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Abstract. It is shown that the solution of a three-dimensional linear elasticity problem in a thin folded plate converges
strongly in H! to a solution of a two-dimensional model as the thickness goes to 0. This model consists of two plate equations
coupled through their common edge.

0 Introduction

So far, problems of junctions between 3d, 2d and 1d-elastic structures do not seem to have been
investigated from the mathematical viewpoint in spite of their practical importance. The mathemati-
" cal theories for 3d-elastic bodies, for plates and for rods are each fairly well developed (see for
example Wang and Truesdell (1975), Marsden and Hughes (1983) or Ciarlet (1988 a) for 3d-elasticity,
Ciarlet and Destuynder (1979), Ciarlet (1980, 1987), Destuynder (1986) for plates, Aganovi¢ and
Tutek (1986), Bermudez and Viafio (1984), Rigolot (1976), Cimetiére, Geymonat, Le Dret, Raoult
and Tutek (1988) for rods and all the references therein) but the question of knowing how these
different structures can be attached to one another seems to be mathematically quite open (see
Colson (1984) to get an idea of the complexity of the full problem from the engineer’s point of view).
We present here an approach, based on some of Ciarlet and Destuynder’s ideas, for the study of a
“folded” plate, i.e. two plates of thickness ¢ attached along one of their edges at a right angle,
(Fig. 1). The bodies are assumed to be linearly elastic. This assumption allows us to derive a limit
2d-model as ¢ goes to 0 and, at the same time, to obtain strong convergence results for the
displacements (also as a byproduct for the stresses, although we do not emphasize this aspect which
easily follows from our analysis). However, we do not use the asymptotic expansion method, unlike
Ciarlet and Destuynder (1979), but rather we pass to the limit in the variational equations and then
identify this limit. The crucial idea for treating this junction problem, also used by Ciarlet, Le Dret &
Nzengwa (1987) for a 3d-2d junction and Ciarlet (1988 b) for a 2d-1d junction, seems to be both of
interest and of wide applicability. This idea consists in scaling the different parts of the bodies under
consideration independently of each other — each in the same way as is usually done in plate and
rod theories —~ but counting the junction region twice, once in each separate scaled part. The scaled
displacements are defined on two separate domains and contain the information about the junction
twice. The relations expressing that they actually correspond to the same global displacement of the
whole structure yield the conditions that the limit displacements must satisfy.

More specifically, we consider a family of homogeneous isotropic linearly elastic 3d-bodies, as
depicted in Fig. 1, consisting of two plates of thickness ¢ perpendicular to each other. The bodies
are made of elastic materials with Lamé moduli ¢ 3 (u, A), i.e., which are more and more rigid as ¢ goes
to 0. Appropriate dead loads are assumed to act on the bodies so that finite flexural displacements are
expected in the limit. The bodies are assumed to be clamped on parts of the edges of both plates.
Then we perform a scaling as indicated above and consider a new scaled unknown, which consists
of the pair of scaled (defined as usual) displacements on each plate. Due to the clamping condition,
an H'!-bound independent of ¢ is derived for this unknown. After extraction of a subsequence, the
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scaled displacements therefore converge weakly to some limit displacement. It is first shown that
this displacement is of Kirchhoff-Love type in each plate. The continuity relations in the junction
region are then used to derive boundary conditions for these Kirchhoff-Love displacements on the
common edge. It is thus proved that the flexural displacements are zero on the common edge, that
the angle between the deformed plates is always /2 (this is a condition on normal derivatives of
the flexural displacements) and that the membrane displacements in the direction of the edge are
transmitted. No condition is obtained for the membrane displacements perpendicular to the edge.
The conditions above define a closed subspace in H' of Kirchhoff-Love displacements and we show
then that the limit displacement satisfies well-posed variational equations on this space. This is done
by approximating arbitrary test-functions of this space by displacements that satisfy the continuity
relations at the junction for ¢ > 0. The construction of these approximations is rather tricky and
involves the edge conditions above in a crucial way. The approximate test-functions are then used
in the original variational equations for ¢ > 0, all the singular terms can be controlled and the limit
problem is obtained by computing the limit of the equations as ¢ — 0. This limit variational problem
can be interpreted in the sense of distributions as a system of coupled plate equations for the flexural
displacements — the coupling being indicated above — and as a system of coupled membrane
equations with the edge condition above and free perpendicular edge displacements. The solution
of the limit problem exists and is unique and therefore the preceding analysis shows that the whole
family of scaled displacements converges weakly to this solution. Once this fact is established it is
not hard to see that the convergence is actually strong, since we were essentially dealing with
minimizers of uniformly strictly convex functionals.

Finally, we list a few extensions and limitations of the present method. Let us emphasize that,
in our opinion, the independent scaling idea might prove to be quite useful for treating a variety of
junction problems.

