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Abstract—We propose a steady state model for ion selective
membranes (ISM) as selectivity element in potentiometric sen-
sors. The model solves the Poisson-Boltzmann equation, coupled
to distributed chemical reactions between ionophores and two
types of competing ions. We show that a Donnan potential arises
when ionic sites are present, while selectivity is achieved only if
using ionophore-doped ISMs. The model allows to evaluate cross-
sensitivities and can explain steady state non-Nernstian responses.
We also provide an application example of sensor parameter
design supported by the proposed model.

Keywords—ion-selective-membranes; device simulation; poten-
tiometric sensors.

I. INTRODUCTION

The combination of integrated silicon FETs with ion selec-

tive membranes (ISMs) has greatly extended the application

domains of potentiometric sensors [1], [2]. Such device con-

sists of replacing the gate of a FET with an ISM in contact with

the electrolyte chamber containing the target analytes (Fig.

1.a). If the bulk electrolyte is kept at a fixed potential Vfg

(by the fluid gate reference electrode), a voltage drop at the

membrane/electrolyte interface arises (the Donnan potential

[3]), that shifts the threshold voltage of the underlying FET.

ISMs operate over a wide range of ion concentrations and ion

species thus enabling excellent selectivity [4].

In this work, we propose a new model to describe the

electrolyte/membrane interaction that goes beyond the widely

employed boundary potential approach [5], as it handles spa-

tially distributed chemical reactions and complex structures.

The ultimate goal is to support improvements of the sensor

design to enhance selectivity and reduce cross-sensitivities.

II. DEVICE MODEL

The response of ISMs arises at the membrane/electrolyte

interface due to the permeability of ions and their local inter-

actions with ionic sites (see below). The electrostatic potential,

ψ, is given by the non-linear Poisson-Boltzmann (PB) equation

that includes fixed (ρf ), and mobile (ρm) charges, and in 1D

reads:

d

dx

(

ε(x)
dψ(x)

dx

)

= − (ρm(x) + ρf (x)) (1)
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Fig. 1. Calculated electrostatic potential across the device layers for the three
case studies defined in [3]. ‘Ox’ denotes the metal oxide of the underlying
FET device, ‘Ei’ the electrolyte and ‘Mi’ the membrane layer(s), respectively.
Case b) refers to the dashed cut line in a). Case c) refers to a structure similar
to plot a) but with an electrolyte E1 between the oxide and the ISM, while
in case d) we have a stack with two different membranes M1 and M2. The
membrane layers contain ionic sites, namely, fixed charges depicted with R+

(in this case positively charged) while the electrolytes contain the mobile ionic
species (e.g. K+ and Cl−).

Electrochemical equilibrium of those ions that cross the

membrane interface generates a potential drop ∆ψ within a

few nm distance. This drop is the integral of the electric field

that forces ion drift to equilibrate the diffusion, eventually giv-

ing zero net current. The resulting mobile charge distribution

is then given by the sum of Boltzmann distributions,

ρm = q

Nsp
∑

i=1

zia
∞

i

{

1

ki

}

exp

(

−
ziq

kBT
ψ(x)

)

, (2)

where a∞i is the equilibrated bulk concentration of the ith ionic

species in the electrolyte, Nsp the number of ionized species

with their valence zi and the coefficient ki (that only applies

in the membrane layer, while “1” is used in the electrolyte),

hereafter simply denoted as ‘affinity’, is defined through the
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standard chemical potentials μ0
i of the species in the two layers

as [5]

ki = exp
([

μ0
i (el)− μ0

i (mem)
]

/(kBT )
)

. (3)

In fact, since ∆ψ is experienced by all species that can enter

the membrane, the equilibrated bulk concentrations in the two

regions are related by a constant factor.

III. IONIC SITES (FIXED CHARGES)

ISMs naturally [6] or intentionally contain ionic sites (i.e.

hydrophobic ions with very low mobility confined in the

membrane phase) and denoted R+ in Fig. 1. Here, they

are modelled as uniformly distributed fixed charges, ρf , that

oppose the extraction from the electrolyte of ions of the

same charge sign and, owing to electroneutrality, tend to set

the concentration of counter-ions in the membrane conferring

Nernstian responses to the change of individual counterion

species. Thus, the sole presence of ionic sites yields membrane

response and consequently generates a FET threshold voltage

shift, but no selectivity since only the charge sign of the

counter-ion matters. Fig. 1 shows the simulated ψ(x) for the

three scenarios defined in [3]: the classical ISM with mem-

brane deposited on a solid insulator (a,b); an electrolyte layer

interposed between insulator and ISM (e.g. after membrane

detachment with water infiltration, c) and a stack of two ISMs

(e.g. organic functionalized devices), d). In all cases Donnan

equilibrium (i.e. ionic and potential gradients produced by a

semipermeable layer separating ionic solutions) is established

[3]. Interestingly, in case c) the free ions in the layer E1 screen

out completely the membrane potential, thus giving no net

voltage build-up at the sensor surface (Ox) and zero sensitivity.

