]
−
[

b∗xx b∗xy

b∗yx b∗yy

][
∆ε ′x
∆ε ′y

]
, (4.36)

in which the forces F∗
t,x,0 and F∗

t,y,0 are already known from a previous calculation performed

for the given operating point. Stiffness and damping coefficients for unsteady states can also

be used to construct the Jacobian matrix. Normally the Jacobian is calculated numerically

using small perturbations to determine the derivatives, but if the Jacobian can be provided more

accurately and in a more efficient manner the process of time integration can significantly gain

performance and robustness. Here, this is shown by calculating the coefficients in combination
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with the Galerkin-based bearing model without using numerical differentiation. By assuming

an equilibrium position, i.e. no translational velocity occurs, the coefficients simplify to their

steady state version.

In general, however, the coefficients are calculated for a linearization point given by εx, εy, ε ′x
and ε ′y for which the stiffness and damping coefficients are defined respectively by

k∗i j =−
∂F∗

t,i

∂ε j
and b∗i j =−

∂F∗
t,i

∂ε j
′ , (4.37)

where i, j = x,y. Substituting the transformed forces calculated with equation (4.10) and (4.11)

results in

∂F∗
t,x

∂εv
(′) =+

∂F∗
t,ε

∂εv
(′) sinγ +

∂F∗
t,γ

∂εv
(′) cosγ +

(
Ft,ε cosγ −Ft,γ sinγ

) ∂γ

∂εv
(′) , (4.38)

∂F∗
t,y

∂εv
(′) =−

∂F∗
t,ε

∂εv
(′) cosγ +

∂F∗
t,γ

∂εv
(′) sinγ +

(
Ft,ε sinγ +Ft,γ cosγ

) ∂γ

∂εv
(′) . (4.39)

It is noted that the Galerkin-based model is only considered with the hydrodynamical part of

the forces in this equation. After substitution of the pressure function from equation (4.28) the

hydrodynamic force derivatives become

∂F∗
h,ε

∂εv
(′) = 3cosθ2

∂θ2

∂εv
(′)

∫ +1/2

−1/2
p∗h(θ2,z

∗)dz∗−3cosθ1
∂θ1

∂εv
(′)

∫ +1/2

−1/2
p∗h(θ1,z

∗)dz∗

+3

+1/2∫

−1/2

θ2∫

θ1

{
∑
n,m

Anm(r
∗ = 1)

(
∂anm

∂εv
(′) sin(nθ)+

∂bnm

∂εv
(′) cos(nθ)

)
cos(βmz∗)

}
cosθdθdz∗,

(4.40)

∂F∗
h,γ

∂εv
(′) = 3sinθ2

∂θ2

∂εv
(′)

∫ +1/2

−1/2
p∗h(θ2,z

∗)dz∗−3sinθ1
∂θ1

∂εv
(′)

∫ +1/2

−1/2
p∗h(θ1,z

∗)dz∗

+3

+1/2∫

−1/2

θ2∫

θ1

{
∑
n,m

Anm(r
∗ = 1)

(
∂anm

∂εv
(′) sin(nθ)+

∂bnm

∂εv
(′) cos(nθ)

)
cos(βmz∗)

}
sinθdθdz∗,

(4.41)

where v = x,y. Here ∂anm/∂εv
(′) and ∂bnm/∂εv

(′) are the new unknown coefficients that need

to be calculated. One way to obtain these is to differentiate the system of linear equations in
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equation (4.31) with respect to εv
(′). This results in

N

∑
n=0

Fn jk

∂a jk

∂εv
(′) =

∂c jk

∂εv
(′) −

N

∑
n=0

∂Fn jk

∂εv
(′) a jk and

N

∑
n=0

Gn jk

∂b jk

∂εv
(′) =

∂d jk

∂εv
(′) −

N

∑
n=0

∂Gn jk

∂εv
(′)b jk, (4.42)

where the coefficients a jk and b jk for the current operating point follow from the original

Galerkin-based bearing model (see equation (4.31)). Again, for k = 0, . . . ,N these form two

systems of linear equations for each j = 1, . . . ,M . In solving these systems of equations the

unknown coefficients are obtained. Comparisons of these stiffness and damping coefficients

with analytical solutions and other results for porous journal bearings are shown in chapter 5.

4.3.2 Surface roughness with flow factors

The influence of rough surfaces on the hydrodynamical pressure is introduced into the model

by using the averaged Reynolds equation [125]

∂

∂θ

(
φ

f
θ h3 ∂ p∗h

∂θ

)
+κ2 ∂

∂ z∗

(
φ f

z h3 ∂ p∗h
∂ z∗

)
+12Ψ

[
∂ p̂∗h
∂ r∗

]

r∗=1

=
∂h

∂θ
+2

∂h

∂τ
+

σh

c

∂φ
f

s

∂θ
, (4.43)

where φ
f

θ and φ
f

z are respectively the pressure flow factors in circumferential and axial direc-

tion, φ
f

s is the shear flow factor and σh is the standard deviation of the combined roughness of

both contact surfaces. It is assumed that the surface roughness distribution is Gaussian. The

flow factors are functions of the film thickness and their influence vanishes for smooth surfaces

and/or large film thickness, i.e.

φ
f

θ ,φ
f

z → 1 and φ f
s → 0 as H/σh → ∞.

A flow factor can be determined as a function of film thickness with small scale hydrodynamic

simulations as was shown in section 2.1.2. This work is concerned with the implications of

the flow factors on journal bearing characteristics. Therefore, only an implementation (and no

numerical calculation) of flow factors into the previously shown Galerkin-based model is pre-

sented here. The flow factors calculated from [124, 125] are chosen as test cases and the reader

is referred to appendix D for their complete expressions. To make an implementation possi-

ble with the Galerkin-based model the flow factors need to be approximated using simplified
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analytical functions. For the pressure flow factors

φ
f

θ ,z
∼=

6

∑
i=0

C
θ ,z
i hi−3 (4.44)

is proposed in which the coefficients C
θ ,z
i are to be determined through curve fitting with the

original flow factor form. With this approximation orthogonality in the weighted residual inte-

gral is preserved. For the shear flow factor the following function is proposed

Φs
∼=Cs

0

h

Cs
1 +(h+Cs

2)
Cs

3

, (4.45)

where again the coefficients Cs
i are to be determined through curve fitting. Note that the shear

flow factor φ
f

s depends on Φs as described in appendix D.

The weighted residual integral has to be modified accordingly to equation (4.43), the remaining

steps in solving the problem and calculating bearing characteristics remain unchanged.

4.4 Approximations with numerical

discretization methods

By using numerical methods it becomes possible to employ the advanced cavitation bound-

ary conditions which were briefly discussed in chapter 2. Using numerical iteration schemes

the moving boundary problem can now be solved, which occurs when cavitation using the

REYNOLDS or JFO boundary condition is included. Application of the JFO condition is omitted

here, but a short description of the REYNOLDS condition implemented for a numerical iteration

scheme is given here. Within this work two numerical methods were used to verify the pro-

posed bearing model. A numerical iteration scheme using a FD discretization based on [158]

was developed and will be described here in more detail. Its correctness for porous bearings

was verified by comparing the results to those of the commercial FEM software COMSOL
3 of

which a detailed description is omitted here for reasons of brevity.

3 c©
COMSOL Multiphysics GmbH
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The FD discretization of equation (4.5) for the left hand side involves the terms [153]

∂

∂θ

(
h3 ∂ p∗h

∂θ

)
=

ζi−1/2, j p
∗
i−1, j − (ζi−1/2, j +ζi+1/2, j)p∗i, j +ζi+1/2, j p

∗
i+1, j

h2
θ

, (4.46)

12Ψ

[
∂ p̂∗h
∂ r∗

]

r∗=1

= 12Ψ
p̂∗i, j,k=2 − p̂∗i, j,k=1

hr
(4.47)

where ζi±1/2, j = (ζi, j +ζi±1, j)/2, ζi, j = h3
i, j and hθ and hr indicate the grid size in circumfer-

ential and radial direction. The discretization of the first term is completely analogous to the

second term on the left hand side. For the used film thickness function the right hand side of

equation (4.5) is known analytically and derivatives may be calculated in an explicit form, so

that it does not need to be approximated with finite differences.

When including the REYNOLDS cavitation condition the Reynolds equation becomes nonlin-

ear and an iterative scheme has to be used to solve the resulting moving boundary problem.

Because the rupture and reformation points of the fluid film are a priori unknown, implementa-

tion of cavitation boundaries into a numerical scheme has to succeed alongside these iterations.

Venner et al. [153] implemented this in a SOR or Gauss-Seidel iteration scheme, where every

negative pressure is immediately set to zero during the iteration procedure. When a converged

solution is found the Reynolds condition is automatically satisfied. This algorithm is mostly

applied to FD methods which are solved through iteration schemes.

A further algorithm which delivers the same result is Murty’s algorithm or the so-called penalty

method, which is based on [109]. Nodes inside the cavitation area with negative pressure are

compensated in a succeeding iteration using a so-called penalty factor. Repeating this process

also results in a converged solution which is identical to the solution of the previously described

method. This algorithm mostly is used in combination with FEM [86] and also is used in COM-

SOL to simulate the REYNOLDS condition.

For porous journal bearings Darcy’s law has to be solved additionally. The FD discretization of

equation (4.6) involves the terms

∂ 2 p̂∗h
∂ r∗2

=
p̂∗i, j,k−1 −2p̂∗i, j,k + p̂∗i, j,k+1

h2
r

(4.48)

∂ p̂∗h
∂ r∗

=
p̂∗i, j,k−1 − p̂∗i, j,k

hr
. (4.49)

The other two terms in equation (4.6) are discretized analogously to those in equation (4.48).

The effect of cavitation is ignored for the porous medium and it therefore is not necessary to

employ iteration schemes to solve this equation. Because Darcy’s law has no terms depending
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LU factorization
Darcy equation

Darcy’s law

calculate p̂∗h and
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∂ r

]
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Reynolds equation

calculate p∗h
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p∗h = (1−ω)p∗h,old +ω p∗h

change > tol ?

yes

no
End

Figure 4.4: Iteration scheme for the FD method for porous bearings. ω is a relaxation parameter.

on one or more of the variables (such as the film thickness function h(θ ,z∗) which appears in

the Reynolds equation) this equation can be factorized prior to the iteration procedures, that

are necessary e.g. for cavitation algorithms or time integration. In doing so, the factorization

procedure of the left hand side of the system of linear equations only has to be performed one

single time at the beginning of the simulation procedure. Normally, this procedure accounts

for a significant part of the calculation time. Another advantage of this method is, that by re-

organizing the system matrix the number of non-zero entries can also be significantly reduced.

This technique is employed for the FD method and can also be carried out prior to the actual

calculations.

Finally, to obtain a converged solution for the system of coupled differential equations an ad-

ditional iteration scheme is required. First, a converged solution of the Reynolds equation is

obtained without the influence of the porous matrix (this solution corresponds to p∗h,old in fig-

ure 4.4 during the first iteration). This pressure field can then be used to solve the governing

equation for the porous medium. It is now possible to solve the Reynolds equation including

the exchange term for flow from and to the porous medium. With the resulting pressure the

process returns to solving the Darcy equation. This procedure is repeated until a converged

solution has been found. To avoid numerical oscillations it is important to limit the influence

per iteration of the porous matrix into the pressure solution of the Reynolds equation. To this

end a relaxation parameter is introduced, which has to be chosen such that convergence is guar-

anteed, but the calculation time still remains acceptable. The iteration process is illustrated in

figure 4.4.

59



CHAPTER 4. MODELS FOR PLAIN JOURNAL BEARINGS

Results for solid and porous journal bearings using this approach are shown in the following

chapter.
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Chapter 5

Plain journal bearing characteristics

Using the models that were introduced in the previous chapter the steady state characteristics

of a single plain journal bearing will now be studied.

To assure a proper assessment of the physical characteristics the proposed method’s numerical

performance and accuracy will first be studied to establish, amongst other things, the necessary

number of ansatz functions. This may change depending on whether a porous or solid bear-

ing is considered and on the amount of misalignment. Furthermore, a first indication of the

method’s validity is given by verifying it with alternative models and cavitation algorithms that

were introduced in the previous chapter. The assessment is concluded with an experimental

validation.

To study the characteristics of a single plain journal bearing, the solid journal bearing problem

is solved using Galerkin’s method. Pressure profiles as well as steady state properties are com-

pared to known analytical solutions and full numerical solutions. Subsequently, the method is

applied to a porous journal bearing after which its flexibility is demonstrated by applying it

to the generalized formulation of the Reynolds equation (equation (4.43)) to account for the

influence of rough surfaces [151]. Followed by this the added influence of asperity contacts is

looked into and finally the effects of misalignment on the hydrodynamical load and moment

capacity are studied.

5.1 Numerical performance and accuracy

It is important to choose a sufficient number of ansatz functions for the Galerkin-based model

to obtain sufficient accuracy. In view of performance and the choice of plain journal bearing
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Method Unknowns Load capacity (F∗
h ) ∆ [%] Calc. time [s]

nx ny Total

FD 24 4 96 9.8674 13.61 0.004

FD 48 8 384 11.0159 3.55 0.020

FD 96 16 1536 11.3190 0.90 0.087

FD 192 32 6144 11.3961 0.22 0.363

FD 384 64 24576 11.4155 0.05 2.056

FD 768 128 98304 11.4203 0.01 73.165

FD 1536 256 393216 11.4216 - >100

N M Total

Galerkin 6 4 48 11.1152 2.68 0.002

Galerkin 10 5 100 11.4147 0.06 0.003

Galerkin 15 10 300 11.4212 0.004 0.003

Galerkin 25 15 750 11.4216 - 0.004

Table 5.1: Comparison of the load capacity calculated with the FD scheme and the Galerkin-based
bearing model for different numbers of unknowns. Here nx and ny represent the number of grid points
in resp. circumferential and axial direction for the FD scheme. ∆ denotes the relative deviation from the
converged value [151].

type the acceptable number of ansatz functions may vary and therefore it also is useful to study

their influence on performance and accuracy.