Notation. Let Q be an open subset of R” and let m be a positive integer. We denote by
2 (Q) the space of C*-functions with compact support in £2,
L2(Q) the space of (classes) of measurable square-integrable real functions on Q,
H™(Q) the space of functions of 1?(2) whose distributional derivatives up to the order m belong
to L*(Q),
H)} () the closure of 2 (Q) in H'(2) and H ~!(Q) its topological dual.
More generally H7:(£2) is the space of H™-functions whose traces vanish on a part I of the
boundary of Q.
Finally, it X is a Hilbert space, L?(0,1; X) is the space of measurable functions from ]0, 1[ into

1 .
X such that {||u(?)|[3ds < + oo, and H™(0,1;X) is the space of functions of L2(0, 1; X) such that all

0
their distributional derivatives with respect to ¢ up to the order m belong L*(0,1; X).

We refer to Adams (1975), Lions and Magenes (1968 a, 1968 b) for the general properties of these
spaces.

1 The three-dimensional problem

1.1 We consider a family of three-dimensional isotropic homogeneous linearly elastic bodies whose
reference configurations are the sets €2, defined for ¢ > 0 as:

Q. =.UQ7,

where: Q/: = {xeR3,0<x;,x3<1,0<x, <2}, QU:={xeR3,0<x,,x<1,0<x,<c¢}.

Let: I': ={xeR3,x; =1,0< x; < 1,0< x, <&}, TIl:i={xeR3x,=10<x;<1,0<x;<¢}.

See Fig. 1.

We introduce the following index convention: Latin indices range in {1,2,3}, primed Greek indices
in {1,3} and double-primed Greek indices in {2,3}.

We assume that the Lamé moduli of the bodies satisfy:

(.us’ls) = 8-3(:u=’1) (11)
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for some strictly positive constants y and A. Since we are in the framework of linearized elasticity,
the choice of such exponents in plate theory is merely a question of taste. It is always possible to
multiply all data by a “hanging factor” ¢" without modifying the resulting limit equations. The 3
factor is however the appropriate one for a nonlinear plate to sustain its own weight if its density
does not depend on ¢, see Ciarlet (1980, 1987). In the present linear case, we can even consider
transversal body forces of order ¢~! and surface tractions of order 1, and get finite flexural
displacements in the limit as ¢ » 0. Actually, for simplicity we will consider only body forces.
Extension of our results to more general loading is straightforward. The bodies are thus subjected
to loads /¢ in L?(£2,)? of the form:

_ X2 _ Xy
S (xy,x0,x3) =¢ zf;' <x1:?:x3>: S5 (x1,x0,x3) = ¢ 1f§ <x1:;,x3>a (1.2)
on Q; and
£ — —2 ﬂ 13 — —1 g7 ﬂ 12//
faz”(xl’xZ’ x3) & o e » X2, X3 ], fl (x15x2= X3) é fl c » X2, X3 ], ( . )

on Q\Q;, for some functions f7 and f7 in L?(IR3). A few words of comments are in order here. We
are considering a family of materials that become more and more rigid as ¢ — 0. It is thus not too
unreasonable to assume that their density goes to infinity at the same time — although this is not so
clear when speaking of modern materials. This accounts for the ¢! factor for transversal forces
which can be interpreted as the weight of the materials (assume that the bodies are tilted about the
vertical). There is no such physical interpretation for the factor ¢=2 for the in-plane loads. This
choice is mathematically coherent with the choice of transversal forces — a plate is indeed much
more rigid in the directions of its own plane than in the transversal direction — and leads to O(g)
membrane displacements. Smaller orders, like the weight in the case above, would lead to smaller
order membrane displacements, i.e. in our setting this would be equivalent to having zero in-plane
loads. The explicit form (1.2")-(1.2") is assumed for convenience only because it yields constant
forces after rescaling. What we actually need to complete the following proofs is that the forces be
weakly convergent, e.g. in L2, after rescaling. Therefore, more realistic loads could be assumed at
no extra cost. Note that (1.2”) only holds on £;\Q; to avoid inconsistencies in the junction. This is
only due to the specific form (1.2)—(1.2"), see remark above.

As regards the boundary conditions, we assume that the bodies are clamped on I,U T and
traction-free on the rest of the boundary. Then, the equilibrium equations are naturally expressed
in variational form as:

Find »® in V* such that:
j'AEe(uE):e(v)—gf”‘-v=0, ' (1.3)
&, ,

for all v in V?, where:
Ve:={veH'(2,)}, v=0 on I,UI}, (1.4)
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and A° is the elasticity tensor with Lamé moduli (u,, 1,), i.e.:
(A°t)y;=2p,7;;+ 4,7,0;; for all symmetric 7. (1.5)
An immediate consequence of formula (1.1) and of Korn’s inequality is:

Proposition 1.1. For all ¢ > 0, there exists a unique * solution to problem (1.3)—(1.4).

2 The scaled problems

2.1 We use essentially the same idea as in Ciarlet, Le Dret and Nzengwa (1987) which is to scale the
different parts of the bodies independently of each other but counting the junction between these
parts twice. To achieve this, let us introduce two different copies of R3, (R3)" and (IR?)” (we will very
soon forget about all that and identify these two copies to everybody’s ordinary IR3) and set:

Q:={xe(R3,0<x;<1}, Q:={xe®¥),0<x;<1}.
Let us also define:
0= N{x,=0}, I":=QN{x =1}, o:=Q"N{x;=0}, I":=Q"N{x,=1},
Jo=02'N{0<x<e}, J:=0Q"N{0<x,<¢}.
We introduce the scaling mapping:
PQQUR - Q,,
LaR P S e

Now, the junction between the two plates in Q, is actually counted twice by ¢*, once in 2’ by J,
and another time in Q" by J; (Fig. 2).

