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ABSTRACT

This study shows the results of the modeling of drop size distributions (DSD) observed during a 2-yr study
in Barcelona. Thirty-second individual sample collections of drop sizes and velocities were measured with an
optical disdrometer and grouped into different classes according to their rain rate. Using the moments method,
the entire experimental dataset was fitted to three standard distribution functions: exponential, gamma, and
lognormal. Relationships were found between rain rate R and other moments of the DSD, such as optical
attenuation S, liquid water content W, and reflectivity Z. Although gamma distribution generally reproduced
experimental measurements more accurately, the Z(R) relationship, which is particularly relevant in radar me-
teorology, yielded the best results when calculated from fitted exponential distribution.

1. Introduction

Interest in raindrop size distribution studies is two-
fold. On the one hand, they contribute to a better un-
derstanding of microphysical and dynamic cloud pro-
cesses involved in the generation of precipitation par-
ticles; on the other hand, they have applications in the
remote measurement of rain rate and in microwave at-
tenuation estimations, soil erosion, and wash-out pro-
cesses. Since the pioneer studies of Marshall and Palmer
(1948), extensive research has been devoted to modeling
raindrop size distributions (Ulbrich 1983; Feingold and
Levin 1986) and to the determination of empirical re-
lations between integral magnitudes for different rainfall
conditions (Battan 1973; Joss and Gori 1978; Austin
1987).

One method for obtaining drop size distribution
(DSD) functions requires previous normalization of
both measured drop diameters and concentrations. This
normalization, proposed by Sekhon and Srivastava
(1971, 1978), and later by Willis (1984), was meant to
comprise the entire dataset, thus achieving a universal
distribution function independent of observation site or
rain type.

An alternative method is based on previous grouping
of rain registers in different rain-rate classes to obtain
mean size distributions. These distributions can then be
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fitted to theoretical models whose parameters will de-
pend on the rain rate, usually through a power law.

The moments method (Waldvogel 1974; Ulbrich
1983) is based on the determination of a theoretical
distribution that shares a given number of moments or
integral magnitudes with the experimental distribution.
This number is equal to the number of parameters of
the size distribution function chosen. Still another group
of studies aims at providing a set of relationships be-
tween integral magnitudes such as rain rate R, reflec-
tivity Z, and water content W. These relationships are
not generally derived from DSD but from fits of field
measurements of the integral magnitudes involved. Fol-
lowing this line of research, Battan (1973) presented
expressions that related Z with R and W with R, Atlas
(1953) examined the relation of attenuation to rain rate
S(R), and Laws and Parsons (1943) and Brandt (1989)
reported the dependence of mean volumetric diameter
on rain rate Do(R).

One common feature of DSDs is their strong sensi-
tivity to rain rate. Thus, DSD fittings improve when the
range of rain rate considered is narrow. However, in the
western Mediterranean area a wide range of intensities
are frequently observed. Convective precipitation, as-
sociated with rain rates higher than 50 mm h21 (Rice
and Holmberg 1973), constitutes a significant part of
the total yearly rainfall in Barcelona, which averages
600 mm. Vilar and Burgueño (1995) studied a 49-yr
rain-rate series recorded at the Fabra Observatory (Bar-
celona) and found that 37% of the total precipitation
fell in events that at no time surpassed the threshold
value of 50 mm h21, while 18% corresponded to events
with intensities above that value. Data collected at the
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TABLE 1. Rain-rate intervals of each intensity class.

Intensity classes Range (mm h21)

0A
0B
1
2
3
4
5
6
7
8

0.0–2.5
2.5–5.0
5.0–15.0

15.0–25.0
25.0–35.0
35.0–45.0
45.0–55.0
55.0–65.0
65.0–75.0
75.0–85.0

9
10
11
12
13
14
15

85.0–95.0
95.0–105.0

105.0–115.0
115.0–125.0
125.0–135.0
135.0–145.0
145.0–155.0

same site over 60 yr, shows return periods of only 1-yr
for 5-min average rain rates above 100 mm h21 (Lorente
and Redaño 1990).

