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~t (exp) ,  [nt(calc)  ] expe r imen ta l  (ca lcula ted)  value  
of ~ at  t ime t 
= -  I (Mo/io) / (ACdl/Cdl) I 

k(Ti) ,  [k(Tc)]  value  of ~ at  the op t imal  t ime scale for 
measur ing  io [Cdl] 
s toichiometr ic  number  

vo, [~R] s toichiometr ic  coefficients of O [R] in the 
overa l l  e lec t rode  react ion 

p corre la t ion  coefficient be tween  io and Cdl 
2r 2, [1r 2] popula t ion  var iance  of p a r a m e t e r  p 

in a two-es t ima te  ( s ing le -es t imate )  sys-  
tem. The presubscr ip t  s tands for the n u m -  
ber  of est imates .  In  case no subscr ip t  i s  
specified, the number  of es t imates  is e i ther  
o n e  or two depending on the meanings  of 
the o ther  pa rame te r s  in the  equat ion 

~(~)~ popula t ion  var iance  of  
�9 c, [~d] cha rge - t r ans fe r  [diffusional] r e l axa t ion  

const~ant 
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Modeling of Porous Insertion Electrodes with Liquid Electrolyte 
K. West, T. Jacobsen,* and S. Atlung* 

Fysisk-Kemisk Institut, The Technical University of Denmark, DK-2800 Lyngby, Denmark 

ABSTRACT 

The dynamics of porous insert ion electrodes during charge or discharge is described by a simplified mathematical  
model, accounting for the coupled t ransport  in electrode and electrolyte phases. A numerical  method to evaluate the 
response of this model  to either controlled potential  or controlled current  is outlined, and numerical  results for the 
discharge of a porous TiS2-electrode in an idealized organic electrolyte are presented. It is demonstra ted how electro- 
lyte deplet ion is the principal l imit ing factor in the capacity obtained during discharge of this electrode system. This 
deplet ion is a consequence of the mobil i ty of the ions not inserted, hence the performance of this type of electrode is 
optimized by choosing electrolytes with t ransport  number  as close to unity as possible for the inserted ion. 

One of the  consequences of t he  energy  crisis is a 
r enewed  in teres t  in secondary  ba t te r ies  for t rac t ion 
purposes.  As a pa r t i a l  electrif ication of the t r anspor t  
sector  would  make  the energy  consumpt ion pa t t e rn  of 
the  communi ty  more  flexible, and thus less sensi t ive 
to changes in the ava i l ab i l i ty  of the different  fuels, 
much effort is inves ted  in deve lopmen t  of ba t t e ry  sys-  
tems for this purpose.  

Para l l e l  to the continuous deve lopmen t  of exis t ing 
ba t t e ry  systems,  much research  is devoted to a lka l i  
meta l  ba t te r ies  because of the high energy  dens i ty  
offered by  these  systems. One of the systems con- 
s idered to have potent ia l  appl ica t ion  as a high ra te  
ba t t e ry  is a negat ive  l i th ium or  l i th ium al loy elec-  
t rode  couple wi th  a posi t ive inser t ion e lec t rode  1 (1, 2). 
The inser t ion mate r ia l s  unde r  inves t igat ion for  this 
purpose  are  p r i m a r i l y  l aye red  t rans i t ion  meta l  d i -  
chalcogenides [e.g., TiS~ (3), VSe2 (4)]  and oxide 
f r amework  s t ructures  l ike V205 (5), V6013 (6), and 
recen t ly  (Mo, V)~O5 (7), but  also amorphous  chalco-  
genides (8) have  rece ived  some interest .  

Unt i l  now no en t i re ly  sa t i s fac tory  combinat ion  of 
e lectrodes and e lec t ro ly tes  has been found, a l though 
it  has been demons t ra ted  (9) that  a l i t h ium/o rgan ic  
e l ec t ro ly t e / t i t an ium disulfide b a t t e r y  could be adap ted  
to electr ic  vehicle  propulsion.  In  any case, the  deve lop-  
men t  of new e lec t rode  and e lec t ro ly te  mate r ia l s  is p ro -  
ceeding ve ry  fast, and it is of impor tance  to obta in  a 
be t t e r  under s t and ing  of the t r anspor t  processes in this 

* Electrochemical  Society  Act ive  Member.  
Key words:  intercalat ion,  battery capacity, simulation.  
1 The t erm "insert ion e lectrode" used  here covers  as well inter- 

calation of a "guest" species in a "host" lattice, as the format ion 
of solid solut ions  during the e lectrode  process.  

type  of 'bat teries in o rde r  to anticil~ate the  combina-  
tions of e lect rode and e lec t ro ly te  p roper t ies  that  can 
meet  the requ i rements  corresponding to a g iven  set  
of ba t t e ry  specifications. 

In  a previous  paper  (10) thin, nonporous  inser t ion 
electrodes were  t r ea ted  in detail .  In  the present  pape r  
a ma themat i ca l  descr ipt ion of porous inser t ion  elec-  
t rodes is p resen ted  to ex tend  these  calculat ions to 
more real is t ic  electrodes.  

