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Abstract

Default dependency structure is crucial in pricing multi-name credit derivatives as well as
in credit risk management. In this paper, we extend the first passage model for one name
with stochastic volatility (Fouque-Sircar-Sglna, Applied Mathematical Finance 2006) to the
multi-name case. Correlation of defaults is generated by correlation between the Brownian
motions driving the individual names as well as through common stochastic volatility factors.
A numerical example for the loss distribution of a portfolio of defaultable bonds is examined
after stochastic volatility is incorporated.

1 Introduction

Default dependency structure is a crucial issue in pricing multi-name credit derivatives as well as
in credit risk management. For a multi-name credit derivative, the default dependency structure
among the underlying portfolio of reference entities is as important as, and in many cases even
more important than, the individual term structures of default probabilities.

On the other hand, it is well documented in the finance literature that stock returns exhibit
stochastic volatility. It has been shown in Fouque, Papanicolaou and Sircar (2000) that asymptotic
methods are very efficient in capturing the effects of stochastic volatility in simple robust corrections
to the constant volatility formulas. Recently, by incorporating stochastic volatility to the first
passage model developed by Black and Cox (1976) in modeling defaultable bonds, Fouque, Sircar
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and Sglna (2006) obtained much higher yield spreads for short maturity bonds than those under
constant volatility. In fact those low yield spreads at short maturities is exactly what the original
first passage model — in fact all firm’s value models — have been criticized for. By using models
incorporating fast and slow stochastic volatility factors, and a combination of singular and regular
perturbations techniques they obtain reasonable fits to defaultable bonds data.

In this paper, we extend the first passage model to model default dependency in two directions:
by extending to multi-dimension and by incorporating stochastic volatility. We derive approxima-
tions for the joint survival probabilities and subsequently for the distribution of number of defaults
in a basket of names. Since we are not considering in this paper particular structured products
such as CDOs, we do not specify all the features of the defaultable bonds except that an individual
bond defaults at the first time that the underlying firm’s value goes to or below some exogenously
prespecified level — the default threshold. Also, since we are mainly interested in the number
of defaults before maturity, recovery does not play a role. If we were pricing derivatives, such as
tranches of CDOs, which is outside the scope of the paper, we would have to incorporate recovery.
This can be done following the remark in Fouque et al. (2006) (Section 2) by considering more
general boundary value conditions.

The rest of this paper is organized as follows. We first set up in Section 2 the class of models that
we consider. We study first the case where the Brownian motions driving the names are independent
so that the correlation of defaults is only due to the common factors of stochastic volatility. Then in
Section 3, using combined regular and singular perturbation techniques, as in Fouque et al. (2003)
for a single name, we obtain approximations for the joint survival probabilities. Specifically, we give
a formula for the leading order term and we characterize the corrections terms as solutions of partial
differential equations. The derivation of these equations is presented in Appendix A and explicit
formulas are given in Appendix B. In Section 4, we examine the loss distribution for a portfolio of
defaultable bonds. The general case is examined briefly, and then a special case — homogeneous
portfolio case — is examined in detail. Following this, some numerical results illustrating the effect
of stochastic volatility are presented for the homogeneous portfolio case. Finally in Section 5 we
generalize our model to the case where the Brownian motions driving the names are correlated. We
show that an expansion around the independent case can be performed and gives a tractable way to
combine this source of default correlation with the one coming from stochastic volatility. Our result
shows that for a given maturity the dependency generated by correlating the Brownian motions
driving the names is of the same nature as the one generated by stochastic volatility. However they
differ across maturities and therefore we conclude that both sources of default correlation should
be taken into account when pricing CDQO’s tranches for instance.

2 Model Setup

We consider a pool of n defaultable bonds whose underlying firms’ value processes {Xt(i) }n exhibit

the following multi-factor stochastic volatility dynamics under the physical probability measure P
— the real world probability measure:

axV = xMar+ fv, z)xMawd,
dXt(z) = ,U2Xt(2)dt+fz(E,Zt)Xt(z)th@),



dax™ =, XMdt + fu(Yi, Z) X AW,

A, = L(my —vy)dt+ ”Y\/idwt(y’,
¢ Ve
A2, = 6&(my — Z)dt + vz V26dW D,

where Wt(i)’s are standard Brownian motions and we consider first the uncorrelated case corre-
sponding to d(W(l), W )>t = p;jdt = 0 for i # j. The stochastic volatility correlation structure is
given by:

AW WOy, = pyydt, WD WO, = pizdt, AW WD), = pyydt,

with all p’s being constant numbers between —1 and 1. Note that > ;" ; p?y <land ), p?Z <1
must be satisfied if the Brownian motions Wt(l)’s are to be independent. Also p;,€,6, my, vy, mz, vz
are all constant numbers with € > 0 and § > 0 both being small so that stochastic volatilities are
driven by two Ornstein-Uhlenbeck (OU) processes, Y; being fast mean-reverting with rate of mean-
reversion 1/e and the invariant distribution A (my, 1/32,) and Z; being slowly mean-reveting with
rate of mean-reversion ¢ and the invariant distribution N (my,v%). The function f;’s are positive
functions, smooth with respect to the slow variable z, and are assumed here, for instance, to be
bounded above and below away from zero. If the stochastic volatility is turned off by choosing
fi=0,i=1,...,n, then the defaults become independent and the default of a given firm follows
the model developed by Black and Cox (1976).

Remark. We start by assuming independence among the Brownian motions Wt(l)’s for
i =1,2,...,n basically for two reasons. Firstly, we try to avoid the intractability caused by the
interdependence, as can be seen in Zhou (2001) where results on the joint distribution of two hitting
times are derived. This dependency will be restored in Section 5 and made tractable by using a
perturbation argument around the uncorrelated case. Secondly, we argue that the dependence
among the defaultable names introduced through stochastic volatilities is as important as the
dependence generated by the interdependence among the Brownian motions driving them. This
important issue will be discussed further in Section 5.

Under the risk-neutral probability measure P, chosen by the market through derivatives trading,
the dynamics becomes

ax(V = rxVat+ fv, 2)xMNawh,
ax? = rxPdt+ (v, 2)XP v,
ax” = rxMdt+ fu(Ye, Z) XM aw ™,
B 1 vy V2 vy V2
dy; = [E(my -Y) - 71\1(3@,@) e

4z, = [5(mz —7Zy) — VZ\/%AQ(Yt, Zt)} dt + Vz\/%th(Z),

where r is the riskfree interest rate (assumed constant here), Wt(i)’s are standard Brownian motions
with d(W® W)y, =0 for i # j, and

AW Wy, = piydt, AW WO, = pizde, AW WD), = pydt.



The quantity of interest are the joint survival probabilities of n given firms since they are the
building blocks when one wants to compute the probability distribution of the number of defaults
as explained in Section 4.