Here, we will discuss the dependence of DSD on R
by classifying the complete set of measurements ac-
cording to their rain rate and using the moments method.
The wide range of applications of DSD has increased
the number of different functions used in DSD mod-
eling. Because of their simplicity and wide utilization
we focused on three functions: exponential, gamma, and
lognormal. We used these three functions to fit data
obtained in Barcelona, thus complementing the descrip-
tion of the rain in that area. Some empirical relationships
between rain rate and different moments of the distri-
bution such as reflectivity, liquid water content, and
attenuation are also deduced from the modeled distri-
butions. They are compared in order to find which DSD
model is most suitable to compute each moment in the
different rain-rate intervals considered.

2. Instrumental device and data acquisition

Data were collected with an optical disdrometer. Its
measurements are based upon the optical attenuation of
an infrared light beam caused by falling raindrops. The
source of the parallel light beam and the receiver of the
attenuated response are located on opposite sides of the
instrument. The duration and amplitude of the attenu-
ation allows for the determination of size and velocity
of the falling drop intercepting the beam. A more de-
tailed description of the instrument, measurement ac-
curacy, and calibration method is given by Hauser et al.
(1984).

During each precipitation episode, the disdrometer
generated a temporal sequence of raindrop-size and ve-
locity distributions with a sampling time of 30 s. Drop
diameters and fall velocities were divided into 16 class-
es, with diameters up to 5 mm and maximum velocities
of 10 m s21. According to this classification, distribu-
tions were stored as square arrays of 256 elements, each
element representing the total number of drops for each
class of diameters and velocities. To avoid the effect of
unwanted splashing droplets, an interval of confidence
was generated around the theoretical values predicted
for drops of that size by the empirical relationship pro-
posed by Uplinger (1981):

y (D) 5 4.874D exp(20.195D), (1)

where y (D) is expressed in meters per second and D is
in millimeters.

Measurements whose velocities differed by more than
50% of the value predicted for their size were assumed
to be caused by splashing droplets. To process these
spurious droplets without modifying either the total wa-
ter content for each collection or its rain rate, a velocity
generated by (1) was associated with these measure-
ments.

More than 7000 individual sample collections were

analyzed, totaling more than 60 h of precipitation during
the biennium 1994–95. The collections were classified
according to intensity (Table 1). Some 30% showed rain
rates below 2.5 mm h21, 61% showed rain rates below
5.0 mm h21, and 5% showed rain rates above 25 mm
h21.

3. Integral magnitudes

The integral magnitudes used in our study are mo-
ments of order 0–6. Moments of order n are defined by
the general expression:

`

nM 5 c N(D)D dD, (2)n nE
0

where cn are constants defined for each moment, D is
the raindrop diameter, and N(D) dD is the number of
drops per unit volume with diameters between D and
D 1 dD. Moments of order 0, 2, 3, and 6 correspond
to total concentration of rain drops NT, optical attenu-
ation S, water content W, and reflectivity Z, respectively.
The integral magnitude rain rate R, expressed in mil-
limeters per hour is given as

`6p
3R 5 N(D)y(D)D dD, (3)E410 0

where N(D) is expressed in inverse cubic meters per
millimeter.

Empirical power relations can be found among the
above integral magnitudes and, particularly, between
these and the rain rate. Two different procedures were
used to obtain Mn–R relationships. The first involved
calculating, through least squares analysis, linear rela-
tionships between the logarithms of Mn and R. The val-
ues of these integral magnitudes were obtained using
discrete versions of (2) and (3), following the calcula-
tions described by Hauser et al. (1984) (Table 2 and
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TABLE 2. Power laws obtained using a least squares fit between
integral magnitudes and rain rate R.

NT 5
M1 5
S 5
W 5

M4 5
M5 5

Z 5

263R0.32;
148R0.50;
0.188R0.70;
0.0626R0.91;
139R1.12;
183R1.33;
262R1.55;

r2 5 0.40
r2 5 0.69
r2 5 0.90
r2 5 0.99
r2 5 0.99
r2 5 0.95
r2 5 0.90

FIG. 1. Power laws found between the rain rate and other integral magnitudes: (a) total concentration of drops NT, (b) first-order moment
M1, (c) optical attenuation S, (d) liquid water content W, (e) fourth-order moment M4, (f) fifth-order moment M5, and (g) reflectivity Z. The
dots represent the measurements.

