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The Johnson-Mehl-Avrami-Kolmogorov (JMAK) equation is widely used to describe phase
transformation kinetics. This description, however, is not valid in finite size domains, in particular,
thin films. A new computational model incorporating the level-set method is employed to study
phase evolution in thin film systems. For both homogeneous (bulk) and heterogeneous (surface)
nucleation, nucleation density and film thickness were systematically adjusted to study finite-
thickness effects on the Avrami exponent during the transformation process. Only site-saturated
nucleation with isotropic interface-kinetics controlled growth is considered in this paper. We show
that the observed Avrami exponent is not constant throughout the phase transformation process in
thin films with a value that is not consistent with the dimensionality of the transformation. Finite-
thickness effects are shown to result in reduced time-dependent Avrami exponents when bulk
nucleation is present, but not necessarily when surface nucleation is present. © 2015
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I. INTRODUCTION

The Johnson-Mehl-Avrami-Kolmogorov (JMAK) equa-
tion has traditionally been used to study phase transformation
kinetics in bulk and thin films. Many researchers, however,
have experimentally observed anomalous Avrami exponents
and nonlinear Avrami plots in these finite-thickness systems
without rigorous explanation.l_(’ The underlying causes for
the unusual exponents are explored in this paper.

The JMAK equation is the classical model used to study
phase transformation kinetics. While elegant and simple in
capturing the kinetic behavior of phase transformations, this
model relies on a number of important assumptions:’

1) infinitely large system in comparison to the size of
individual growing particles

(ii)) random homogeneous (bulk) nucleation throughout
the entire material

(iii)  growth of particles terminates at points of mutual con-
tact but continues unaffected elsewhere.

The above assumptions lead to the key differential rela-
tion between volume fraction transformed, fy, and extended
volume fraction, fi/*" (Ref. 8)

dfy = (1 = fy)dfy™, (D

fv®* is an artificial fraction taken to be the volume of all grow-
ing particles in the system, ignoring impingement, divided by
the system volume. Equation (1) states that for any small
increase, dfy*, only a fraction of dfy*" equal to 1 — fi; will
grow into untransformed material and contribute to dfy. The
remainder will overlap with existing transformed material and
is subtracted out to account for impingement. Integrating

Eq. (1) results in most general form of the JIMAK equation’ "'

fv =1- exp(—fv”’). (2)
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When the nucleus size is assumed to be negligible in the iso-
tropic growth regime, the expression for extended volume
fraction becomes'?

F =k, 3)

where k is an effective rate constant, and n is the Avrami
exponent. Combination of Egs. (2) and (3) lead to the most
widely used form of the JIMAK equation

fr =1—exp(—kr"). “4)
Rearranging Eq. (4) yields
In(=In(1 = £)) = In(k) + nln(z). Q)

This form elucidates the relationship between In(—In(1 — fy/))
and In(z), which are commonly plotted against each other in
what is termed an Avrami plot. When the assumptions of the
JMAK equation are met, this plot is linear with a slope equal
to the Avrami exponent.

For interface-kinetics controlled growth, commonly
observed in processes such as recrystallization of deformed
grains and polymorphic crystallization, the Avrami exponent
traditionally is an integer constant that represents the
number of growth dimensions: n = 1 corresponds to one-
dimensional growth, n = 2 corresponds to two-dimensional
(2D) growth, and n = 3 corresponds to three-dimensional
(3D) growth. A constant nucleation rate is also treated as a
growth dimension, and 7 is increased by one in the presence
of a constant nucleation rate, i.e., n =4 corresponds to
three-dimensional growth with a constant nucleation rate.'?

In thin films, the assumptions of the JMAK equations
are not upheld. As growing particles impinge upon free
surfaces, the infinite size assumption is violated. In addition,
heterogeneous nucleation from an interface is favored in
many systems, violating the random homogeneous (bulk)

© 2015 AIP Publishing LLC
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nucleation assumption. In each of these cases, Eq. (4) is in-
valid, and an alternative model is needed.

Limitations of the JMAK equation are widely acknowl-
edged in the literature, and various analytical and computa-
tional solutions have been proposed.'*™* It is generally
agreed that a finite system results in a reduced Avrami expo-
nent. Others also suggest that the observed Avrami exponent
is not constant as a result. Models accounting for inhomoge-
neously nucleated systems have also been developed, sug-
gesting that inhomogeneous nucleation results in a reduced
Avrami exponent,'*16-17:23:25-27

Despite these efforts, no simple model has yet been
widely accepted over the existing JMAK equation in such
cases, and little work has been done on systematically under-
standing the evolution of the non-constant Avrami exponents
observed in thin film systems. Furthermore, the models pro-
posed in the literature employ complex computations and do
not easily lend themselves to data analysis and parameter
tuning. Therefore, we propose a computational approach
employing the level-set method to investigate the evolution
of the Avrami exponent when assumptions of the JMAK
equation are not met.