Aligned bearings

In order to assess the performance of the proposed bearing model it is compared to the numer-

ical FD scheme which was introduced in the previous chapter. This is done for an arbitrary

dynamical case (εx = 0.5, ε ′x = 0.9, εy =−0.5 and ε ′y = 0.3) for the solid journal bearing prob-

lem with the GÜMBEL cavitation condition. For other dynamical cases similar results were

obtained. The number of unknowns as well as the convergence of the solution – characterized

by the dimensionless hydrodynamic load capacity F∗
h – and the calculation time are compared.

Both approaches yield systems of linear equations which are solved on the same computer us-

ing the same direct sparse solver. The measurements of calculation time only account for the

calculations that need to be performed within a single time iteration, i.e. any preparations that

only have to be performed once prior to a simulation are not taken into account. The results are

arranged in table 5.1 [151].

From these results it becomes clear that to reach a converged solution the amount of unknowns

for the FD scheme is orders of magnitude larger than for the Galerkin-based model. Aside from

longer calculation times the memory demands should now also be regarded. The advantages of

the model using Galerkin’s method with global ansatz functions over a FD scheme for the plain
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Figure 5.1: Convergence of the hydrodynamic load capacity for Galerkin’s method in a solid journal
bearing with L/D = 1 for different α.

journal bearing become even more apparent for the porous journal bearing problem. Compared

to the plain journal bearing the number of unknowns in a porous journal bearing for the FD

scheme will increase significantly. This has to do with the fact that the pressure field in the

porous medium needs to be discretized additionally. However, for the proposed model using

Galerkin’s method the added law of Darcy can be solved analytically and included in the basis

function a priori, which leads to practically no additional numerical costs. When the eccentric-

ity ratio is raised an increasing number of ansatz functions is needed to obtain a usable solution,

especially when the eccentricity ratio approaches one. This in turn also depends strongly on
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Figure 5.2: Dimensionless hydrodynamic load capacity versus eccentricity ratio for different degrees of
misalignment and number of ansatz functions in a solid journal bearing with L/D = 1 and ψ = 0.
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Figure 5.3: Dimensionless hydrodynamic moment capacity versus eccentricity ratio for different de-
grees of misalignment and number of ansatz functions in a solid journal bearing with L/D = 1 and
ψ = 0.

other parameters such as the permeability of the porous medium and the tilting angle of the

journal axis compared to the bearing axis.

To establish the necessary number of ansatz functions the convergence of the total load capacity

versus eccentricity ratios is observed for different dynamical situations (indicated by the angle

α). These are shown in figure 5.1. Even for a relatively high eccentricity ratio of ε = 0.95 a

small number of ansatz function suffices to obtain a relatively good approximation. At very

large eccentricity ratios, however, problems may occur. This has to do with the fact that for

such parameters a very narrow pressure spike is situated near the minimum film thickness,

which requires many ansatz functions. Fortunately, for porous journal bearings these pressure

spikes are less pronounced, especially at very high eccentricity ratios. Here, the pressure build-

up is counterbalanced by seepage flow into the porous medium, which prevents large pressure

spikes. The occurrence of pressure spikes will be illustrated for a misaligned bearing in the

following.

Misaligned bearings

The issues occurring at very high eccentricity ratios for the model using Galerkin’s method

in solid journal bearings become even more apparent for misaligned journal bearings. This is

illustrated by observing the total hydrodynamical load and moment capacity versus the eccen-

tricity ratio for different rates of misalignment (indicated by ε̄) and a varying number of ansatz

functions. These are shown in figure 5.2 for the load capacity F∗
h and figure 5.3 for the mo-
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Figure 5.4: Pressure profiles for a misaligned solid journal bearing with L/D = 1, ε̄ = 0.5 and ψ = 0.
The number of ansatz functions was set to N = 50 and M = 25.
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Figure 5.5: Pressure profiles for a misaligned porous journal bearing with L/D = 1, ε̄ = 0.5, ψ = 0,
Ψ = 0.001 and Ro/Ri = 2. The number of ansatz functions was set to N = 50 and M = 25.
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ment capacity M∗
h . It is seen that for the chosen number of ansatz functions these converge to

a finite value when the local eccentricity ratio goes to 1. However, it has been shown that also

for these situations the load and moment capacity approach infinity when the local eccentricity

ratio goes to 1 [15]. Whereas for aligned solid journal bearings the pressure spikes were more

or less stretched out over the complete axial length of the bearing, here, the pressure spike is

localized at one axial end. Pressure profiles for a solid journal bearing with ε̄ = 0.5 are shown

in figure 5.4 to illustrate this. Particularly many ansatz functions are required to construct such

pressure profiles. For misaligned porous journal bearings these problems are not an issue, be-

cause here the formation of localized pressure spikes is less pronounced for the same reasons

depicted for aligned porous journal bearings. To illustrate this pressure profiles for a porous

journal bearing with otherwise identical parameters as in figure 5.4 are shown in figure 5.5.

5.2 Model verification and validation

A first indication of the validity of the proposed bearing model is given by comparing it to

numerical methods with different cavitation conditions. Impedance maps are used to compare

the different cavitation algorithms that were introduced in the previous chapter, see figure 5.6.

The map with the GÜMBEL cavitation condition has been generated with the proposed bearing

model using a Galerkin discretization. The other map has to be constructed using a numerical
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Figure 5.6: Impedance maps for a solid journal bearing with L/D = 1 for two different cavitation algo-
rithms.
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Figure 5.7: Impedance maps for a porous journal bearing with L/D = 1, Ψ = 0.001 and Ro/Ri = 2 for
two different cavitation algorithms.

discretization method involving an iteration scheme to be able to implement the REYNOLDS

cavitation condition. Here the FD method has been used which was introduced in section 4.4.

Although the difference between the pressure curves for the GÜMBEL and REYNOLDS condi-

tions is apparent (see figure 2.2) this is not the case for the impedance maps. A deviation is

observed in the upper middle part of the map where the impedance of the GÜMBEL condition

is somewhat lower than for the REYNOLDS condition. However, on the whole the GÜMBEL

cavitation condition approximates the solution with the REYNOLDS condition very well. Since

the proposed bearing model produces the same result as a FD scheme with the GÜMBEL cav-

itation condition it has been omitted here. The reader is referred to [152] for this impedance

map. For the porous journal bearing a similar agreement is observed as for the solid journal,

the difference seen in the upper middle part is now even smaller.

To validate the proposed model several experiments were performed. Two types for porous

journal bearings were tested in a special experimental setup for porous journal bearings. The

reader is referred to [150] for a detailed overview of this setup, its properties and capabilities.

Due to the fact that the shown experimental results were part of a larger study with partly dif-

ferent goals only some results have been used to validate the proposed bearing model.

The experimental setup consists of a shaft which is supported by four bearings. Torque can

be applied separately to each bearing. Using this setup the total friction moment of these four

bearings can be measured as well as the temperature at three positions in the experimental setup
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Figure 5.8: Surface geometries of a small patch of the bearing’s surface.

located on the bearings. Additionally, the journal’s position with respect to the bearings is mea-

sured along one axis of the coordinate system.

To be able to make a comparison the temperature measurements are used to determine the vis-

cosity of the lubricant used in the simulation. The permeability K was determined by measur-

ing the amount of air flow through the porous medium in a separate experiment. The regime of

mixed lubrication is modeled with the GREENWOOD & WILLIAMSON asperity contact model

described in section 2.1.2. In order to use this model several surface roughness parameters

are required. The surface geometry of a small patch of the bearing surface before and after

running-in was obtained using white-light interferometry. Figure 5.8 shows the measured sur-

face geometries. After analysis the asperity peak-height’s density η̂ , standard deviation σe and

mean asperity curvature radius β̂ were obtained. The composite elastic modulus can be ob-

tained from literature and the Coulomb friction coefficient parameter is assumed at µc = 0.15.

This is an average from a series of values for lubricated steel to steel contacts from literature

[11]. Since only the surface geometry of the bearing was measured the journal’s surface is

assumed smooth and the asperity contact model from equation (2.13) for a smooth to rough

contact is used.

Measurements were performed for sintered bronze and iron journal bearings. Here, only the

results for bronze porous journal bearings are presented for low and high loads. Results for

the sintered iron bearings had to be discarded due to prolonged running-in behavior, which

resulted in almost no hydrodynamic lubrication for almost all sintered iron bearing cases. The

reasons for this will be discussed later on. Table 5.2 summarizes the experimental data which

have been used for the parametrization of the simulation (with the exception of torque). To

compare the experiments to the simulation results the friction coefficient as a function of the

journal’s surface velocity is used. This coefficient was determined for selected cycles from a
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total of 150 consecutive cycles for each measurement series. A single cycle consists of a linear

increase of surface velocity to a value of 2.5 m/s followed by a linear decrease to zero velocity.

Figure 5.9 shows an example of the measured friction coefficient against the surface velocity

for 150 consecutive cycles. Here, only the friction coefficients are shown for increasing surface

velocity. It should also be noted that the values in the mixed lubrication regime, close to van-

ishing surface velocity, are left out for all experimental results of the friction coefficient, due to

the fact that these were deemed implausible when comparing them to other measurements of

porous bearings, e.g. in [18]. Depending on the type of bearing and the applied load a certain

running-in is observed when comparing the friction coefficient of subsequent cycles. On the

one hand, this phenomenon smoothes the surface, such that it is more likely for a fluid film to

form. However, on the other hand does it also diminish the permeability of the porous bearing

through pore closure. It is therefore important to compare the proposed model to measurements

for which the bearing’s surface has been run-in sufficiently and a fluid film could form. Thus,

for all comparisons the friction coefficient was taken after a certain time of running-in and the

roughness parameters corresponding to figure 5.8b were used to calculate the (friction) forces

resulting from asperity contacts.

The comparisons of the friction coefficient for low and high loads are shown in figures 5.10

and 5.11 respectively. Two different models were used for the comparison with the experimen-

tal results: a hydrodynamical model for solid journal bearings using the REYNOLDS cavitation

condition (also used to calculate the impedance maps in figures 5.6 and 5.7) and the proposed

bearing model based on the Galerkin discretization. The results for the proposed bearing model

were calculated in ADAMS using a subroutine which will be briefly described in section 6.3.1

in the next chapter. The friction calculation in this last model is given by equation (4.16),

where for the porous journal bearing model the friction calculation is modified as explained in

section 4.1.2. All of the used models only account for aligned plain journal bearings. It has

been observed that the proposed bearing model for misaligned porous journal bearings cannot

cope with the considered applied torques under hydrodynamic conditions and even not when

elastic asperity contacts are included. This can be explained partly due to the fact that the fluid

film geometry is derived for a perfect cylindrical journal bearing, which results in a relative

load [N] torque [N cm] clearance [µm] cycle viscosity [Pa s]

250 90 26 150 0.020847

250 0 13 102 0.021281

50 30 26 150 0.03129

50 90 6 150 0.022877

Table 5.2: Overview of the measurement parameters for bronze porous journal bearings.
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Figure 5.9: The friction coefficient µ vs. surface velocity U2 for different subsequent cycles. Please note
that not all cycles are shown here, because only a selection of all performed 150 cycles was measured.

small contact area with elastic asperity contacts for misaligned configurations. However, sev-

eral other effects also can come into play for such high torques, which shall be addressed in the

discussion at the end of this section.

As is seen in figure 5.10 a good approximation in the hydrodynamic range is made for low

loads using the porous journal bearing model up to about 1.2 m/s. Here, a deviation in the

friction coefficients is observed, which is suspected to originate from a resonance frequency of

the experimental setup for this rotor speed. This effect is also observed in figure 5.9. For the

proposed bearing model the onset of mixed lubrication already starts when the experimental

results still seem to be in the hydrodynamic regime, which could have several causes. The

surface roughness parameters were obtained for only one surface sample and it is very likely

that for other journal bearing geometries and loading conditions the roughness properties differ.

Even for low loads running-in could have diminished the bearing’s permeability and this in turn

also delays the onset of mixed lubrication. It is noted that the friction coefficients calculated

with the proposed bearing model, denoted in the figures as ADAMS, converge to the prescribed
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Figure 5.10: Comparisons of the bronze bearing results with low loads.

value of µc for vanishing surface velocity. For reasons of clarity the figures only focus on the

hydrodynamic range. This also is the case for the experiments with high loads.

These experiments can be found in figure 5.11 and show a very different behavior. Here,

the porous journal bearing model predicts asperity contacts for a large surface velocity range,

which is clearly not the case. For these high loads the running-in has a significant influence on

the surface roughness but also on the permeability of the interface, which probably decreased

significantly due to local pore closure. The latter explains the good agreement between the

measurements and the solid journal bearing models. Also note the small difference in the hy-

drodynamical regime between the more accurate REYNOLDS model and the proposed bearing

model, which is consistent with the differences observed between the impedance maps in fig-

ure 5.6. Although it seems that a porous journal bearing performs better with respect to load

capacity when the majority of the pores have closed, the reader should keep in mind that this

is not necessarily a good thing. Extensive pore closure also obstructs lubricant flow between

the fluid film and the porous medium, which might shorten the porous bearing’s life time sig-

nificantly due to a shortage of lubricant! The optimal degree of pore closure will have to be

a compromise between maximizing the load capacity and obtaining optimal lubrication condi-

tions.

Discussion

The shown friction coefficients reflect two extreme loading cases of porous journal bearings.

To be able to predict the friction coefficient for loading situations that lie in between these two

extremes it is necessary to properly estimate the roughness parameters as well as the permeabil-
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Figure 5.11: Comparisons of the bronze bearing results with high loads.

ity. These parameters can be either obtained through experiments or by numerical simulation

of the run-in process for example by employing the BOUSSINESQ-CERUTTI theory [12]. The

former was not part of the current experimental investigation and the latter is beyond the scope

of this work. However, the current study has demonstrated that it is necessary to have proper

estimates of the roughness and material parameters to accurately describe the friction coeffi-

cient of a porous journal bearing.