Fig. 1). The second procedure was based on the DSD
modeling using the moments method.

4. Modeling DSD using the moments method

To develop a DSD model using the moments method,
we must find a function that shares the values of a fixed
number of moments—the same number as parameters
in the function fitted—with the experimental DSD. To
do this, first we grouped the samples according to their
rain rate (Table 1). Next, a mean DSD was found for
each class and from this several moments or integral
magnitudes were computed. The moments chosen were
optical attenuation, liquid water content, and reflectivity.
By substituting the three different DSD models em-
ployed (exponential, gamma, and lognormal) in Eqs. (2)
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FIG. 1. (Continued)

TABLE 3. Parameters of exponential, gamma, and lognormal fitted distributions.

Exponential Gamma Lognormal

No 5 2.32 3 103 R0.22

r2 5 0.61
L 5 3.32R20.18

r2 5 0.95

No 5 8.80 3 103 R20.13

r2 5 0.27
a 5 1.27R0.19

r2 5 0.74
L 5 4.05R20.11

r2 5 0.72

Nr 5 194R0.30

r2 5 0.83
Dg 5 0.630R0.23

r2 5 0.97
s2 5 0.191–1.1 3 1022 ln R
r2 5 0.72

and (3), a set of expressions for the integral magnitudes
was derived as a function of the characteristic DSD
parameters for each case. From these relationships, the
whole set of parameters that define the DSD model was
expressed as a function of the integral magnitudes. Fi-
nally, the calculated parameters were expressed as a
function of the rain rate. Table 3 and Figs. 2–4 show
the dependence of these parameters on the rain rate,
mostly as a power function.

The first and most frequently used DSD model, pro-

posed by Marshall and Palmer (1948), applies an ex-
ponential function dependent on one parameter:

N(D) 5 N0 exp(2LD), (4)

where N0 is a constant (8000 m23 mm21) and L is a
function dependent on rain rate R according to L 5
4.1R20.21 (where L is expressed in inverse meters and
R in millimeters per hour). A better agreement with the
observations is achieved with two-parameter exponen-
tial functions; in this case, N0 is a function of rain rate.
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FIG. 2. Dependence of the exponential distribution parameters: (a)
N0 and (b) L on rain rate. The solid circles represent the mean values
found for each intensity class.

Despite its improvement over the Marshall–Palmer
model, the two-parameter exponential distribution
still has some limitations. The capture of small drops
by larger ones leads to the fall in raindrop concen-
tration (Fujiwara 1965; Cataneo and Stout 1968; Bra-
zier-Smith et al. 1973; List and Gillespie 1976; Gil-
lespie and List 1979). The exponential model is un-
able to reflect this fall, overestimating the number of
both very large and very small drops (Waldvogel
1974; Joss and Gori 1978).

Discrepancies observed between the DSD measure-
ments and the exponential models have led some authors
to use other distributions such as the gamma function
of three parameters (Ulbrich 1983; Willis 1984).

N(D) 5 N0Da exp(2LD), (5)

where L is expressed in mm21, N0 in m23 mm212a, and
a is dimensionless. A physical interpretation of the pa-
rameters of the gamma distribution can be found by
relating them to the effective diameter Deff, and the ef-
fective variance yeff. Hansen and Travis (1974) defined
these two magnitudes as

`

3D N(D) dDE
0

D 5 . (6)eff `

2D N(D) dDE
0

`

2 2(D 2 D ) D N(D) dDE eff

0
y 5 . (7)eff `

2 2D D N(D) dDeffE
0

Chýlek et al. (1992) showed that the parameter a could
be related with the effective variance as

1
y 5 , (8)eff 3 1 a

while the effective diameter can be written as

2
D 5 . (9)eff Ly eff

A third model, used by Levin (1971), Bradley and
Stow (1974), Markowitz (1976), Ajayi and Olsen
(1985), and Feingold and Levin (1986) is the three-
parameter lognormal distribution model, which reflects
the observed behavior of small drops.