Let: V:=H}(Q) x Hp.(27)

(this will take the clamping condition into account). Next we define an operator:
ViV 2.2)
u'_)((g—l Uy, Up, €7 ! u3) o ¢£: (ula 8_1 Uy, e” ! M3) o (l)a)

The operator @° is not onto. Its range @° V*® is a closed subspace of V consisting of pairs (v', v")
satisfying: :

ev] (X1, X3, x3) = V] (1, €X), X3)
v5(X1, X9, X3) = €05 (X, EXp, X3) 2.3)
v3(ex, X2, X3) = V3 (1,83, X3)
for almost all (x;, x,, x3)€]0, 1[3. We set
u(e) = O°u’ 2.4

to be the new scaled unknown whose behavior as ¢ — 0 we want to study. Let us introduce the
quadratic forms:

N \ )

Qll J/l Ql
a € b Fig. 2a and b
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Bé (l/l, U): = 2.ueoz’ﬁ’ (u) €' p’ (U) + )“ea’zz’ (u) €pp (U)
+e72 (dueys (W) eys () + Aleya W)ex (V) + ey (V) €z (W)
+e74Qu+ 1) ey (W) ey, (v), 2.5)

and let B/ (u,v) denote its double-primed counterpart. Then replacing formulas (1.2) and (2.4) into
(1.3) and performing the changes of variables in the integrals, we obtain the following variational
equations for u(e):

| 1
J Bw@.0+ 3 [Biw@0)+ ] BL@.o)+; [ Bw@n=[f o= [ fo=0 @8
for all v in @° V&,

Note the crucial trick of splitting the elastic energy in the junction in two, so as to make clear
that the functional defined on V by formula (2.6) is coercive.

3 The limit problem as ¢ — 0

4 bl

3.1 Letusderivean estimate foru(e). Let ||v|[p = |V’ |72 + VY [IF2(0y0
for all v = (v, v”) in V. As in Ciarlet, Le Dret and Nzengwa (1987) we set:
1 1
o (@)1= erp (U(e)),  #p2(8):= —era(ue)),  x(e):= ;em (u(2)) 3.1
on Q’, and we define analogous quantities on 2”. Then we have:
Proposition 3.1. There exists a constant C independent of & such that

lule)lly < C. (3.2)
Proof: Let v = u(g) in the variational Egs. (2.6). This yields, by the positivity of the elasticity tensor:

@) By < 5 [ Bilw), u) + 5 | B (@), u(e)
Q Q

’/ 1 4 7 1 /7
< | By(u(e)u(e), + 5 [ Bi(u(e), u(e) + | By (u(e), u(®) + 5 [ Bi (u(e), u(e))
A\ 27 A\ 2
=[fu@+ | fu
fod N\,
<l U(E)”IZ}(Q'uQ”)s (3.3
But, for ¢ < 1 and by Korn’s inequality (recall that clamping holds on " and ),
%) IE2@uay = lleE)li@ oy = c2llu@lF, (3.4)
which implies, together with inequality (3.3), the desired result. O

We can therefore extract a subsequence u(g,) such that:

Corollary 3.1. u(e,)—u(0) weakly in Vase¢,—0.
As the limit #(0) will turn out to be unique, the whole family u(¢) will actually converge weakly
to u(0). We will thus denote the subsequence ¢, simply as ¢ for the sake of brevity.

3.2 Let us now proceed to identify the limit #(0). To begin with, we state the:

Proposition 3.2. The limit displacement u(0) is of Kirchhoff-Love type in " and Q”, i.e. there exist
six functions {, e H'(w"), {4,e H*(w"), (e H ("), {{€ H*(w") such that:

1 1
u(0)(x) = (Ci (x1,%3) — <x2 - 5) 0185 (x1, x3), 5(x1, X3), {5 (%1, x3) — (xz - 5) 03C§(x1,x3)> (3.5)
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in £ and:

" " 1 ” " 1 ”
u(0)(x) = < 1 (%2, %3), {5 (X2, %3) — <x1 - E) 0587 (%2, %3), {5 (362, X3) — (xl - 5) 031 (xy, xa)) (3.6)

in Q”. Moreover
(i(L,x3) = 0, 5(1,x3) = {7 (1, x3) = 0,{7(1,x3) = 0. 3.7
Proof: As u(g) is bounded in V, we deduce from inequality (3.3) that x (&) is bounded in L2(Q'UQ")°.
Therefore, it follows from the definition of % (g), (3.1), that:
Ilez2 (1 (e)) ”LZ(Q’) =0(), ey (u(e) ||L2(Q') = 0(e), (3.8)
llerr (u(e)) ”L2(Q”) =0(e), ey (u(e)) ||L2(Q”) = 0(e), (3.9
which by weak lower semicontinuity of the norm implies:
{ en0) =e,n©0)=0 n &,

e ((0)) = e (0) =0 in Q.