We apply this approach and adjust the nucleation den-
sity and film thickness to study their effects on the Avrami
exponent and its evolution during the transformation process
for the limiting cases of site-saturated bulk and surface
nucleation. Results from the simulations can reveal the ori-
gins of anomalous Avrami exponents and nonlinear Avrami
plots obtained experimentally in thin films.

Il. METHODS

The level-set method is a numerical tool commonly
used for tracking the evolution of shapes and interfaces over
time.”®’ This method provides a simple description of com-
plicated topology changes, such as when growing particles
collide, making it ideal for tracking phase transformations in
thin films. Furthermore, since the level-set method is a geo-
metric approach, it is free of any assumptions made by the
JMAK equation or other analytical models.

An implicit interface representation was used in this
study, which assigns a level-set function ¢(x) to each parti-
cle as a function of position x. ¢ possesses one extra dimen-
sion than the interface being modeled and represents the
interface as the ¢ = 0 isocontour. The choice of ¢ to repre-
sent the interface is a signed distance function, which has the
desired characteristics of being negative inside the trans-
formed region, positive outside the transformed region, and
zero at the interface while maintaining |V¢| = 1.

For isotropic interface-kinetics controlled growth, the
particle radius evolves over time as follows:

r(t) =ro+gt (6)

where r is the initial particle radius and g is the interface
growth velocity in the normal direction. An ry value of 0,
corresponding to negligible nucleus size as assumed in
Eq. (3), was used for all simulations in this paper. ¢ is then
evaluated over time using the following equation of motion:

J. Appl. Phys. 117, 175304 (2015)

¢

5 Helvel=0. ()
To solve the level-set function, the entire three-dimensional
Cartesian space is discretized into a mesh of finite size. The
mesh spacing was selected to be small enough relative to g
to ensure good temporal resolution. The evolving level-set
function is then evaluated over the entire domain at each
time step using an explicit Euler scheme. The isocontours of
¢ remain spherical (3D simulations) or circular (2D simula-
tions) throughout the entire simulation since they initialized
at t = 0 in that shape and evolve with constant g. The trans-
formed volume fraction at each time step is computed as the
fraction of grid points where ¢ < 0.

The local Avrami exponent, n, is computed numerically
using a five-point stencil according to the following equation
proposed by Calka and Radlinski, which can be derived from
Eq. (5):%°

_ dInf-In(1 —)]

dIn() ®

3D and 2D simulations of phase transformations charac-
terized by site-saturated nucleation were examined to vali-
date our model. Both scenarios reasonably satisfy all
assumptions of the JMAK equation. Periodic boundary con-
ditions were imposed in all dimensions to simulate infinite
size. Figures 1(a) and 1(b) illustrate 3D and 2D phase trans-
formation processes, respectively, modeled by the level-set
method. Figures 2(a) and 2(b) plot the Avrami exponent ver-
sus volume fraction transformed for the 3D and 2D phase
transformation processes, respectively, modeled by the level-
set method. The Avrami exponents obtained were approxi-
mately constant and equal to three and two, respectively, as
predicted by the JMAK theory. A sharp increase in n is
observed at high fy as the assumptions of the JMAK equation
begin to break down. Particles become large relative to the
size of the simulation box, and the final growth stages do not
obey random impingement as assumed in Eq. (1). This effect
becomes less prominent as more particles are placed in the
simulation box, in agreement with the findings of Levine
et al. and Todinov, who derived new analytical expressions
in lieu of Eq. (3).141°

lll. RESULTS AND DISCUSSION
A. Scaling

To simplify the analysis, we scale all quantities having
the dimensions of length by a characteristic length of the sys-
tem, in agreement with the literature.'®'® The characteristic
length 4 is related to the average final particle size after
transformation and can be computed from the volume nucle-
ation density, Ny, or area nucleation density, N4, for the bulk
nucleation and surface nucleation cases, respectively, as
follows:

=Ny '3, (9a)

J=Ny /2 (9b)
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(b)

FIG. 1. Visualization of a phase transformation process modeled by the
level-set method. These snapshots demonstrate the ability of the level-set
method to follow the evolution of complex interfacial morphologies and par-
ticle coalescence. (a) 3D simulation of box size 500 x 500 x 500. (b) 2D
simulation of box size 1500 x 1500.