2
D

lnN 1T 1 2DgN(D) 5 exp 2 . (10)
2Ï2p sD F G1 2s

The characteristic parameters of this distribution have
a direct physical meaning: NT (m23) is the total number
of drops per unit volume, Dg (mm) is the mean diameter
of drops, and ln(s) is the standard geometric deviation
of ln(D).

An alternative method for finding power functions
for moments is based upon the dependence of DSD on
rain rate. By substituting distributions (4), (5), and (10)
and the rain-rate dependencies shown in Table 3, in the
integral expressions of the moments in (3), the desired
functions are obtained (Table 4).

5. Results and discussion

In the previous sections four sets of equations relating
each moment Mn and R (Mn–R) have been obtained. The
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FIG. 3. Dependence of the gamma distribution parameters: (a) N0,
(b) a, and (c) L on rain rate. The solid circles represent the mean
values found for each intensity class.

first set is made up of power functions that fit Mn and R
through least squares. The other three sets of equations—
also power functions—are commonly used to obtain Mn

from R, except in the case of the Z–R relation, where R
is calculated from the reflectivity measurements of me-
teorological radars. To find which Mn–R relation best es-
timates the observations, we established a comparison be-
tween two computations of R. For the first computation
we used the rain-rate value obtained for the size and ve-
locity histograms measured by the disdrometer. For the
second we used the value from the same histograms of
each moment and the relationships between these and the
rain rate. Relative differences between these two rain rates
are shown in Tables 5, 6, 7, and 8.

The greatest relative global differences are those
produced by the total concentration of rain drops NT,
which is extremely large for the exponential distri-

bution. From the variation of the relative differences
with rain rate shown in Table 6, it can be concluded
that for low-order moments the relationships derived
from exponential distribution underestimate the rain
rate. In fact, this distribution produces the worst re-
sults, especially for low-order moments. This can be
explained by the coincidence of two factors: over-
estimation of the number of small drops, and the sim-
ilar contribution of both large and small drops to low-
order moments. For moments of higher order, on the
other hand, the greater number of large drops masks
the lack of accuracy in the representation of the small
drops hence the error in the determination of the mo-
ment is lower. However, for low-order moments, the
sum of these two factors generates an overestimation
of the moments, which, consequently, become higher
as the order of the moment decreases.
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FIG. 4. Dependence of the lognormal distribution parameters: (a)
NT, (b) Dg, and (c) s2 on rain rate. The solid circles represent the
mean values found for each intensity class.

TABLE 4. Power laws derived from exponential, gamma, and
lognormal fitted distributions.

Exponential Gamma Lognormal

NT 5
M1 5
S 5
W 5

M4 5
M5 5

Z 5

699R0.40

211R0.58

0.199R0.75

0.0601R0.93

138R1.11

208R1.29

376R1.46

NT 5
M1 5
S 5
W 5

M4 5
M5 5

Z 5

272R0.26

148R0.50

0.183R0.72

0.0624R0.92

151R1.10

229R1.27

402R1.44

NT 5
M1 5
S 5
W 5

M4 5
M5 5

Z 5

194R0.30

134R0.52

0.177R0.73

0.0600R0.93

141R1.12

210R1.30

377R1.46

The gamma distribution generates the smallest dif-
ferences for medium- and low-order (0–4) moments.
The good results of this distribution can be attributed
to its ability to reproduce raindrop size and velocity
distributions over the whole range of drop diameters,

including small drops, which are not properly repre-
sented by an exponential distribution. On the other hand,
the Z–R and Mn–R relationships obtained with the gam-
ma distribution do not provide as good results as those
produced by the relations obtained with the lognormal
and exponential distributions.

Although several studies confirm that the exponen-
tial distribution underestimates the number of small-
est and largest raindrops (Willis 1984; Joss and Gori
1978), this inaccuracy is nevertheless balanced by its
much better estimation of drops in the range that con-
tributes most to reflectivity. The relationship between
reflectivity and rain rate is especially relevant for its
application in radar meteorology—though not without
some problems that are beyond the scope of this paper.
It is important to note that the threshold of 50 mm



NOVEMBER 1997 1477C E R R O E T A L .