It is known that formulas (3.10) are equivalent to the representation formulas (3.5)-(3.6) with the
indicated regularity for the {’s, see Ciarlet and Destuynder (1979). Formulas (3.7) then follow from
the clamping condition on I"UI”. O]

(3.10)

3.3 It is a priori clear that the functions { must satisfy usual plate and membrane equations inside
o’ and ”. The main problem is to determine which conditions they satisfy on their common
boundary y: = {x, = x, = 0}. Such conditions indeed come from the continuity relations (2.3) for
&> 0. Let us first derive the easiest ones. We will make repeated use of the following lemma:

Lemma 3.1. Let X be a Hilbert space and let « belong to H! (0, 1; X). Then u belongs to C ([0, 1]; X)
and we have:

W
——
[
—

Hux + ) — u{x)lly < A2 jullg 1.x) 3.
whenever x and x + / belong to [0, 1].
Proof: This is essentially Lemma 2.1, p. 17 of Lions and Magenes (1968 b).

Proposition 3.3. We have:

Cé (0,.X3) = O’ Cg (O,X3) = Cg (09 x3):
{1(0,x3) = 0,

for all x5 in [0, 1[.

Remarks. (1) Formulas (3.12) mean that the flexural displacements of each plate are zero on y. This
is natural, once an a priori bound is known to hold, since the flexural displacement of one plate on
y is a membrane displacement of the other plate which is much smaller indeed. Thus, the fold stiffens
the plates.

(2) Formula (3.13) means that the fold does not affect directly the membrane displacements in
its own direction. Such displacements are transmitted through the fold. The fold however influences
those displacements globally, since as we will see, the displacements orthogonal to y are independent
of each other and thus the equations for membrane displacements are not reducible to those of a
single plane elastic membrane.

Proof of Proposition 3.3.: For all v in H'(0,1; L?*(w")), let us define:

(3.12), (3.13)

T.(v): = lj'v(s,xz, x3)ds € L2 (w”) (3.14)
€9

and T7 by switching primes and coordinates. As the function u(g), belongs to the space
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H'(Q) c H(0,1;L*(w")), we can apply Lemma 3.1, with X = L? (0”"). It follows then from formula
(3.14) that:

175 (u(e)3) — (&) x, =0 llL2@ry < Ce'? (3.15)
As u(€)y) 5,0 = {3y, =0 in H'2 ("), we deduce that:
Bxg=0 =M T (u(e)y) in  L2(). (3.16)

But, using formula (2.3), we get:

TN@E=@MXG&MJJ®
0

1 3.17)
=& j u (8)/2’ ([a £Xx, X3) de
0
and therefore:
11 /1 2
I T (@) 2 = | <f u(e)y (£,€x, X3) dt) dx,dx;
00 \0
111 ,
< [ [ [ u(e);(t,8x x5)*drdx,dx; (3.18)
000

< eljue); |20 < Ce.

by formula (3.2). Then {5(0,x3) = 0 and the same proof also works for (7. Let us turn to formula
(3.13). We perform the same kind of computation on the third equation in formula (2.3).

1
T;(u(e)s) = fu(e)s(es, x2,x;)ds
0

= iu(e)g’ (t,8xy,x;)dt (3.19)
0

Integrating (3.19) with respect to x,, we obtain:

1 1
§ T (u(e)3) (x3,%3)dxy = [ T7 (u(e)3) (x1, x3)dx; - (3.20)
0 0
Since the operator:
L2(0.1) > 22(0.1) G2
v fo(t,x)ds
0

is continuous, equation (3.20) holds true in L?(y), and we can pass to the limit in (3.20), by using
the equivalents of formula (3.16). This yields:

£3(0,x3) = £3(0, x3) (3.22)
since 05 (5(0, x3) = d5(7 (0,x3) = 0 by formula (3.12). O

Proposition 3.3. is actually easy to guess from the continuity condition (2.3). Here comes a more
subtle condition on normal derivatives.

Proposition 3.4, We have:
0105(0,x3) = — 3,{1(0,x3) (3.23)
for all x5 in ]0,1].
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Remark: 1f we go back to the geometrical meaning of displacements, we see that formula (3.23)
expresses the fact that the two plates stay perpendicular to each other in their deformed con-
figuration.

Proof of Proposition 3.4. First of all, let us differentiate the first equation in formula (2.3) with
respect to x,:

Oy u(e)1 (ex1, X, X3) = Gy u (8)] (X1, €%, x3) . (3.24)
Now, as was pointed out to the author by F. Murat, we remark that:

Oru(e); (x)eL*(0,1; L*(w”) and
{ 01 (Qu(e)) (x1) = 0,(6,u(e)]) (x)e L2(0, 1; H ' (w")).
Therefore, we can apply Lemma 3.1 to d,u(e); with X = H~!(w”). Similarly:
0,u(e)y (x))e H'(0,1; H ' (@)). (3.26)

In particular, d,u(e); has a trace at x, =0 in H ~(w”). Moreover, since u(g);—u(0)] in H(Q"),
O,u(8)]—0d,u(0); in H'(0,1; H(®")), and:

(3.25)

Oru(E)lj =0 — 01{sx=0 I H (). (3.27)

Similarly:

O1u(E)y =0 — 02l{|x,=0 In H™'(0). (3.28)

Let us choose three functions ¢; in 2 (]0,1[), multiply equation (3.24) by ﬁ @;(x,), and integrate:
I I =

Sj;/ Gru(e)] (e x1, %3, X3) llj] @;(x)dx = g Gru(e)] (x1,€ X, x3) lljl @;(x)dx. (3.29)

Now, setting g () = %;,(¢) we have:

d,u(e)7 (x) = eg (&) (x) — du(e); (%), (3.30)

with g(¢) bounded in L?(Q”) (this follows from formula (3.9)). Therefore, the second integral can
be rewritten as:

' 3 3
Ir=¢ f g (&) (x1,€x,,X3) Hl @;(x;)dx — j 0 u ()3 (x1,€x,X3) 1_[1 @;(x)dx. (3.31)
fo i= o4 1=
Let us show that the first integral in (3.31) vanishes in the limit. In fact, we have:
le1l xz
[Je] < f”lg(a) (1, X3, %3) @1 (x1) @3 " @3(x3)|dx; dx,dx; < Cel”|| g ()] L2(@)> (3.32)
000

by the Cauchy-Schwarz inequality. Therefore, we need only to consider the second integral, which
is exactly of the same type as I§ after switching primes and indices. Let us thus turn to studying
I5. Lemma 3.1. applied to v(e) (x;): = 0,u(e); (e x;) yields:

196) (x) — 2@ O], < Ce2x}2 < Ce2, (3.33)
whence from (3.27):
v(e) ()= —01{x=0 In H (), (3.34)

uniformly with respect to x,. Let us define a linear mapping:
L, :L*0,;H Y(w") - H (")

1
U'—’f v (x1) @y (x)dxy,
0
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as

1
<L, vyp>:= [ <v(x),p> e (x)dx, (3.36)
0

for all v in H} (") (all < -, - > symbols will denote pairings between H}(w") and H~!(w’) or
H{(w") and H~'(w")). Clearly, L, is well defined and continuous with norm ||@;|l 2 As

©,(x,) @5 (x3) belongs to Hj(w"), we see from formula (3.34) that:

P=<L, @), 0:Q¢03> > — <L, (01{54,20,02@ 03> as &¢—0 (3.37)

1
but L, (8, {5y x;=0) = (0103 x, =0) X ({(pl (x;)dx;) as is seen from the definition, so that:

1
§- — <0181, =0 j @1 (x)dx, 0, ® @3>
0

== (j;,51C;(O’x3)cp1(xl)qoz(xz)qog(xgdx as £—0. (3.38)
Similarly, from formulas (3.31) and (3.32), we see that
I5— g; 0207(0,x5) 92 (x2) @1 (1)) @3 (x3)dx as &0 (3.39)
and the conclusion follows, since @1, p2 and ¢3 are arbitrary in 2 (]0,1]). O

Let us sum up the properties of the {’s found so far in a theorem.
Theorem 3.1. The functions [}, {7 satisfy:
CQ(O,X::,) = C/I/(O:v x3) =0
01050, x3) = — 0,{1(0,x3) (3.40)
£53(0,x3) = £5(0,x3)
for all x5 in 10,1].

3.4. We are now in a position to completely determine u(0): conditions (3.40) are the only
restrictions imposed a priori on the unknowns as we will now prove. The method consists in showing
that we can pass to the limit in the variational equations (3.6) with arbitrary test-functions satisfying
(3.40). For simplicity, we will treat the flexural displacement and the membrane displacements

separately.
We have proved that the pair ({5, {7) belongs to the space:

V=&, & eH* () x H*(0"), & (0,x3) = E"(0,x3) = &' (1,x3) =&"(1,x3) =0,
01" (1,x3) = 8,&"(1,%3) = 0,0, £"(0,x3) = — 0,7 (0, x3)} . (3.41)

The space ¥ is indeed closed in H} (0") X H} (") and any functional that is coercive on the latter
space defines a well-posed variational problem on the former. Actually we will prove that:

Theorem 3.2. The pair ({3, {]) €7 is the unique solution of the variational equations:

1 A
j <— WOy l5 0,58 + S - O a5 5ﬁ'ﬂ'f/) dx

I\6 6Qu+ )
+ j‘ l P CI/ P 5// + 'LL/{ i 79 6// dx (3 42)
2 6 HOxpC1 Oyrpe 6(2,“ + /1) a"a"51 VpTp” .

= j (—Ma'aa’é/"i‘Féé/)dx—'l— j (_M‘z”aa"é”—l_ i/é//)dx
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where:

1 1\, , L L 1), y b
M, = {{x,— 2 |fudxy, Fy={[frdx,, My={|x—=|fpdx;, F{=[f{dx;.
2 2
0 0 0 0

for all test-functions (&', £”) in ¥7;.