These demonstrate the importance of membrane adhesion to

the oxide layer to achieve good sensitivity. In case d), the

different concentration of ionic sites in M1 and M2 creates

an additional potential difference between the two layers, so

that only the net potential drop across the membrane shifts the

FET threshold.

The concentration of ionic sites impacts the Nernstian range

of the sensor response. Fig. 2.a shows the case of a KCl

calibration curve, where the concentration of the ionic sites R−

(here negatively charged) is changed. As expected, the absence

of ionic sites (Fig. 2.a, open circles) gives no membrane

response as Cl− ions are co-extracted together with target ions

K+. Low concentrations of ionic sites (i.e. 1 mM) are instead

enough to produce Nernstian responses to K+ ions, but for a

range of concentrations smaller than those of the ionic sites. In

fact, as the salt concentration in the electrolyte approaches the

ionic sites’ concentration, the latter can no longer prevent co-

extraction of Cl− ions. Hence, higher concentrations of ionic

sites (diamonds in Fig. 2.a) provide Nernstian responses for a

larger range of target ion concentrations.

The impact of ki is shown in Fig. 2.b. In general, lower

affinity values tend to enlarge the range of Nernstian response,

since higher salt concentrations in the electrolyte are necessary

to make the concentration of absorbed ions balance or exceed

the one of the ionic sites. On the other hand, different ki

values of electrolyte species can turn into intrinsic selectivity.

For example, in Fig. 2.b the range of Nernstian response to K+

ions is higher when kCl is smaller. In fact, if a lower fraction

of Cl− ions can enter the membrane, then less interference is

experienced by the target K+ ions in the range at which ionic

sites can still play their part.
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Fig. 2. Simulated membrane potential vs the concentration of KCl salt in the
electrolyte. a) different concentrations of ionic sites and, b), the effect of the
ions affinity constants are considered.

IV. IONOPHORES AND SELECTIVITY

Ionic sites provide intrinsic selectivity only as long as

the different lipophilicity of ions results in different affinity

constants [7]. However, such selective feature is usually not

controllable when designing the ISM material. On the contrary,

ionophores (i.e., mobile lipophilic compounds confined in the

membrane layer, designed to specifically bind the target ion)

facilitate the transport of target ions in the membrane phase

with respect to its interferents [8] and thus effectively increase

the selectivity. To capture also this effect, we extended the

total boundary potential model developed in [5] to an arbitrary

sequence of layers of ISMs and electrolytes, and applied it

to the stack of Fig. 1.a. Denoting with I the target ion and

J the interferent ion, we define the following reactions with

ionophores, L, inside the membrane:

I + nIL ⇌ ILnI
=⇒ βIL =

aIL
aIa

nI

L

J + nJL ⇌ JLnJ
=⇒ βJL =

aJL
aJa

nJ

L

(4)

where βIL and βJL are association constants and nI and nJ

are the respective stoichiometric coefficients. Concentrations

of free ions in Eq. 4 follow Boltzmann distributions (Eq. 2).
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Conservation of the total number of ionophores Ltot

(bonded and free) imposes

aL = Ltot − nIaIL − nJaJL. (5)

Insertion of Eq. 5 into Eq. 4 and use of Boltzmann statistics

(Eq. 2) gives the expression of the local equilibrium concen-

tration of the complexes aIL and aJL. These concentrations

indirectly depend on those of the mobile species and can be

considered as additional fixed charges of the total ρf . Explicit

closed form expressions for aIL and aJL are crucial since

they must be computed at each iteration of a self-consistent

(e.g. Newton-Raphson) loop upon coupling of the Poisson and

Boltzmann Eqs. 1 and 2. In this work we found analytical ex-

pressions of such concentrations for stoichiometric coefficients

up to 3. The computation flowchart is depicted in Fig. 3.

Initialization:

Set geometry and physical parameters

Set bias potential, Vfg

Set initial bulk ionic compositions, a∞i
Define initial guess, ψ0(x)

Calculate free ionic species

distribution using Eq. 2

Calculate ionophore-ions

complexes’ spatial distri-

bution, using Eqs. 4-5

Generate new estimate of

the electrostatic potential,

ψnew(x), using Eq. 1

convergence?

end

yes

no

Fig. 3. Flowchart to solve the PB loop coupled to distributed chemical
reactions in ISMs using iterative solutions. In this work we used analytically
derived Jacobian expressions to avoid lengthy simulation times and conver-
gence issues.