TABLE 5. Relative differences (%) in the computation of R from the Mn–R relations obtained using the least squares fit shown in Table 2.

R Class NT M1 S W M4 M5 Z

OA
OB

1
2
3

2113.7
8.2
0.1

22.0
1.0

253.0
3.0
1.2

22.3
21.8

220.0
0.9
0.8

21.1
21.4

4.6
20.0
20.0
20.2
20.1

24.7
20.4
20.8

0.4
1.1

41.1
20.5
21.3

0.7
2.0

53.9
20.5
21.6

0.9
2.5

4
5
6
7
8

25.5
214.8
23.3

0.0
24.8

23.7
26.4
22.5

0.7
0.6

22.0
23.0
21.3

0.5
0.7

20.1
20.5

0.2
1.0
1.0

1.5
1.3
1.4
1.5
1.4

2.5
2.5
2.1
1.8
1.7

3.1
3.1
2.3
1.6
1.5

9
10
11
12
13

22.9
6.9

22.9
1.0

20.3

1.1
9.0
3.6
6.0
7.3

1.0
5.3
2.8
3.8
4.6

1.0
2.2
1.7
1.6
1.6

1.1
0.2
0.9
0.3

20.2

1.0
21.2

0.2
20.7
21.3

0.6
22.4
20.6
21.6
22.0

14
15

18.4
20.8

13.0
6.9

6.4
5.2

2.3
2.4

0.2
0.0

21.0
22.0

22.0
23.7

Global 230.3 214.2 25.4 21.3 6.9 11.5 15.1

TABLE 6. Relative differences (%) in the computation of R from the Mn–R relations obtained using the exponential distribution shown in
Table 3.

R Class NT M1 S W M4 M5 Z

Oa
Ob

1
2

21042.4
2213.6
2141.4
2106.3

2288.8
259.4
241.7
235.6

255.4
212.5
210.0
210.6

19.4
1.4

20.1
20.9

29.2
1.4
0.8
1.8

7.7
25.1
22.7

0.9

231.5
215.0
28.2
21.8

3
4
5
6
7

293.1
291.6
295.3
283.2
278.6

232.5
232.6
234.0
229.8
226.6

210.5
210.9
211.7
210.0
28.3

21.0
21.1
21.6
20.9
20.2

2.5
2.9
2.7
2.8
2.9

2.7
3.6
3.6
3.4
3.1

0.9
2.2
2.6
2.0
1.6

8
9

10
11
12

280.6
277.9
268.4
275.3
271.2

226.3
225.5
218.2
222.7
220.4

28.1
27.7
23.7
26.0
25.0

20.2
20.3

0.9
0.3
0.3

2.8
2.5
1.5
2.2
1.6

3.1
2.5
0.2
1.7
0.8

1.6
0.8

22.2
20.2
21.2

13
14
15

271.0
256.0
270.0

218.9
213.9
218.9

24.3
22.6
23.6

0.2
1.0
1.0

1.1
1.6
1.3

0.3
0.6

20.4

21.5
21.4
23.2

Global 2419.1 2117.6 223.9 5.9 9.3 0.1 216.2

h21, sometimes used to distinguish convective pre-
cipitation, is not especially significant in this analysis
of rain-rate classes. In fact, no appreciable differences
between rain rates higher and lower than 50 mm h21

can be inferred from these results.
The Z–R relationships obtained using exponential and

lognormal distributions globally improve the results de-
rived from the gamma distribution. However, this is not
the case for all intensity classes. For intensity class 10,
12, 13, 14, and 15 the differences associated with the
gamma distribution are less significant than those as-
sociated with lognormal distribution. Taking this into
account, a new Z–R relation might be considered by
selecting the most accurate approach in each rain-rate
interval. Because the improvement attained with such
a new Z–R relation would be insignificant, a single Z–
R function for the entire rain-rate interval seems to be

the most appropriate; in this case, the relation was ob-
tained using the exponential distribution.