Porous e lec t rode  theory  has been r ev iewed  by  
deLevie  ( l l )  and more  recen t ly  by  Newman  and Tiede-  
mann  (12). The porous inser t ion e lec t rode  is, however ,  
different  from the e lec t rode  types  t r ea ted  previously ,  
as i t  involves t r anspor t  in both e lec t ro ly te  and elec-  
t rode  phases.  These two t r anspor t  systems a re  coupled 
both t h rough  mass balances  and th rough  the  var ia t ion  
of the e lectrode potent ia l  wi th  the surface composi t ion 
of the  e lect rode phase.  This var ia t ion  is typ ica l ly  large  
for in terca la t ion  compounds (hundreds  of mi l l ivol ts )  
and cur ren t  d i s t r ibu t ion  in the pores  due to charge 
t rans fe r  res is tance  is of minor  impor tance  compared  
to the effect of the va ry ing  surface composit ion.  The 
t rans ien t  behav io r  of porous electrodes wi th  low 
charge  t ransfer  res is tance has been t rea ted  b y  Po l l a rd  
and Newman  (14) for the case where  the  equ i l ib r ium 
elect rode potent ial  is not a function of the  ut i l izat ion 
of the e lect rode mater ia l .  

Model Formulation 
An elec t rode  wi th  i r r egu l a r l y  shaped pores  a n d  

cavities wil l  be difficult if not  impossible  to descr ibe  
mathemat ica l ly .  Therefore,  we have  chosen to model  
the porous inser t ion e lec t rode  wi th  systems of much 
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simpler geometry, but still possessing the important 
functional features of the real electrodes. The geom- 
etry of these models is shown in Fig. 1 and 2. 

Each of these model systems consist of a porous 
slab of electrode material of high electronic conductiv- 
ity and of thickness I. On one side (z -- 0) this slab is 
contacted by a metallic conductor serving as current 
collector, and on the other (z -- l) by an electrolyte 
also filling the pores of the electrode. This electrolyte 
is considered to be liquid with mobile anions and ca- 
tions. 

The three model geometries consist of equally sized 
particles uniformly distributed in the electrode and 
of one of the following shapes: parallel sheets (Fig. 1); 
long cylinders (transport across the ends of the cylin- 
ders should be negligible) (Fig. 2a); and spheres (Fig. 
2b). 

The packing of the cylinders or the spheres should 
ensure that all particles are in electronic contact with 
the current collector, and they should be evenly dis- 
tributed so the porosity does not change significantly 
in any directions within the electrode. There are no 
restrictions on the orientation of the cylinders, but as 
the concentration will be taken to be constant around 
a cross section of the particles, the diameter of the 
cylinders or the spheres should be small compared to 
the thickness of the electrode. 

In order to keep the transport equations from getting 
too involved and to keep the computational work at 
a reasonable level, the model systems are simplified 
further by the following assumptions: 

1. The particle-particle distance (the width of the 
pores) is so small compared with the thickness of the 
electrode that the potential and concentrations in the 
pores can be considered as varying in one dimension 
only (i.e., along the length of the pore). 

2. The ionic conductance of the electrode phase is 
low compared with the conductance of the electrolyte, 
so diffusion in the electrode phase parallel to the sur- 
face of the electrode particle will not contribute sig- 
nificantly to the overall transport. Solid-state diffu- 

\' ~ \ \ \ \  \ \ \ \ \ \ \ \  ,.\\\x, 

t I ...... t t I 

Fig. 1. Schematic diagram of electrode model (plane geometry). 
Arrows indicate directions of fluxes considered. 

~ J k J  

I 

i l  

v I 

(b) 

Fig. 2. Schematic diagrams of electrode models: (a) cylindrical 
geometry; (b) ,spherical geometry. 

sion in the electrode phase thus only removes the in- 
serted species from the electrode/electrolyte interfaces 
as indicated in Fig. 1. 

3. Space charge accumulation is negligible. This 
implies that the electroneutrality principle can be ap- 
plied in the derivation of the transport equations in- 
stead of the more involved Poisson-Boltzmann equa- 
tion. 

4. Charge transfer overvoltages are negligible. 
5. The electronic conductivity of the electrode phase 

is so high that the Fermi potential (Jr) in this phase 
is constant. 