For fixed time T > 0, our objective is to find the joint (risk-neutral) survival probability

ug’é(t,x,y,z) = ]?’{Tt(l) > T,...,Tt(n) >T | X =x%x,Yy=y,Z; = z}, (1)

where t < T, X; = (Xt(l)7 ... 7Xt("))7 x = (z1,...,2n), and Tt(i) is the default time of firm ¢, defined
as follows,

Tt(i) = inf {s >t X < Bi(s)} ,

where B;(t) is the exogenously pre-specified default threshold at time ¢ for firm i. Here we follow
Black and Cox (1976) and we assume that

B;(t) = K;e™',

with K; > 0 and n; > 0, all being constant numbers. It is very common that credit derivatives
have long maturities. Therefore it is more realistic to assume time varying default thresholds
(exponentially growing in our case) than constant ones. Observe that u“% is zero whenever z; <
Bi(t) for some i and therefore we only need to focus on the case where z; > B;(t) for all i =
1,2,...,n.

3 Approximated Joint Survival Probabilities

We derive in this section an approximation for the joint survival probability u®® defined in (1).
We first write a PDE representation for it and we then perform singular and regular perturbations
with respect to the small parameters € and .

3.1 PDE Representation

In terms of partial differential equations (PDE), u®? is the solution to the following boundary value
problem:

LA = 0, x> Bi(t), for all i,t < T,
u675(t7x17x27---7xn7y72) = 07 di € {177n}7xZ:Bl(t)7t§T7
ue’é(T,xl,mg, ceyTpyy,z) = 1, x> By(t), for all 4,

where the operator £¢% has the following decomposition in terms of powers of Ve and Vo

1 1 0
L0 = Eﬁo + %El + Lo+ VoM + S Ma + \/;M?n (2)



with the notations
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0 /1 0> )
£2 - §+Z:1< f Y,z Za 2 +T‘T28$i>7 (3)

3

0 0
M = I/Z\/5 Pizfi(yvz)xim—/\z(yaz)&]a

=1
0 9 9?
M2 = (mZ —Z)a +7/2@,
82
Mz = 2PYZVYVZa 9

As in Fouque et al. (2003), we expand u®°® in terms of powers of /e and V/6:

u® =g+ veuro+ Vouor + euso+ Vedurg + duga+ -, (4)

and retain
Euo—l-\/gulo-l-\/SU(n (5)

as our approximation for u©%. In the Appendix A we present the formal expansion argument leading
to the characterization of the leading order term ug and the two correction terms /e u; o and Vo Uy,1-
In the following sections we compute these terms in the context of our multidimensional boundary
value problem.

3.2 Leading Order Term uy

Following Fouque et al. (2003) as explained in the Appendix A, the leading order term wug is
independent of y and is determined by the following PDE system with respect to the variables
(t,z), the variable z being simply a parameter:

(Lo)ug = 0, x; > B(t), for all i,t < T, (6)
uo(t, 1, 22,...,2,) = 0, Fie{l,---,n}a;=DB;t),t<T,
ug(T,x1,x9,...,x,) = 1, ax; > B;(t), for all 4,

where, from the definition (3) of L2, we have

9 n 1 82 b
= + Z <§<f22(7z)>$zzw + szg) . (7)
i=1 v ‘



The variable z appears only as a parameter in the averaged diffusion coefficients (fZ(-,z)) with
respect to the invariant distribution N (my, 1/32,) of the process Y; under the real world measure P,

O e e = L

Proposition 1 The leading order term wgy in the approximation (5) is given by:
n n pi
_ — o —
%_H@_thw)<&@>N@wﬂ’ ®

where N(+) is the standard cumulative normal distribution function, and

T; o7 (2)
:I:lnm—F(r—m— 5 )(T—t)

di. = )
2(9) O’Z'(Z) T—1t
oi(z) = (f2(-,2)), (effective volatility of firm 7)
2(r —mn;)
o= 1~
g o2(2)

PrROOF From (6) and (7), ug admits the probabilistic representation:

n
o=k {1_[1 l{inftgsgr X /Bi(s) >1} I %= X} ,
1=

where, under the probability measure P, we have

dax) = XMt + oy () xMNaw,
dx? = rXPdt+ oo(2) XV W,
dx" = XMt + on(2) X aw",

with W(®g being independent standard Brownian motions. In other words, {Xt(i)} i=1,2,...,n,

are independent Geometric Brownian motions and it follows that
n ' )

ug = P{ inf XS(Z)/BZ(S) >1 |Xt(2) :l‘l}
=1 -

By doing change of variables to make the corresponding boundary constant (instead of exponentially
growing) and then using the appropriate formula in Borodin and Salminen (2002) obtained by the
method of images or equivalently the reflection principle in one dimension, one can reach the
conclusion in the proposition.



3.3 Correction Term /eu; g

From Appendix A the term uq is determined by the following PDE system:

<£2>U1,0 = Aug, x; > By(t), for all i,t <T, (9)
uio(t,x1,22,...,2p) = 0, Jie{l,---,n}z, =B;t),t <T,
uo(T,x1,22,...,2y) = 0, x; > B;(t), for all 4,

where the operator A is given by

A = (LiLyN Ly — (L2)))

" - ;i 0 " o 02
= V—\/YE ;szy<fza—y]>xza7 ) Z;< ]> 3833

i=1 j=1
vy 0\ 5 0? vy < 0p; 0 5 07
= ——= A i a5 T = i i i
ﬁ;< lay>xl 2" 2;” 5%y ) e, \* a2
Uy — 00; 0 5 02
—= v (fig = )Tig— | %ig3 |- 10
i
Here ¢;(y, z), for i = 1,2,...,n, denote solutions of reasonable growth at infinity to the following
Poisson equations with respect to the variable y:
£0¢i(y72) = fiz(yaz) - (f??(az»v (11)

and (-) denotes the average with respect to the invariant distribution N'(my,v%) of Y.

The following result shows that the multi-dimensional problem (9) can be reduced to many
uncoupled one- and two-dimensional problems.

Proposition 2 The correction term \/euy is given by

Eulo ZR HQ3+ZRZ(3 HQ3+ZR HQk7 (12)

= i,j=1 =1
J#i 3751 i#j k#i,j

where the coefficients Rgz),RZ(g), Rg’) depend on the parameter z and are given by

R® — —V’}Q/E<A1('7Z)a;;(‘az)> (13)
R = Py (1A ) (14)
R = oy (£ 50 i £ (19



with ¢;’s given by (11) and Q;’s given in Proposition 1, and where the functions wgz) (t,z;), wl@ (t, ;)

and w( )(t x;,x;) depend on the parameter z and are given by the following problems:

9 1, 2 s ,3 2 _ 282@' . .
[at + —oj(2)z ’8 T‘/Elaxz} w,” = 52 x; > Bi(t),t < T, (16)
w? (¢, Bi(t)) = 0, t<T,
w(T,2;) = 0, a; > Bi(t),

0 1., 58 o1 o 0 [ ,0°Q;
5 i |w = mig— | ,owi > Bi(t),t <T, 1
[at + 50 (2)x; 922 +rx 83:,-] w; x oz, x; 922 x; > Bi(t),t < (17)

w®(t, Bi(t) = 0, t<T,
w® (T 2;) = 0, a; > Bi(t),

0Q; Q;
w(g) = <:17Z 8xi> (:173 x{) (18)

0
i > Bi(t),l'j > Bj(t),t <T,

O 1 5, 5,0 15 5,0? 0 3}
+ 50 (2)x; 927 + 575 (z):ztja +T$Zax +r:17ja

ot

(3)(t xi,x]—) = 0 Zf Ty = Bz(t) or Tj = Bj(t),t < T,
w( )(T xi,xj) =0, x; > By(t),z; > Bj(t),

with o;(z) given in Proposition 1.

