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1.  Executive Summary 

This project has developed first-principles based molecular modeling and simulation approaches to 
predict fundamental thermokinetic properties of dissolved actinides and fission products in molten 
salts. Present nuclear waste separation methods are controlled by solute and salt properties that are 
difficult and expensive to measure experimentally for the wide range of relevant salt mixtures. The 
simulation approaches developed in this work can provide essential data from first-principles, 
thereby reducing the number of required experiments. More broadly, the modeling is of value for 
interpreting experimental results, guiding new experiments, validating analytical models, and for 
optimizing waste separation by enabling rapid and inexpensive exploration of new salt 
configurations and operating conditions.  

The properties predicted with the modeling are density, which is used to assess the amount of 
dissolved material in the salt mixtures, diffusion, which can control rates of material transport 
during separation, and solute activity, which determines total solubility and reduction potentials 
used during electrorefining. The work has focused on LiCl-KCl salts, which are used for treating 
spent EBR-II fuel. Studies were performed using LiCl, KCl, and LiCl–KCl eutectic composition (58 
mol% LiCl, 42 mol% KCl) salts.  The work focused on La, Sr, and U impurities (defined as solutes 
in this document), which are chosen to include the important distinct categories of lanthanides, 
alkali earths, and actinides, respectively.  

The modeling methods use first-principles and first-principles derived interatomic potential based 
simulations, primarily using molecular dynamics. Results were validated against existing literature, 
including some data developed in a parallel ongoing experimental effort at the lead-PIs institution, 
UW Madison. Although this work is focused on a particular set of systems, the approaches and 
tools developed will enable prediction of separations relevant salt and solute properties for a wide 
variety of mixtures.  

Objective: Develop and validate molecular modeling approaches to predict density, species 
diffusion, and solute activity (through free energy) for La, Sr, and U in LiCl–KCl eutectic salts at 
different solute concentrations (0 – 5 mol%) and temperatures (400ºC – 600ºC). 

The work consists of 3 main tasks 
• Task 1: First-principles molecular dynamics (FPMD) modeling of salt-solute thermokinetics 
• Task 2: Interatomic potential development 
• Task 3: Interatomic potential molecular dynamics (IPMD) modeling of salt-solute 

thermokinetics. 
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2. Project Management Overview 

2.1 Recipients 

2.1.1 Contact information 

 

University of Wisconsin-Madison, 1509 University Ave., Department of Materials Science and 
Engineering, Madison, WI, 53706  
 

North Carolina State University, 1114 Burlington Engineering Labs, Nuclear Engineering 
Department, Raleigh, NC, 27695 

Principle Investigators 
Name Contact Information Title Location 
Dane Morgan 608.265.5879 

ddmorgan@wisc.edu  
Associate Professor, 
Lead PI 

University of Wisconsin-Madison, 
Department of Materials Science 
and Engineering  

Jacob Eapen 919.515.5952 

jacob.eapen@ncsu.edu  
Assistant Professor,  
co– PI 

North Carolina State University, 
Department of Nuclear 
Engineering 

    

Postdocs and Graduate Students 
Name Contact Information Title Location 
Amelia (Amy) 
Bengtson 

akbengtson@wisc.edu Postdoctoral Research 
Associate 

University of Wisconsin-Madison 

Saumitra Saha ssaha3@wisc.edu Postdoctoral Research 
Associate 

University of Wisconsin-Madison 

Hyo On Nam hnam9@wisc.edu Postdoctoral Research 
Associate 

University of Wisconsin-Madison 

Ridwan Sakidja rsakidja@facstaff.wisc.edu Assistant Scientist University of Wisconsin-Madison 

Katharina Vörtler vörtler@wisc.edu Postdoctoral Research 
Associate 

University of Wisconsin-Madison 

Brahmananda 
Chakraborty 

bchakra@ncsu.edu Postdoctoral Research 
Associate 

North Carolina State University 

Jin Wang jwang22@ncsu.edu Third Year Graduate 
Student (Major: 
Nuclear Engineering) 

North Carolina State University 

 
  

mailto:ddmorgan@wisc.edu
mailto:jacob.eapen@ncsu.edu
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2.1.2 Responsibilities 
Name Primary 

Responsibilities 
Dane 
Morgan* 

Task 1, Task 2 
Coordinates overall effort and is point of contact for DOE 

Jacob Eapen Task 3 

  

Name Primary 
Responsibilities Tasks for Project 

Amelia (Amy) 
Bengtson 

Task 1 & 2 She worked on FPMD calculations for Task 1& 2 and finished 
calculations on pure LiCl, KCl, and LiCl-KCl. 

Saumitra  
Saha 

different molten salt 
system 

Saha was not funded from the work and played a supporting 
role. He worked on FPMD calculations in a different molten 
salt system. 

Hyo On  
Nam 

Task 1 & 2 Nam continued first-principles work when Bengtson, Saumitra, 
and Sakidja departed. He has been the lead researcher and 
written the bulk of reports in the final 9 months of the project.     

Ridwan 
Sakidja 

Task 2 Sakidja worked on interatomic potential development for Sr in 
LiCl-KCl. 

Katharina 
Vörtler 

Primary focus  on 
different molten salt 
system; Some effort 
on Tasks 1 & 2 

Vörtler worked on FPMD calculations primarily in a different 
molten salt system, but assisted with some studies for this 
project. Nam and Vörtler communicated regularly about FPMD 
in molten salts. 

Brahmananda 
Chakraborty 

Task 3 Chakraborty worked on the development and analysis of 
multicomponent diffusion and free energy analysis in salt 
mixtures with solutes.  

Jin  
Wang 

Task 3 Wang worked on development and analysis of free energy 
methods suitable for salt mixtures with solutes. 

 
The large group met monthly via skype to discuss results, technical details, concerns, and future 
plans. Members at the same institution communicated regularly. 
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2.2 Resources Overview 
 
Commercial Codes used:  

• VASP-MD (Vienna Ab-Initio Simulation Package): First-principles molecular dynamics 
(FPMD) simulations that use density functional theory to describe atomic interactions. 
FPMD calculations are considered more accurate than IPMD as the interactions of electrons 
are explicitly modeled through density functional theory.  