6. The electrolyte salt considered is mono-mono 
valent. 

7. Volume flow due to expansion of the solid matrix 
and concentration changes in the electrolyte are neg- 
lected. 

Basic Equations 
On the basis of these assumptions the equations 

governing transport in the model pore system can be 
formulated. As there is no significant transport parallel 
to the surface of the electrode particles, the diffusion 
equation for the solid phase will be one-dimensional 
in the coordinate system belonging to the symmetry 
class of the electrode particles (cartesian, cylindrical, 
or spherical, respectively), The electric field in this 
phase is small, and the diffusion can be treated ac- 
cording to the Fick laws. With concentration and 
chemical diffusion coefficient of the inserted species 
designated by Cs and Ds and the time by t, the diffu- 
sion equation i s  

Ocs (y, z) 
-- V " DsVycs(y,z) [i] 

0t 

where Vy is the nabla-operator for the direction per- 
pendicular to the particle surface. The boundary con- 
ditions in the center (y : 0) and at the surface of the 
electrode particles (y -- r) are 

Vycs(y, z)I~=o = 0 [2] 

V~cs(u, z)]~=r = - i~,(z) /FDs [3] 

where ir is the current density across the particle/ 
electrolyte interface. 

The transport in the electrolyte will be treated as 
one-dimensional diffusion and migration according to 
the Nernst-Planck equation, For the cations an addi- 
tional term must be included in this equation to ac- 
count for the flux of cations across the particle/electro- 
lyte interface (given by the transfer current density 
iy). Due to electroneutrality the anion and cation con- 
centrations are equal (cl) 

~cz(z) 0 [ Oc,(z) F 8,(z)  ] 
= - -  D -  ct(z) . . . .  

8t 8z Oz RT dz 
[4] 

acl(z) 0 r ocl(z) 
ot "- a'~D+ L oz 

F d~(z) 
] + iy ( z )g /F  [5] + c~(z) �9 R---T az 

where D+ and D -  are diffusion coefficients of cations 
and anions, respectively, and ~ is the electric potential 
in the electrolyte. The geometric factor g is the aver- 
age ratio between the circumference and the cross- 
sectional area of the pore. 

The boundary conditions for these equations at the 
bottom of the pore (z : 0) and at the electrode sur- 
face (z = l) are 

0cl / 0~ 
= ---- 0 [ 6 ]  

OZ z = 0  OZ z = 0  

cl(l) : ci.0; ~(I) = ~* [7] 
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where  cl,0 and ~* are  constants  o r  specified funct ions 
of t ime. Fu r the rmore  i t  is assumed tha t  the  e lec t rode  
in i t ia l ly  is in equ i l ib r ium 

t " "  0 -"~> Cl - -  CL0 and r --  S o (a l l  z) 

Cs --- Cs,0 (a l l  y and z) [8] 

where  r is given by  the  equ i l ib r ium e lec t rode  po ten-  
t ial  (~ --  r corresponding to the  composi t ion Cl,o, 
CS,0 �9 

The las t  const ra in t  necessary  to couple the e lect rode 
and e lec t ro ly te  systems is the poten t ia l  re la t ion  

(~ - ~(z)  ) : h(cs* (z) ,  e l ( z )  ) [9]  

where  Cs* (z) is the local surface concentra t ion  of the 
inser ted  ion. As local  e lec t rochemical  equ i l ib r ium at 
the e l ec t rode /e l ec t ro ly te  interface is assumed (no 
charge t ransfe r  overvo l tage) ,  h is a single va lued  func-  
t ion of Cs* and cl only. The exact  form of this func-  
t ion h wil l  depend  on the e lec t rode  ma te r i a l  chosen. 
In  many  instances,  however ,  a funct ion of the fo l low-  
ing type  wil l  give a reasonable  good app rox ima t ion  
(18) 

R T  
Ca - -  ~) = (a - r  + ~ (In((Cs o _ Cs*)lcs*) 

+ In (cl) - Y(Cs*/Cs ~ - 0.5) [10] 

where  Cs o is the  sa tu ra t ion  concentra t ion of the  in-  
ser ted  species in the e lec t rode  phase.  (u --  r  and 
are  charac ter i s t ic  constants  of  the e lec t rode  mater ia l .  
App ly ing  this express ion implies  tha t  the inser t ion 
process is equiva len t  to an adsorpt ion  process wi th  
l inear  in terac t ion  t e rm  ( F r u m k i n  i so the rm) .  

A~ ~ is constant  in space, Or in Eq. [4] and  
[5] can be rep laced  by  - -0 (~  --  r  and the 
space and t ime var ia t ions  of concentra t ions  and po ten-  
t ia l  in the model  pore  sys tem are  thus de te rmined  by  
[1], [4], [5], and [9] toge ther  wi th  the appropr i a t e  
bounda ry  conditions.  

Dimensionless Parameters 
In  the  l imi ted  universe  of a numer ica l  mode l  i t  is 

of ten inconvenient  to measure  quant i t ies  re la t ive  to 
s tandards  (e.g., SI-un i t s )  which are  not  pa r t  of  the 
model.  Often i t  is an advan tage  to measure  the quan-  
t i t ies re la t ive  to some of the character is t ic  pa rame te r s  
of the system and t rans form the equat ions  into d imen-  
sionless forms. With  a p rope r  choice of re fe rence  pa -  
rameters ,  the dimensionless  v a r i a b l e s  can give a 
s impler  descr ipt ion of the s ta te  of the sys tem than  the 
corresponding dimensioned var iables .  