These definitions are similar to those defined by Trofimov
et al.'® However, since the final particle shapes are compli-
cated non-spherical geometries, we drop the spherical shape
factor for simplicity.

The effects of nucleation density are related to the abso-
lute film thickness, /, so we encompass both of these param-
eters in the dimensionless film thickness, #*, of the system,
defined as follows:'®

. h
We==. (10)

Sections IIT B-III D discuss our findings on the evolution of
the Avrami exponent throughout the phase transformation
process in thin films for the bulk and surface site-saturated
nucleation cases as a function of /*.

B. Bulk nucleation

Simulations were conducted using a 1500 x 1500 x 50
box size, with nuclei placed randomly throughout the entire
simulation box. Periodic boundary conditions were imposed
in the two large dimensions but not the film thickness dimen-
sion. To simulate transformations in systems with varying /*
values, the number of nuclei was adjusted in the range
between 10 and 900 000. The results are plotted in Figure 3.

For all values of 4", the initial value of the Avrami expo-
nent is three as the particles grow unconstrained in three
dimensions. As particles impinge upon the surfaces of the
thin film, n begins to decrease toward two, suggesting a

J. Appl. Phys. 117, 175304 (2015)
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FIG. 2. Avrami exponent vs. volume fraction transformed for site-saturated
bulk nucleation reasonably satisfying the assumptions of the JIMAK equa-
tion. Labels represent the number of particles in the system. Average values
over 10 runs with different random initial configurations are displayed.
Corresponding visualizations are shown in Figure 1. (a) 3D simulation of
box size 500 x 500 x 500. (b) 2D simulation of box size 1500 x 1500.

transition from 3D to 2D growth. n approaches two more
slowly (in fy space) as h* increases (thicker film and/or
greater nucleation density) since fewer particles interact with
the surfaces (see Figure 4 for a visualization), leading to a
growth situation that approaches the bulk 3D limit (see
Figure 1(a) for a visualization). For large values of h*, n
approaches a constant value of three, as predicted by the
JMAK equation. These results support the general consensus
that finite-size effects lead to reduced Avrami exponents.

A few interesting phenomena are observed at the begin-
ning and final stages of transformation (low and high fy in
Figure 3). The noise observed in the first few time steps in
all plots is a result of the small particle sizes relative to the
mesh size. This issue can be remedied by using a finer mesh,
but this significantly increases computation time. The noise
observed at high fy is an artifact of averaging over a set of
runs that begin increasing to infinity at different f,, depend-
ing on the random spatial distribution of the nuclei. This
effect is diminished with increasing number of particles in
the simulation box.

Ocenasek et al.'® studied the effect of film thickness on
the Avrami exponent in the presence of a constant nuclea-
tion rate by numerically solving an integral expression
derived by the authors. Our findings slightly underestimate
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FIG. 3. Evolution of the Avrami exponent as a function of /" for the bulk
nucleation case. Average values over 10 runs with different random initial
configurations are displayed. (a) Avrami exponent vs. volume fraction trans-
formed. (b) Avrami plot.

their guidelines, which suggest essentially 2D kinetics for
h* < 0.3 and 3D kinetics for #* > 10. For 41* = 0.3, we find
that the Avrami exponent becomes nearly time independent
at a value near two at fy ~ 0.3, but for 4* = 0.2, we find
that the Avrami exponent becomes nearly time independent
at a value near two at fiy = 0.1 (see plot in Figure 3(a)). We
also find little difference between A* = 5 and 4" = 10, and
the Avrami exponent approximately equals three in both

FIG. 4. Visualizations of the phase transformation process for various /*.
Bulk nucleation case. (a) #* = 0.2 (full view, 1500 x 1500x50). (b) i* =2
(section view, 100 x 100 x 50).

J. Appl. Phys. 117, 175304 (2015)

cases. Therefore, we suggest a slightly altered guideline of
h* < 0.2 for 2D kinetics and #* > 5 for 3D kinetics. The
slight disagreement may be a result of the different defini-
tion of characteristic length used by us in comparison to
Ocenasek et al.

C. Surface nucleation

Simulations were also conducted for the surface nuclea-
tion case, again using a 1500 x 1500 x 50 box size with per-
iodic boundary conditions in the two large dimensions only.
Two cases were considered: nucleation from one surface
only and nucleation from two (both) surfaces. Nuclei were
placed randomly on the surface(s). To simulate transforma-
tions in systems with varying 4* values, the number of nuclei
was adjusted in the range between 100 and 48 000. The
results are plotted in Figure 5.