• LAMMPS: Interatomic potential molecular dynamics (IPMD) code that uses empirically fit 
interatomic potentials to describe the interactions between atoms. Used to create starting 
melt (Li,K)Cl structures for FPMD calculations.  

• DL-POLY-4: IPMD code. DL_POLY is a general purpose classical molecular dynamics 
simulation software developed at Daresbury Laboratory by I.T. Todorov and W. Smith. It 
has several interatomic potentials and is capable of handling complex salts with appropriate 
modifications. Additional multi–component routines needed are diffusion calculations, 
which entail code modification (in Fortran 90). 

• POTFIT, a free code that fits potentials from ab-initio data. 
 

Routines:  
We have written scripts in python to analyze and extract energy and diffusion data from VASP and 
LAMMPS. Some routines have been developed in Fortran 90 and incorporated in MD package to 
compute multi-component diffusion coefficients. Free energy calculations are performed with in-
house codes which have been tested and benchmarked.  
 
High-performance computing clusters:  

• Local clusters at the University of Wisconsin-Madison (UW-Madison) 
• NSF supercomputing resources: Teragrid Ranger/Stampede cluster (UW-Madison) 
• Idaho National Lab HPC (UW-Madison) 
• NC State High Performance Computing Center (HPC) (NCSU) 
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2.3 Project Schedule (Gantt chart) 
 

 
Figure 2.1. Schedule and timeline of project (from proposal). There are three main tasks for this project 
(black bars), each with individual subcomponents (blue bars). Progress on all milestones and tasks were 

reported using the language of this Gantt chart. Dark shading denotes the percent of the task that is complete; 
light shading indicates the amount of the task remaining. 
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2.4 Budget Overview 
 

FY 2011       
 Q1 Q2 Q3 Q4  Y1 Totals 

Total Approved $54,007.25  $54,007.25  $54,007.25  $54,007.25   $216,029.00  
Total Actual Expenses $1,729.27  $28,382.81  $29,453.98  $43,913.08   $103,479.14  

Total Under Budget    $52,277.98  $25,624.44  $24,553.27  $10,094.17   $112,549.86  
       

UW Expected Amount $29,894.29  $29,894.29  $29,894.29  $29,894.29   $119,577.16  
UW Actual  Expenses $1,729.27  $21,352.42  $19,012.98  $20,543.08   $62,637.75  

UW Under Budget  $28,165.02  $8,541.87  $10,881.31  $9,351.21   $56,939.41  
       

NCSU Expected Amount $24,112.96  $24,112.96  $24,112.96  $24,112.96   $96,451.84  
NCSU Actual  Expenses $0.00  $7,030.39  $10,441.00  $23,370.00   $40,841.39  

NCSU Under Budget   $24,112.96  $17,082.57  $13,671.96  $742.96   $55,610.45  
       

FY 2012       
 Q1 Q2 Q3 Q4  Y2 Totals 

Total Approved $50,069.06  $50,069.06  $50,069.06  $50,069.06    $200,276.23  
Total Actual Expenses $50,355.24  $54,941.99  $102,009.79  $79,545.57    $286,852.59  

 Total Over/Under Budget for 
Quarter 

($286.18) ($4,872.93) ($51,940.73) ($29,476.51)   ($86,576.36) 

Total Under Budget    $112,263.68  $107,390.75 $55,450.01  $25,973.50    $25,973.50  
       

UW Expected Amount $25,908.50  $25,908.50  $25,908.50  $25,908.50    $103,634.00  
UW Actual  Expenses $31,742.00  $31,075.00  $53,758.71 $40,437.07   $157,012.78  

UW Over/Under Budget for 
Quarter 

($5,833.50) ($5,166.50) ($27,850.21) ($14,528.57)   ($53,378.78) 

UW Total Under Budget    $51,105.91  $45,939.41  $18,089.20  $3,560.63    $3,560.63  
       

NCSU Expected Amount $24,160.56  $24,160.56  $24,160.56  $24,160.56    $96,642.23  
NCSU Actual  Expenses $18,613.24  $23,866.99  $48,251.08   $39,108.50   $129,839.81  

NCSU Over/Under Budget for 
Quarter 

$5,547.32  $293.57  ($24,090.52) ($14,947.94) 
  

  ($33,197.58) 
  

NCSU Total Under Budget    $61,157.77  $61,451.34  $37,360.81  $22,412.87    $22,412.87   
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FY 2013       
 Q1 Q2 Q3 Q4*  Y3 Totals 

Total Approved $49,942.00  $49,942.00 $49,942.00 $49,942.00    $199,768.02  
Total Actual Expenses $41,996.79 $77,133.01 $79,446.03  $27,165.69   $225,741.52  

 Total Over/Under Budget for 
Quarter 

$7,945.21 ($27,191.01) ($29,504.03) $22,776.31   ($25,973.50) 

Total Under Budget    $33,918.72 $6,727.71 ($22,776.32) $0.00  $0.00 
       

UW Expected Amount $26,938.00 $26,938.00 $26,938.00 $26,938.00    $107,752.00  
UW Actual  Expenses $17,402.09 $43,069.01 $38,558.33  $12,283.20   $111,312.63  

UW Over/Under Budget for 
Quarter 

$9,535.91 ($16,131.01) ($11,620.33) $14,654.80   ($3,560.63) 

UW Total Under Budget    $13,096.54 ($3,034.47) ($14,654.80) $0.00   $0.00  
       

NCSU Expected Amount $23,004.00 $23,004.00 $23,004.00  $23,004.00    $92,016.02  
NCSU Actual  Expenses $24,594.70 $34,064.00 $40,887.70  $14,882.49   $114,428.89  

NCSU Over/Under Budget for 
Quarter 

($1,590.70) ($11,060.00) ($17,883.70) $8,121.51  
 

 ($22,412.87) 

NCSU Total Under Budget    $20,822.18 $9,762.18 ($8,121.52) $0.00  $0.00 
 
 

 
Project Totals 

 Total Approved $616,073.25  
 Total Actual Expenses $616,073.25  
 Total Under Budget    $0.00 

 
   UW Expected Amount $330,963.16  

 UW Actual  Expenses $330,963.16  
 UW Total Under Budget    $0.00  

 
   NCSU Expected Amount $285,110.09  

 NCSU Actual  Expenses $285,110.09  
 NCSU Total Under Budget    $0.00 

 
Current Quarter Budget 
UW spending for the current quarter was $12,283.20. NCSU spending for the current quarter was 
$14,882.49.  
 