A dimensionless  form of Fick 's  laws where  t ime is 
measured  re la t ive  to a t ime constant  of diffusion and 
length re la t ive  to the d imension of the diffusion re -  
gion is often used (15). Consider ing diffusion in the  
e lec t rode  phase,  this t r ans format ion  gives the d i -  
mensionless  t ime and length  

T = tDsO/r2; g : y / r  [11] 

where  Ds o is a character is t ic  va lue  of the diffusion co- 
efficient of the  inser ted  ion. 

Measur ing the concentra t ion of the  inser ted  ion r e l a -  
t ive to its sa tura t ion  concentra t ion  X : Cs/Cs o, the  
t r anspor t  equat ion for  the  e lect rode phase  [1], assumes 
the fol lowing form 

O 
--X(Y) : V �9 UsVyX(Y) [12] 0T 

where  Us is a dimensionless  mobi l i ty  

Us : Ds/Ds o [18] 

The dimensionless  e lec t rode  cur ren t  dens i ty  or ca-  
t ion flux dens i ty  across the  e l ec t rode /e l ec t ro ly t e  in-  

terface cor responding  to this t ransformat ion  is defined 
a s  

I s : i s" r �9 n J F ,  cs ~ �9 Ds ~ [14] 

Noting tha t  the surface to volume ra t io  of the three  
types  of e lect rode par t ic les  considered is ng/r, where  
n~ is 1, 2, or  3 for  p lanar ,  cyl indr ical ,  or spher ica l  
geometry ,  respect ively ,  i t  can be seen that  Iy is the 
t ransfe r  cu r ren t  dens i ty  measured  re la t ive  to the spe-  
cific charge dens i ty  avai lab le  in the e lec t rode  phase  
and to the  t ime constant  of diffusion. 

The t r anspor t  equat ions for  the e lec t ro ly te  [4] and  
[5] must  be t r ans fo rmed  in a s l igh t ly  different  way,  
ut i l iz ing the dimensionless  t ime T a l r eady  defined in 
Eq. [11]. In t roducing  the  dimensionless  var iab les  

C - - c l / % 0 ;  E :  ( ~ - - ~ ) F / R T ;  Z : z / I  [15] 

and the dimensionless  mobil i t ies  

U+ : (D+/Ds o) (l/r)2; U -  : (D_ /Ds  o) (I/r)  2 [16] 

the equations governing  t r anspor t  in the e lec t ro ly te  
assume the fol lowing nondimens iona l  forms 

~C ,a U_(OC C 0E ) 
0-F- o-5-+ [17] 

and 
0C [ 0C 8E \ 

_ -- U+ ~ --C ) + lyG [18] 
,OT OZ OZ OZ 

The dimensionless  geometr ic  factor  G - -  g �9 r �9 CsO/ 
(c,,0" ng) contains in format ion  on the "shape" of the  
pores.  Fo r  the s imple  geometr ies  descr ibed above, g is 
equal  to ng(1 --  P ) / ( r  �9 P) ,  and  G's  dependence  on 
sys tem pa rame te r s  is g iven by  G ---- (1 --  P)csO/(P �9 %o). 
Pa ra l l e l  to the definit ion of I s , the dimensionless  over -  
a l l  e lect rode cur ren t  Iz is defined as the  to ta l  e lec t rode  
cur ren t  re la t ive  to the s toichiometr ic  capaci ty  of the 
e lec t rode  and the t ime constant  of the e lec t rode  pa r -  
t icles 

i iz r 2 
I z - -  I Y ( Z ) d Z = F . c s o ( 1 - - P ) . l  Ds ~ [19] 

[Iz is ident ica l  to 1/Q as defined in Eel .  (10).] 
Leng th  is measu red  in different  units  for  direct ions 

para l l e l  and pe rpend icu la r  to t he  pore surface in o rde r  
to obtain length  pa rame te r s  that  a lways  v a r y  be tween  
0 and 1, regard less  of the phys ica l  dimensions of the 
pore  system. Also concentra t ion  is measured  re la t ive  
to different  s tandards  in the e lec t rode  and the e lec t ro-  
ly te  phases. 

The porous inser t ion e lect rode is thus descr ibed b y  
the local var iables  C ( Z ) ,  E ( Z ) ,  Iy (Z)  and X ( Y , Z ) ,  
and t ranspor t  in this sys tem is governed  b y  Eq. [12], 
[17], and [18] toge ther  wi th  an  express ion  for the  
dependence  of E on C and X* 

E : E o + I n ( ( 1  --  X * ) / X * )  ~- In (C)  --  ] (X* --  0.5) 

[20] 

The t r anspor t  equations are  sub jec t  to the fo l lowing 
bounda ry  equat ions:  

VyX]r=0 : 0 

VvX[y=l  : - Is~Us �9 ~g 

~c [ ,0E 

OZ z=o -:" O-Z z=o 

C ( Z  = 1) = 1 

E (Z = 1) = E* 

[21] 