As for the bulk nucleation case, n equals three initially
as the particles grow unconstrained in three dimensions. In
contrast to the bulk nucleation case, however, n does not im-
mediately decrease since it takes time for the particles grow-
ing from the surface(s) to impinge upon the opposite surface.
For low /", an increase in 7 is observed initially (see Figures
5(a) and 5(b)). This can be explained as a violation of the
uniform random nucleation assumption of the JMAK equa-
tion since nuclei are placed only on the surface(s). Because
nuclei are sparsely distributed over the surface(s) instead of
throughout the entire material, less impingement occurs than
assumed in Eq. (1). Therefore, fiy grows more quickly than
predicted by the JMAK equation with constant n, and the
value of n calculated from Eq. (8) is inflated. This effect is
more pronounced for nucleation from one surface than from
two surfaces.

The phase transformation Kinetics and mechanisms
greatly differ depending on the value of 4*. For low values
of h*, most particles reach the surface before interacting with
one another (see Figure 6(a) for visualization). When the
growing particles impinge upon the opposite surface, a sharp
change in behavior occurs as growth transitions from a 3D
situation to a 2D situation, and n approaches two, similar to
the bulk nucleation case. For high 4*, however, many of the
growing particles interact with each other before they
impinge upon the surface. The growing particles essentially
form a planar front that advances through the thin film, as
suggested by Weinberg,” which is a 1D growth situation
(see Figures 6(b) and 6(c) for visualizations), and n
approaches the 1D curve. For intermediate values of A",
hybrid behavior is observed. The system first transitions
from 3D to 1D kinetics. Once the advancing front, which is
not perfectly planar, impinges upon the opposite surface, n
tends toward a value of two.

The Avrami exponent expression for the 1D planar front
case was derived analytically and verified using our level-set
simulations and is shown to have the following dependence
on volume fraction (plotted with simulation results in
Figures 5(a) and 5(b) for comparison):

n=— fv (11)

(1 =fv)In(1 —fv) .
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FIG. 5. Evolution of the Avrami exponent as a function of #* for the surface nucleation case. Average values over 10 runs with different random initial config-
urations are displayed. (a) Avrami exponent vs. volume fraction transformed (one-surface case). Dashed line represents solution for a 1D planar front, Eq.
(11). (b) Avrami exponent vs. volume fraction transformed (two-surface case). Dashed line represents solution for a 1D planar front, Eq. (11). (c) Avrami expo-
nent vs. natural log of time (one-surface case). (d) Avrami exponent vs. natural log of time (two-surface case). (¢) Avrami plot (one-surface case). (f) Avrami

plot (two-surface case).

The one- and two-surface nucleation cases show similar
behavior, but two distinct differences are observed. In the
two-surface case, one additional change in behavior occurs
when the growing particles from the two opposite surfaces
meet in the middle of the thin film. 2D/3D geometries form
(see Figure 6(c) for visualization) depending on A*, and n
approaches a value between two and three. This transition is
more prominent at high 4* (see Figure 5(d)). Once the grow-
ing particles reach the opposite surface, n approaches two as
in the one-surface case. This transition is more prominent for
low /" (see plot in Figure 5(d)). This transition does not
occur at all for very high 4" since the material is completely
transformed when the two advancing fronts meet in the

middle of the film. The second distinction is that growth for
the two-surface case possesses less 1D character at a given
fv. The two-surface case has a less planar surface than the
one-surface case at a given fy since the two-surface case has
less distance for the advancing front to flatten out (see
Figures 6(b) and 6(c) for visualizations).

In many cases, we observed an increase in n at some
stage during the transformation process as a result of inho-
mogeneous surface nucleation. Sun et al. previously found
that, by solving an integral expression derived by the
authors, inhomogeneous nucleation results in reduced
Avrami exponents.27 The authors, however, studied this phe-
nomenon in much thicker systems (215 < h* < 1598)
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(b) — S

Time, t —

FIG. 6. Time evolution of the phase transformation process for the surface nucleation case. (a) 1-surface case, #* = 0.3 (full view, 1500 x 1500 x 50). (b) 1-surface
case, h* = 7.3 (section view, 50 x 50 x 50). Only the interface is shown. (c) 2-surface case, #* = 5.2 (section view, 50 x 50 x 50). Only the interface is shown.

compared to the present work and also employed a nuclea-
tion density gradient through the film thickness, whereas in
this work, we only studied the limiting cases of nuclei origi-
nating from one or two surfaces. Our results suggest that sur-
face nucleation may in fact lead to increased values of the
Avrami exponent at certain times during the transformation.
In addition, our results suggest that finite-size effects do not
necessarily lead to reduced values of the Avrami exponent as
in the bulk nucleation case.