PROOF Note that with the form (10) of A and the definitions (13, 14, 15) we have:

82
VeA = ZR%ZaﬁZR(?’ < ) :R i ,<J8x>

By linearity of (9), it is enough to check that

- d%u
wz@) H Qj = 228 207 (19)
=Ly
n 2
(3) o 207up
e H .Qj ~ Yo ( i Ox? > (20)
J=Lj#
3) - _ 3 3 uo 01

Using the form (7) of (£2) and up = [[;—; Q; one can easily check that (19), (20), and (21) are
satisfied. The boundary and terminal conditions for the correction /eu; o are directly inherited
from the boundary and terminal conditions for the functions w§2)’s, wgg) S, wg’) s, and Q;’s.

The problems (16), (17) and (18) are boundary value problems with sources. In Appendix B
we show how to transform them into boundary value problems without source leading to explicit
formulas (up to Gaussian integrals).



3.4 Correction Term \/Suo,l

From Appendix A the term ug; is determined by the following PDE system:

(Lo)ug1 = —(Mi)ug, x; > Bj(t),for all i,t <T,
up(t,z1,x2,...,2,) = 0, Fie{l,---,n},az; =DBit),t<T,
u071(T,x1,3:2, cooyxy) = 0, x> Bi(t), for all .

where the operator (M) is given by:

- 0 0
(M1) =vzV2 ZPiZUi('az)ﬂim - <A2('7z)>&
i=1 !

The following result shows that, as for u; g, the multi-dimensional problem (22) for ug; can be

reduced to many uncoupled one- and two-dimensional problems.

Proposition 3 The correction term \/Suo,l s given by

\/SZL()J = ZREO)U}EO) H Qj + ZRZQ H Qg + Z R H Qka
i=1 =

Jj= 1= i,j=1 k=1
J#i J#l i#] k#i,j

where the coefficients RZ(O),RZ(D, Rg) depend on the parameter z and are given by
R = —uzv26 (As(-, 2))0(2)
Rl(l) = Vz\/%/)iz<fi('7z)>ag(z)
rRY vzV20 piz(fi(- 2))oh(2), i # 4,

v

oi(z)’s and Q;’s given in Proposition 1, o, = do;/dz, and where the functions wgo) (t,zi; 2),

and w( )(t xi, x5 2) depend on the parameter z and are given by the following problems:

[gt + 102( )!17,268—;? +7"1Eiaixi:| w? = —gii, zi > Bi(t),t <T,
wO(t, Bi(t) = 0, t<T,
Z(O)(T x;)) = 0, x; > By(t),
[gt N 103@)9@3;_; +mi£i] o = —xi% @ff) @ Bit)t<T,
w(t,By(t) = 0, t<T,
wgl)(T, x;)) = 0, x; > Bi(t),

(23)

wgl) (t,zi; 2)

(27)

(28)



2
0 1, 50

— + —o0; (2)xi = 9
ot 2 T g2

+rx;
ox; J ax]

1 0?
—1-50]2( 2)x 38 2—1—7’35,

a 0Q;\ (0Q;
vy = < ax)(@o?)’(”)

x; > Bi(t),x; > Bj(t),t < T,
wz(;)(t7$ia$j) =0, Zf x; = Bl(t) or mj= Bj(t),t <T,
w%)(T, zi,xj) =0, x; > Bj(t),z; > Bj(t).

PrROOF The proof is very similar to that of Proposition 2. Since ug depends on z only through
0i(2)’s, we have

n

8’&0 . ’ auo
e Zaj(z)yq’

and therefore

n

VoiMujuo = vzV2s ZPZZ {fi(, 2))z; ai (ZU;’(Z)?Z?) (A2(',z)>20§(z)gzgl

= vzV2% Zzpzz fi(-2))a(2)x z% (%) - <A2(',z)>20§(z)?;3]

z 1j5=1 =1
_ 8u0 (1 8UQ 8UO
N ZR Jdo; +ZR <8al> ;R 8332 <803>

where we have used the definitions (24, 25, 26) of (REO), Rgl), RZ(]I)) By linearity of (22), it is enough
to check that

(1) - B Oug
c>(wi I @) = -5 (30)
J=Llj#i
(1) L . 8 auo
E)(wi I @) = —=ig <80’2> (31)
J=Lj#
" o ([ dug
) (wld T @] = —wip—- < > (32)
’ k=1k#i,j Ox; \ 0o,

Using the form (7) of (L2) and up = [];_; Q; one can easily check that (30), (31), and (32) are
satisfied. The boundary and terminal conditions for the correction v/§ up,1 are directly inherited
(0),

from the boundary and terminal conditions for the functions w, ’’s, wgl) S, w s, and Q;’s.

v

As for (16), (17) and (18) we show in Appendix B that the boundary value problems with sources

(27), (28), and (29) for wgo) S, w(l) S, ngl-)’s can be transformed into boundary value problems
without source leading to explicit formulas (up to Gaussian integrals).

10



3.5 Summary of the Approximation

Combining the results of Propositions 1, 2 and 3 we get that the approximation @ in (5) is given
by

o + S AP T[0+ S w0 [0+ S 794 T o
=1 =1 J=1 =1 j=1 k=1

U

= = j= i,j=1
JFi J#i i#j k#i,j

n n n n n n

0 0 1 1 1 1
+ YRV [l + 3o mV eV [ @i+ 30 mifw [T @e (33)

=1 Jj=1 =1 j=1 i,j=1 k=1

JFi J#i i#j k#i,j

where (RZ@),RZ(?’), RS)) are small of order /e, (RZ(O),RZ(I), RS-)) are small of order v/§, and they all
depend on the parameter z. The functions Qi,w§2),w§3) EO),wgl)
functions wg’),wg) depend on the variables (x;, x;), and they all depend on the parameter z.

The accuracy of approximation (33) is given at the end of Appendix A.

, W depend on the variable z;, the

Remark The (approximated) survival probability of a single bond/firm (treated in Fouque et
al. (2006)) is a particular case of the result (33). It can be obtained by fixing an index and
eliminating all those terms that involve any one of the other indices, which includes all the two-
index cross-terms. For example, the (approximated) survival probability of bond 1 only involves
Q1, wgo) , wgl) , w§2) and wgg).

3.6 Numerical Illustration of the Accuracy of Approximation

In order to illustrate the quality of the approximation of the joint survival probability given by
(33) we have conducted the following numerical experiments. For n = 10 names (Table 1), and
for n = 25 names (Table 2), we compute the zero-order approximation ugy given by (8), and the
first order approximation @ given by (33) with the explicit formulas derived in Appendix B. We
present the results for four sets of values of the small parameters € and d. Since there is no explicit
formulas for the true value, we obtain it by Monte Carlo simulations with a very large number of
realizations (10°) and using an Euler scheme with a very small time-step (10~%) in order to ensure
accuracy of the true value proxy denoted by uyic. The absolute and relative errors are shown in
the last columns. In all cases we have used the following parameter values:

X7 = 20,7 = 5%,n; = 6%, K; = 10,

pij =0, piy = piz =1/(2v/n), pyz =0,

my =myz = 30%, vy = vy = 10%,Yy = Zy = 30%, Ay = Ay =0,
fily,z) = 30% exp(y + 2)/ exp(my +mz + 1§ +vy), T = 1.