* The current quarter budget data (Q4) is expected amount spending by 9/30. The records are not 
yet all available.  
 
Budget Explanations 
All funds have been spent. 
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2.5 Progress Overview 
 
Task 1a - First-principles molecular dynamics (FPMD) calculations for pure (Li,K)Cl  

Researchers: Amelia Bengtson (communication with Saumitra Saha, Hyo On Nam, 
Ridwan Sakidja)  

  

Description:   FPMD calculations were performed in VASP to determine the equation of 
state values (equilibrium volume, bulk modulus) for solid and molten LiCl, 
KCl, (Li,K)Cl 

  

Status: We have calculated the equilibrium volumes, bulk modulus and self-
diffusion coefficients for 216-atom and 64 atom unit cells of LiCl, KCl and 
the eutectic LiCl-KCl molten salts. Additional error analysis and 
convergence testing was performed to confirm FPMD results are well 
converged and the errors are as low as possible.  

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

10/30/2011 (end of Year 1) 
  

Percent Complete:  100%   
  

 
Task 1b - First-principles molecular dynamics (FPMD) calculations for Sr solute 

Researchers: Hyo On Nam (communication with Katharina Vӧrtler) 
  

Description:   Prediction of properties with the Sr solute from the first-principles molecular 
dynamics calculations 

  

Status: FPMD calculations were conducted to study the solute Sr behavior 
in the LiCl-KCl at 773K (500°C). Diffusion coefficient and redox potential 
of Sr were estimated and structural analysis were performed. Simulations 
with other solutes (Zr(IV)/Zr(0), Eu(III)/Eu(II), Eu(II)/Eu(0), 
Nd(III)/Nd(0), and  Ce(III)/Ce(0)) in the LiCl-KCl are also analyzed for 
comparison. 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 4/1/2012 (end of Q2, Year 2) 
  

Percent Complete:  100%  
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Task 1c - First-principles molecular dynamics (FPMD) calculations for La solute  
Researchers: Hyo On Nam (communication with Katharina Vӧrtler) 

  

Description:   Prediction of properties with the La solute from the first-principles molecular 
dynamics calculations 

  

Status: FPMD calculations were conducted to study the solute La behavior 
in the LiCl-KCl at 773K (500°C). Diffusion coefficient and redox potential 
of La were estimated and structural analysis were performed. Simulations 
with other solutes (Zr(IV)/Zr(0), Eu(III)/Eu(II), Eu(II)/Eu(0), 
Nd(III)/Nd(0), and  Ce(III)/Ce(0)) in the LiCl-KCl are also analyzed for 
comparison 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

10/01/2012 (end of Year 2) 
  

Percent Complete:  100%  
  

 
Task 1d - First-principles molecular dynamics (FPMD) calculations for U solute 

Researchers: Hyo On Nam (communication with Katharina Vӧrtler) 
  

Description:   Prediction of properties with the U solute from the first-principles molecular 
dynamics calculations 

  

Status: FPMD calculations were conducted to study the solute U behavior 
in the LiCl-KCl at 773K (500°C). Diffusion coefficient and redox potential 
of U were estimated and structural analysis were performed. Simulations 
with other solutes (Zr(IV)/Zr(0), Eu(III)/Eu(II), Eu(II)/Eu(0), 
Nd(III)/Nd(0), and  Ce(III)/Ce(0)) in the LiCl-KCl are also analyzed for 
comparison 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 4/1/2013  (end of Q2, Year 3) 
  

Percent Complete:  100%  
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Task 2a–Interatomic potential development for Sr 
Researchers: Ridwan Sakidja, Hyo On Nam  

  

Description:   Develop basic potential for Sr that can be used in interatomic-potential 
(IPMD) methods.  

  

Status: A Sr model pair potential based on ab-initio calculations has been 
developed using force-matching algorithm. Developed Sr potential is 
validated by comparing the RDFs and self-diffusion coefficients.  

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 4/1/2012 (end of Q2, Year 2) 
  

Percent Complete:  100%  
 

 
Task 2b–Interatomic potential development for La 

Researchers: Ridwan Sakidja  
  

Description:   Develop basic potential for La that can be used in interatomic-potential 
(IPMD) methods.  

  

Status: Not pursued. 
  

Issues/Concerns: We have discovered that this potential was already developed in the literature 
(see the reference, J. Phys. Chem. B 112 (2008) 1177-1183 [1]) 

  
Corrective Actions:  We are no longer planning to develop this potential as it has already been 

developed in the literature. 
  

Planned Completion 
Date:  

 10/1/2012 (end of Year 2) 
  

Percent Complete:  100%  
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Task 2c–Interatomic potential development for U 
Researchers: Ridwan Sakidja  

  

Description:   Develop basic potential for U that can be used in interatomic-potential 
(IPMD) methods.  

  

Status: Not pursued. 
  

Issues/Concerns: We have discovered that this potential was already developed in the literature 
(see the reference, J. Phys. Chem. B 112 (2008) 1177-1183 [1]) 

  
Corrective Actions:  We are no longer planning to develop this potential as it has already been 

developed in the literature. 
  

Planned Completion 
Date:  

 4/1/2013 (end of Q2, Year 3) 
  

Percent Complete:  100%  
 
 
 
Task 3a - Interatomic potential molecular dynamics (IPMD) calculations for pure (Li,K)Cl 
(validate FPMD) – Part 1 

Researchers: Amelia Bengtson   
  

Description:   The properties of particular interest are equation of state values (equilibrium 
volume, bulk modulus) for solid and molten LiC-KCl. IPMD calculations 
are significantly faster than FPMD calculations, and thus are an efficient 
way to refine input parameter choices, convergence and equilibration of the 
molecular dynamics calculations.   