Although the current models are able to predict the friction coefficients in the hydrodynamic

regime for sintered bronze bearings relatively well, the same agreement could not be estab-

lished for the sintered iron bearings. Due to the fact that the yield stress of the chosen sintered

iron is higher than of sintered bronze their running-in behavior differs significantly. Sintered

iron bearings will therefore generally operate longer under mixed lubrication conditions. This

also has been observed in experiments where many runs did not reach a stage where the bear-

ings could be operated under hydrodynamical conditions. Since the current models are not

able to describe the running-in mechanisms and their influence on the permeability and surface

roughness, the comparisons with these measurements have been omitted.

Another issue is the influence of misalignment, which was not taken into account for the sim-

ulation results in the current comparisons. Apart from the issues that occur at very high ec-

centricity ratio with misalignment for the proposed bearing model at the axial ends (see the

previous section), there also are other effects which should be considered in this regime. The

local pressure concentration for misaligned bearings, for example, results in macroscopic elas-

tic deformation and increases the total area with carrying pressure and asperity contacts. The

predefined bearing shape at the axial ends (which differs from the perfect geometry assumed in
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section 4.1) also contributes to this effect. Moreover, localized pore-closure and special addi-

tives in the lubricant (graphite particles, that influence the lubricant behavior at very small film

thicknesses) are now important factors that should be taken into account for these operating

conditions. The current model cannot account for these effects, because they would severely

increase the calculation time and make it therefore unpractical for applications such as rotor-

dynamics analysis or multibody system simulation.

For an estimation of the influence of elastic deformation in aligned porous journal bearings the

reader is referred to the frame below.

Note on the influence of macroscopic elastic deformation

Several numerical simulations were performed to assess the influence of the

macroscopic deformation of the bush on the load capacity of porous journal

bearings. The influence is constituted through the interaction between the fluid

film pressure governed by the Reynolds equation and Darcy’s law and the bear-

ing’s elastic deformation governed by Hooke’s law, which is called elastohy-

drodynamic lubrication. The commercial software COMSOL has been used to

model this problem. Since this software bases on the FEM a flexible bush is

easily included into the model. For the fluid film a modified thickness function

is used: h = 1+ ε cosθ +u. Here, u =U/c, where U refers to the deformation

of the bearing’s surface. The bearing’s deformation is governed by Hooke’s law

which has the fluid pressure as boundary condition. For reasons of simplicity
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Figure 5.12: Influence of the macroscopic elastic deformation on the load capacity of a
porous journal bearing.
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Hooke’s law is formulated in non-dimensionless form:

σ el
i j = Li jklε

el
kl , (5.1)

where σ el
i j refers to the stress tensor, Li jkl is the elasticity tensor and εel

kl the

strain tensor. The elasticity tensor is chosen accordingly to an isotropic homo-

geneous elastic material and the strains are assumed to be small. Furthermore,

the pressure from the Reynolds equation is prescribed as a boundary condition

for the stress field.

In order to establish a relation between the stresses in equation (5.1) and the

dimensionless hydrodynamic pressure, the pressure boundary condition has to

be transformed back to non-dimensionless form with

p =
6ηΩ

(c/Ri)2

︸ ︷︷ ︸
B

p∗.

Since the radial clearance c appears not only in B but also in the transformation

of the deformation to dimensionless form, the quantity B∗ = B c2 is varied to

study the influence of viscosity and angular frequency. It is noted that B con-

tains the angular frequency Ω instead of Ω0, which is due to the fact that only

steady state cases were considered for which Ω∗ = 1. The porous bush is chosen

to have an elastic modulus of E = 80GPa, a Poisson ratio ν = 0.3, a dimension-

less permeability Ψ = 0.001, an inner radius Ri = 3mm and an outer radius

Ro = 5.85mm. For η = 0.01 . . .0.1Pas and Ω = 1000 . . .3000min−1 results in

the parameter range B∗ = 0.056 . . .1.696mN. The influence on the load capac-

ity is shown in figure 5.12, where the relative deviation ∆ = (FEHD −FHD)/FHD

versus B∗ is shown. FEHD refers to the load capacity which includes the bearing’s

deformation whereas FHD represents the load capacity for a rigid bearing.

The greatest influence is found for a radial clearance of c = 6µm where for ex-

treme cases (B∗ > 1.6mN and ε = 0.9) a deviation from up to 45% is observed.

This deviation occurs, however, for very high viscosity, eccentricity ratio and

angular frequency. Under normal operating conditions the values of B∗ will be

significantly lower, probably around B∗ = 0.3MPa for which the deviation lies

around 17%. When the radial clearance is increased the influence diminishes

rapidly with a maximum influence for c = 13µm and ε = 0.9 of about 10%

even for the extreme cases. For all other investigated configurations the influ-
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Figure 5.13: Elastic deformation of the dimensionless film thickness function in a
porous journal bearing depending on the radial clearance and the eccentricity ratio for
B∗ = 1.6mN.

ence turns out to be significantly smaller if not negligible. It can therefore be

concluded that the effect of elastic deformation does not have a significant influ-

ence on the load capacity under normal operating conditions for porous journal

bearings with typical bearing geometries. For this reason the influence of elas-

tic deformation of the porous bush in porous journal bearings is ignored in the

proposed bearing model.

To illustrate the elastic deformation figure 5.13 shows the deformed dimension-

less fluid film thickness function for different eccentricity ratios and radial clear-

ance for extreme B∗. In accordance with the results from figure 5.12 the great-

est deformation is observed for the compliant porous journal bearing with the

smallest radial clearance. The largest deformation is situated where the fluid

film thickness function converges. This also is where the pressure function nor-

mally reaches its maximum for steady states.

5.3 Solid journal bearing

By leaving out the radial term in equation (4.28) and setting the permeability to zero the

Galerkin-based bearing model can also be applied to a solid journal bearing. The proposed

model will be verified with the analytical short and long bearing solution and with a numerical

discretization method, which were introduced in chapter 4. To compare the dynamical models
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Figure 5.14: Comparisons of the pressure profile at z∗ = 0 for the short (left) and long bearing (right)
approximations of the Galerkin-based model and analytical solutions. Both pressure profiles correspond
to the same dynamic case as in section 5.1 with L/D = 1 [151].

the same dynamical case is chosen as for the convergence study from section 5.1. All compar-

isons are made for a typical bearing geometry: a length to diameter ratio of L/D = 1 [151].

Comparisons with the analytical pressure functions for the short and long journal bearing ap-

proximations according to equation (4.22) and equation (4.23) respectively and according to

the Galerkin-based model1 are made in figure 5.14. Considering the small number of basis

0 1 2 3 4 5 6
−1

0

1

2

3

4

5

6

circumferential angle θ [rad]

d
im

en
si

o
n
le

ss
 p

re
ss

u
re

 p
*

 

 
galerkin

FD

d
im

en
si

o
n

le
ss

p
re

ss
u

re
p
∗ h

[-
]

circumferential angle θ [rad]

Figure 5.15: Comparison of the pressures profile at z∗ = 0 of the Galerkin-based bearing model and
a FD scheme for the finite bearing. This pressure profile corresponds to the same dynamic case as in
section 5.1 with L/D = 1 [151].

1To allow a comparisons for the short and long bearing approximations, the same assumptions for the

Reynolds equations were made for the Galerkin-based model (i.e. ∂ p∗h/∂θ ≈ 0 for the short bearing and

∂ p∗h/∂ z∗ ≈ 0 for the long bearing approximation). Moreover, for the long bearing approximation the bound-

ary condition p∗h(θ1) = p∗h(θ1 +π) = 0 is also prescribed for the Galerkin-based model. See section 4.2 for more

details.
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functions (N = 10, M = 5) both pressure curves and points are in excellent agreement.

Since no analytical solution exists for the finite journal bearing problem, we have to rely on a

solution using another numerical discretization method to validate the Galerkin-based model

for this case. Figure 5.15 shows a comparison between the numerical solution and the Galerkin-

based model. The numerical solution was generated using the finite difference algorithm de-

scribed in section 4.4 using the GÜMBEL cavitation condition. The same number of ansatz

functions as for the previous examples was used for the model with the Galerkin-based model.

Again, it can be concluded that both pressure profiles are in excellent agreement.

Figure 5.16 shows the dimensionless hydrodynamic load capacity versus the eccentricity ratio

and the corresponding equilibrium points for the different bearing models. Figure 5.17 and fig-

ure 5.18 show the stiffness and damping coefficients respectively according to equation (4.36).

All of these results were calculated at the equilibrium position corresponding to the eccentricity

ratio (i.e. Ω∗ = 1). The short and long bearing approximations of the load capacity, equilibrium

point and the stiffness and damping coefficients are in agreement with the analytical expres-

sions from [152].
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Figure 5.16: Dimensionless hydrodynamic load capacity (left) and equilibrium point (right) calculated
with the Galerkin-based bearing models (short, long and finite) and comparisons with analytical solu-
tions for the short and long bearing cases (short analytical and long analytical) [151].
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Figure 5.17: Dimensionless stiffness coefficients calculated with the Galerkin-based model (short, long
and finite) and comparisons with analytical solutions for the short and long bearing cases (short analyt-
ical and long analytical). Note that the stiffness coefficient k∗xy changes sign, as is indicated with + and
− [151].
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Figure 5.18: Damping coefficients calculated with the Galerkin-based model (short, long and finite)
and comparisons with analytical solutions for the short and long bearing cases (short analytical and
long analytical) [151].

0 0.2 0.4 0.6 0.8 1
0.1

1

10

100

excentricity ratio (ε
0
)

d
im

en
si

o
n
le

ss
 l

o
ad

 (
F

*
)

 

 

Ψ = 0

Ψ = 0.001

Ψ = 0.002

Ψ = 0.005

lo
ad

ca
p

ac
it

y
F
∗ h

eccentricity ratio ε
0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

x−position (ε
x,0

)

y
−

p
o
si

ti
o
n
 (

ε y
,0

)
y

-e
cc

en
tr

ic
it

y
ε y

x-eccentricity εx

Figure 5.19: Hydrodynamic load capacity (left) and equilibrium point (right) for (porous) journal bear-
ings. The case with Ψ = 0 represents the solid journal bearing [151].
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Figure 5.20: Dimensionless stiffness coefficients for (porous) journal bearings. The case with Ψ = 0

represents the solid journal bearing. Note that the stiffness coefficient k∗xy for the classical and porous
journal bearing changes sign, as is indicated with + and − [151].

5.4 Porous journal bearing

To solve the problem for a porous journal bearing Galerkin-based model with the unaltered

ansatz function from equation (4.28) is now used. The same length to diameter ratio as for the

previous examples will be used here, in addition the radial dimension of the porous bearing is

defined by Ro/Ri = 2 [151].

Figure 5.19 shows the hydrodynamic load capacity and the equilibrium position of a solid

journal bearing and three porous journal bearings. The stiffness and damping coefficients of

three types of porous journal bearings in comparison with a solid journal bearing are shown

in figure 5.20 and figure 5.21 respectively. It is clear that for higher eccentricity ratios (about

ε > 0.5) the behavior of the porous journal bearing model differs significantly to that from the

solid journal bearing. Not only the load capacity but also the damping and stiffness coefficients
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Figure 5.21: Dimensionless damping coefficients for (porous) journal bearings. The case with Ψ = 0

represents the solid journal bearing [151].

are lower compared to the solid journal bearing. Due to oil seepage into the porous material

pressure build-up is significantly lower for higher eccentricity ratios, which influences the stiff-

ness and damping properties of the fluid film. When the eccentricity ratio tends to one, the load

capacity, the stiffness and the damping coefficients tend to infinity for the solid journal bearing,

but approach a finite value for the porous bearings. This is also clearly seen in figure 5.22,

where impedance maps for three different porous journal bearings are shown. In comparison

to the impedance maps in figure 5.6 the magnitude of the impedance vector also approaches

a finite value when the eccentricity ratio approaches one. From this it can be concluded that

a given load will result in higher eccentricity ratios for porous journal bearings than for solid

journal bearings.

Because of this it is much more likely that the surface roughness will start to noticeably in-

fluence the hydrodynamic pressure and that asperity contacts will generate additional contact

pressure for porous journal bearings. The following will therefore firstly focus on the influ-
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Figure 5.22: Impedance maps for porous journal bearings with L/D = 1, Ro/Ri = 2 and varying perme-
ability Ψ.

ence of surface roughness on the hydrodynamic pressure and secondly investigate how asperity

contacts affect the steady-state behavior of porous journal bearings.
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Figure 5.23: Hydrodynamic load capacity (left) and equilibrium point (right) for porous journal bearings
(with Ψ = 0.001 and Ro/Ri = 2) with and without the influence of rough surfaces on the hydrodynamic
pressure [151].
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Figure 5.24: Dimensionless stiffness coefficients for porous journal bearings (with Ψ = 0.001 and
Ro/Ri = 2) with and without the influence of rough surfaces on the hydrodynamic pressure. Note that
the stiffness coefficient k∗xy changes sign, as is indicated with + and − [151].

5.4.1 Rough surfaces

By modifying the weighted residual in equation (4.30) according to equation (4.43) the influ-

ence of rough surfaces on the hydrodynamical pressure is included into the model (although

the influence of solid contact pressure is not yet considered). Due to additional diagonals in the

system of linear equations that result from the added flow factors the solution procedure com-

plicates slightly. However, the previously stated advantages of the Galerkin-based model still

hold, the same numerical solver for the system of linear equations can be used and therefore

the solution procedure remains efficient.