As expected the first order approximation 4 converges to the (simulated) true value uyc as
(e,0) goes to (0,0). In fact, as often observed in homogenization, the approximation remains very

11



€ ] uo 0 upmc | Absolute (relative) error
1/100 | 1/50 | 0.740389 | 0.75079 | 0.7502 0.0006 (0.08%)
1/50 | 1/20 | 0.740389 | 0.756015 | 0.7529 0.003 (0.4%)
1/20 | 1/10 | 0.740389 | 0.763647 | 0.7567 0.007 (0.9%)

1 1 0.740389 | 0.82833 | .7653 0.063 (8.2%)

Table 1: Joint survival probability for ten firms (n = 10).

€ ) uQ U upmc | Absolute (relative) error
1/100 | 1/50 | 0.471683 | 0.481506 | 0.4789 0.003 (0.5%)
1/50 | 1/20 | 0.471683 | 0.486892 | 0.4803 0.006 (1.4%)
1/20 | 1/20 | 0.471683 | 0.488478 | 0.4854 0.003 (0.6%)
1/20 | 1/10 | 0.471683 | 0.493648 | 0.4843 0.009 (1.9%)
Table 2: Joint survival probability for twenty five firms (n = 25).

accurate even in regimes where these parameters are not so small. We also observe that, in the
present case with p;; = 0, the volatility-name correlations p;y, piz are small (since y .-, p?y <1
and Y 1, p?Z < 1), and the effect of the correction due to stochastic volatility is also relatively
small (ug is already close to unc). This will not be the case with name-name correlations p;; # 0
as shown in Section 5.

4 Loss Distribution

We consider now a portfolio consisting of N defaultable bonds and we denote by a; the number of
bond 7 in this portfolio. Assuming zero recovery rate from default for each bond, the loss at time
t of this portfolio is given by the random variable

N
L(t) = Zaixi(t)
i=1

where x;(t) takes on 1 if bond i defaults before ¢t and 0 otherwise. Our objective is to study the
distribution of L(T') for a maturity 7" smaller than all the bond maturities.

4.1 General Case

Since the portfolio consists only of a finite number of bonds, L must have a discrete distribution
function. It hence suffices to find the probability value that a subset of names in the portfolio
default. It turns out that this can be done recursively. For example,

P*{only bond 1 defaults in the portfolio before time 7'}
:]P)*{Tl <T,mo>T,--- TN >T}
:]P)*{TQ >T,---,’7’N >T}—]P)*{T1 >T,T2 >T,---,’7’N >T},

12



while 7; is the default time of bond i. Both terms on the right hand side of the last equality are
known (approximately) by formula (33). In general, if we denote
I={irig,... in} CJ={j1,J2,-. -, Jm} C N ={1,2,...,N},

D‘|§|| (I; J) = P*{(bond i defaults,i € I) N (bond j survives,j € J\I)},

then
DI ({it,. . vinkid) = P {(r ST,i € {ins..nyinryin) O (1 > T,j € J\I)}
P*{(r; <T,i€{ir,...,in—1})N (r; >T,j € J\I)}
—Pp* {(TZ <T,ie {il,... ,in_l}) N (Tj >T.j5€ J\{Zl, ,in_l})}.

Therefore,

Dy (fins o vin}s Gt esdmd) = Dpth (fins e osinea s s dm P\ {in})
Dyt ({ins - sinaa Fi {1 dm}) - (34)
Formula (34) is recursive and by implementing it once, one can reduce by one the superscript n
(= the number of defaults) on D. This can be done repeatedly until one reduces the superscript
to zero, implying a total survival of an appropriate subset of names in the portfolio. Finally the
probability of total survival is (approximately) @ given by (33), with names/indices {1,2,...,n}
replaced by the appropriate set of indices/names.

It can be shown that in order to compute D} (-,-), one has to evaluate u-like forms 2" times.
This may be computationally expensive for a portfolio of big size, say 50 names or more. For a
smaller size portfolio, say N = 20, however, the computational cost is acceptable to find for instance
the probability of 50% loss, namely D33(-,-). To be more precise, the computation of DJ(,-) would
require to compute 20 = 1024 of @-like forms given by (33). However, every item in equation (33)
is in closed-form (or up to double integrals), and therefore can be computed fairly fast when an
appropriate programming language is chosen (say, C/C++). This can be done within 0.05 to 0.5
seconds on a 2GHz CPU with 2GB RAM PC. Therefore the whole computation of D3J(-,-) can be
done within 51.2 to 512 seconds, which is what we mean by acceptable.

4.2 Special Case: Homogeneous Portfolio

We now consider a fully homogeneous portfolio, that is

fl(y7 Z) = f(yvz)7 piy = Py, pPiz =Pz, a;=a, X(gl) =T =, (35)

foralli=1,---,N. We first recall a classical result.

Lemma 1 Let 7; be the default time of bond i, and suppose that under a probability P
]P)(Ti > T,i S {il,ig, . ,Zm}) = ]P’(Tj > T,j S {jl,jg, .. ,jm}),

for any two equal-size sets of indices {i1,i2,...,im} and {j1,j2,-..,Jm} chosen from {1,2,... N}
with 1 <m < N. Define

Sm =P >T,ie€{l,2,...,m}), 1<m<N. (36)
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Then, for 0 < k < N, the probability that exactly k bonds, among the N bonds, default before T is

given by
P <gXi(T) = k) = < >zk: ( > 1) SNt jk (37)

PrOOF We provide here a short proof which consists in computing the moment generating function

of the number of survivals. Denote by x; =1 — x; the event “firm 7 survives after 7.
On one hand we have
N
D(z) = (s2500) = (;0VER0) = 570 Z HE,. (38)
k=0

On the other hand we have

N N
d(z) = E <H zxé) —E (H (1+ (2 — 1)x2)) =E > (z=1)"X} Xl
=1 i=1

(ilv"'7in)7n:07"'7N

N
(z—1)" Z ]P’T,>Tz6{21,22,...,in}):Z(2—1)"<N)Sn

n
0 (7'17 . 7Zn) n=0

(o (1)2)(0)s
- (é(_l)n_k (i) >S> | (39)

The function ®(z) being the polynomial in z given by (38) and (39) we deduce that

A= (1) (0 )= (W5 ) e (N2 ) s

[
= .

3
Il

I
M) =

n

[
WE

e
Il

We finally obtain (37):

by setting j =n — N + k.

With the homogeneity assumption, we set ¢ = Q1(t,z) for the survival probability after ¢ of
one given bond, and we obtain from the results in Section 3 that

n
H Ql = qn,
=1

14



Veug = S RPw? [ @+ rPwf H@J+ > R T
=1 szl = 3751 lzj#jl kk;ﬁ:llj
= nR§2) (2)(15 a:) n-l +nR( )wl(t a:)( Jgnt +n( - )Rg)w§2)(t z,x)q" 2,
Viwa = 3 EOuO [+ 3 AV HQJ+ > Alul) T o
=1 Jyzi = 3751 111#31 kk#:lly
= nR%O) (0)(t x)g" ! —I—nR( ) (1)(75 )"+ n(n — 1)R(2)w%) (t,x,x)q" 2,
where we have used the fact that the R’s and w’s do not depend on a particular choice of names

(4,7)-

We define the quantities

A

3
ZRY%Y“) (t.2), (40)

B = Rgz)wg) (t,x,z) + R@w& (t,z,z), (41)
which also depend on the parameter z, and we rewrite the joint survival probabilities (36) as
AU =ug+Veuro+ \/Suo,l =¢"+ Ang" '+ Bn(n—1)¢"" %, n>2.