  

Status: We have calculated the equilibrium volumes, bulk modulus and self-
diffusion coefficients for LiCl, KCl and the eutectic LiCl-KCl molten salts 
using FPMD and IPMD. IPMD calculations were critical in proving 
FPMD results are converged with respect to unit cell size and simulation 
time. 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

10/30/2011 (end of Year 1) 
  

Percent Complete:  100%   
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Task 3a - Interatomic potential molecular dynamics (IPMD) calculations for pure (Li,K)Cl 
(validate FPMD) – Part 2 
 

Researchers: Brahmananda Chakraborty and Jin Wang 
  

Description:   Diffusion matrix for multicomponent diffusion 
  

Status: Completed 
  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 10/30/2011 (end of Year 1) 
  

Percent Complete:  100%   
 
 
Task 3b – Free Energy Simulations development/analysis   
 

Researchers: Jin Wang and Brahmananda Chakraborty  
  

Description:   Develop mixing free energies to calculate solute activity. 
  

Status: The 2PT method, as described in the proposal, is employed to calculate the 
free energy for the molten salt system.  

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 4/1/2012 (end of Q2, Year 2) 
  

Percent Complete:  100%  
 
 
Task 3c – Prediction of properties with the Sr solute   

Researchers: Jin Wang and Brahmananda Chakraborty  
  

Description:   Prediction of properties with the Sr solute from the thermodynamics and free 
energy calculations. 

  

Status: The 2PT method was used to predict the molar free energy, entropy and 
specific heat of Sr(II) ion in the eutectic LiCl-KCl mixture. Born-Huggins-
Meyer (BHM) interatomic potential for Sr(II) in the LiCl-KCl developed 
at UW-Madison was used. 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 10/1/2012 (end of Year 2) 
  

Percent Complete:  100%  
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Task 3d – Prediction of properties with the La solute   

Researchers: Jin Wang and Brahmananda Chakraborty 
  

Description:   Prediction of properties with the La solute from the thermodynamics and 
free energy calculations 

  

Status: The 2PT method was used to predict the molar free energy, entropy and 
specific heat of La(III) ion in the eutectic LiCl-KCl mixture. The 
interatomic potential for La(III) in the LiCl-KCl developed by Salanne et 
al. (J. Phys. Chem. B 112 (2008) 1177-1183 [1]) was used.  

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 4/1/2013 (end of Q2, Year 3) 
  

Percent Complete:  100%  
 
 
Task 3e – Prediction of properties with the U solute   
 

Researchers: Jin Wang and Brahmananda Chakraborty  
  

Description:   Prediction of properties with the U solute from the thermodynamics and free 
energy calculations. 

  

Status: The 2PT method was used to predict the molar free energy, entropy and 
specific heat of U(III) ion in the eutectic LiCl-KCl mixture. The 
interatomic potential for U(III) in the LiCl-KCl developed by Salanne et 
al. (J. Phys. Chem. B 112 (2008) 1177-1183 [1]) was used. 

  

Issues/Concerns: none at this time 
  

Corrective Actions:  none at this time 
  

Planned Completion 
Date:  

 10/1/2013 (end of Q4, Year 3) 
  

Percent Complete:  100%  
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2.6 Presentations and publications 
 
Peer-reviewed Publications: 

• One journal article is published, one accepted, and two submitted. Two ANS transactions 
have been published. 

o Brahmananda Chakraborty, Jin Wang and Jacob Eapen, Multicomponent diffusion in 
Molten LiCl–KCl: Dynamical correlations and divergent Maxwell–Stefan 
diffusivities, Physical Review E 87, 052312 (2013). 

o Jin Wang, Brahmananda Chakraborty and Jacob Eapen, Free energy of molten salts 
with the 2PT method, accepted for publication, Physical Chemistry Chemical 
Physics (2013). 

o A. Bengtson, H. Nam, D. Morgan et al., First-principles molecular dynamics 
modeling of the LiCl-KCl molten salt system, submitted, Computational Materials 
Science. 

o H. Nam, A. Bengtson, D. Morgan, Redox condition in molten salt and solute 
behavior: A first-principles molecular dynamics study, submitted, Journal of Nuclear 
Materials. 

o Brahmananda Chakraborty, Jin Wang and Jacob Eapen, Multicomponent diffusion in 
Molten LiCl–KCl Mixture, ANS Transactions, 106, 1284 (2012). 

o Jin Wang and Jacob Eapen, Free energy of molten salt (KCl) for reprocessing 
applications, ANS Transactions, 108, 451 (2013). 

 
Talks: 

• Invited international talk at NUMAT in Japan.  
o A. Bengtson, H.O. Nam, R. Sakidja, S. Saha, D. Morgan, First Principles Molecular 

Dynamics Modeling of Solute Thermokinetics in Molten Salts for Nuclear Energy 
Applications, NuMat 2012: Nuclear Materials conference, 21-25 October 2012, 
Osaka, Japan 
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3. Technical Report from North Carolina State University (Task 3)  

Researchers: Jin Wang, Brahmananda Chakraborty and Jacob Eapen 

This section reports on results from Task 3    

3.1 Introduction 

The separation of actinides and fission products is a central step in closing the nuclear fuel cycle. 
The advantage of having a closed fuel cycle includes a reduction of high-level nuclear waste and the 
optimal utilization of the fissionable isotopes. While aqueous-based (wet) processes are well-
established there is a current interest for high temperature pyrometallurgical processes [2-4] that 
utilize molten salts. In the pyrometallurgical recycling process, the spent nuclear fuel is dissolved in 
a molten salt followed by the extraction of actinides. Originally developed for spent metallic fuel 
from the fast reactors, pyro processes can be also used for spent fuel from the current light water 
reactors (LWRs) using electroreduction, electrorefining, and pyropartitioning; they are also 
regarded to be more proliferation-resistant than the traditional wet processes. Molten mixtures of 
LiCl and KCl are strong candidates for pyrometallurgical recycling process [2-7] as well as in other 
industrial chemical processes [8]. In particular, an eutectic mixture of LiCl–KCl is attractive as a 
solvent because of its lower melting point (626K) relative to that of the constituent salts (883K for 
LiCl and 1043K for KCl).  