Results for three different roughness orientation scenarios (defined by the Peklenik number γ̃)

from [124, 125] applied to a porous bearing are shown here: an isotropic roughness orientation

(φθ (γ̃ = 1)), a transversely orientated roughness (φθ (γ̃ = 1/6)) and a longitudinally orientated

roughness (φθ (γ̃ = 6)). The reader is referred to figure 2.5 for a graphical representation of
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Figure 5.25: Dimensionless damping coefficients for porous journal bearings (with Ψ = 0.001 and
Ro/Ri = 2) with and without the influence of rough surfaces [151].

these roughness profiles. The corresponding flow factors in axial direction are defined by the

inverse Peklenik number: φz(γ̃) = φθ (1/γ̃) and the Peklenik number for the shear flow factor is

equal to the Peklenik number of the circumferential flow factor. The journal surface is assumed

to be smooth and the ratio between the standard deviation of the bearing roughness and the

radial clearance is chosen as c/σh = 20. The same bearing geometry as for the smooth porous

journal bearings was used here and all porous bearing cases have a permeability of Ψ = 0.001

and an outer to inner bearing radius of Ro/Ri = 2 [151].

Figure 5.23 shows the hydrodynamic load capacity and the corresponding equilibrium points

for a porous journal bearing with a smooth surface and three porous journal bearings with rough

surfaces but different roughness orientations. Figure 5.24 and figure 5.25 show the correspond-

ing stiffness and damping coefficients at equilibrium position respectively.

Due to the influence of surface roughness load capacity and stiffness coefficients turn out to

be higher than for the smooth porous bearing, but only notably for higher eccentricity ratios
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Figure 5.26: Total load capacity (left) and equilibrium point (right) for porous journal bearings (with
Ψ = 0.001 and Ro/Ri = 2) with asperity contacts and with and without the influence of rough surfaces on
the hydrodynamic pressure.

(0.5 < ε < 0.9). Because of this lower eccentricity values are left out in figures 5.23-5.25.

The transversely oriented roughness has the largest influence followed by the isotropic and the

longitudinally oriented roughness. This trend observed for load capacity is also seen in [125].

The change for the damping coefficients seems negligible. This might be explained by the fact

that the flow factors have no part in the time dependent term in the averaged Reynolds equation

(see equation (4.43)).

For very high eccentricity ratios (about ε > 0.9) the influence of surface roughness seems to

decrease the load capacity and stiffness coefficients. This effect is most prominently seen in the

stiffness coefficients (excluding k∗xy) for the transverse roughness case followed by the isotropic

and longitudinally roughness case. Again this effect also is observed in [125] and can be ex-

plained with the change in slope of the shear flow factor. It should be mentioned that these

slope changes might not be accurate due to large uncertainty in the original shear flow factors

for small film thickness. Moreover do these results not include the influence of solid contact

pressure which will play an increasingly important role in this film thickness regime [125].

It can be concluded that the influence of surface roughness on the hydrodynamical pressure

has a small but notable influence on the bearing parameters studied here and that the proposed

model is able to analyze this. Moreover, the Galerkin-based model is able to solve the problem

without any significant additional numerical costs.

This work is mainly considered with the dynamical behavior of porous journal bearings within

the context of a multibody system. In such an environment the deviations caused by the flow

factors, which already were small, become even less significant. In addition the evaluation of

flow factors requires complex numerical simulations to account for the micro-structure of the
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Figure 5.27: Dimensionless stiffness coefficients for porous journal bearings (with Ψ = 0.001 and
Ro/Ri = 2) with asperity contacts and with and without the influence of rough surfaces on the hydro-
dynamic pressure. Note that the stiffness coefficient k∗xy changes sign, as is indicated with + and −.

surface, which is another practical issue. The influence of surface roughness on the hydrody-

namical pressure is therefore not taken into account throughout the rest of this thesis. The next

section features results including the influence of surface roughness through flow factors and

asperity contacts to justify this.

5.4.2 Asperity contacts

Thus far all results only considered the hydrodynamic fluid pressure. Now the inclusion of

contact pressure due to asperity contacts will be studied. The parameters to define the asperity

contact are csr
GW = 30 and c/σe = 50 (see equation (4.12)). As for the previous results these

parameters relate to a smooth to rough contact. The reader is reminded that the parameter σe

relates to the distribution of the asperity peaks and not to the distribution of the original rough-

86



5.4. POROUS JOURNAL BEARING

0.5 0.6 0.7 0.8 0.9 1
0.1

1

10

100

excentricity ratio (ε
0
)

d
am

p
in

g
 (

b
x

x

*
)

 

 

no SR

γ
θ
=1,γ

z
=1

γ
θ
=1/6,γ

z
=6

γ
θ
=6,γ

z
=1/6

d
am

p
in

g
b
∗ x
x

eccentricity ratio ε
0.5 0.6 0.7 0.8 0.9 1

0.1

1

10

100

excentricity ratio (ε
0
)

d
am

p
in

g
 (

−
b

x
y

*
)

d
am

p
in

g
|b

∗ x
y
|

eccentricity ratio ε

−
+

0.5 0.6 0.7 0.8 0.9 1
0.1

1

10

100

excentricity ratio (ε
0
)

d
am

p
in

g
 (

−
b

y
x

*
)

d
am

p
in

g
−

b
∗ yx

eccentricity ratio ε
0.5 0.6 0.7 0.8 0.9 1

0.1

1

10

100

excentricity ratio (ε
0
)

d
am

p
in

g
 (

b
y

y

*
)

d
am

p
in

g
b
∗ yy

eccentricity ratio ε

Figure 5.28: Dimensionless damping coefficients for porous journal bearings (with Ψ = 0.001 and
Ro/Ri = 2) with asperity contacts and with/without the influence of rough surfaces on the hydrodynamic
pressure. Note that the damping coefficient b∗xy changes sign, as is indicated with + and −.

ness profile. For the latter σh is of importance and for this the same value as in the previous

section has been used. The standard deviation of the asperity peak heights σe is chosen such

that it can be related to the same surface geometry which possesses the standard deviation σh.

Figure 5.26 shows the total load capacity and equilibrium points for a porous journal bearing

with the influence of the surface roughness on the hydrodynamic pressure and asperity contacts.

The corresponding stiffness and damping coefficients are shown in figure 5.27 and figure 5.28.

As expected an increase in the load capacity is observed for very high eccentricity ratios. The

corresponding equilibrium position changes accordingly. The same effect is observed for the

stiffness coefficients, but not for the damping coefficients. This is to be expected since the as-

perity contact force only depends on ε and not on ε ′. Nevertheless, a sharp decrease is observed

for b∗xx and b∗xy. This has to do with the fact the coefficients are observed in the x− y coordi-

nate system. The attitude angle is strongly influenced at high eccentricity ratios as is shown in

figure 5.26 for the equilibrium point. This in turn also affects the horizontal bearing force F∗
t,x
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as well as derived quantities. When the damping coefficients are observed in the coordinate

system rotated by the attitude angle, these deviations do not occur.

For smaller eccentricity ratios the surface roughness only influences the hydrodynamical pres-

sure, but for high eccentricities the asperity contact becomes influential. It is seen for all results

that asperity contacts dominate for very small film thicknesses and the difference between the

results with and without the influence of flow factors is very small. Only for the stiffness coef-

ficient k∗xy somewhat larger deviations are observed between 0.6 < ε < 0.9, but these are still

small compared to the influence of the asperity contact. It is also observed that k∗xy for the

isotropic and transversal roughness profiles briefly become positive again around ε ≈ 0.93. For

the other stiffness coefficients a small decrease is observed shortly before the asperity con-

tacts become influential, which is most pronounced for the transversal roughness orientation

(φθ (γ̃ = 1/6)). All of these deviations originate from the large uncertainty of the original shear

flow factors for small film thickness from [125] and were also observed for the results without

asperity contacts. Despite these differences, the influence of the current surface roughness on

the hydrodynamical pressure is small and it is therefore justified to ignore its effects throughout

the rest of this work.

5.5 Misalignment

To study the steady state characteristics of a misaligned plain journal bearing the influence of

ε̄ and ψ in equation (4.2) on the dimensionless hydrodynamical load capacity F∗
h and moment

capacity M∗
h is investigated. The influence of asperity contacts has been excluded here. Contour

plots of the load and moment capacity against ε and ε̄ for ψ = 0 and ψ = π/2 are found in

figures 5.29 and 5.30 for a solid journal bearing and in figures 5.31 and 5.32 for a porous

journal bearing. ψ = 0 and ψ = π/2 represent the two extreme situation for the angle between

the eccentricity vector and the journal axis projection on the mid-plane.

The load capacity of the solid journal bearing with ε̄ = 0 is in agreement with the results of

the aligned solid journal bearing (see e.g. figure 5.19). When the journal axis projection ε̄

is small the influence of misalignment on the load capacity seems dismissible especially for

ψ = π/2. For larger ε̄ an increase in load capacity is observed which is the largest for ψ = 0.

Another important conclusion is that the load capacity seems to approach a finite value when

the eccentricity ratio approaches its maximum value for non-zero ε̄ . As was already found in

section 5.1 the load capacity actually approaches infinity, but only for very small minimum

film thickness [15]. Even if the proposed bearing model would be able to predict this it would
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Figure 5.29: The dimensionless hydrodynamical load capacity F∗
h against ε and ε̄ for different ψ for a

misaligned solid journal bearing with L/D = 1 .

It is clear that the moment capacity has to vanish when ε̄ = 0. The moment capacity increases

when the eccentricity ratio ε and/or the journal axis projection on the mid-plane ε̄ are increased.

The reader is reminded that theoretically also here the moment capacity approaches infinity

when the minimum film thickness goes to zero.

When looking at the results for porous journal bearings a similar behavior is observed as for

the solid journal bearings, but with smaller load and moment capacity when the minimum

film thickness is approached. An interesting difference is that for porous journal bearings

the maximum moment capacity is now reached for much smaller eccentricity ratios as for
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Figure 5.30: The dimensionless hydrodynamical moment capacity M∗
h against ε and ε̄ for different ψ

for a misaligned solid journal bearing with L/D = 1.
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Figure 5.31: The dimensionless hydrodynamical load capacity F∗
h against ε and ε̄ for different ψ of a

misaligned porous journal bearing with L/D = 1, Ψ = 0.001 and Ro/Ri = 2.

In general it can be concluded that the implications of misalignment on the load capacity are

less significant for large and moderate film heights. When the film thickness function becomes

relatively small the load capacity can be significantly worse than for aligned bearings. However,

under normal operating conditions and moderate film thickness misalignment will most likely

become influential through the additional moment capacity.
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Figure 5.32: The dimensionless hydrodynamical moment capacity M

∗

h against ε and
¯
ε for different ψ of

a misaligned porous journal bearing with L/D = 1, Ψ = 0.001 and Ro/Ri = 2.
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Chapter 6

Rotor-bearing systems containing plain

journal bearings

The proposed bearing model will now be applied in the context of several exemplary rotor-

bearing systems containing plain journal bearings. For such systems, the stability of their

stationary solution is investigated. The existence of fixed-point and periodic solutions are ex-

amined by following the solutions for changing system parameters along with the detection

of any bifurcation points. To investigate the dynamical behavior of such systems the freely

available toolbox MATCONT for MATLAB has been used [39]. The studies for rotor-bearing

systems were performed on rotors with and without unbalance, with porous and solid journal

bearings both including for asperity contacts. The first section features systems with rigid ro-

tors, followed by results of a rotor-bearing system with a flexible rotor where misalignment for

the bearings is taken into account. Finally, a short description of the inclusion of the proposed

Galerkin-based bearing model into multibody system software is given and an example of a

multibody system is presented to which the approach was applied.

6.1 Elementary rotor-bearing systems with rigid rotors

In this section elementary rotor-bearing systems will be studied consisting of one rotor mounted

by two bearings. The rotor has mass m, an optional unbalance a and is loaded by a force

F0 as is illustrated in figure 6.1. The parameter to scale the angular frequency is defined as

Ω0 =
√

Fo/mc analogue to [152]. By assuming symmetry both bearings behave identical and
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only one set of eccentricity coordinates has to be considered1. All bearings have a length to

diameter ratio of L/D = 1, the bearing’s radial thickness is defined with Ro/Ri = 2 and its

permeability is varied. The journal’s surface is assumed smooth whereas the bearing’s surface

roughness is retained. With this assumption the parameters for the asperity contacts are chosen

as csr
GW = 30 and c/σe = 50 similar to the asperity contacts used in section 5.4.2.

For a rigid rotor with two identical plain journal bearings perfect alignment of the bearing’s

axis with respect to the rotor’s axis is assumed. The equations of motion in dimensionless form

(see section 3.1.2) for this rotor-bearing system read

⎧
⎨
⎩

ε ′′x = 2F∗
t,x/F∗

0 +Ω∗2a∗ cos(Ω∗τ)

ε ′′y = 2F∗
t,y/F∗

0 −1+Ω∗2a∗ sin(Ω∗τ)
, (6.1)

where a∗ = a/c is the dimensionless unbalance and F∗
t;x,y are the bearing forces calculated with

equation (4.10). Due to the introduced unbalance the system depends explicitly on time, which

puts it into the category of non-autonomous dynamical systems. By expressing the harmonic

excitation as a limit cycle of a separate autonomous oscillatory system, the equations of motion

can be stated in autonomous form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′1 = u2

u′2 = 2F∗
t,x/F∗

0 +Ω∗2a∗u6

u′3 = u4

u′4 = 2F∗
t,y/F∗

0 −1+Ω∗2a∗u5

u′5 = u5 +Ω∗u6 −u5(u
2
5 +u2

6)

u′6 = u6 −Ω∗u5 −u6(u
2
5 +u2

6)

. (6.2)

With equation (6.2) the phase-space dimensions are given by u1 = εx, u2 = ε ′x, u3 = εy, u4 = ε ′y,

u5 = sin(Ω∗τ) and u6 = cos(Ω∗τ). The last two phase-space dimensions correspond to the

added nonlinear harmonic oscillator to avoid non-autonomy [40]. The system is formulated in

autonomous form to allow an implementation in MATCONT, which only supports autonomous

systems.