Z(R) 5 376R1.46. (11)

Other Z(R) relationships have been found for intense
convective precipitation: Z 5 500R1.5 (Joss et al. 1970)
and Z 5 400R1.3 (Austin 1987). Because high rain rates
associated with these rainfall regimes are similar to
those observed in Barcelona, these two relations seem
to be the most appropriate to compare with the Z–R
relation obtained here. Reflectivity values given by (7)
fall within those calculated with the Joss and Austin
functions: the former slightly higher and the latter slight-
ly lower. In both cases the differences for the whole
range of intensities were less than 6%.

Austin obtained other relationships for different con-
ditions: Z 5 230R1.2 for moderately convective events
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TABLE 7. Relative differences (%) in the computation of R from the Mn–R relations obtained using the gamma distribution shown in
Table 3.

R Class NT M1 S W M4 M5 Z

OA
OB

1
2
3

2163.6
23.4
17.3
16.6
20.8

251.5
3.0
1.0

22.5
22.0

27.3
1.5
0.2

22.2
22.7

5.3
20.4
20.5
20.7
20.6

20.7
24.4
22.4
20.1

1.0

219.1
210.1
25.3
20.6

1.5

247.5
217.3
28.9
21.7

1.3
4
5
6
7
8

13.2
1.9

16.2
20.4
14.6

23.9
26.6
22.7

0.5
0.3

23.4
24.4
22.8
21.0
20.9

20.6
21.0
20.3

0.5
0.5

1.6
1.5
1.7
1.9
1.8

2.6
2.8
2.6
2.4
2.5

2.7
3.1
2.6
2.2
2.3

9
10
11
12
13

17.0
29.1
17.0
21.9
20.3

0.8
8.7
3.3
5.7
7.0

20.6
3.5
1.1
2.0
2.8

0.5
1.6
1.1
1.0
1.0

1.5
0.6
1.3
0.8
0.3

1.9
20.4

1.2
0.3

20.2

1.5
21.6

0.5
20.5
20.8

14
15

43.4
19.8

12.7
6.6

4.6
3.4

1.8
1.8

0.8
0.6

0.1
20.8

20.7
22.4

Global 232.9 213.9 21.8 1.2 22.2 210.1 221.7

TABLE 8. Relative differences (%) in the computation of R from the Mn–R relations obtained using the lognormal distribution shown in
Table 3.

R Class NT M1 S W M4 M5 Z

OA
OB

1
2

274.0
97.6
56.2
38.7

18.4
14.9

6.9
0.7

6.8
3.1
0.5

22.5

19.6
1.4

20.1
20.9

21.4
21.0
21.1

0.2

4.8
26.3
23.8
20.1

232.2
215.1
28.3
21.9

3
4
5
6
7

37.3
27.7
16.4
27.2
29.9

0.3
22.1
24.9
21.4

1.5

23.1
23.9
25.0
23.4
21.8

21.0
21.1
21.6
21.0
20.2

1.0
1.4
1.2
1.3
1.4

1.6
2.5
2.6
2.3
2.1

0.9
2.2
2.6
2.0
1.6

8
9

10
11
12

24.1
25.6
35.2
24.4
28.2

1.2
1.7
9.1
3.8
6.1

21.7
21.4

2.6
0.2
1.1

20.3
20.3

0.8
0.3
0.2

1.4
1.0
0.1
0.8
0.2

2.1
1.5

20.8
0.7

20.2

1.6
0.8

22.2
20.3
21.2

13
14
15

26.3
46.0
25.2

7.2
12.7

6.8

1.8
3.6
2.4

0.2
0.9
1.0

20.3
0.2

20.1

20.7
20.4
21.3

21.5
21.4
23.2

Global 129.8 12.0 2.8 6.0 5.6 21.6 216.4

associated with cold or stationary fronts and Z 5 100R1.4

for rainfall caused by warm fronts. After comparing (7)
with these two relations, the differences increase to
15%. According to this, reflectivities calculated with (7)
are closer to the results produced by the Z–R relations
obtained for intense convective precipitation than for
other rainfall conditions.
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