Absolute thermodynamic properties  [9-15] are needed for optimizing the back-end of the nuclear 
fuel cycle, which entails the crucial step of separation of actinides from the spent nuclear fuel, 
followed by the development of new fuel through recycling. The term ‘absolute’ is used in the sense 
that the thermodynamic properties can be directly evaluated through the partition function for a 
given state in the canonical ensemble; there is however, an arbitrary reference energy which is 
associated with the potential energy of the system.  

Reprocessing of nuclear fuel involves a large number of fissionable actinides [2, 7] as well as non-
fissionable fission products; the separation processes typically depend on the chemical activity of 
the species, which in turn depends on the relative free energy [4]. Thermodynamic integration (TI), 
which is the method of choice for a variety of applications [11, 14, 16-19], especially with 
molecular dynamics (MD) simulations, may not be the most optimal choice for nuclear reprocessing 
applications given the inordinate number of species that are targeted for separation. In several 
instances, TI can be limited by the optimal choice of the integration path that is not known a priori, 
and is also constrained in having a reverse path that implicitly excludes a first order phase change. 
Another challenge arises in proscribing appropriate reference systems, which can allow 
computation of absolute thermodynamic properties. While TI can successfully predict free energy 
differentials with actinide transmutation [4], integration paths typically require trajectories that span 
over 1 ns, which is expensive by current standards. A problem of a different nature may arise with 
actinide dissolution in molten salts – depending on the volume fraction, the interaction strength and 
the thermodynamic state, the dissolved species may form glassy states or even undergo a first-order 
liquid-liquid phase transition [20-24], which is somewhat poorly understood currently. Very strong 
attractive interactions have shown to result in amorphous transition in a model nano-colloidal 
system with a volume fraction as low as 5% [25]. Thus it would be profitable to identify a 
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methodology that can obviate some or all of the aforesaid possible drawbacks for systems with large 
number of species in complex liquid forms. 

Originally developed by Lin, Blanco and Goddard [26], the two-phase thermodynamic (2PT) model 
has recently gained wide attention and success in predicting absolute thermodynamic properties for 
several types of fluids [9, 10, 12, 13, 15, 27-30]. Motivated by the approach of evaluating the 
partition function in the solid state using idealized harmonic oscillators, the central idea behind the 
2PT methodology is to construct the partition function of a complex liquid state through a 
superposition of solid-like and gas-like vibrational density of states (DoS). An exact representation 
of the idealized states can be derived by treating the gas-like state through hard-sphere interactions 
with weighting functions provided by the Carnahan-Starling equation of state [31], and assuming 
the solid-like state to be a collection of independent harmonic oscillators. The thermodynamic 
properties of a liquid system thus can be shown to be a linear combination of the properties of a set 
of harmonic oscillators (solid-like) and a set of hard spheres (gas-like).  

In this investigation, we show that the absolute thermodynamic properties of LiCl/KCl molten salts 
with and without actinide solutes can be accurately determined from the 2PT method. The 2PT free 
energy is in excellent agreement with that determined from the thermodynamic integration (TI) 
method, with relative errors of 1% or less, typically. The melting point of ionic KCl (1025 K) 
compares favorably with the experimental data (1041 K); the entropy of the melt phase also show 
good conformity with the recommended data from NIST. We then determine the absolute free 
energy and entropy which are currently unknown for a eutectic mixture of LiCl and KCl for 
temperatures ranging from 773 K to 1300 K. From the partitioning of the DoS, which is uniquely 
possible in the 2PT method, we show that the Li+ ions in the LiCL-KCl mixture are dominantly 
solid-like even at temperatures as high as 1300 K. For chemical and nuclear applications the solid-
like states can potentially impose practical limits, for example, to the amount of dissolved species 
that can be practically accommodated during reprocessing. Finally, we evaluate the free energies of 
dissolved U, La and Sr in eutectic LiCl-KCl mixtures. 
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3.2 IPMD Calculations for Pure LiCl-KCl Mixtures 

The LiCl–KCl mixture has been investigated in the past both experimentally and computationally, 
however, the multicomponent diffusional properties which are critical to the nuclear and chemical 
applications are currently not known in great detail. Collective effects in multicomponent systems 
give rise to interesting behavior such as the Chemla effect in melts and solutions –  the faster 
mobility of the larger ions relative to the smaller ions above a critical concentration of the larger 
ions [32-36], and vanishingly small charge transport which can arise from strong anion–cation 
binding [37, 38]. Though the principles of multicomponent diffusion are well–established [39, 40], 
experimental data and analyses of ternary and higher order systems  – see [41, 42] for recent work, 
in general, are limited in comparison to simpler binary systems [43].  

At a theoretical level, the Maxwell–Stefan (MS) framework [44, 45] may offer several advantages 
such as fewer number of diffusion coefficients, empirical correlation to self–diffusivities that aid in 
model development, relatively smaller dependence on concentrations, and in most cases, a 
symmetric, quasi–positive, diffusion matrix [46]. In the recent past, MS framework has been 
applied in several theoretical, computational and experimental analyses [47-55]. Since experiments 
can only measure the Fickian diffusivities, MS diffusivities can be transformed to Fickian using the 
thermodynamic matrix that arises from the non-ideality of the multi-component system [45, 56, 57]. 
Following Kirkwood and Buff [58], the thermodynamic matrix is expressible in terms of integrals 
of the (partial) radial distribution functions of the species. Fickian experimental data can also be 
transformed to MS diffusivities, however, owing to the smaller number of MS diffusivities for 
ternary and higher-order systems, only the transformation from MS to Fickian is well-posed while 
the reverse transformation is over-determined [50].  