Lemma 3.2. The following weak L?-convergences hold:

{ 8_1601/2 (u/ (8))—AO (3.43/)
A
e 2ey (1 (g)) —~ — m ey (U (0))
in Q" and:
{ e~ L, (u”(e)) =0 (3.43")
A
e ey (U (e))—~— m ey q (1 (0)
in 7.

Proof: The proof is very similar to the one of Ciarlet, Le Dret and Nzengwa (1987), but we include
it for completeness. Let us introduce the scaled stresses:

Eoz'ﬁ’ (8): = Zlu%a’ﬂ’ (8) + j'(%y’y’ (8) + 22 (8)) 5&’[)”

Zy2(8): =2pe" ey (o)

Z53(8): = Qu+ e x5 () + A6 3ty (¢)

and the analog on Q. It is easy to check that they satisfy:  6,X,(e) =f; in QUQ"

In particular: 6,2 ,,(e) = fy — 0g Xy (€).

Now, each function X, (¢) is bounded in L2(2’) independently of ¢, therefore, 05 2,5 (¢) is bounded
in 12(0,1; H (")) and as F, belongs to L2(£"), we deduce that:

&
0%y (8) = by (fo = 0p 2 p ()

converges strongly to 0 in L2(0, 1; H ~!(w")). As the traces of %,,(g) at x, = 0 (resp. x, = 1) tend to
0 strongly in H~2(x,=0) (resp. H-2(x,=1)) it follows that s3,,(¢)—>0 strongly in
H'Y0,1; HY(w").

Similarly: 6,27,(e) = f, — 0p 224 (e).

and the same argument as before shows that:

02 (2 p + D22 (&) + Astyy (8)) = & (fo — Op L3 (e))

converges strongly to 0 in L2(0, 1; H~!(w’)). As the traces at x, = 0 and 1 also converge to 0, we see
that (2 + 4)36,5(e) + A%, (8) = 0 strongly in H1(0, 1; H~!(w")). Formula (3.43") then follows from
the definition of the x’s. We argue in the same fashion on 2” and thereby conclude the proof of the
lemma. 0

Proof of Theorem 3.2: Let us choose (&7, £”) in VN C®. Then, in a neighborhood of x; = 0, the
following expansions are valid:

& (x1,x3) = %10, &7 (0,x3) + g1(x1, x3)  with [g7] <cx?

(3.44")
= —x10,¢7(0,x53) £ g1(x1,x3)
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since £'(0,x3) =0 and 0,&'(0,x3) = — 0,¢"(0, x3), and:

018" (x1,x3) = 0,87 (0,x3) + g3 (x1,x3)  with {g5] <ex;. (3.45)
(actually g5 = 0, g1, of course). Similarly, in a neighborhood of x, = 0, we have:

E"(x,X3) = X0, €7(0,x3) + g1 (x5, x3) with |g7| < cx}
= —x20,&"(0,x3) + g7 (x2,X3)

(3.44")

and

028" (X2, %3) = 0,87 (0,x3) + 83 (X, x3)  with [g3] < cxy. (3.45")

The trick is to define a test-function v (g) belonging to @ V* and hence admissible in equation (2.6),
in such a way that v(g) approximates the Kirchhoff-Love displacement corresponding to (&', £”)
sufficiently closely so as to allow us to pass to the limit in the singular terms of equation (2.6) using
only the information of Lemma 3.2.; i.e. using the fact that integrals of a product of a weakly
convergent sequence by a strongly convergent sequence converge to the integral of the product of
the limits.

Let us call:

<—<x2— %) 6:¢,¢, — (Xz— %) 335’> in Q7

b= 1 | (3.46)
(6”7 - <x1 — 5) 62 ”, - <x1 — §> 635”> in Q7.
Then we define v(e) as: v(e) = v, (¢) + v, (¢) where v, (¢) is such that:

(&7 (X2, x3), &' (31, %3), 0) for 0<x <e,

« 1 —
o1 (&) = ( » &7 (%1, X3), — <x2 - 5) <X1 A 8> 635’(x1,x3)>

=

or e<ux; <2e, (347)

1
(— X301 &7 (x1,%3), ¢ (X1, X3), — (xz - 5) 535/(361,363)) for x;>2e.
in Q" and:
(& (x2, X3), 671 (£x1, X3), 0) for 0<ux,<e,
" 1N (x,—¢ .
<~f” (X2, %3), ", — (x1 - —> ( : > 03¢ (xz,x3)> for e<x,<2¢, (3.47)
v () = 2 &

1
<f” (%25 X3), — X102" (X9, X3), — <x1 - 5) 03¢" (xa, x3)> for x,>2e.

in Q”, where (and here is the point where the conditions entering the definition of ¥7; are crucial):

—¢ 2¢ —

X1 .

g1 (ex2,x3)

F=—%0,8(0,x3) — X <X1 >g§(x1,x3)—|—

5 (3.48)
& e—x;
)gé’(xz,x3) + 2 2 81 (x1,83)

*k ” Xy —
= — x10,¢ (o,xg)—x1< 2
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The remainder v,(¢) is defined as:

1
<§ 01¢ (0, x3), ; 0, ¢ (O,X3),0> for 0<x;<s,
1 g
v;(e) = (E 018" 2(x1 — &), x3), 5 058" (2(x1 — &), x3), 0) for e<x; <2  (3.49)
1 4 8 4
5515 (X1, x3), 5326 (x1,x3),0 for x;>2¢,

(note that d,&” (x), x3)) means here the derivative of £” with respect to its first variable x, taken at
the point (x;, x;) and:

£ 1
(5 01 (0, x3), 3 0,¢" (0,X3),0> for 0<x,<e,
8 7 1 ”
v5(8) = (5 01¢" (2(x; — &), x3), 5 0,87 (2(x, — 8),X3),0> for &< x,<2e, (3.49")
8 ’/ 1 ”
5 018 (3, x3), 7 058" (%2, %3),0 for x,>2e.