In this analysis, we only consider steady solutions (i.e. drift

and diffusion processes are at equilibrium) and assume the

electrolyte as an infinite reservoir of ions. Fig. 4 validates the

model by comparing our simulations with the model in [5],

where the interface potential is simply forced equal to the

difference between the bulk potentials in the membrane and

electrolyte. Simulations are designed to yield sub-, inverted-

and super-Nernstian responses, respectively and the agreement

with [5] is good over a large range of concentrations. Com-

pared to [5], our model includes ionic screening and double

layer formation at charged interfaces, owing to the coupled PB

system of equations. Therefore, it provides a more realistic

simulation framework and it is amenable for 2D and 3D

implementation.
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Fig. 4. Membrane potential calculated in [5] compared with our model for
a) sub, b) inverted and c) super-Nernstian responses, respectively, and list of
parameters used. The bulk concentrations refer to the electrolyte region.

The model also provides useful insights on the sensor

response. For example, Fig. 5.a shows the effect of the

ionophore-target ion complex strength on the potential shift,

where K+ is the target ion, Cl− and Na+ are background ions

that do not interact with ligands. It can be seen that strong

KL+ complexes (i.e. high βKL constants) can significantly

lower the limits of detection (leftward shift of the curves)

reducing the effect of the target co-ion Na+ penetration.

However, a too strong KL+ complex decrease the upper limit

of detection, that is, the highest concentration before the onset

of an undesired inverted response and non-monotonicity. This

is due to counter-ions (Cl−) extraction from the electrolyte

i.e. the so called Donnan failure [9]. Figs. 5.b-c report the

electrostatic potential and ionic concentration profiles, respec-

tively, in the region of Nernstian response (red mark in Fig.

5.a). The ionic concentration in the membrane is higher than

in the electrolyte which reflects in a shorter Debye screening

length and a faster potential decay (Fig. 5.b). The presence of

ionophores and ionic sites determines the ionic concentration

inside the membrane as apparent in Fig. 5.c, where all the free

ionic species in the membrane layer (i.e. K+, Na+ and Cl−)

have negligible concentrations. The mechanism of fixing the

concentration of the target ion in the membrane is essential to

obtain Nernstian responses [7].
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Fig. 5. a) Effect of ionophore-target ion (KL+) association constant βKL on
membrane potential for different K+ concentrations in the electrolyte. Here,
only one reaction is considered (i.e. complexes such as ClL or NaL are
neglected for simplicity). b) and c) are the potential and concentration spatial
distributions for aK = 0.1 mM and βKL = 106 M−1 (red mark in a)).
In c) red, black and green line colors refer to positive, negative and neutral
ion valences. The thicknesses of the membrane and electrolyte are 250 nm
and 2 μm respectively. Bulk concentrations specified in the figure refer to the
electrolyte layer.

When target co-ions react with ionophores, cross-sensitivity

issues arise. These are due to the reduced capacity of the

membrane to fix the concentration of target ions inside. Such

phenomenon is related to both the binding constants strength

of the IL and JL complexes, and the concentration of interfer-

ent species. An example is provided in Fig. 6. Here, the mem-

brane response with respect to the target ion K+ is simulated

for different binding constants of the ionophore-interferent ion

complex, NaL+, for constant concentration of the interferent

ion. For simplicity, we used equal affinity values for all ions

and considered only 1:1 stoichiometries. As expected, we

observe that the lower limit of detection is directly proportional

to the binding constant βNaL. For βNaL=βKL=104, there is

no membrane preference between target and interferent ions,

giving that a membrane response only appears when a∞K >
a∞Na, while stronger ionophore-interferent than ionophore-

target complexes (βNaL=106) eventually lead to no membrane

response.

V. CONCLUSIONS

We developed a 1D model coupling distributed chemical

reactions between ionic species and ionophores in ISMs and

the PB equation for equilibrium. We showed the fundamental
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Fig. 6. Impact of ionophore-interferent ion (NaL+) association constant
βNaL on membrane potential for different target ion K+ concentrations in
the electrolyte. Here, the formation of two complexes (KL and NaL with
1:1 stoichiometries) are considered.

role of ionic sites in determining the sensor response. When

including ionophores, we further investigated the impact of

binding constants on the membrane performance, showing that

the full response can be shifted towards lower concentrations

for improved sensitivity. The (currently 1D) model is amenable

to 3D implementation and to further extensions of the set

of electrochemical processes. The insights gained on ISM

operation with FET devices aim to support improvements

in sensor performances and assist the search for new sensor

applications.
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