1It should be noted that by making this assumption certain rigid body modes such as conical modes cannot be

studied.
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m

Figure 6.1: The symmetric rotor-bearing system with a rigid rotor (mass m), an unbalance a and an
applied force F0.

prescribe the Jacobian matrix in explicit form. For the current phase-space this is given by

J(u) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0

−2k∗xx/F∗
0 −2b∗xx/F∗

0 −2k∗xy/F∗
0 −2b∗xy/F∗

0 0 Ω∗2a∗

0 0 0 1 0 0

−2k∗yx/F∗
0 −2b∗yx/F∗

0 −2k∗yy/F∗
0 −2b∗yy/F∗

0 Ω∗2a∗

0 0 0 0 1−3u2
5 −u2

6 Ω∗−2u5u6

0 0 0 0 −Ω∗−2u5u6 1−u2
5 −3u2

6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(6.3)

where the stiffness and damping coefficients k∗i j and b∗i j are calculated using the methods in-

troduced in section 4.3.1. It is noted that, contrary to the steady state coefficients shown in

the previous chapter (which only depend on εx and εy), these coefficients also depend on the

translational velocities ε ′x and ε ′y. Similar to the usual Jacobian in addition a Jacobian matrix

with respect to the changing parameter(s) is needed, which is in this case solely the angular

frequency Ω∗:

Jp(u) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

2/F∗
0 ∂F∗

x /∂Ω∗+2Ω∗a∗u6

0

2/F∗
0 ∂F∗

y /∂Ω∗+2Ω∗a∗u5

u6

−u5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (6.4)
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6.1.1 Equilibrium stability

For balanced rotor-bearing systems (i.e. the system from equation (6.2) with a∗ = 0) the lo-

cal stability of its fixed-point solutions can be determined using linear stability analysis. The

stability limits of fixed-point solutions can be obtained by observing the eigenvalues of the Ja-

cobian matrix (see section 3.2).

This can be done by numerically calculating the Jacobian matrix. Alternatively, the steady-

state stiffness and damping coefficients evaluated in the previous chapter can now be utilized to

construct the Jacobian matrix. Subsequently, its characteristic equation can be analyzed using

the Routh-Hurwitz stability criterion, which provides conditions that have to be satisfied for

the solution to be stable [140]. For a∗ = 0 the characteristic equation is of the fourth order:

a4s4 +a3s3 +a2s2 +a1s+a0 = 0 for which the Routh-Hurwitz criterion prescribes the follow-

ing stability conditions: ai > 0, a3a2 > a4a1 and a3a2a1 > a4a2
1+a2

3a0. The first two conditions

are always satisfied, the last condition eventually yields

Ω∗F∗
0 <

2 ã1ã22ã3

ã0ã2
3 + ã2

1 − ã1ã21ã3

, (6.5)

where

ã0 = k∗xxk∗yy − k∗xyk∗yx

ã1 = b∗xxk∗yy +b∗yyk∗xx −b∗xyk∗yx −b∗yxk∗xy

ã21 = k∗xx + k∗yy

ã22 = b∗xxb∗yy −b∗xyb∗yx

ã3 = b∗xx +b∗yy.

Figure 6.2 shows the critical rotor frequency Ω∗
is versus the eccentricity ratio ε and versus the

total applied load F∗
0 for a solid journal bearing (Ψ = 0) and several porous journal bearings

(Ψ �= 0) in the hydrodynamical regime.

The critical rotor frequency of the rotor-bearing system in general decreases when the perme-

ability increases. Theoretically, the solid journal bearing will always be stable when ε > 0.82,

whereas for the porous journal bearings this happens when the asperity contacts become influ-

ential for ε > 0.94. The critical rotor frequency in the mixed lubrication regime is shown in

figure 6.3 and illustrates these limits.

Generally, the critical rotor frequency increases when the eccentricity ratio and the applied load

are increased. However, for the porous journal bearings a decrease is observed shortly before
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Figure 6.2: The stability border for equilibrium points of a rigid rotor symmetrically mounted by aligned
porous journal bearings in the hydrodynamic lubrication regime for various values of the dimensionless
permeability factor Ψ.

the asperity contacts become influential. This slope change can directly be related to the slope

change of the stiffness coefficient k∗xy (see figure 5.20).
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Figure 6.3: The stability border for equilibrium points of a rigid rotor symmetrically mounted by aligned
porous journal bearings in the mixed lubrication regime for various values of the dimensionless perme-
ability factor Ψ.
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6.1.2 Bifurcation analysis

The bifurcation behavior of the symmetric rotor-bearing system described in equation (6.2)

with varying load F∗
0 , permeability Ψ and unbalance a∗ is studied using MATCONT [39]. As is

the case for all bifurcation diagrams, stable solution branches are represented by solid lines and

unstable solution branches by dashed lines. The scalar measure for the bifurcation diagram to

describe the solutions is the maximum eccentricity ratio of the fixed-point or periodic solution

for a given operating point. Bifurcation points are marked with different icons explained in the

legend of each figure.

Solid journal bearing

Figure 6.4 shows bifurcation diagrams for a solid journal bearing with varying unbalance and

F∗
0 = 1. The equilibrium solution of the balanced rotor-bearing system remains stable until

a sub-critical Hopf bifurcation is encountered at Ω∗ = 2.526. The same result is obtained by

means of linear stability analysis which predicts a stable system below this angular frequency

and for ε < 0.17. From this Hopf bifurcation an additional unstable branch with periodic solu-

tions emanates and the fixed-point solution continues as an unstable fixed-point solution. The

branch with periodic solutions emanating from the Hopf point becomes stable again at a fold

bifurcation at Ω∗ = 2.443. It remains stable until at Ω∗ = 7.116 the continuation algorithm

fails to follow the periodic solution due to numerical issues. As is indicated with the circled

numbers, this branch contains period-1 solutions. The origin of the Hopf bifurcation can be

attributed to self-excited vibrations originating from the journal bearings. The frequency of the

periodic solution approximately equals half the angular frequency of the rotor and therefore is

known 1
2
Ω-whirl [152]. Moreover is it interesting to note that the sub-critical nature of this

bifurcation results in a jump for the journal’s position when the bifurcation is passed.

For a∗ = 0.1 the system already has a period-1 solution due to the unbalance. This solution

is stable until a sub-critical period doubling bifurcation occurs at Ω∗ = 2.208 after which it

becomes unstable. Its cause is the same as the previously found Hopf bifurcation, but now

the unbalance and the journal bearing’s self-excited vibrations result in a branch with period-2

solutions. The solutions are initially unstable and eventually become stable at a fold bifurca-

tion at Ω∗ = 2.184. This solution branch remains stable at least until Ω∗ = 20, after which

the continuation was aborted. Another period doubling occurs at Ω∗ = 3.055 from which a

branch of unstable period-2 solutions emanates. The solutions of this branch remain unstable

at least until Ω∗ = 3.242, where the continuation failed due to numerical issues. Along the
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Figure 6.4: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing solid journal
bearings with L/D = 1, F∗

0 = 1 and with varying unbalance a∗. The circled numbers indicate the period-
icity of a branch with periodic solutions.

branch a fold bifurcation took place due to the fact that an additional Floquet multiplier left

the unit circle on the complex plane. For clarity, the periodicity of the solutions belonging

to the branches around the period doubling bifurcation is indicated with circled numbers. All

investigated rotor-bearing systems with unbalance and solid journal bearings show the same

periodicity around these period doubling bifurcations.

Increasing the unbalance to a∗ = 0.2 has the effect that the period doubling bifurcation ob-

served for the previous case now already takes place at Ω∗ = 2.045 and is super-critical. The

initially stable period-2 solutions from the emanating branch become unstable at a fold bifur-

cation at Ω∗ = 12.23. Another branch of unstable period-2 solutions emanates from a period

doubling bifurcation at Ω∗ = 3.97 along the branch with period-1 solutions. Eventually, this

branch coalesces with the other period-2 branch at the fold bifurcation at Ω∗ = 12.23. It should
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Figure 6.5: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing solid journal
bearings with L/D = 1, F∗

0 = 2 and with varying unbalance a∗.

be noted that for larger rotor speeds not only unstable period-1 solutions exist, but that also

quasi-periodic or chaotic solutions can coexist here. The numerical continuation algorithm is

not able to detect these solutions, however, these can be visualized for chosen parameters by

means of numerical integration. As was found, such solutions occur for almost all treated sym-

metric rigid rotor-bearing systems with unbalance including those containing porous journal

bearings, which will be introduced later on. In retrospect, for a∗ = 0.1, the same observed

bifurcation scenario probably occurs as for a∗ = 0.2, although it could not be detected due to

numerical issues.

Another qualitatively similar case is observed when a∗ = 0.3. However, now the first super-

critical period doubling bifurcation occurs at Ω∗ = 3.887. It is also noted that the maximum

eccentricity ratios for the periodic solutions turn out to be much smaller than for the previ-

ous case. The emanating stable solution branch now becomes unstable at a fold bifurcation at
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Figure 6.6: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing porous journal
bearings with L/D = 1, Ψ = 0.001, F∗

0 = 1 and with varying unbalance a∗. The circled numbers indicate
the periodicity of a branch with periodic solutions.

Ω∗ = 7.659, where it coalesces with a branch of unstable period-2 solutions emanating from

the period doubling bifurcation at Ω∗ = 5.734. When observing the solutions beyond the fold

bifurcation, quasi-periodic solutions are encountered. The reader is referred to figure 3.3c,

which illustrates the solution at Ω∗ = 10.

The influence of load for a solid journal bearing is investigated in figure 6.5, where the applied

load is raised to F∗
0 = 2. For a balanced rotor-bearing system the stable fixed-point solution be-

comes unstable after a Hopf bifurcation is observed for Ω∗ = 2.5. The same onset of instability

is found in figure 6.2 for F∗
0 = 2 when ε < 0.31. The Hopf bifurcation is now super-critical in-

stead of sub-critical (as was the case for F∗
0 = 1). Thus, an emanating branch of stable periodic

solutions is observed, whereas the branch of fixed-point solutions loses its stability after the

Hopf bifurcation. The periodic solutions in this branch briefly become unstable between two
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Figure 6.7: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing porous journal
bearings with L/D = 1, Ψ = 0.001, F∗

0 = 2 and with varying unbalance a∗. The circled numbers indicate
the periodicity of a branch with periodic solutions.

fold bifurcations at Ω∗ = 2.57 and Ω∗ = 2.564 where one of the multipliers has a magnitude

larger than one. After this the solution remains stable until Ω∗ = 5.741 where the continuation

was aborted by MATCONT due to numerical convergence issues.

For a∗ = 0.1 the initial stable periodic solution becomes unstable at a sub-critical period dou-

bling bifurcation at Ω∗ = 2.27. Here a branch of unstable period-2 solutions originates, which

eventually becomes stable at a fold bifurcation at Ω∗ = 2.237 and remains stable until another

fold bifurcation at Ω∗ = 16.28 is encountered. The path-follower fails to follow the emanating

branch of unstable solutions at Ω∗ = 3.328. Another period doubling occurs at Ω∗ = 2.789,

from which also a branch of unstable solutions emanates. Along this branch the solution gains

and loses a stable Floquet multiplier at fold bifurcations at Ω∗ = 2.821 and Ω∗ = 2.641 respec-

tively. Finally, also here MATCONT fails to follow the solution at Ω∗ = 3.271. It is believed to
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Figure 6.8: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing porous journal
bearings with L/D = 1, Ψ = 0.002, F∗

0 = 1 and with varying unbalance a∗.

join up with the other branch of period-2 solutions, but this could not be verified.

Increasing a∗ produces similar results as for the corresponding cases with F∗
0 = 1. Two period

doubling bifurcation are observed at Ω∗= 2.079 and Ω∗= 3.214 for a∗= 0.2 and at Ω∗= 2.024

and Ω∗ = 4.01 for a∗ = 0.3. From the first period doubling bifurcation a stable branch origi-

nates to become unstable at a fold bifurcation at Ω∗ = 8.69 for a∗ = 0.2 and Ω∗ = 6.649 for

a∗ = 0.3 before an emanating branch of unstable solutions returns to the second period dou-

bling bifurcation.

It can be concluded that higher unbalance generally decreases the onset frequency of instability

(i.e. at which frequency the first Hopf or period doubling bifurcation is observed). However,

depending on the applied load this does not always hold as if for example the case for a∗ = 0.3.

Raising the applied load will of course result in higher maximum eccentricity ratios. Lower

loads on the other hand will accomplish that the emanating branch with period-1 (a∗ = 0) or
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Figure 6.9: Bifurcation diagrams for a symmetric rigid rotor-bearing system containing porous journal
bearings with L/D = 1, Ψ = 0.002, F∗

0 = 2 and with varying unbalance a∗.

period-2 (a∗ �= 0) solutions maintains its stability up to a higher rotor speed.

The witnessed numerical convergence issues are directly related to the accuracy demands that

become problematic for very high eccentricity ratios with the Galerkin-based bearing model.

The reader is referred to section 5.1 for an elaborate discussion of this issue. It should, how-

ever, also be noted that for the same rotor-bearing systems, for which the solid journal bearings

are described using the short bearing approximation, the same results were obtained for these

bifurcation analyses as can be found in literature [152].

Porous journal bearing

Continuing with the symmetric rigid rotor-bearing systems mounted by porous journal bearings

the same load cases as for the solid journal bearings are investigated for two different dimen-
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sionless permeabilities: Ψ = 0.001 and Ψ = 0.002.