[22] 

[28] 

[24] 

[25] 

where  E* is the (.dimensionless) po ten t ia l  difference 
be tween  the e lec t rode  phase and the e lec t ro ly te  jus t  
outside the  pore.  
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Computational M e t h o d s  
This set of  coupled, non l inea r  dif ferent ia l  equat ions 

cannot  be solved ana ly t i ca l ly  in the genera l  case. Nu-  
mer ica l  approx imat ions  to the  solut ion can, however ,  
be obta ined by  finite difference methods  (16,17),  
where  the  continuous var iables  a re  r ep laced  b y  a s e t  
of a p p r o x i m a t e  values defined at  cer ta in  mesh points,  
and  where  the dif ferent ia l  opera tors  are  rep laced  wi th  
difference operators ,  

A l inear iza t ion  of X* (Z) on T and Iy(Z)  is ob ta ined  
at  each t ime s tep f rom the  numer ica l  solut ion of Eq. 
[12] toge ther  wi th  the  b o u n d a r y  condit ions specified 
above. The resul t ing  set of coupled, non l inea r  equa-  
tions in C, X*, E, and Iy is solved s imul taneous ly  wi th  
no fu r the r  decoup lmg or  l inear izat ions ,  fol lowing the 
i t e ra t ive  scheme proposed  b y  Brumleve  and Buck (18). 
Using this technique,  ve ry  s table  numer ica l  solut ions 
are  obtained,  which  a re  on ly  s l igh t ly  affected ( l e s s  

than  2%) by  changing the  n u m b e r  of discret izat ion 
points  be tween  10 and 100 in any  dimension.  

The b o u n d a r y  condit ion [25] used above, represen ts  
the potent ios ta t ic  case, where  the charge or discharge 
of the e lec t rode  proceeds at control led  potent ia l .  In 
pract ice,  however ,  ba t te r ies  are  opera ted  at  condit ions 
more  s imi la r  to the galvanosta t ic  case, where  the e lec-  
t rodes are  charged or  d ischarged wi th  a control led  
current .  To account  for this case, an i te ra t ive  loop is 
added  to the  calculat ions at  each t ime step, in which 
the po ten t i a l  j u s t  outside the  pore  (E*) is ad jus ted  
unt i l  the  specified va lue  of the e lec t rode  cu r r en t  (Iz) is 
obtained.  

Results 
The sa l ient  fea tures  of the  model  e lec t rode  sys tem 

under  load are  i l lus t ra ted  with  resul ts  f rom constant  
cur ren t  s imulat ions.  The ma te r i a l  p roper t ies  used in 
these s imulat ions  are  those of a porous t i t an ium disu l -  
fide e lec t rode  filled wi th  an ideal  organic e lectrolyte .  

L i th ium t r anspor t  in TiS2 crysta ls  is anisot ropic  as 
there  is v i r t u a l l y  no mob i l i t y  for l i t h ium ions in the 
d i rec t ion  of the  c rys ta l lograph ic  c-axis  (23). Con-  
sequently,  t r anspor t  in the typ ica l ly  d i sk  shaped  TiS2 
par t ic les  is adequa te ly  descr ibed by  the cy l inder  
model ,  as t hey  fulfill  the  requ i rements  of  no sig-  
nificant t r anspor t  across the ends of the cyl inders ,  even 
though the "cyl inders"  a re  ve ry  short.  

A reasonable  approx ima t ion  to the  emf of LixTiS2 
v s .  a l i th ium reference  e lect rode (ct - -  cl ~ as mea -  
sured  at this  l abo ra to ry  is given b y  

"T [ (1 - -X ' )  
aLi=TiS2 - -  ~ ! L i ( c l = c l  o )  " -  2.17V 4- " ~  In X* 

I n  ( C )  - -  1 6 . 2 ( X *  - -  0 . 5 )  ] [ 2 6 ]  
.! 

Table I. Simulation parameters 

Transport  data,  e l ec t ro ly te :  

Transport  number :  t+ = 0.20 Ref. (21) 
Salt diffusion coeff ic ient  D• = 2.58 • 10 -6 cm-"/sec Ref. (22) 

D§ = 1.61 • 10 -8 em2/sec 
D- = 6.45 x 10-e cm2/sec 

Transport data,  e l ec trode:  

Chemica l  diffusion coeff ic ient  of  Li in Li~TiSe 
D.  o = Da = 10 -lo cm~/sec  Ref .  (23) 

Geo metr i ca l  data: * 

E lec trode  th ickness  = 0.1 c m  (~ = 0.05 era) 
Part ic le  d i a m e t e r  = 1 .  10 -4 e m  (r  = 5 .  10 -5 c m )  
Poros i ty  = 0.35 
Discharge c u r r e n t  dens i ty  = iz = 5 mA/em -~ 
Electrolyte concentration (start) = c~,o = 1 x 10-~ mol/cm s 
Saturat ion concentra t ion  of  e lec-  

t rode  = ca o = 2.5 x 10 --~ mol/cm ~ 

* The  g e o m e t r i c a l  data correspond  roughly  to those  o f  Ref. (9). 