In the MS framework the driving force is regarded to be counterbalanced by molecular friction 
which is proportional to the relative velocity between the species. We adopt a mole-fraction (x) 
based formalism and evaluate the MS diffusivities of LiCl–KCl mixture at different temperatures 
and compositions from the Onsager dynamical matrix (Λ) that is evaluated from molecular 
dynamics (MD) simulations using the Green-Kubo time–correlation approach. The dynamical 
correlations show that the Li–Li and Li–Cl ion pairs show a conspicuous cage effect or 
backscattering at 773 K which surprisingly remains strong with increasing temperature. In contrast, 
both K–K and Cl–Cl correlations show less pronounced backscattering which diminishes as 
temperature is increased. Finally from the Onsager dynamical matrix we evaluate the MS 
diffusivities for different temperatures (773 K–1200K, 1 bar) and compositions (xKCl = 0.42–0.63). 
For the positive K–Li ion pair we observe a theoretically consistent but unusual change of sign and 
divergent–like behavior for the MS diffusivity even though Onsager coefficients change relatively 
smoothly across the different temperatures and compositions. Negative MS diffusivities have been 
experimentally observed in the past for electrolytic solutions; the current results portray an 
analogous behavior where MS diffusivity of the like–like ion tends to diverge at a critical 
composition (at the same temperature and pressure), and at a critical temperature (at the same 
composition and pressure). The diffusivities of the like–unlike ions in contrast show only minor 
variation across the critical temperature and composition which is consistent with the experimental 
data on compositions for ionic systems. We further verify the thermodynamic consistency by 
showing that the MS diffusivities for the K–Li ion pair correspond to a non–negative entropy 
production at all temperatures and compositions. We conclude by discussing the possible 
implications of the observed behavior from the simulations.  



 24 

3.2.1 Onsager Coefficients 

The linear phenomenological theory postulates that the diffusive fluxes in an n-component system 
are linear homogeneous functions of thermodynamic forces as given by [39, 40]  

ˆ ˆ≡J  ΛX                                                       (3.2.1) 

where Ĵ  and X̂  are the diffusive flux and thermodynamic force vectors, respectively, and Λ is the 
Onsager matrix containing the phenomenological coefficients. For describing the diffusion fluxes, 
we have adopted a mole based framework where the molar flux is defined relative to a reference 
velocity ˆ •V  as 

( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ 1,2,...,i i i i ic cx i n• • •= − = − =J U V U V                     (3.2.2) 

where xi, ci and ˆ
iU are the mole fraction, molar density and velocity, respectively, of the ith species. 

Two different reference frames are followed in this analysis; the first one is used for defining the 
macroscopic (molar) flux which is defined relative to the mean molar velocity as given in Eqn. 
(3.2.3) in the formulation of MS diffusion theory.  

1

ˆ ˆn

i i
i

x•

=
= ∑V U                                                                    (3.2.3) 

The second frame is for describing the microscopic flux used in the molecular dynamics (MD) 
simulations for evaluating the Onsager coefficients. For equilibrium MD simulations the most 
natural frame is barycentric as momentum conservation leads to a constant center–of–mass velocity 
which is then set to zero to prevent a rigid body translation of the simulation cell. The Onsager 
coefficients (Λik) are evaluated from the linear response theory using equilibrium MD simulations 
[59]. First the microscopic diffusion (molar) flux of kth species relative to the reference velocity V0 
is defined as  

( ) ( ) ( ) ( ) ( )( )0 0

1
,

kN
l

k k l
l

t t t t tδ
=

 = −∑  j r u V r - r                             (3.2.4) 

where l denote the atom/ion index, and Nk is the total number of atoms/ions for the kth species. The 
superscript 0 signifies the barycentric reference frame against which the microscopic molar flux is 
defined, and the delta function serves to localize the atoms within an arbitrarily small region in 
space (Ω). Integrating over all Ω, the volume–averaged, microscopic flux can be expressed as  

( ) ( ) ( ) ( )0 0

1

kN
l

k k k
l

t t t t
=Ω

 ℑ = = −∑∫  j r, u V                                 (3.2.5) 

The volume averaged diffusive flux thus is simply the sum of the atom velocities relative to the 
barycentric velocity which is constrained to be zero. From the linear response theory [40], the 
Onsager coefficients can be evaluated as time correlations of flux fluctuations [59]. The elements of 
the Onsager dynamical matrix can be shown to be 
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( )0 0 0 0
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1 1Λ ( ) (0)
3 3ik i k ikdt t dt t

N N

∞ ∞
= ℑ ℑ ≡ Ψ∫ ∫                           (3.2.6) 

where N is the total number of atoms/ions in the system, and Ψ(t) denotes the ensemble average of 
the diffusive molar flux correlation. The Onsager matrix elements can be also determined from the 
atomic displacements as 

0 0 0 0 01Λ ( ) (0) . ( ) (0)lim6ik i i k k
t

d t t
N dt→∞

   = − −   r r r r                   (3.2.7) 

The expression in Eqn. (3.2.7) which is known as the Einstein form is formally equivalent to that 
given in Eqn. (3.2.6) which is known as the Green–Kubo form. Even though only (n–1)×(n–1) 
Onsager phenomenological coefficients are independent, we determine all the n×n Onsager 
coefficients as they can be useful for diffusion model development [56]. In the barycentric frame, 
the following relationships exist among the Onsager coefficients  

0

1
Λ 0

n
i ik

i
M

=
=∑                                           (3.2.8) 

and 0 0Λ Λik ki=                                           (3.2.9) 

where M denotes the molar mass. Eqn. (3.2.8) can be derived from the conservation of mass while 
Eqn. (3.2.9) is justified from the microscopic reversibility, or equivalently, from the principle of 
detailed balance, first espoused by Onsager  [60, 61].  

The thermodynamic force is usually expressed in terms of the gradient of the chemical potential (µ). 
The Gibbs–Duhem equation given by [40] 

( ) ,1
0

n
i i T pi

x µ
=

∇ =∑                                       (3.2.10) 

provides a functional relationship between the species chemical potentials. Eqns. (3.2.8) and 
(3.2.10) are used to reduce the dimensionality of the Onsager matrix and the set of MS diffusion 
equations.  