Note that S1 = g + A, and hence the previous formula for S, is actually valid for all n > 1, as well
as for n = 0 with Sy = 1.

The approximated loss distribution is now given by

P'(L=k) = (jzj> Z: (?) (—1)7 Snjoi = <]Z> Z; <’:> (—D)F Sy,
~ (J,D Zk: (f)(—l)k eV T+ AN = i)gV T 4 B(N — i) (N —i = 1)gN 7]
=0
- (3) é ()evarea(y) é (B -
+B @) Z; (f) (—=1)FUN —i)(N —i—1)gV =2

= Iy+ AL + Bls,

where Iy, I, and I, are obtained by straightforward calculation:

k

o= ()2 ()= () a-ate (42)
k

(S @] =) s,

= () [0V =R 410 = g = k¥ - )]

I

k

15



o ()
%

(N—FK)(N—-k—-1) 2k(N —k) k‘(k:—l)}
= - + Iy. 44
[ q* ¢1-q) " (1-¢7" “
To summarize, for 0 < k < N,
]P’*(L =k)~ Iy+ Al + Bls, (45)

where Iy, I; and Iy are explicitly given by (42, 43, 44), and A and B defined in (40, 41) are small
of order max{+/¢,v/d}.

Note that Iy corresponds to the case where all the underlying assets are mutually indepen-
dent, which gives rise to the classic binomial distribution. Since the method used in this paper is
perturbation, we call (45) the perturbed binomial formula.

4.3 Numerical Illustration

In the homogeneous-portfolio case discussed above, we implemented some numerical computation
to illustrate the effect of introducing stochastic volatilities. We compute the approximated loss
distribution given by (45) where only four parameters (N, q, A, B) are needed. The purpose of this
computation is to show stylized features of the loss distribution generated by the correlation of
defaults due to the presence of stochastic volatility.

The parameters used in Figure 1 are as follows:
N =100, ¢=0.9, A=0.00, B =0.0006.

The upper graph presents the probability mass function and the lower one presents the cumulative
distribution function for the loss. Note that in order to make comparison between our result and
the classic binomial distribution, we chose A = 0 because a non-zero A would make single name
survival probabilities distinct under these two scenarios. By choosing A = 0, the single name
survival probability is ¢ = 0.9 = 90%. Note also that B is chosen very small to ensure that the
approximation is in its range of validity.

It can be observed from Figure 1 that:

e the probability, with stochastic volatilities, that the total portfolio loss is less than 3% is
bigger than that from the classic binomial distribution;

16
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Figure 1: Perturbed Binomial Loss Distribution

e the probability, with stochastic volatilities, that the total portfolio loss is bigger than 15% is
bigger than that from the classic binomial distribution.

In terms of CDO tranches (we refer to Duffie and Singleton (2003) for an introduction), this
implies that the expected loss and hence the fair spread of the equity tranche become less, while
the expected loss and hence the fair spread of the senior tranche become bigger, than in the classic
binomial case. This phenomenon is consistent with what has been documented so far in CDO
literature if one increases the default correlation between the underlying bonds and keeps other
things unchanged. For example, see Duffie and Garleanu (2001). Note that a positive number
B indicates positive correlation between the underlying bonds. Here we assume that the equity
tranche absorbs 0-3% loss and the senior absorbs 15%-100% loss.

Furthermore, the binomial probability mass function achieves its maximum 0.1319 at & = 11,
while the probability mass function with stochastic volatilities achieves its maximum 0.1047 at

k=38.

5 Models with Name-Name Correlation

We now consider the correlated case, namely where the Brownian motions VT{(") ’s driving the names
are correlated. Using the notation of Section 2, this means taking d(W(l), W )>t = pi;dt for i # j

17



under the risk-neutral probability measure P with lpij| < 1. Observe that for non-zero p;;’s the
conditions Y i, pfy < 1land >, p?Z < 1 are no longer needed. We denote by u®%? the joint
survival probability defined by

uP(t Xy, 2) = IP’{ (1)>T (n >T|Xt—th—y,Zt—z} (46)

In terms of PDEs, u®%” is the solution to the boundary value problem

LAPYOP = 0, x; > Bi(t), for all i,t < T,
uP(t, @0, sy, 2) = 0, Fie{l,---,n},x; = Bi(t),t <T,
ue"s’p(T,ml,xg, ceyTpyy,2) = 1, x> By(t), for all 4,
where the operator £ can be written as
n
L = L0 4 Z pijﬁﬁ,”'), (47)
1<j

where we have used p;; = pj;, the definition (2) of the operator £59 and the notation
82
’ J(‘)xiaxj

The leading order term in the small € and small § expansion carried out in the previous sections
would correspond to the correlated multi-name case with constant volatility. As explained in the
introduction this is not a tractable model because of the lack of simple formulas for the joint distri-
bution of hitting times. This leads us to perform an additional expansion around the independent
case where the p;;’s are zero. We therefore consider the case where the p;;’s are small and of the
same order.

Expanding u*% in powers of \/€, v/8, and pij we get:

U =y +pr <u001+\/_“%1+\/_u(()2]11 ‘)4‘"', (49)

1<j

and retain the lowest order terms,

EUO"‘\/EUlO—F\/SUOl‘f‘ZPUUoola (50)
1<J

as our approximation for u©%? where the first three terms have been computed in Section 3.

5.1 Correction Terms p;; ué%?l

From Appendix A the term ué%)l is determined by the following PDE system:

(Loyuls = —(LiDYug, a > By(t), for all I,t < T, (51)
u(()%)l(t T1,29,...,%n) = 0, I e{l,---,n},x;=By(t),t <T,
u(() 0)1(T T1,%9,...,n) = 0, x> By(t), for all [,

18



where the operator <£E)ij )> is given by

(L5 = ilo2) il 2Dy o

(43)

The following result shows that each g, corresponds to a single two-dimensional problem.

(49)

Proposition 4 The correction term p;jugy, is given by
n
4) (4
Pij u(()wo)l = P%(j)ng) H Qr; (52)
ki j
where the coefficient R( ) depends on the parameter z and is given by

RY = pylfi.2)fi(2))s i # 4, (53)

and where the function w( )(t x;,x;) depends on the parameter z and is given by the following

problem:
0Q); 0Q;
w(4) - <:EZ axi> <$j 8$;>(b4)

0 1,  ,0% 1, 5,0 0 0
8t+ 505 (2)7] 5 + 505 (2)7 4—7":1:Za +r:nja

x; > B;(t),x; > Bj(t),t < T,
(4)(t x27$3) 07 Zf Ti = Bl(t) or Ij; = Bj(t)vt < T7

ox2 " 2770 g,2
(4)(T zi,xj) =0, x; > By(t),z; > Bj(t),

with 0;(z) given in Proposition 1.