s tant  cur ren t  load chosen, 5 m_A/cm 2, is equ iva len t  to 
a s toichiometr ic  discharge t ime of 4:21 hr, which is 
reasonable  for  t rac t ion purposes.  The ma x ima l  coulom- 
bic efficiency pred ic ted  for this load is 80%. The r ea -  
son for this l imi ta t ion  is the evolut ion  of an e lec t ro ly te  
deple t ion  region dur ing  discharge,  as shown in Fig. 
4, where  some of the dimensionless  pa rame te r s  of  the 
model  a re  depic ted  as functions of the  l eng th  co- 
o rd ina te  (Z) at  the  three  di f ferent  degrees  of d is -  
charge indica ted  on Fig. 3. F igu re  4a shows how the 
e lec t ro ly te  concentra t ion in the center  of the e lec t rode  
approaches  zero dur ing  discharge,  as the  t ranspor t  of 
l i th ium ions f rom the bu lk  e lec t ro ly te  cannot  keep  
pace with  the l i th ium ion consumption.  This is a con- 
sequence of the r e l a t ive ly  high anion mobil i ty .  S imul -  
taneous with  this e lec t ro ly te  deplet ion,  the surface of 
the  e lect rode par t ic les  in the outer  par t s  of the  e lec-  
t rode g radua l ly  becomes sa tu ra ted  wi th  l i t h ium (Fig. 
4b).  When  the surface  concentra t ion cannot  be in-  
creased fur ther ,  the discharge cur ren t  in this region is 
l imi ted  to a value  jus t  la rge  enough to suppor t  the 
equi l ib ra t ion  process unt i l  a l l  the unde r l ay ing  elec-  
t rode ma te r i a l  even tua l ly  becomes sa tura ted .  The  e lec-  
t rode  cur ren t  is thus l imi t ed  both in  the  deple t ion  r e -  
gion, due to the low l i th ium ion concentrat ion,  and in 
the  sa tura t ion  region. As these regions approach  each 
o ther  dur ing  the discharge,  the m a j o r  par t  of the  elec-  
t rode  react ion is confined to a na r rowing  zone (Fig. 
4c), unt i l  i t  f inal ly becomes impossible  to discharge the 
e lect rode fu r the r  wi th  the  chosen current .  

The charge  t ransfe r  res is tance of a t i t an ium disul -  
fide e lect rode in LiC104/PC e lec t ro ly te  is less  than 
150 a cm 2 for vaules  of X be tween  0 and 1 (23). F r o m  
the current  d is t r ibut ions  of Fig. 4c, i t  can be seen tha t  

This express ion does not  reproduce  the fine s t ruc ture  
of the  emf  curve [see (19) and (20)] ,  bu t  the overa l l  
app rox ima t ion  is sa t i s fac tory  for  p rac t ica l  purposes.  

The values  of the t r anspor t  pa rame te r s  used in t h e  
s imulat ions  are  l is ted in Table  I. D_* and t+ are  ex-  
pe r imen ta l  values  for a 1M solut ion of LiC104 in p ro -  
py lene  carbonate .  Al l  t r anspor t  pa rame te r s  a re  t aken  
to be i ndependen t  of the composi t ion of the  phases 
a l though this condit ion is h a r d l y  eve r  met  b y  p r a c -  
t ical  e lect rode systems.  Deta i led  expe r imen t a l  de t e r -  
mina t ions  of the  var ia t ion  of these pa rame te r s  wi th  
concentra t ion  are,  however ,  no t  ava i lab le  at  present ,  
and as this va r ia t ion  is on ly  considered to in t roduce  
second-order  effects, the  ideal ized case is chosen to 
i l lus t ra te  the  behav io r  of the  model.  

The magn i tude  of the  geometr ica l  pa r ame te r s  also 
l i s ted  in Table  I are  charac te r i s t ic  values  of  a b a t t e r y  
opt imized for  t rac t ion  purposes  (9). 

On Fig. 3 the equ i l ib r ium emf  curve  is compared  
with  a s imula ted  constant  cur ren t  discharge.  The con-  

V E 
2.5 

I I I I I I I I l 

0 Q5 
Fig. 3. Equilibrium emf carve (broken line) as given by Eq. [26] 

compared with a simulated constant current discharge curve. 
Simulation parameters are given in Table I. 
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Fig. 4. Spatial variation of: (a) electrolyte concentration (C), 
(b) surface concentration at electrode/electrolyte interface (X*), 
and (c) current density at electrode/electrolyte interface fly). The 
curves correspond to the different degrees of discharge indicated 
on Fig. 3 (tl ~ 10%, t2 _____ 50%, t3 ~ 79%). 

inclusion of charge t ransfe r  res is tance in the  model  
would  change the e lect rode poIar iza t ion  less than  20 
mV, which  is in agreement  wi th  the  in i t ia l  assumption 
of negl ig ib le  influence of the charge t ransfe r  over -  
vol tage  on the e lect rode per formance .  