3.2.2 Maxwell-Stefan (MS) Diffusion 

First proposed by Maxwell and extended by Stefan, the MS approach assumes a driving force ( X̂ ) 
which is proportional to the relative velocity between the species in the system [44]. We have 
adopted the framework developed by Krishna and Wesselingh [45] where the thermodynamic force 
is expressed as 
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Ð
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i k

k ik
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x
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=
≠

∇
− = −∑ U U                                   (3.2.11) 

where Ɖik is defined to be the MS diffusivity (having the common units of L2/T). The above 
equation can be expressed in terms of molar fluxes relative to the mean molar velocity as [45] 

( )
1

1
Ð

ni
i k i i k

k ik
k i

x x x
RT c

µ • •

=
≠

− ∇ = −∑ J J                             (3.2.12) 

and recast into a matrix form as 

ˆ ˆ• •=X B J                                                              (3.2.13) 

where ˆ •X and ˆ •J  are vectors of dimension (n–1), and B is a (n–1) by (n–1) matrix, the elements of 
which are given by [55] 

( )
1

1 11
Ð Ð Ð Ð

ni k
ij ij ij i

kin ik in ij
k i

x xB xδ δ
=
≠

      = + + − −∑       

                     

(3.2.14) 

where δij is the Kronecker delta function. Eqn. (3.2.13) can be now inverted to give  

1 ˆˆ ˆ ˆ• − • • •= ≡J B X Λ X                                                    (3.2.15) 

From MD simulations the Onsager matrix elements are evaluated in a barycentric frame while the 
above equation needs the Onsager matrix elements in the mean molar velocity frame. After the 
appropriate transformation and dimension reduction from n to (n–1), K ( ≡ B-1) matrix elements for 
a ternary system can be expressed in terms of Onsager coefficients as [55] 

( ) 13 23 31 3311 21
11 1 1

1 3 1 3 1 3

Λ Λ Λ ΛΛ Λ1K x x
x x x x x x

   
= − − − − + −   

   
 

( ) 13 23 32 3312 22
12 1 1

2 3 2 3 2 3

Λ Λ Λ ΛΛ Λ1K x x
x x x x x x

   
= − − − − + −   

   
 

( ) 23 13 31 3321 11
21 2 2

1 3 1 3 1 3

Λ Λ Λ ΛΛ Λ1K x x
x x x x x x

   
= − − − − + −   

   
 

( ) 23 13 32 3322 12
22 2 2

2 3 2 3 2 3

Λ Λ Λ ΛΛ Λ1K x x
x x x x x x

   
= − − − − + −   

   
                                (3.2.16) 

From the definition of MS diffusivities, the elements of the B matrix can be written as  
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And finally, the MS diffusivities for ternary systems can be expressed as 
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                           (3.2.18) 

Using MD simulations we have first computed the Onsager Λ matrix elements followed by the 
evaluation of the matrix elements of B from K-1 which are then used to compute the MS 
diffusivities using Eqn. (3.2.18). The MS diffusivities are symmetric and they exist only for 
different species. They can however, be state dependent, and as shown later they can also tend to 
diverge and become negative for LiCl–KCl mixtures at certain critical thermodynamic states. 

 The entropy production is used to verify whether the observed diffusivities are consistent with the 
II law of thermodynamics. The entropy production rate per unit volume is given by [45] 

( )2
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ˆ ˆ

Ð

n i k
i k

i ik
i k

x xcRσ
=
>

= −∑ U U                            (3.2.19) 

where R is the universal gas constant. Based on the above the following inequality holds for all 
thermodynamic states [62] 
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= … ≠

                         (3.2.20) 

Thus the number of constraints is equal to the number of MS diffusion coefficients; for a ternary 
system there are just three constraints. We will show later that the entropy remains positive even for 
state points where negative MS diffusivities are observed, and in the limiting case of divergent (+∞, 
–∞) MS diffusivities for the K–Li ion pair. 
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3.2.3 Molecular Dynamics (MD/IPMD) Simulations 

Dynamical correlations and Onsager coefficients are computed using custom modules incorporated 
in DL-POLY [63], a classical molecular dynamics program. The molecular system consists of 4096 
ions interacting through a long–ranged electrostatic potential and a Born–Mayer–Huggins (BHM) 
short–ranged potential. Originally developed by Fumi and Tosi [64], the rigid–ion potential is able 
to predict several thermodynamic, structural and transport properties of molten LiCl–KCl mixtures 
[35, 65] and other alkali halides [64] with reasonable accuracy. Linear response theory is generally 
found to be tractable for evaluating many-body diffusional and thermal transport properties [35, 65]. 
The effect of polarization however, is important for multicomponent systems as illustrated in [66-
69] although it tends to diminish for monovalent systems such as LiCl–KCl. The functional form of 
short–ranged part of the BHM potential is given by 

6 8
r ij ijshort ij

ij ij
ij ij

C D
B e

r r
α−Φ = − −                                       (3.2.21)  

where rij is the interionic separation between two ions, i and j, and α, B, C and D are constants [35, 
65]. While the first term corresponds to the electron cloud repulsion, the second and third terms 
account for the dipole-dipole and the dipole-quadrupole dispersion interactions, respectively.  
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Figure 3.1. Short–ranged BHM interactions for LiCl–KCl mixture. (Inset) The interactions for the Li group 
(Li Li, Li–K and Li–Cl) on a magnified scale. 

As seen from Figure 3.1, the strongest short–ranged interaction (with the deepest attractive well) is 
between the Cl ions while the weakest is between the Li ions. In general, the interactions among the 
Li group of atoms (see inset) is significantly weaker than those for K and Cl ions.  
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MD simulations are performed with 4096 ions in a cubic cell with periodic boundary conditions 
(PBC). The system is first equilibrated in an NPT ensemble (Nosé–Hoover) for  600–700 ps 
followed by another ~300 ps, typically, for collecting the dynamical correlations in the NVE 
ensemble. Both the velocity correlations and the Einstein form are computed which are averaged 
over 3000 independent (overlapped) sets for each state point [70]. The Onsager coefficients are 
further averaged over 8–12 independent runs (with a total of ~6 ns for each state point) to improve 
the statistics of the correlations. The equations of motion are numerically integrated by the Velocity 
Verlet algorithm using a time step of 1 fs. The electrostatic interactions are modeled by Ewald sum 
with a cut–off radius of 24 Å. The simulations are performed at different temperatures and 
compositions at a constant pressure of 1 bar. 