PROOF The proof is very similar to that of Proposition 2. With the definition (53) of Rl(;l),
have

i) — RWy, 0 Oug
pig(Ly? )uo R;; 8 < 89@) (55)
It is therefore enough to check that
- 0 8’&0
(L2) | wl) H Qe| = —Timz— (%—) . (56)
J k=1, ki j al‘l 8:Ej

Using the form (7) of (£2) and wg = [[; Q; one can easily check that (56) is satisfied.
The boundary and terminal conditions for the correction p;; u(%?l are directly inherited from the

boundary and terminal conditions for the functions wg-l)’s, and @;’s.

As for (18) we show in Appendix B that the boundary value problem with source (54) for wz(])

can be transformed into boundary value problems without source leading to explicit formulas (up
to Gaussian integrals).
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5.2 Summary of Approximation with Name-Name Correlation

Combining the results of Propositions (1)—(4), we get that the approximation @ in (50) is given by

= + S rRPwP[[@;+> rPw?® HQJJFZR HQ
i=1 k=1

U
i=1 j=1 i=1 hi=1
J#i J#z i#] k#i,j
+ R e [+ 3R H@y £ R ]
=t J;l = J#z 121#11 kk#:zly
+ DRG] @k (57)
1<J koki, s

(4)

where jo) are small of order p;; and depend on the parameter z, and the functions w,; depend

on the variables (z;,z;) and the parameter z.

5.3 Loss Distribution (Homogeneous Portfolio)

For simplicity we only consider the homogeneous portfolio case. In addition to the homogeneity
conditions (35) we also assume that p;; = p for all (4,7) and |p| < 1.

Using the same notation as in Section 4, the name-name correction term becomes:

pruom = ZR HQk

1<j 1<j k#i i

1
= gn(n = DRY W (v 2)g" 2,

where from (53), R(z) = po?(z).

In particular this implies that the approximation for the loss distribution given by (45) still
holds if we replace the quantity B in (41) by B + B, where

B, = R(Q)w§2)(t x,x), (58)
so that (45) becomes

P*(L = k) ~ Iy + Al + (B + B,) . (59)

Note that for a single maturity 71" the correlations generated by stochastic volatility and name-
name correlation are of the same form to leading order. However if one looks at the term structure
of correlation across several maturities, an important aspect of CDO tranches, then the shape of
the function w%) is different from the shapes of wg) and wg) and therefore the nature of the
correlation plays a role.
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5.4 Numerical Illustration

In order to illustrate the quality of the approximation of the joint survival probability given by (57)
we have conducted the following numerical experiments. For n = 25 names (Table 3), we compute
the zero-order approximation ug given by (8), and the first order approximation @ given by (57)
and the explicit formulas derived in Appendix B. We present the results for e = 0.02, § = 0.5,
and five cases of p;; = p. The true value proxy uyc is obtained by Monte Carlo simulations with
10° realizations and using an Euler scheme with time-step of 10™* as in Section 3.6. The other
parameters are as in Section 3.6.

€ 0 Pij U U upmc | Absolute (relative) error
1/50 | 1/20 0 0.471683 | 0.486892 | 0.4803 0.006 (1.4%)
1/50 | 1/20 | 0.05 | 0.471683 | 0.518151 | 0.5119 0.006 (1.2%)
1/50 | 1/20 | 0.1 | 0.471683 | 0.549409 | 0.5426 0.007 (1.3%)
1/50 | 1/20 | 0.2 | 0.471683 | 0.611926 | 0.5986 0.013 (2.2%)
1/50 | 1/20 | 0.4 | 0.471683 | 0.736961 | 0.6937 0.043 (6.2%)

Table 3: Joint survival probability for twenty five firms (n = 25) with stochastic volatility and
name-name correlations.

The presence of a small name-name correlation p enhances the importance of the correction
(4 — ugp) derived in this paper, as can be seen by comparing uy and uyic in Table 2 and in Table 3.

Table 4 gives a loss distribution generated with stochastic volatility and name-name correlation,
as computed by (59). The results are plotted in Figure 2. The parameters are taken from Section
3.6, with n = 100, e = 1/50, 6 = 1/20, p;; = 1/10. With these parameters, the coefficients in (59)
are: A = 6.607 x 107*, B = —0.014 x 1074, and B, = 2.08 x 10~%. The binomial distribution
plotted in Figure 2 is obtained by setting A = B = B, = 0 in (59).

0 1 2 3 4
0.16 0.26 0.17 0.062 0.047
5 6 7 8 9
0.078 0.086 0.065 0.037 0.017
10 11 12 13 14
6.5x1073 1 22%x1073 | 6.2x107% | 1.6 x107% | 3.7x 107°

Table 4: Loss distribution for 100 firms (n = 100) with stochastic volatility and name-name corre-
lations. All omitted probabilities are less than 107°. The expected number of defaults is 2.88 when
stochastic volatility is present, while it is 2.96 in the independent constant volatility case.

The loss distribution shown in Figure 2 clearly has a bimodal structure. With the given pa-
rameters, one can see that the event of having 2-5 defaults is significantly less likely than if the
stocks were independent.
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Figure 2: Plot of the loss distribution (o) given in Table 4. The mass function of the corresponding
binomial distribution (x) is superimposed for comparison.

A Formal Expansion

Following Fouque et al. (2003), we present the formal expansion used in Section 3, and we discuss
its accuracy. We compute £5%uS% where the operator £ is given by (2), and the function u is
first expanded in powers of v/d corresponding to a regular perturbation:

uﬁ’5:u6—|—\/<_5u§+5u§+"' (60)

In order to cancel the terms of order zero in § and the terms of order v/3 in L% =0 , we get

1 1 e
(Eﬁo + %ﬁl + £2> ug = 0 (61)

1 1 ] . c
Eﬁo + %£1 + Lo ) ul + Myug + %M?&uo = 0, (62)

with zero boundary value conditions at x; = B;(t) and a terminal condition one (resp. zero) at t =T
for uf (resp. uf). We now expand uf in powers of /e corresponding to a singular perturbation:

u® = ug + Veuro+ eugo+ eveusg- -
so that (61) becomes:

1 1
Eﬁouo + % (Lout,o + Liug) + (Louzo + Liur o + Laug)
+ Ve (ﬁous,o + Liugo + £2u170) +---=0

By choosing ug and u o independent of the variable y the terms in 1/e and 1/y/e cancel. The
operator £ taking derivatives with respect to y, the next term becomes

£0U2,0 + Loug = 0,
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which is a Poisson equation in ug o with respect to the variable y, leading to the solvability condition
(La)ug = 0,

and the problem (6) characterizing ug. Subsequently ugg is given by —Lg' (L2 — (L£2)) ug, and
the terms of order /¢, as a Poisson equation in w3 with respect to the variable y, lead to the
solvability condition

(La)uro = (L1L51 (Lo — (L2)))uo,

and the problem (9) characterizing u1 .