Figure 6.6 shows the results for a porous journal bearing with F∗
0 = 1 and Ψ = 0.001. For

a∗ = 0, the sub-critical Hopf bifurcation observed for Ω∗ = 2.517 is in agreement with the

linear stability analysis. A branch of unstable periodic solutions emanates from the Hopf bi-

furcation which becomes stable at a fold bifurcation at Ω∗ = 2.412. In comparison to a solid

journal bearing the periodic solution’s maximum eccentricity ratio now increases more rapidly

eventually exceeding ε = 1, corresponding to considerable elastic deformation of the rough sur-

face. For porous bearings the load capacity does not approach infinity when ε → 1, the asperity

contact model also allows for ε > 1. However, prolonged operation in this regime might lead

to local plastic deformation of the asperity contacts, which is why the results in these ranges

should be interpreted with caution. The periodic solution remains stable at least till Ω∗ = 20

where the simulation was aborted.

An interesting case is encountered for all studied rotor-bearing systems containing porous bear-

ings when a∗ = 0.1. For this case, the usual period doubling bifurcations are encountered at

Ω∗ = 2.203 and Ω∗ = 3.035. The periodicity of the solutions around these bifurcations is

similar to that of the rotor-bearing systems containing solid journal bearings (see figure 6.4).

Again, this is the case for all investigations for rotor-bearing systems with unbalance that con-

tain porous journal bearings. The emanating branch of period-2 solutions from the first period

doubling eventually coincides with another branch of period-2 solutions that emanates from the

second period doubling bifurcation with a fold bifurcation at Ω∗ = 7.125. For this first branch,

the solutions become stable at Ω∗ = 2.176. The second solution branch contains two additional

period doubling bifurcations at Ω∗ = 2.671 and Ω∗ = 2.705, which are shown in detail in inset

A. A branch of period-4 solutions which emanates from the first period doubling point is unsta-

ble and eventually coincides with the branch of period-2 solutions at the other period doubling

point. An additional multiplier leaves the unit circle on the complex plane at a fold bifurcation

for Ω∗ = 2.601, which is also shown in inset A. The periodicity of the solutions in inset A is

indicated with circled numbers.

The cases with higher unbalance, a∗ = 0.2 and a∗ = 0.3, show a behavior very similar to the

same load configurations for the solid journal bearings in figure 6.4. The locations of the pe-

riod doubling bifurcations along the period-1 solution branch are almost the same as for the

solid journal bearing. They are encountered at Ω∗ = 2.04 and Ω∗ = 3.925 for a∗ = 0.2 and

at Ω∗ = 3.704 and at Ω∗ = 5.645 for a∗ = 0.3. This also is the case for the fold bifurcation

for a∗ = 0.3, which is found for Ω∗ = 7.773. However, for a∗ = 0.2 the fold bifurcation now

appears for a higher maximum eccentricity ratio at Ω∗ = 12.97. The load capacity for porous

journal bearings is significantly smaller for high eccentricity ratios than for solid journal bear-
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ings and the maximum eccentricity ratio therefore increases and asperity contacts contribute

more to the total load capacity.

The results for an increased load to F∗
0 = 2 are shown in figure 6.7. Again, these results are

comparable to the results shown in figure 6.5. The balanced rotor-bearing system has a super-

critical Hopf bifurcation at Ω∗ = 2.489 which is in agreement with the linear stability analysis.

From here a branch with periodic solutions emanates, which also becomes unstable between

two fold bifurcations at Ω∗ = 2.55 and Ω∗ = 2.514. The fold bifurcations are found with

higher maximum eccentricity ratio than for the solid journal bearing case and this again can be

attributed to the decreased load capacity of porous journal bearings in this regime.

For a∗ = 0.1, the two usual period doubling bifurcations are observed along the branch with

period-1 solutions. Between these a branch of period-2 solutions is found. The initially un-

stable branch becomes stable between three sets of fold bifurcations: at Ω∗ = 2.222,6.195,

Ω∗= 3.0808,3.081 (inset B) and Ω∗= 2.65,2.666 and between a fold bifurcation at Ω∗= 2.578

and a Neimark-Sacker point at Ω∗ = 2.579 (all of these four points are shown in detail in inset

A). At the Neimark-Sacker point a pair of complex conjugated multipliers leaves the unit circle

on the complex plane. One of these multipliers returns inside the unit circle at a fold bifurca-

tion at Ω∗ = 2.799. In addition two period doubling bifurcations are found along the branch at

Ω∗ = 2.657,2.605, between which a branch of unstable period-4 solutions was detected. These

points can also be found in inset A along with the periodicity of the solutions in circled num-

bers.

For the higher unbalances a∗ = 0.2 and a∗ = 0.3 the maximum eccentricity ratio increases

even more in comparison to the analogue solid bearing cases. The period doubling bifurcations

are found for similar angular frequencies. As expected all bifurcation points in the emanating

branches appear at higher maximum eccentricity ratios.

Figures 6.8 and 6.9 show the results when the permeability is changed to Ψ = 0.002. These

rotor-bearing systems show a very comparable behavior to those containing porous bearings

with Ψ = 0.001. Because of this and because of reasons of brevity not all bifurcation points

will be discussed again. The Hopf bifurcations for the balanced rotor-bearing systems again

are found for the same angular frequencies as the onset frequency of instability resulting from

the linear stability analysis. By raising the permeability the total load capacity for a given

eccentricity ratio of the system is decreased which results in generally higher maximum eccen-

tricity ratios for the fixed-point and periodic solutions. As a result the maximum eccentricity

ratio also increases faster when the angular frequency is raised. New bifurcations are encoun-

tered for a∗ = 0.2. For F∗
0 = 1 the unstable branch emanating from the second period doubling

point shows two additional fold bifurcations at Ω∗ = 3.956 and Ω∗ = 3.831, between which
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the periodic solutions briefly gains one unstable multiplier. An analogue pair of fold bifurca-

tions appears for F∗
0 = 2, but now the bifurcations occur closer to each other at Ω∗ = 3.244

and Ω∗ = 3.301. For this last case a new fold bifurcation shows up in the branch with period-

2 solutions originating from the first period doubling bifurcation. Because of this the period

doubling bifurcation is sub-critical instead of super-critical and the solutions in the emanating

branch initially are unstable until the fold bifurcation is encountered.

The introduction of porous journal bearings does not significantly influence the onset of (local)

linear stability in the hydrodynamical regime. However, for higher eccentricity ratios asper-

ity contacts now play an important role and generate a significant part of the load capacity.

Because of this the emanating branches with periodic solutions become stable at a higher ec-

centricity ratio for the balanced and moderately unbalanced (a∗ = 0.1) rotor-bearing systems.

Moreover, the eccentricity ratio can even exceed one as was observed for the balanced rotor

systems, which might be an indication for running-in and pore closure. The transition from

and to the regime with asperity contacts induces several additional bifurcation points for the

moderately unbalanced (a∗ = 0.1) rotor-bearing system, which complicate the dynamical be-

havior of porous journal bearings that are operated in the regime of mixed lubrication. The

reader should however keep in mind that several additional effects play an important role in

this regime and that the current results only give a first indication of how the rotor-bearing

system could behave in this range. If the rotor-bearing systems with porous journal bearings

are operated in the hydrodynamic regime they seem to be stable for higher rotor speeds than

the systems containing solid journal bearings. When the load and/or permeability is increased

such that asperity contacts become influential, the extent of the emanating branch with stable

periodic solutions diminishes and the highest rotor speed of its stable solution decreases again.

6.2 Elementary rotor-bearing systems with flexible shafts

To introduce the influence of misalignment, the shaft is now taken to be flexible. Note that the

system is still considered symmetric, such that only one set of DOF for the bearings has to be

considered. For reasons of simplicity an Euler-Bernoulli beam element is used to model the

elasticity of the shaft. Now that the rotor is considered flexible, its mass distribution becomes

relevant and is defined using a shaft with a disk attached to it in its middle. See figure 6.10 for

an illustration of the corresponding rotor-bearing system. The equations of motion have to be

extended in order to include the extra degrees of freedom of the rotor as well as the tilting of the

shaft inside the plain journal bearings. For reasons of simplicity the rotor-bearing system with a
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Figure 6.10: The rotor-bearing system in question with a flexible shaft, an unbalance a and load F0.

flexible shaft is approximated using lumped masses. In doing so the shaft is divided lengthwise

into four equal parts. The inertia of the outer most parts is concentrated at the bearings and the

inertia of the other two parts is assumed to be concentrated at the disk. This leads to a model

where only a mass m0 = mdisk/4 is located at each bearing and a mass of 2(M0 +2m0) (where

M0 = mrotor/4) is located at the disk. The connecting elastic elements are assumed massless.

To simplify matters even more the rotor is assumed to be perfectly balanced (i.e. a = 0). These

simplifications and the resulting system are illustrated in figure 6.11. With these changes the

equations of motion are given by
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, (6.6)

where ξm = mdisk/mrotor, the relative tilting angles and their dimensionless time derivatives

between the journal and the bearing are indicated by φx,y and φ ′
x,y (see also figure 4.1) and

εw
x,y indicate the eccentricity ratios at the disk. The definition of F∗

0 is analogue to the previous

section and now includes the mass of the disk and the shaft. Fw∗
x,y and Mw∗

x,y are the reacting forces

and moments of the Euler-Bernoulli beam element. These are given for a beam element with

an applied load in the middle of the rotor and two moments on both axial ends (see figure 6.10

and 6.11). The deformation in the middle of the rotor and the tilting angle at the axial ends are

resp. given by [61]

106



6.2. ELEMENTARY ROTOR-BEARING SYSTEMS WITH FLEXIBLE SHAFTS

�/4

4m0
2M0

(a) Original rotor-bearing system

EI
m0 m0

2(M0 +m0)
�

Ft Ft

Mt Mt

F0

εw
y

(b) Simplified rotor-bearing system

Figure 6.11: Schematic representations of the rotor-bearing system with a flexible shaft.
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where the shaft stiffness is s = 48EwIw/�3 in which Ew refers to the elastic modulus of the

shaft material, Iw to the area moment of inertia of the shaft and � to the length of the shaft.

Using these relationships the reacting rotor forces and moments become

Fw
x,y = s(4δ w

x,y − �φ w
y,x) and Mw

x,y = s
�

2

(
�

3
φ w

x,y −δ w
y,x

)
(6.8)

or in dimensionless form

Fw∗
x,y = s∗

(
4(εx,y − εw

x,y)−βιφ w
y,x

)
and Mw∗

x,y = s∗
βι

6

(
βιφ w

x,y −3(εy,x − εw
y,x)
)
, (6.9)

where β = �/L, ι = L/c and s∗ = (c3/R2
i )s/ηΩ0LD indicates the dimensionless stiffness. The

parameters g1 and g2 are defined as

g1 =
12

ι

1

3κ2 +β 2/16
and g2 =

6κ2

3κ2 +β 2/16
, (6.10)
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in which the moments of inertia of a cylinder with mass m0, length �/4 and radius R are taken

at both axial ends.

With this framework the following phase-space can be defined:

⎧
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where u1 = εw
x , u2 = εw

x
′, u3 = εw

y , u4 = εw
y
′, u5 = εx, u6 = ε ′x, u7 = εy, u8 = ε ′y, u9 = φx,

u10 = φ ′
x, u11 = φy and u12 = φ ′

y.

6.2.1 Bifurcation analysis

The following features bifurcation diagrams for rotor-bearing systems containing a flexible

shaft with and without the influence of misalignment in the porous bearings for two different

stiffness parameters. The other parameters are chosen as L/D = 1, F∗
0 = 1, ξm = 0.25, ι = 400,

β = 18, Ψ = 0.001.

When misalignment is not taken into account the last four state variables of equation (6.11)

are not considered. Moreover are the moments from equation (6.9) demanded to vanish for

these rotor-bearing systems. If, additionally, all mass is assumed at the bearings (i.e. ξm → ∞)

and the shaft stiffness approaches infinity, the model reduces to that of the previous section.

Different in comparison to the results from the previous section is now the scalar measure

for the bifurcation diagrams. The maximum eccentricity ratio now also depends on the axial
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Figure 6.12: Bifurcation diagrams for balanced rotor-bearing systems that contain a flexible shaft for
different shaft stiffness. The black curves indicate the results where bearing misalignment was not
taken into account, whereas the red curves represent results for which misalignment in the bearings
was taken into account.

coordinate when misalignment is considered and consequently the maximum of the eccentricity

ratio at both axial ends of a bearing is taken as a scalar measure in the diagrams.

Figure 6.12 shows two bifurcation diagrams for relatively stiff rotors, namely s∗ = 1 and s∗ = 5.

These feature results for which bearing misalignment was not taken into account (indicated with

the black curves) and results for which bearing misalignment was accounted for (indicated with

the red curves).

As is to be expected, the results with and without misalignment for the higher stiffness value

s∗ = 5 in figure 6.12a do not differ very much. For both rotor-bearing systems Hopf bifur-

cations are encountered around Ω∗ = 2.37 and Ω∗ = 9.5. The angular frequency of the first

bifurcation has slightly diminished under the influence of the elastic shaft and its nature is now

super-critical instead of sub-critical (see figure 6.6). The branches that emanate from the first

Hopf bifurcation are very similar for both rotor-bearing systems. Even the locations of the

two fold bifurcations that are encountered along the branch of periodic solutions are found for

very similar parameters. A slight change is observed when the maximum eccentricity ratio ap-

proaches one. The maximum eccentricity ratio increases faster for the results that account for

misalignment, which can be attributed to the fact that for misaligned bearings the amount of

force which is generated through asperity contact is smaller than for aligned bearings. More-

over is the hydrodynamic load capacity of misaligned bearings smaller than for aligned bearings

(see section 5.5). The additional moment due to misalignment does not seem to make a signif-

icant contribution in order to counteract this effect. As a result the maximum eccentricity ratio

even exceeds one for misaligned bearings for a larger angular frequency range. When this is
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the case, the maximum eccentricity ratio actually is only exceeded at one or both axial ends of

the bearings. In reality this would lead to severe edge loading, wear and pore closure, which

significantly influences the bearing behavior. Such phenomena are not included in the current

analysis and these results only give an indication of the behavior of the rotor-bearing system

in this regime. Compared to the rigid rotor-bearing systems the second Hopf bifurcation is

new, but is hard to interpret physically due to the unstable nature of its surrounding solution

branches. Contrary to the first Hopf bifurcation, the maximum eccentricity of the solutions

belonging to the branch that emanates from the second Hopf bifurcation increases more mod-

erately when comparing the results with misalignment to those without misalignment. Two

fold bifurcations between which the unstable periodic solution looses a stable multiplier are

found along the emanating branch when misalignment is not considered, but do not appear

when misalignment in the bearings is allowed.