Fo r  low cur ren t  loads or  thin e lect rodes  this dep l e -  
t ion phenomenon wil l  not  occur, bu t  s t i l l  the  e lec t rode  
u t i l iza t ion  can be l imi ted  due to the load ing  of the 
e lectrode par t ic les  as descr ibed in Ref. (10). This is 
i l lus t ra ted  in Fig. 5, where  the  e lec t rode  ut i l iza t ion is 
shown as funct ion of the  e lec t rode  thickness  (l) and 
the  constant  cur ren t  load (iz). The loci of 90%, 50%, 
and 10% max ima l  coulombic ut i l iza t ion is shown both  
as they  emerge  f rom the  porous e lec t rode  s imulat ions  
and as p red ic ted  f rom plane  inser t ion e lect rode theory  
(10), Fo r  a fixed e lec t rode  cur ren t  dens i ty  i t  can be  

c m  
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Fig. 5. Maximal electrode utilization as function of electrode 
thickness ( I) ,  and electrode current (iz). All other parameters are 
as given in Table h The dashed lines are utilizations predicted 
from plane electrode theory (10). 
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Fig. 6. Simulated discharge curves for varying anion diffusion 
coefficients [ D -  = 6.45 X 10 - 6  cm2/sec (a); 1,79 X 10-';  cm2/ 
sec (b); 1.63 X 10 - s  cm2/sec (c)]. Electrode thickness I - -  0.1 
cm, electrode current iz - -  4.2 m&/cm 2, all other parameters as 
given in Table I. The cation transport numbers are: t+ = 0.2 (a); 
0.9 (b), 0.99 (c). 

seen tha t  increas ing the e lec t rode  thickness  first in-  
creases the  e lec t rode  u t i l iza t ion  as the  average  load ing  
of the  ind iv idua l  e lec t rode  par t ic les  decreases.  Later ,  
when e lec t ro ly te  deple t ion  l imits  the  e lec t rode  ut i l iza-  
tion, fu r the r  increase  of the e lect rode thickness  only 
decreases the average uti l izat ion,  as the added  ma te r i a l  
is not  uti l ized. 

As ment ioned above, changes in the cation t ranspor t  
number  ( t+)  are expected  to influence the  max ima l  
e lec t rode  uti l izat ion.  This is i l lus t ra ted  in Fig. 6, where  
th ree  s imula ted  discharge curves are  compared.  The 
only  p a r a m e t e r  va r i ed  be tween  the s imulat ions  is the  
anion mobil i ty ,  whereas  the cation mobi l i ty ,  geomet r i -  
cat parameters ,  and cu r ren t  Ioad are  kep t  constant .  I t  
can be seen tha t  even though the overa l l  e lec t ro ly t ic  
conduct iv i ty  is decreased,  a subs tant ia l  increase in 
e lect rode u t i l iza t ion  can be obta ined  when  the cation 
t ranspor t  number  is ra ised toward  unity.  F r o m  these  
examples  i t  is concluded that  the porous inser t ion elec-  
t rode  with  convent ional  organic e lec t ro ly te  is ma in ly  
l imi ted  by  diffusion e i ther  in the  pore or  in the elec-  
t rode part icles .  Opt imizat ion of these  electrodes the re -  
fore requi res  careful  considera t ion of the coupled 
t r anspor t  in bo th  the e lec t rode  and the e lec t ro ly te  
phases. F u r t h e r m o r e  it can be concluded tha t  be t t e r  
u t i l iza t ion can be obta ined using e lec t ro ly tes  wi th  
un i ty  t r anspor t  number  of the active cation (e.g., solid 
e lec t ro ly tes) ,  if a sa t i s fac tory  solut ion to the contact  
p rob lems  be tween  a solid e lect rode phase and a non-  
l iquid e lec t ro ly te  can be found. 
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LIST OF SYMBOLS 
cl anion and cat ion concentra t ion in e lec t ro ly te  
cl,0 anion and cation concentra t ion in e lec t ro ly te  at  

t ime T = 0 or  at  z = 
cs concentra t ion of inser ted  species in e lec t rode  
cs,0 concentra t ion of inser ted  species in e lec t rode  at  

T- -O  
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c s  o sa tura t ion  concentra t ion  of inser ted  species in 
e lec t rode  

Cs* value of cs a t  e l ec t rode /e l ec t ro ly te  in ter face  
C dimensionless  concentra t ion in e lec t ro ly te  ---- 