Inspection of formulas (3.47)—~(3.48) for x; = ¢,2¢ and x, = ¢,2 ¢ reveals that v, (¢) is continous in £’
and Q”, by formulas (3.44)~(3.45), and is thus in H'; so is v,(¢). Moreover, it is clear that v(s)
satisfies the continuity conditions (2.3) by construction, and is thus admissible in equation (2.6). It
is also clear that v(e) - v strongly in L?(Q'UQ"). Let us consider the convergence of the strain
tensors. Since the definition of v (g) is symmetric with respect to the primes, we can deal with v (g)
alone. We have:

en(v'(e) =0 (3.50)
which takes care of the ¢4 terms in equation (2.6). Then, for 0 < x; <e&:
2en (v (2)) = 0" (32, %3) + 01 € (31, %5) (351)

= g3 (ex2,X3) + g5(x1, x3)
by formula (3.45). For ¢ < x; < 2¢:

28—)61

2ey (v'(8)) = (g3 (6 X, x3) + 82(x1,%3)) + £ £" (2 (%1 — &), x3) (3.52)

and for x; > 2é&:

2ex (0 (®) = 5 0’ (11 %). (353
A routine calculation using the estimates on the functions g7, g7 implies that:

e~ ley (v (e)) > % 0y E"(x1,x3) stronglyin L2(Q"). (3.549)

This takes care of the term £2 { ey (' (¢)) ey (v’ (¢)), which therefore tend to 0 by Lemma 3.2.
o
Next, we have for 0 < x; <e:

2exs (' () = 038 (s1,x3) + 2 037 (0. (3.55)
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for e <x; < 2¢:

28 — X

2ex(v'(e)) = 03¢ (x1,X3) + %523 £"20x1 —8),x3), (3.56)

and for x, > 2e:

2ey (v (6)) = %5235” (X1, %3). . (3.57)

It is easy to see from an estimate of the form | 85 & (x1, x3)| < ¢ x;, that e~ ley (v (e)) = 1/4 053 E” (x1,X3)
strongly in L?(Q’). Finally, using again the estimates on the functions g, we see that
ey p (V' (8)) > ey p (V) strongly in L2(2’). We can thus pass to the limit as ¢ -0 in equation (2.6),
which yields equations (3.42) for (£7, £”) very regular, after integration with respect to x, in " and
x,in Q”. Then a (not so obvious, see remark 2 below) density argument shows that equations (3.42)
hold for all (£’, £”) in #",. Now, equations (3.42) clearly define a well-posed variational problem,
having thus a unique solution in ¥";, namely ({5, {7). O
Remarks. (1) We recognize in (3.42) the weak form of equations for two plates coupled through
their normal derivatives on their common edge (expressed here with the more familiar material
constants E and v):

E
= Ay =3,M,+F, ino
12(1 —v?) =Mt By mo (3.58)
£ A2l =0, My+F{ inw”
21—y~ P T T
{é(O,Xg)= /1/(0:X3)=0 (3 59)
01£5(0,x3) = — 0,{1(0,x3)
mi1(0,x3) = ma(0,x3) (3.60)

plus the conditions coming from the clamping on I"” and I"” and the traction-free condition on the
rest of the boundary, where the bending moments m;; are defined by

7 E ’ /
Mo = = ﬁ—_\ﬂ)[(l 0 VAL O]

” E [(1 v)a C// + VAC”& ]
Morgri: = — ——— — ” pn a4

“h 12(1 — v?) “ g

Formula (3.60) comes formally from integrations by parts in equations (3.42).
(2) Note that formulas (3.59) imply that the function:

G:1-L1[x]0,1[- R

(s, i s<0
(S’I)H{C’z(s,t) if 5> 0

(which sort of “unfolds” the plates) is actually H? with respect to (s, 7). The density argument of the
proof of Theorem 3.2. relies upon the fact that it is possible to approximate in the H?-norm any
H?2(]—1,1[x]0,1]) function vanishing at s = 0 by C*-functions also vanishing at s =0. Let us
briefly sketch how this can be done. First of all, due to the boundary conditions at s = + 1, we can
extend any such {by reflexions at # = 0 and 1 into an H2-function of @ =] — 1,1[x ] — 1,2[ vanishing
in a fixed neighborhood of t = — 1 and ¢ = 2. This extension is actually a continuous linear operator.
Let v belong to H32(] — 1,2[) with compact support in ] — 1,2[. Then the function P (v) defined by:
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A’P(r) =0 -1<s<0 and 0<s<1l,—1<t<2
Plv) =v fors=0
P(v) =0 on 0Q
oP(v)
on

is clearly H?(Q), depends continuously on v and if v is C®, so is P(v). Now, let ¢, be a smoothing
kernel. We approximate { by {, = g,* { — P(g,* {|s=0)-
Note that the function { above does not however satisfy (the notation is self-explanatory):

E
12(1 —?)