D. Discussion

As previously stated, a volume-fraction independent
Avrami exponent assumes the validity of the JMAK equa-
tion. It has been demonstrated that, however, the assump-
tions of the JMAK equation can be grossly violated in thin
film systems, and Eq. (4) is not valid in such cases.
However, no simple and broadly applicable theory has super-
seded the JMAK theory in thin film systems, necessitating
data analysis to be conducted using traditional methods by
creating an Avrami plot and computing the Avrami expo-
nent. We have applied this approach, even though we
acknowledge its inapplicability in such situations, to analyze
our simulation data in order to allow comparison to
experiment.

The Avrami exponent has been shown to be non-
constant throughout the phase transformation process in
thin films, resulting in non-linear Avrami plots. Some
authors have analyzed thin films by fitting a line to the
entire Avrami plot to obtain a single averaged experimental
value of n.'” In light of the apparent non-linearity, we
instead recommend analyzing the evolution of the local
Avrami exponent, calculated by Eq. (8), over the course of
the transformation.

Even the local Avrami exponent, however, does not nec-
essarily correspond to the dimensionality of the transforma-
tion. Our results support the findings of other authors who
assert that the Avrami exponent does not necessarily consti-
tute concrete evidence of the dimensionality of phase trans-
formations.'*'® For the bulk nucleation case, n appears to
correspond to the dimensionality of the transformation until
the infinite size assumption begins to break down at high fy;
however, for the surface nucleation case, n rarely corre-
sponds to the true dimensionality of the transformation.
Thus, as more assumptions of the JMAK equation are vio-
lated, interpretation of the Avrami exponent becomes more
difficult.

Analyzing behavior of the Avrami exponent over the
entire transformation, however, can provide some evidence
of the transformation mechanism. The flexibility of the
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level-set model used in the present work allows simulation
results to be fitted to experimental data. From this, transfor-
mation mechanisms and nucleation parameters of the real
system can be inferred. While this method of fitting n vs. fy
over the entire transformation is more robust than fitting a
single value of n, caution should still be used. Additional ex-
perimental evidence of microstructure, such as optical micro-
graphs or TEM images, is preferred before drawing
conclusions about transformation mechanisms.>*

IV. CONCLUSIONS

The level-set method has been shown to be a simple yet
versatile approach to study interface-controlled phase trans-
formations, free of the assumptions behind the classical
JMAK equation, and can be easily adapted to study a wide
variety of problems. Only site-saturated nucleation with iso-
tropic interface-kinetics controlled growth in thin films was
considered in this paper. Effects of different parameters,
including nucleation density, film thickness, and nucleation
mode (bulk and surface), on the Avrami exponent and its
evolution were determined.

By scaling lengths by a characteristic length of the sys-
tem, which is a function of the nucleation density, the effects
of film thickness and nucleation density are found to be de-
pendent and can be encompassed in one parameter, the
dimensionless film thickness #*. i* controls the evolution of
the observed Avrami exponent.

The behavior of the Avrami exponent greatly differs
between the bulk and surface nucleation cases. For the bulk
nucleation case, finite-thickness effects lead to reduced
Avrami exponents as the system transitions from 3D (n = 3)
to 2D (n = 2) kinetics. Moreover, smaller /#* (smaller thick-
ness and/or lower nucleation density) results in a transition
to 2D kinetics at lower volume fractions fy. For the surface
nucleation case, however, finite-thickness effects do not nec-
essarily lead to reduced Avrami exponents. In this scenario,
the system transitions from 3D (n > 3) to ID (n > 1) and/or
2D (n = 2) kinetics. When A* is small (thin film and/or low
nucleation density), the system transitions from 3D to 2D
kinetics, and the transition occurs at lower fy for smaller val-
ues of A*. When h* is large (large thickness and/or high
nucleation density), however, the system transition from 3D
to 1D kinetics, and the transition occurs at lower fy; for larger
values of /*. For intermediate values of /4", hybrid behavior
is observed as the system transitions from 3D to 1D to 2D
kinetics.

The Avrami exponent has been shown to be non-constant
throughout the transformation process in thin film systems, and
its observed value may not necessarily correspond with the
dimensionality of the transformation. Studying the behavior of
the Avrami exponent over the process of the transformation,
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however, may allow transformation mechanisms and nuclea-
tion parameters to be inferred. Nonetheless, given the compli-
cated temporal evolution of the Avrami exponent, care should
be taken before drawing conclusions on the mechanism re-
sponsible for the transformation solely from the values of the
Avrami exponent.
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