Cl/Cl,O 
Ds diffusion coefficient of inser ted  species in elec-  

t rode phase 
Ds ~ reference  va lue  of Ds 
D + diffusion coefficient of cat ion in e lec t ro ly te  
D -  diffusion coefficient of anion in e lec t ro ly te  
E dimensionless  potent ia l  difference be tween  elec-  

t rode and e lec t ro ly te  ---- (n -- r �9 F / R T  
E ~ cons tant  in Eq. [20] 
E* dimensionless  potent ia l  difference be tween  elec-  

t rode phase and e lec t ro ly te  jus t  outside the pore 
f " In terac t ion"  p a r a m e t e r  in Eq. [10] 
F F a r a d a y ' s  n u m b e r  
g ra t io  be tween  c i rcumference  and cross-sect ional  

a rea  of po re  
G dimensionless  geometr ic  factor  _-- 

g �9 r �9 CsO/el,o � 9  
iy cu r ren t  dens i ty  at  pa r t i c l e / e l ec t ro ly t e  in terface  
Iy dimensionless  cur ren t  dens i ty  at  e l ec t rode /e lec -  

t ro ly te  in terface  : iy �9 r �9 ng/F �9 Cs o �9 Ds o 
iz overa l l  e lec t rode  cu r ren t  dens i ty  
Iz dimensionless  cur ren t  dens i ty  at  e lec t rode  surface 

- - - - i z . r 2 / F . c s  ~ 1 7 6  - I  
l dis tance f rom center  to surface of e lect rode 
n~ geomet ry  type  (1, 2, 3) 
P poros i ty  
r d is tance f rom center  to surface of e lect rode 

par t i c le  
R T  product  of gas constant  and absolute  t e m p e r a t u r e  
t t ime  
t+ cation t r anspor t  number  
T dimensionless  t ime --  t �9 Dso/r 2 
U+ dimensionless  mobi l i ty  ---- (D+/Ds o) ( l / r )  2 
U_ dimensionless  mobi l i ty  : (D_/DsO) ( l / r )  2 
Us dimensionless  mobi l i ty  ---- Ds/Ds o 
X dimensionIess concentra t ion in e lect rode phase  ----- 

Cs/Cs  ~ 
X* value  of X at  e l ec t rode /e lec t ro iy te  in terface  
X mean value  of X 
y spat ia l  va r iab le  across e lect rode par t ic le  (per -  

pendicu la r  to e lec t rode /e lec t ro ly te  in ter face)  
Y dimensionless  spat ia l  va r iab le  _-- y / r  
z spat ia l  va r i ab le  across e lec t rode  (para l le l  to 

the  pore)  
Z dimensionless  spat ia l  var iab le  _-- z / l  

potent ia l  in electrolyte 

~* poten t ia l  in e lec t ro ly te  jus t  outside the  pore  
poten t ia l  in e lec t rode  phase  (Fe rmi  potent ia l )  

(~ _ r 0 constant  in Eq. [10J 
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Use of Liquid Chromatography for Studying Interfacial Properties of 
Inorganic Solutes Relevant to Reverse Osmosis Separations 

Yutaka Taketani, Takeshi Matsuura, and S. Sourirajan 
National Research Council of  Canada, Division of Chemistry, Ottawa, Ontario, Canada K I A  OR9 

ABSTRACT 

High performance liquid chromatography (HPLC) offers a means of investigating the propert ies  of inorganic 
solutes at polymer  (cellulose acetate)-aqueous solution interfaces. Equil ibr ium constants of solutes dis tr ibuted between 
interfacial- and bulk-phases and restricted diffusion of solutes in the interfaciai region can be evaluated using reten- 
tion volume and half-width data from HPLC experiments .  These data offer a means of correlating and predict ing the 
differences in free energy parameters  governing the reverse osmosis separation of inorganic solutes. 

The s tudy  of the proper t ies  of w a t e r  at  the p o l y m e r -  
solut ion in te r rac ia l  region ( in ter rac ia l  wa te r )  is funda-  
menta l  for under s t and ing  the t r anspor t  of solute and 
solvent  wa te r  in a reverse  osmosis membrane .  This is 
pa r t i cu l a r l y  so since the proper t ies  of wa te r  in the  
m e m b r a n e  pore  are  p rac t i ca l ly  the  same as those in 
the in te r rac ia l  water ,  as long as the  m e m b r a n e  pore  
size is sufficiently small .  I t  is considered that  h igh 

Key w o r d s :  r e v e r s e  osmosis, cellulose acetate, inorganic solutes, 
interracial properties, HPLC. 

per formance  l iquid  ch roma tog raphy  (HPLC)  in which  
solvent  wa te r  flows th rough  a column packed  wi th  a 
po lymer  ma te r i a l  s imulates  the in te r rac ia l  phenomena  
tak ing  place dur ing  the reverse  osmosis t r anspor t  in-  
volving membranes  made of that  po lyme r  mater ia l .  By 
app ly ing  the a l r eady  we l l - e s t ab l i shed  theories of 
ch romatography  to the  analysis  of the expe r imen ta l  
re ten t ion  t ime and re la ted  data, quant i t ies  charac ter iz -  
ing in ter rac ia l  proper t ies ,  such as the  equ i l ib r ium con- 
s tant  for  the so lu te  d i s t r ibu ted  be tween  the  bu lk  and 
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