The results for a rotor-bearing system with a more flexible rotor possessing the stiffness s∗ = 1

are shown in figure 6.12b. Reducing the stiffness causes the Hopf bifurcation to appear at

lower angular frequencies. For example, the first Hopf bifurcation is now encountered around

Ω∗ = 1.91. The lower stiffness also has the effect that the differences between the results

with and without misalignment become more apparent. The branch with fixed-point solutions

now appears for larger maximum eccentricity ratios when misalignment is taken into account,

whereas the eccentricity ratio has changed little for the rotor-bearing system with aligned bear-

ings in comparison with the results from figure 6.12a. It can be reasoned that in rotor-bearing

systems with misaligned bearings the smaller stiffness of the rotor results in higher tilting an-

gles even for smaller eccentricity ratios. This in turn reduces the load capacity when com-

pared to the aligned bearings. Although the effect is small it is still noticeable and can be

explained using the results from figure 5.31. Lowering the stiffness also changed the nature

of the Hopf bifurcation to sub-critical for both results with and without misalignment. The

emanating branches with periodic solution are still very similar except when the maximum

eccentricity approaches one. Here, the aligned bearings seem to perform worse than the mis-

aligned bearings. The maximum eccentricity ratio of the latter result increases more gradually,

which might be explained with the additional influence of carrying moment for misaligned

bearings. Again, the maximum eccentricity ratio exceeds one when misalignment is accounted

for in the bearings. Although in reality the results would be greatly influenced by edge loading,

wear and pore closure in this range the branch is followed further nevertheless. It was found to

coincide with another Hopf bifurcation at Ω∗ = 17.1 which was encountered along the branch

with fixed-point solutions. This and another Hopf bifurcation (at Ω∗ = 18.6) were detected for

the case with misalignment but not without misalignment. The branches that emanate from the
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second Hopf bifurcation around Ω∗ = 5.2 are still comparable to the results with s∗ = 5. Now,

however, several Neimark-Sacker points are encountered along the emanating branches for the

case with misalignment, which also does not happen for the rotor-bearing systems with aligned

bearings.

Concluding, it can be said that the introduction of misalignment in the bearings of a rotor-

bearing system containing a flexible shaft does not have a significant influence on the essential

dynamic behavior in the bearings of this system. When investigating the occurrence of bifurca-

tion points and the shape of the solution branches several changes are observed, however, these

do not contribute to the essential behavior of the rotor-bearing system. What is essential for

the behavior of this system is the first Hopf bifurcation and its emanating branch of periodic

solutions, which does not change significantly when misalignment in the bearings is taken into

account. However, further research is necessary, since the current investigation only holds for

balanced rotor-bearing systems where only two different stiffness values of the flexible shaft

were studied. Inclusion of unbalance as well as a broader parameter study could still reveal an

important influence of misalignment.

6.3 Multibody systems

To simulate multibody systems containing plain journal bearings the commercial software

MSC.ADAMS is used. For this software a subroutine was created to calculate the forces and

moments for a given set of (angular) displacements and (angular) velocities of the journal and

the bearing (see figure 6.13). These are calculated using the proposed Galerkin-based bearing

model. A brief overview of the architecture of the subroutine is given in this section.

Subsequently, an example of a multibody system is given to which the approach was applied.

6.3.1 Inclusion in multibody systems

When considering a plain journal bearing in a multibody system, it is necessary to represent

the angular velocities in the proper reference frame. Although ADAMS provides several func-

tions to obtain the (angular) displacements and translational velocities in the proper reference

frame, additional transformations are needed to obtain the correct values of φ̇x and φ̇y. These

are described in section 3.1.1.

The first time the subroutine is called several initializations are made. Aside from memory

pre-allocations and parameter initializations several quantities are evaluated in advance to save
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calculation time. These include a one-dimensional lookup table for the forces arising from as-

perity contacts given by equation (4.11) and (4.14). Since no closed-from expressions exist for

these integrals numerical integration is used to calculate these. The terms Anm and Bnm appear-

ing in the ansatz functions for the pressure and its time derivative (equations 4.28 and (4.29))

can also be evaluated prior to the actual calculations. The GNU Scientific Library (GSL) is used

to evaluate the Bessel functions appearing in Anm and Bnm (see appendix C) and to perform the

numerical integration [53].

Every time the subroutine is called the systems of linear equations depicted in equation (4.31)

and (4.33) have to be solved to obtain the coefficients in the ansatz function. For aligned plain

journal bearings the left hand side of the system of linear equations is a symmetric positive defi-

nite band matrix and the Cholesky solver included in the Linear Algebra PACKage (LAPACK) is

used to efficiently solve these systems [3]. The LAPACK also includes the Basic Linear Algebra

Subprograms (BLAS) [91]. For misaligned plain journal bearings the system of linear equations

contains several additional non-zero diagonals. To efficiently solve these systems CHOLMOD

is used [35], which also makes use of the BLAS and the LAPACK.
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Figure 6.14: ADAMS model of an armature mounted by two porous journal bearings

6.3.2 Practical application

As a practical application the proposed bearing model was used to simulate the dynamical be-

havior of an armature mounted by two porous journal bearings. To approximate the armature’s

moment of inertia several unbalances have been attached to a rotor to represent its essential

behavior. The influence of the housing’s deformation surrounding the left hand side bearing on

the dynamical behavior of the rotor’s center in the right hand side bearing was studied using

the multibody simulation software MSC.ADAMS.

The housing’s deformation gives rise to tilting and displacements of the bush causing misalign-

ment and translational motion in the porous journal bearing on the left hand side. This in turn

affects the rotor’s motion and therefore also influences the dynamical behavior of the armature.

Too large eccentricity ratios can be problematic for the motor surrounding the armature and

finding their limits and the phenomena that cause these were key aspects of the investigation.

The only way to investigate these effects is by observing the motion in the right hand side

bearing. The orbits in the right hand side bearing for several rotor speeds, tilting angles and

positions change for the left hand side bearing were compared to orbits measured in the right

hand side bearing.
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Chapter 7

Conclusion & Outlook

7.1 Conclusion

Plain journal bearings find a wide range of applications for mounting rotating machinery. Es-

pecially the porous journal bearing gained in popularity during the previous century due to its

advantageous lubrication properties and cost efficiency. At the same time, increasing operating

condition requirements and cost reduction efforts have widened the load and rotor speed range

for porous journal bearings. Along with the rising need to simulate the dynamic behavior of

entire products this demands for fast and robust models for plain journal bearings.

Plain journal bearing model

Most models for porous journal bearing are based on advanced numerical discretization schemes.

Although these methods can be very accurate, practical applications often are numerically very

costly, time-consuming and therefore not suitable for many applications like multibody simu-

lations for instance. Simpler analytical approximations on the other hand fail to describe the

essential physical behavior.

The porous journal bearing problem is governed by the Reynolds equation for the pressure in

the fluid film and Darcy’s law for the fluid pressure in the porous bush. To solve the Reynolds

equation Galerkin’s method is used to obtain a low-dimensional semi-analytical approximation

of the pressure function. Advantages of this approach are that only a relatively small, sparse,

band-structured, symmetric, positive definite system of linear equations has to be solved. By

including the solution of Darcy’s law for the porous medium a priori into the pressure ansatz
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function, the method is used to obtain a compact model for the multiphysical problem of porous

journal bearings without any additional numerical costs. Freely available linear algebra pack-

ages allow for efficient solution schemes of the resulting systems of linear equations. Due to

the semi-analytical approach unsteady-state stiffness and damping coefficients (i.e. these coef-

ficients also are valid when the journal bearing is not in an equilibrium position) can be calcu-

lated by symbolic derivation instead of applying additional numerical differentiation schemes.

The method can be modified to account for more complex phenomena such as the influence of

journal misalignment or surface roughness approximated with flow factors. The additional in-

fluence of asperity contacts is included by adopting a contact model that approximates the rough

surfaces as a distribution of paraboloids whose contact pressure is calculated using Hertzian

theory.

It is shown that the proposed bearing model is able to approximate the solution more efficiently

than using a numerical discretization scheme. A small number of ansatz functions suffices in

the majority of the cases to accurately approximate the pressure function. Only for solid jour-

nal bearings with very small fluid film thicknesses the necessary number of ansatz function

increases rapidly, which, however, is not an issue for porous journal bearings.

Verification and validation of the proposed bearing model

Comparisons of impedance maps of the proposed bearing model (which uses the GÜMBEL

cavitation condition) with a more accurate numerical discretization method (that employs the

more accurate REYNOLDS cavitation condition) show that for typical bearing geometries the

proposed model approximates the latter solution very well for solid as well as porous journal

bearings.

Experimental results of the friction coefficient in the hydrodynamic regime of sintered bronze

bearings correspond well to the friction calculated with the porous journal bearing model for

low loads, whereas for high loads the solid journal bearing model appears to agree better with

the experimental results. This can be explained by the phenomenon of running-in, which is

not incorporated into the present model. For high loads this causes pore closure, which signifi-

cantly lowers the permeability and makes the bearing behavior more like that of a solid journal

bearing. The proposed model is able to qualitatively predict the trend of mixed lubrication.

Unfortunately, the experimental results were inconclusive in this range and consequently the

proposed bearing model could not be validated here. Comparisons with the sintered iron bear-

ings were unsuccessful, due to the fact that these bearings ran for the majority of the time under

mixed lubrication conditions. The absence of usable roughness parameters and the fact that the

proposed bearing model is not able to simulate the effect of running-in and pore closure made
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It has been shown that the influence of elastohydrodynamic lubrication only becomes influential

for relatively small radial clearances, however, this effect can still be considered minor under

normal operating conditions. For larger radial clearances the bearing’s elastic deformation is

practically insignificant, even for more extreme operating conditions.

Steady state plain journal bearing characteristics

Steady-state stiffness and damping coefficients, the load capacity and the equilibrium positions

of the proposed model for the short and long bearings approximations were successfully com-

pared with analytical methods.

Subsequently, the influence of the added Darcy’s law showed that porous metal bearings are

more likely to run at higher eccentricity ratios. This lead to the need for a model which incor-

porates the influence of rough surfaces through flow factors on the hydrodynamical pressure

and through asperity contacts, which are more likely at small film thicknesses.

The influence of surface roughness on the hydrodynamical pressure generally increases the

load capacity and stiffness coefficients at higher eccentricity ratios (ε ≈ 0.5 . . .0.9) of a porous

journal bearing, but does not seem to have a significant effect on the damping properties. For

very high eccentricity ratios (ε > 0.9) the influence of surface roughness seems to be reversed

and the load capacity and stiffness coefficients decrease with respect to a smooth porous jour-

nal bearing. This has to do with the fact that the used flow factors have a large uncertainty

for small fluid film thicknesses. This matter of fact combined with the assessment that in the

face of asperity contacts the influence of flow factors is relatively small, lead to the decision to

exclude the flow factors from the subsequent analyses.

The implications of misalignment on the load capacity are less significant for large and moder-

ate film heights. When the film thickness function becomes relatively small the load capacity

of misaligned bearings can be significantly lower than that of aligned bearings. However, un-

der normal operating conditions and moderate film thickness misalignment will most likely

become influential through the additional moment capacity.

Dynamics of elementary rotor-bearing systems

containing plain journal bearings

The dynamical behavior of rotor-bearing systems containing solid and porous journal bearings

was studied. To this end the unsteady-state stiffness and damping coefficients were used to

give the Jacobian in explicit form, which was used to improve robustness and performance of
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the numerical bifurcation branch continuation analysis and to ascertain the onset frequency of

linear instability.

The onset rotor speed of (local) instability is lower for a rotor-bearing system containing porous

journal bearings than for a system with solid journal bearings. Increasing the permeability of

the porous journal bearings decreases the onset rotor speed of instability. While balanced rotor-

bearing systems containing solid journal bearings are always stable beyond a certain eccentric-

ity ratio in the hydrodynamic regime, the same systems containing porous bearings only exceed

this limit in the range of mixed lubrication.

To study the dynamical behavior of a rotor-bearing system beyond the onset frequency of insta-

bility so-called path-following software was used. The solutions of the rotor-bearing systems

were followed for changing rotor-speed and for several applied loads, unbalances and perme-

abilities. The investigations showed that in most cases a higher rotor unbalance decreases the

onset frequency of (local) instability, but that this is – depending on the applied load – not

always the case. In general it can be said that for higher loads the branch of stable solutions

which emanates from the first Hopf or period doubling bifurcation loses its stability for lower

rotor speeds.

For rotor-bearing systems containing porous bearings the decreased load capacity at high eccen-

tricity ratios induces asperity contacts, which complicate the dynamical behavior in this regime.

Even for balanced rotor-bearing systems the maximum eccentricity ratio can now exceed one,

which is a strong indication for the occurrence of running-in and pore closure. When the

rotor-bearing systems with porous journal bearings are operated in the hydrodynamic regime

the emanating branch of periodic solutions from the first Hopf or period doubling bifurcation

seems to be stable for higher rotor speeds than the systems containing solid journal bearings.

When the load and/or permeability is increased such that asperity contacts become influential,

the extent of the emanating branch with stable periodic solutions diminishes and the highest

rotor speed of its stable solutions decreases in comparison to the systems with solid journal

bearings.

Preliminary results of a balanced rotor-bearing system with a flexible rotor show that the in-

fluence of bearing misalignment does not significantly affect its essential dynamical behavior.