3.5. Let us now turn to finding the membrane displacements. Since their determination follows
closely the lines of the proof of Theorem 3.2., we will only sketch the argument. We have seen that
the quadruple ({,,{ ) belongs to the space:

Vyr=A{({¢w¢w)e H (o) x H' (0"Y, &y (1,x3) = €5 (1,x3) = 0,85(0, x3) = £5(0, x3)} (3.61)
We introduce the notation:

=) i o, @i=(5) i o

and

vi=(Ehe) in o, vi=(5¢) in o

Then, we have:

Theorem 3.3. The membrane displacements ({, { ;) are the unique solution in ¥V, of the variational
equations:

=0 on oQU{s=0}

ANl=3,M,+F in ]—1,1[x]0,1].

, N, 2HA , ,

| <2uea«,y(u° ey p (V) + m yo () epp (v )) dx
2ul

2u+ 4

P

+ | (2 pey g (") e, g (V) + o (U0)egy (v”)) dx (3.62)

”

g e, €

Féydx+ [ Fuéldx

1 1
where F, = {fydx,, Fp={fuwdx,, forall (¢y,&)in 7 ,.
0 0

Proof: Given (¢, &) in ¥, we define a displacement v(g) in @° V* much as in the proof of Theorem
3.2

(£1(0,x3), ££5(0,x3), £5(0,x3)) for 0<x,<e,
v(e)= < (C1(20x — &), x3), 8£5(20x) — 8),X3), £3(2(x1 — ), x3)) for &<x;<2e,
(€1(x1,x3), €85 (1, x3), £3(x1, %3)) for x;>2e,
(e£1(0,x3), £3(0,x3), £3(0,x3)) for 0<ux,<e,
V(@) = < (e€1(2(x2 — &), x3), £3(2(x2 — 8),%3), €5 (2(x2 — &), X3)) for &<x,<2e,
(€1 (32, x3), £5(x3, X3), £5 (X2, %3)) for x,>2s.

Then it is easy to check that ey, (v (¢)) = €11 (v”(¢)) = 0, thate~le,,(v" (¢)) and e~ le, (v” (¢)) converge
strongly in L2 and that e, » (v" (¢)) and e,” g~ (v” (¢)) also converge strongly in L?, and we conclude as
in the proof of Theorem 3.2. O
Let us summarize all the results of Section 3,
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Theorem 3.4. The family u (g) converges weakly in H! (27)} x H!(©2”)? to a Kirchhoff-Love displace-
ment #(0) defined by equations (3.5)-(3.6)-(3.42)-(3.62).
Once this weak convergence is established, it is almost immediate, albeit tedious, to show that:

Theorem 3.5. u(e) — u(0) strongly in H'(2)? x H'(Q").
The argument is as in Ciarlet, Le Dret and Nzengwa (1987). Therefore we will omit this last
proof.

4 Extensions and open problems

4.1. The most immediate and straightforward extension apart from more general loadings, is to
consider arbitrary shaped @’ and @”, with a common straight edge. Another easy one is to deal with
a “T-structure” (Fig.3): with a clamping condition on some part of each of the three plates. The
result is the obvious one obtained by patching our previous results and depicted in Fig.4.

One could also consider the corner structure of Fig. 5.

The author’s conjecture is that the result would also be obtained by “patching the three folds”.
It is clear that the limit solution must satisfy the analogs of Theorem 3.1. on each fold. Proving
along the preceding lines that these conditions alone determine the limit problem requires the
construction of rather intricate test-functions. This question will be addressed in a forthcoming
paper.

Another interesting extension is to consider a fold of arbitrary angle. This extension does not
seem to be entirely straightforward.

4.2. 1t is open problem to find out what happens if only one of the two plates is clamped
somewhere on its boundary. The method presented here fails from the start, since in this case the
bound (3.4) clearly cannot hold. However, there certainly must exist some 2d-model for this structure.
In the same spirit, one would like to be able to consider a fold with a reinforcement: but this cannot
be done in the same fashion as before if no clamping is assumed on the small triangle (Fig. 6).

Another open problem is the extension to nonlinear elasticity. Since no existence theorem similar
to Proposition 1.1. is known in this case, our method cannot be immediately adapted. However, we
feel that the trick of counting the junction twice is to be kept in mind when approaching this
problem.

Finally, we must acknowledge that the terminology “fold” we have used throughout this paper
_ is somewhat inaccurate. A real fold model should involve plasticity phenomena, loss of homogeneity
and isotropy in the folded region and should not be posed in the rectangular geometry we assumed,
but rather in a smoothly curved domain. Some of the ideas exposed in this paper might be useful,
however, in the study of these more general situations.

— P

3 4 5 6
Figs. 3-6
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