In order to obtain ug; needed in the approximation (5), we only need the leading order term in
uf = up1++/€uy,1+- - since uf is multiplied by V4 in (60). By choosing ug ; and u; ; independent
of the variable y, and using the fact that M3 takes derivatives with respect to y, to leading order
equation (62) becomes:

ﬁoUg,l + ﬁgUQl + Mjug =0,
which is again a Poisson equation in wug; with respect to y. Its solvability condition
(Lo)ug1 = —(Mi)ug

leads to the problem (22) characterizing ug ;.

The accuracy of the the approximation (5) is the same as obtained in Fouque et al. (2006),
that is O(e/3log |e| + 6).

The computation of £&%PuS%? used in Section 5, proceeds along the same lines. The operator
L% is given by (47), and the function u®%* is first expanded in powers of pij corresponding to a
regular perturbation:

u €,0. €,0,(i7;kl
KORTLES ST 5 S L (63)

1<J 1<j k<l
Canceling the terms of order zero in p;; and the terms of order p;; in LEOPyEP = 0, we get
5, €0
Lg% = 0 (64)
L% = —L0Dug?, (65)
with zero boundary conditions at z; = B;(t) and a terminal condition one (resp. zero) at t = T for

u8’5 (resp. ui’é) where Egj ) is given by (48). Equation (64) has been discussed above. Equation

(65) has a source which is of order zero in € and in §, so that after expanding first in v/§ and then

(i9) (J)

in /€, uygy and ujg, can be chosen independent of y to make the terms in 1 /e and 1/4/€ cancel.

After dropping terms Which differentiate u(%)’l or u%)l with respect to y, to leading order equation

(65) becomes
Eou(”) i £2uéz%)7l _ _Egij)uO’070.
This Poisson equation has the solvability condition
<£2>u(()%),1 = —(L5Yug 00,

which is the problem (51) characterizing u((]%)’r
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B Explicit Formulas

In order to implement the main formulas (33) and (58) for the approximation u, one needs to
compute the functions wgl) for each i € {1,2,---,n},l € {0,1,2,3}, and wg) for each pair (i,7) €
{1,2,--,n} x {1,2,--,n} with i # j, and I € {1,3,4}, defined in (16, 17, 18, 27, 28, 29, 54).

We present in this Appendix an efficient method for computing these quantities. The formulas are

given below in Lemmas 2 and 3.

Lemma 2 For each i€ {1,2,--+ ,n}:

2)

a) w;” is given by
w® (t,2;) = 0 (t,2:) — (T~ OFD (¢, ),
where
2
) = 200

0 2pi — 1
o2(T—t) o/T—t

N (dy)

T
wl(2) (t,xl) = / 91(2) (s)hi(s,xi)ds,
t

(2) _ . (2)
t)y = (T'—1t) lim F 7 (¢, x;
o) = (-1 tim ()
= N2 T N - 10T 1),
_ 02 2
In 2= — n;t [ln%—mt—%(s—t)]
hi(s,x;) = ——=———exp 5 ,
oiy/2m(s — t)3 207 (s — t)

d; = (T—ﬂi—%?/?)(T—t):_pmm,
a; T—1t 2

with N'(+) being the standard normal density function, and o; = 0;(z) when no possible confusion
is caused.

b) wgg) is given by

where

20).
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(3) — (3)
(t) = (T'—t) lim F7(t, 2
@) = (-0 tim )
1 2
= N'(dy)= == + 4psVT — 1) + N(d; (T —1).
()25 (s + 4 VT=1) + N1 =) (T =1
c) wgo) s given by

wO(t, ;) = 0\ (t,2;) + (T — ) FO (£, 2;) — %(T — 20, F (8, ),

)
ST~
=)
=
—~
~
~—
Il

1
—(T —t) lim F() 4+ =(T' —t)°0; lim F()ta:,
( )xllBl(t) (t,23) + 5( )? o (t, x;)

= N(d)(pi — DT =0 = N(d) S pilpi — V(T ~)*

d) wgl) is given by

1
w (bi) = a7 (i) + (T =) FD (1 0) = (T = 0)%0:8 (¢, 22),

where

Wy oy~ 0 (0Q
Fz’ (t,l‘l) = $zaxl<aal>

) [t ] [ )

25



ds,. 2(1 - p; 7 zi \"
+(pi + 1) Z(')—I-pi\/m‘i‘ 2( T]i)tln<B-(t)> <B(t)>

() [‘%(pi Y <1 o <Bf(it)>>} (Bf(it)>pi’

T
wl(l) (t,l'l) = / ggl)(s)hi(s,x,-)ds,
t

(1) _ (1) 1 9 . (3)
() = (T —t) lim F;/(t,x;)+ (T —1t)%; lim F7V(t,z;
o) = =0 tim FV )+ (TP lim FO(r)
= N’(di)i2 [\/T —t — 2pyr(T — t)3/?
g;

N@) | 2= DT =0+ Gk - 0T 02

i

PROOF We use the same technique as in Fouque, Sircar and Solna (2005), but here we need to deal
with the time varying hitting boundary B;(t), whereas they considered a constant hitting boundary.

a) If we define

0 5 02

2 I )
8t+ f (v, ) 5 +rw;

£l = v

8%2' ’

then (L'( )>xf 86 =0 for k > 1, where we used the fact that <£( )> commutes with xfaa—; and the
fact that (£ g )Q; = 0. Now we define
9*Q;
Y = w® + (T — t)a? a% :

which satisfies

(o (ta) = 0, > Bilt)t <T.
2

(2) Qi _ (2
2, Bi(t)) = (T—1) 1 =491, t<T,
W0 Bi) = (7= T a2 =)
DT 2;) = 0, x> Bi(t).
Change of variables: define
1 T _r—n—0l/2 Pidi ~(2)
i = —1 ) T = L = - ) i) = W; t) i)
. inBi(t) : 0; 2 (t&) o)

Then u’)Z@) (t,&;) satisfies
ow” 1 0w . _oa”
ot 2 a2 Mo
‘(2)(15 0) = g7t), t<T

= 0, &>0,t<T,
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It follows that, see, for example, Karatzas and Shreve (1991), wl@) admits the probabilistic repre-
sentation:

o (t,6) = E2 [P () Liramy | & = 6]

where £ is a Brownian motion with drift fi; under probability measure Q, and 7* is the first time
that £® hits 0. By plugging in the distribution of 7*, which is well known and can be found, for
example, in Borodin and Salminen (2002), we obtain

T | L (s — )2
o (t,6) = /tg§2>(8)7@ exp{_[gz-;é?(_t)t)] }ds

So in summary,

2
of? = af? - @ - a2 G =l - @ - E )
b) The same as that for part a).
c¢) Note that
), 0Qi 2 0%Q;
V20 = T e

which can be obtained by taking derivative with respect to o; on equation (ﬁ?}@i = 0. Now define

((0) _(0) Qi 1 *Q;
then ZZ)Z(O) (t,z;) satisfies
NS (t2) = 0, ;> Bit),t<T,
0

,Bi(t) = ¢, t<T,
’UA)Z(O (T, JZZ) = 0, x;> B,(t)

The rest of the proof is as in part a).

d) The same as that for part c), using the fact that
@y, 0 (0Q:\ _ 9 [ ,0°Q
(L )i 0x; <80i> o 0x; i ox? )’

All the calculations of the formulas within this lemma are straightforward. The proof is com-
plete.
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Lemma 3 For each pair (i,7) € {1,2,---,n} x {1,2,---,n} with i # j:

®3)

a) w,;” is given by
wid (b, s, 25) = @) (8,24, 25) — (T — ) FD (£ 24, 75),
where
3 _ 3Qz 207Q
F’Z(j)(t,ﬂj‘l,ﬂj‘]) = < Ty ax])
= Pt [ 2(2) o/T — i
pi pi
/ — Xy B — ) Ty
N (o) T_t<B,.<t>> N () (55) |
A(g)(t xi,xj) = / / GU (s,&,xj)hij(s, xi, xj)dEds
/ / G ¢2 S Eaxl) jl(s>xjv$i)d£d87
¢ln B; (D) 52 Dio;
. . — h _ _ Py~
vils:&27) 277(3—15)5““ [aj(s—t) eXp{ 21 2 5}’
o E g P ’
nKJ‘ njt 2 (S t)
hij(s,zi,x;) = hi(s,@;)exp § — 20705 — 1) ;

cOwe) = (- 0FD (1Bi(t), By(1e™)

- [NV ZvT=i- N -] x

d .
+ Y% 1 N(g _ 1)ePivit
{ (45, T T N () ) pi(pj — 1)
d2_(]) 2pj — 1

epjajﬁ} ,

+N’ (d;(j))

(T~ t)FY (t, B;(t)e” %, Bj(t))

ai(T—t)  o;VT—t
~(0)

2(p; — 1
J
~ 1 3 ePioi§ _
1 7+ s 1 3— - - . aPi0i&
[N (dz(i)) — =+ N (dw)) —— N(dz(i))pzep }
fan N Dio;
ooy = - vI-t

b) wS) s given by

1
wg)(t,xi,xj) = wg)(t,xi,x]‘) + (T - t)Fi(jl)(taﬂ?i,xj) —5T- t)2ajFi(;’)(t,xi,a:j),
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where

1
Fi) (t,2i,2))

A(1)(

W, t,xi,x;)

a7 (t,¢)

a2l

-

0
:F(ta;j['

9Qi '\ (0Q;
" Oz, Jo;
o) =

w (dz?m) o ; = <B:f(lt) ) N () (Bj(it) H |

N / / i (s,& j)hij (s, i, z5)déds

//

1
= (r-t)FY t,Bi(t),Bje"fﬁ) +5(T — 1) o F) (t Bi(t), Bje"j§>

S E T;Z)Z gaxl)hﬂ(s>$]7$2)d£d87

— [N’(di)3 T—t—N(di)pi(T_t):| X
o
N’ <J+ ) i) +Z \/— +N (d_ ) _—d;(])ﬂ = ST | enimi
2(7) 20'j 2(4) 20'j 2

N (i) 03 26+ 2520 ) }

Il
|
~

~@ = )FD (1, B, By (1)) + 5(T ~ 1%

= [N = DT = )2 = N2 (o = 1)(T ~ 1)?

c) w(;-l) is given by

where

4
FO(tmay) = (

)

(t, i, x5) =

8Qj>

) (0o

- { (o) 7= =N () ;—t<Bf(it>>m
() () | [ ) (5)
(d%) =i TN G - - <Bth>>pj] |

(5,€)0i(s,& x5)hij(s, x5, x;)déds

+N’

[
//

(s,8)ti(s z;)dgds,

67 xl)hjl(sa Zj,

29



EP(t,¢) =
KD, =

PROOF
a) If we define

(T — t)FZ-(f) (t, B;(t), Bj(t)eajg) )
(T — t)Fi(f) <t, Bi(t)e¢, Bj(t)> .

(i) — 3 2 8_2 2
then (Eé )>:17f 88 =0 for k > 1. Next we define
b)) = (T —t) <

which satisfies

Change of variables: define

x; > By(t),z; > Bj(t),t < T,
G (t,x)), ;> Bj(t),t <T,

~OFD(t, By(t),

~OFD (t, 2, By (L))
x; > B; ( ) T > Bj(t).

T

T =

and also

o (4,6, 6;)
GE; (t,&)
G (1, &)

Then we have

8@5’) 1 H? wg’)

_7“—77i—0i2/2:

I H—Bi(t), é.j
__ Pigi
9 9
J— ( )(t xl’x])

ang.’)

2 07 0

0Q;
" Oz,

— +ry;
J
i 8%

Wt x), x> Bi(t),t < T,

( /) _ @)
G (t,zj) = Gy (t,
G (t,2) =G <t, Bi(t)e"ifi) .

ot 2 oe

3+ i
J

_(3 (t 0 g])

Dt.€,0) =
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o, 1 asj

B0,

§& >0 >0,t<T,

5] >07t §T7
§ >0t <T,
& >0,§>0t<T.



—(3)

The function w; i admits the probabilistic representation:

) N
( (& &) = EQ{G%) (T7§7("])) Lir=ryl{z<y
+C_¥§;-) (ﬂf@) =7y 1r<my &) =¢,60 = 5]},
where € and ¢U) are independent Brownian motions with drifts fi; and fi;, respectively, under

probability measure Q, 7; (7;) is the first time that £ (¢€0)) hits 0, and 7 = min{7;,7;}. From
Borodin and Salminen (2002), we have

hig(s,66.6) = Qreds =762 e ag|e? =6 = ¢}

2 (& ISR S D B R 2 G0l
T V-1 Smh<s—Jt>eXp{“”5 2<s—t>} p{ 2s — 1) }
X%exp{—[&—i_’ai(s_)t)ﬁ}dgds.

27m(s — )3 2(s—t

Therefore,

T o] . _
wz(?)(t,&,ij) = // éz(']')(saf)hij(&f;fivfj)dfds

// G ji(8,&:&5,&)dEds.

Now change (&;, ;) back to (x;,x;) to obtain the desired result.

b) Define
o = 0@ _ oy (6290 (99 L L g (2290 (222
w0 = wy — (T —1) (ml 8$i> <80'j + 2(T t)o; | xi— o2, :E] ax? .
Then wfj) satisfies
(LSNP (¢, 25,25) = 0, 2> Bilt),z; > By(t),t <T,
N 1
0 Bi),ay) = (T = OFS (1 Bilt),2y) + 5 (T = 00, P (1, Bi(t), 2y),
T > Bj(t),t <T,
A(1) (1) 1 (3)
(t xlvB](t)) = _(T - t)F;'j (t7$i7Bj(t)) =+ §(T - t) F (t xlvB](t))v
T; > Bi(t),t <T,
’lf)l(Jl)(T, a:,-,a:j) = 0, =z > Bi(t),fl'j > Bj(t).

The rest of the proof is similar to that of part a).

c¢) Define

. (4) @ 0Q; 0Q;
w0 =w — (T —1) <a; oz, ) < I B,
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Then wg.*) satisfies

(ﬁg”)> A-A-‘)(t,a;,-,xj) = O, xT; > Bi(t),a;j > Bj(t),t < ,T7
1

?,Dij)(t7Bi(t)v$j) = _(T_t)F;(]4)(t’Bi(t)’xj)’
W (b By(1) = (T —DF (L By(1)),

x; > Bi(t),t <T,
wﬁ‘)(T, zi,x;) = 0, x> By(t),z; > Bj(t).

The rest of the proof is similar to that of part a). The proof is complete.
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