An extended investigation which also accounts for unbalanced rotors and a broader parameter

range still might reveal an influence though.

An example was presented to which the proposed bearing model was successfully applied to

simulate the dynamical behavior of a multibody system in the form of an armature mounted by

two porous journal bearings.
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Concluding, the proposed Galerkin-based bearing model is a fast and efficient approach to

study the dynamical behavior of (porous) journal bearings including complex phenomena such

as the influence of surface roughness on the hydrodynamical pressure, asperity contacts and

journal misalignment. The method was verified by comparison with other numerical methods

and experimentally validated. With this it has been shown that the proposed bearing model

is a viable approach to study the dynamical behavior of (multibody) systems containing plain

journal bearings, even beyond the onset of (local) instability.

7.2 Outlook

In this last section an overview is given of potential methods of improvement, extensions to

account for certain phenomena and issues which could be investigated in future work.

• The measurements that were employed for the porous journal bearings, which were used

to validate the proposed bearing model should be repeated and extended. Firstly, to accu-

rately estimate the error of measurement and secondly to obtain acceptable assessments

of the parameters related to the roughness profile and friction properties.

• In relationship to the previous point, experiments could be undertaken depicting the dy-

namical properties of porous journal bearings. Publications of such measurements are

not known to the author. Initially, these could be in the form of steady-state stiffness

and damping measurements and could be extended to unsteady-state properties in a later

stadium.

• Depending on the applied load, rotor speed and unbalance, understanding the regime of

mixed lubrication in porous journal bearings can be of great importance. A modeling

approach that describes the running-in process and its combined influence on the porous

bush’s surface roughness properties and permeability distribution will be an important

step in this process. The measurements in this work showed that the applied load has a

major contribution to this effect and additional measurements investigating this should

be undertaken to validate the previously proposed modeling approach.

• The effect of running-in, misalignment but also differing bearing geometries in porous

journal bearings induce an anisotropic and/or non-homogeneous permeability distribu-

tion. This topic has not been thoroughly studied in literature and could be investigated in

future work.
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• In this work it was shown that the phenomenon of elastohydrodynamic lubrication does

not need to be considered under normal operating conditions in porous journal bearings.

However, under extreme loads or for extreme misaligned bearings this effect should be

taken in account.

• Almost all literature on porous journal bearings assumes the temperature distribution to

be homogeneous, with the exception of [17]. The temperature has, however, an impor-

tant influence on the fluid viscosity and therefore also on the bearing’s behavior, which

justifies such an investigation.

• Regarding the dynamical behavior of plain journal bearings, the flow factors as well as the

asperity contact description utilized in this work only depend on the fluid film thickness

function. No studies are known where the dependence of these phenomena on the film

thickness function’s time derivative is taken into account. New descriptions for the flow

factors as well as the asperity contacts could be developed that account for this.

• Accurately predicting the pressure profile in the fluid film is currently still problematic.

Several studies in literature have shown promising results using advanced cavitation al-

gorithms [103, 150]. However, many questions remain unanswered concerning the in-

teraction of cavitation in the fluid film and fluid exchange with the porous medium and

research on this topic should be continued.

• Although the current investigation on the influence of bearing misalignment has shown

that this does not significantly affect the dynamical behavior of the concurring flexible

rotor-bearing system, further investigations still are in order. In these investigations rotor

unbalance could be taken into account and a broader parameter study could be consid-

ered.
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Appendix A

Derivation of the Reynolds equation

This appendix describes the derivation of the Reynolds equation under the assumptions that

were introduced in chapter 2. Of course, in general the following derivation does not hold,

which is for example the case when the viscosity and/or density are assumed to be pressure

and/or temperature dependent. Corresponding derivations can be found e.g. in [28]. Neverthe-

less, the current derivation is found in many instances in literature, e.g. [21] and it is given here

to explain the coupling with Darcy’s law and the special velocity slip conditions that occur in

porous journal bearings. Referring to figure 2.1 and making the same assumptions postulated

dy

dxdz

phdydz
(

ph +
∂ ph

∂x
dx

)

dydz

(

τxy +
∂τxy

∂y
dy

)

dxdz

τxydxdz

Figure A.1: An infinitesimal volume element with force balance in the x-direction.

in chapter 2 we consider an infinitesimal volume element with base lengths dx, dy and dz. The

force balance in the x-direction is illustrated in figure A.1. Due to equilibrium conditions the

force acting to the right must be canceled out by the forces acting to the left (in this case the

shear stress τxy and the pressure ph):

phdydz+

(

τxy +
∂τxy

∂y
dy

)

dxdz = τxydxdz+

(

ph +
∂ ph

∂x
dx

)

dydz. (A.1)
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A completely analogue equality can be evaluated for the z-direction. These relationships even-

tually lead to
∂ ph

∂x
=

∂τxy

∂y
and

∂ ph

∂ z
=

∂τzy

∂y
. (A.2)

As was stated in chapter 2 the fluid is assumed to behave like a Newtonian fluid. Therefore, the

shear stresses in x- and z-direction are respectively governed by

τxy = η
∂u

∂y
and τzy = η

∂w

∂y
, (A.3)

where u and w are the velocities of a fluid particle in x- and z-direction respectively. Substituting

the equations from (A.3) into (A.2) gives

∂ 2u

∂y2
=

1

η

∂ ph

∂x
and

∂ 2w

∂y2
=

1

η

∂ ph

∂ z
. (A.4)

One can arrive at the same result by simplifying the Navier-Stokes equations using the as-

sumptions stated at the beginning of chapter 2. After integration and applying the boundary

conditions from figure 2.1 u and w are obtained

u =
1

2η

∂ ph

∂x
y(y−H)+(U2 −U1)

y

H
+U1, (A.5)

w =
1

2η

∂ ph

∂ z
y(y−H)+(W2 −W1)

y

H
+W1. (A.6)

By integrating the fluid velocities over the film thickness H the rates of flow per unit width in

x- and z- direction are obtained:

qx =
∫ H

0
udy =

U1 +U2

2
H − H3

12η

∂ ph

∂x
, (A.7)

qz =
∫ H

0
wdy =

W1 +W2

2
H − H3

12η

∂ ph

∂ z
. (A.8)

Now consider a volume element or column which extends over the complete film thickness H,

shown in figure A.2. Aside from the rate of flow in the x- and z-direction the volume of the

element is influenced by the velocity terms V1 and V2 which correspond to the velocities of the

top (y = H) and bottom (y = 0) boundaries of the column. Normally, these terms refer to the

bottom and top surface velocity, but when fluid particles enter or leave the volume element an

additional velocity can be included in these terms to account for this. The latter is applied in

this thesis to model the flow between the porous bush and the fluid film in porous journal bear-
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dx

dz

H

qxdz

qzdx

V1dxdz

V2dxdz

(
qz +

∂qz

∂ z
dz
)

dx

(
qx +

∂qx

∂x
dx
)

dz

Figure A.2: Flow in a volume element which extends over the complete film thickness.

ings and is included in V1, which now represents the fluid velocity plus the velocity belonging

to the top surface. The other velocity V2 solely represents the change in film thickness over

time due to the motion of the wall, which is needed to include the dynamical behavior in plain

journal bearings.

When considering an infinitesimal volume element inside the element stretching over the com-

plete film thickness with height dy, the flow should abide the relationship

∂u

∂x
+

∂v

∂y
+

∂w

∂ z
= 0 (A.9)

and when integrating this expression over the complete film height it again should equal zero

∫ H

0

(
∂u

∂x
+

∂v

∂y
+

∂w

∂ z

)
dy =

∂qx

∂x
−U2

∂H

∂x
+

∂qz

∂ z
−W2

∂H

∂Z
+(V2 −V1) = 0. (A.10)

Finally, substituting the expressions for qx and qz into this equation leads to the Reynolds

equation:

∂

∂x

(
H3

12η

∂ ph

∂x

)
+

∂

∂ z

(
H3

12η

∂ ph

∂ z

)
= H

∂

∂x

U1 +U2

2
+

U1 −U2

2

∂H

∂x
. . .

. . .+H
∂

∂ z

W1 +W2

2
+

W1 −W2

2

∂H

∂ z
+(V2 −V1).

(A.11)
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Appendix B

Parameters in the Reynolds equation

This appendix lists the parameters appearing in equation (4.2), (4.18) and (4.21). The parame-

ters are given as functions of the journal position (εx, εy) and translational velocity (ε ′x, ε ′y) at the

mid-plane, the rotational velocity (Ω∗) and the misalignment angles (φx,φy) and their deriva-

tives with respect to time (φ ′
x,φ ′

y) at the mid-plane as well as the radial clearance to bearing

length ratio ι = c/L.

The eccentricity ratio is given by

ε =
√

ε2
x + ε2

y . (B.1)

The attitude angle is defined by

sinγ = εx/ε and cosγ =−εy/ε. (B.2)

The norm of the pure squeeze velocity vector is

v∗s =
√

ε ′2 +
(
ε(γ ′− 1

2
Ω∗)
)2
, (B.3)

where

ε ′ =
εxε ′x + εyε ′y

ε
and γ ′ =

εxε ′y − εyε ′x
ε2

.

The angle between the eccentricity vector and the pure squeeze velocity vector is defined by

sinα =−ε(γ ′− 1
2
Ω∗)

v∗s
and cosα =

ε ′

v∗s
. (B.4)
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The length of the journal axis projection at the mid-plane and its time derivative are

ε̄ = ι
√

φ 2
x +φ 2

y and ε̄ ′ = ι2
φxφ ′

x +φyφ ′
y

ε̄
. (B.5)

Finally, the angle between the journal axis projection at the mid-plane and the eccentricity

vector is defined with

sinψ =−ι
εxφx + εyφy

ε ε̄
and cosψ =+ι

εxφy − εyφx

ε ε̄
(B.6)

and its time derivative becomes therewith

ψ ′ = ι
φxφ ′

y −φyφ ′
x

ε̄
− γ ′. (B.7)
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Appendix C

Solution of the Laplace equation

This appendix lists the solution coefficients in the solution of the Laplace equation depending

on which boundary condition is used. Referring to equation (4.28) and equation (4.29) these

are the terms Anm and Bnm. For both solutions κo = Ro/L, In and Kn are the modified Bessel

functions of the first and second kind, respectively, and

βm =

⎧
⎨
⎩

mπ with misalignment

π(2m−1) without misalignment
.

C.1 Dirichlet boundary condition

For the Dirichlet boundary condition (p̂∗h(θ ,z
∗,r∗=Ro/Ri)= 0) the coefficients in equation (4.28)

are

Anm = In(βmκ)− In(βmκo)

Kn(βmκo)
Kn(βmκ) (C.1)

and the coefficients in equation (4.29) are

Bnm = 1
2
κβm

(
In−1(βmκ)+ In+1(βmκ)+

In(βmκo)

Kn(βmκo)

(
Kn−1(βmκ)+Kn+1(βmκ)

))
. (C.2)
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C.2 Neumann boundary condition

For the Neumann boundary condition (∂ p̂∗h(θ ,z
∗,r∗ = Ro/Ri)/∂ r∗= 0) the coefficients in equa-

tion (4.28) are

Anm = In(βmκ)+
In−1(βmκo)+ In+1(βmκo)

Kn−1(βmκo)+Kn+1(βmκo)
Kn(βmκ) (C.3)

and the coefficients in equation (4.29) are

Bnm = 1
2
κβm

(
In−1(βmκ)+In+1(βmκ)− In−1(βmκo)+ In+1(βmκo)

Kn−1(βmκo)+Kn+1(βmκo)

(
Kn−1(βmκ)+Kn+1(βmκ)

))
.

(C.4)
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Appendix D

Flow factors

The flow factors from [125] are given by

φ
f

θ ,z =

⎧
⎨
⎩

1−Ce−r̃H/σh for γ̃ ≤ 1

1+C(H/σh)
−r̃ for γ̃ > 1

, (D.1)

φ f
s =

(
σh,1

σh

)2

Φs(H/σh, γ̃1)−
(

σh,2

σh

)2

Φs(H/σh, γ̃2), (D.2)

where

Φs =

⎧
⎨
⎩

A1(H/σh)
α1e−α2H/σh+α3(H/σh)

2
for H/σh ≤ 5

A2e−0.25H/σh for H/σh > 5
. (D.3)

The constants C, r, A1, A2, α1,2,3 are given as functions of the Peklenik numbers γ̃ in table D.1.

γ̃ C r̃ A1 α1 α2 α3 A2 range

1/6 1.38 0.42 1.962 1.08 0.77 0.03 1.754 H/σh > 1

1 0.90 0.56 1.899 0.98 0.92 0.05 1.126 H/σh > 0.5
6 0.52 1.50 1.290 0.62 1.09 0.08 0.388 H/σh > 0.5

Table D.1: Coefficients from [125] in equation (D.1) and equation (D.3).
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Zürich.

[53] GALASSI, M., DAVIES, J., THEILER, J., GOUGH, B., JUNGMAN, G., ALKEN, P.,

BOOTH, M., ROSSI, F., & PRICE, R. 2009. GNU Scientific Library Reference Manual.

ISBN 0954612078.
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The plain journal bearing is a widely used machine 

element to mount rotating machinery. A specific 

cost-efficient type of plain journal bearing is the 

porous journal bearing, which possesses a pervi-

ous bush that is filled with lubricant giving it self-

lubricating properties. Increasingly, the operat-

ing conditions of porous bearings are extended 

to higher loads (often with changing direction), 

intermittent motion and higher rotor speeds. Be-

cause the current work is concerned with mod-

eling plain journal bearings in multibody systems 

the interaction of plain journal bearings with sur-

rounding machine elements is also of interest. 

Instead of steady state models that are typically 

utilized to analyze the behavior of plain journal 

bearings, fully dynamical models are needed to 

investigate the bearing’s behavior under these 

operating conditions. Such porous journal bear-

ing models as well as models of elementary rotor-

bearing systems including these, were developed 

and investigated during the course for this work.
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