3.2.4 Dynamic Correlations 

We will now discuss the temporal behavior of the diffusive flux correlations, the integral of which 
corresponds to the Onsager phenomenological coefficients. Figure 3.2 depicts the correlations for 
eutectic composition (xKCl=0.42) at two different temperatures, 773K and 1200K, respectively. 
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Figure 3.2. (a) Temporal variation of diffusive flux correlation, Ψ(t) at 773 K. Insets show the normalized 
diffusive flux correlations for Li–Li, Li–Cl and K–K; (b) Temporal variation of diffusive flux correlation, 

Ψ(t) at 1200 K. Insets show the normalized diffusive flux correlations for Li–Li, Li–Cl and K–K. 

At a temperature of 773 K which is approximately 147 K above the melting point of LiCl–KCl 
mixture (top panel), all the correlations portray backscattering or cage effect (alternating negative 
and positive flux correlations) after the initial decay. The strongest backscattering is observed for 
the Li–Li correlation followed by the Li–Cl correlation. The correlations for K–K and Cl–Cl decay 
almost identically (except at very short times) leading to similar Onsager coefficients. While the 
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cage effect diminishes with increasing temperature for K–K and Cl–Cl correlations (bottom panel), 
which is expected as higher thermal energy can typically aid in overpowering any entrapment, the 
correlations for Li–Li and Li–Cl however, show an interesting endurance of the oscillations.  
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Figure 3.3. Density of States for Li–Li and K–K correlations at 773 K and 1200 K. 

 

The density of states (DoS) shown in Figure 3.3, which is calculated from the magnitude of the 
Fourier transform of the diffusive flux correlations, shows that there is a smearing of the peak 
frequency (νm=2.5 THz, approximately, at 773K) and a broadening of the low frequencies with 
increasing temperature for the K–K correlation which is consistent with the weakening of the cage 
dynamics. In contrast, the peak form for the Li–Li correlation remains largely unchanged. Thus the 
well preserved peak for the Li–Li correlation along with only a minor strengthening of the low 
frequency modes further attest to the persistence of Li–Li cage dynamics across the temperatures. A 
possible reason for this behavior can stem from the intermediate short–ranged order observed in 
LiCl–KCl and other alkali halides mixtures [66]. The short–ranged order in Li–Li is manifested by 
the presence of a pre–peak at a wave vector in the vicinity of 1 Å-1 with the position and width of 
the pre–peaks unaltered by changes in temperature [66]. The pre–peak is attributed to an incomplete 
mixing of LiCl and KCl at intermediate length scales that promote a homogeneous but disordered 
K-Cl matrix with embedded clusters of Li ions. Thus the Li ions, even though they interact weakly 
with each other (see Figure 3.1) and have a lower mass relative to the other ions, form a temperature 
independent, long–lived metastable cage where they bounce back and forth which is manifested as a 
prolonged and persistent backscattering in the diffusive flux correlations. 
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3.2.5 Negative and Divergent Maxwell-Stefan (MS) Diffusivities 
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Figure 3.4. Onsager coefficients (Λ matrix elements) at eutectic composition for different temperatures. The 
broken straight lines serve as guide to the eye. 

 

We will now discuss the temperature variation of the Onsager coefficients which are the time 
integrals of the diffusive flux correlations as given in Eqn. (3.2.6).  Figure 3.4 depicts the six 
independent Onsager coefficients evaluated with the formally equivalent Einstein form given in 
Eqn. (3.2.7). Each Onsager coefficient, as stated before, is averaged over 24,000–36,000 
independent sets of data. Numerically, the convergence of the Einstein form is observed to be less 
susceptible to statistical noise unlike the Green–Kubo form in which the flux correlations portray 
persistent tail fluctuations that impede accurate evaluation of the integrand of the correlation 
functions. The Einstein form quickly converges to a linear variation in time from which accurate 
estimates of the slopes [see Eqn. (3.2.7)] can be estimated within 5 ps. As observed from the figure, 
the Onsager coefficients vary almost linearly with temperature even though a small but systematic 
change in the slope is noticeable at a temperature of 1100K. Not surprisingly, Li–Li correlation 
have the highest magnitude followed by the K–K and Cl–Cl correlations which are nearly identical 
to each other, as well as the K–Cl correlation which is negative at all temperatures. It may be noted 
that all the Onsager coefficients are O(10-9) m2/s which is expected for typical ions in the liquid 
state. As shown next, MS diffusivity for the like–like ions can show very large deviation at certain 
critical temperatures and compositions.  
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Figure 3.5. MS diffusivities for different temperatures at eutectic composition. (Inset) ƉLi–Cl and ƉK–Cl on a 
magnified scale. 

 

Figure 3.5 delineates the variation of MS diffusivities with temperature at eutectic composition.  
The increase of ƉK–Li with increasing temperature followed by a rapid drop and recovery near a 
temperature of 1100 K is the most arresting aspect of Figure 3.5. In contrast, ƉLi–Cl and ƉK–Cl are 
rather well–behaved showing a near linear increase over the temperature range (see inset) with a 
discernible but small kink at 1100 K. Negative and divergent MS diffusivities are theoretically 
possible when the two terms of the denominators in the MS diffusivity expressions [see Eqn. 
(3.2.18)] become close to each other. From the variation observed for ƉK–Li the temperature which 
corresponds to diverging ƉK–Li is estimated to be 1100 K (shown by vertical thick broken line). We 
have further verified that the computed MS diffusivities are consistent with a positive entropy 
production rate (per unit volume) as portrayed in Figure 3.6. We have further verified that entropy 
remains non–negative even when ƉK–Li is allowed to take any values in the (+∞, –∞) range 
excluding zero within machine precision. 

In Figure 3.7 we show the MS diffusivities as a function of composition at 1043 K. As observed 
with the variation for temperature, the MS diffusivity for the K–Li ion pair tends to portray a 
diverging behavior at a KCl mole fraction of 0.48, approximately. The variation of ƉK–Li is 
strikingly similar to those observed in experiments; the inset shows a MS diffusivity data set 
reconstructed from experimental Fickian diffusion coefficients for like–like ions in an ion exchange 
membrane system  [62]. We have again verified that entropy production rate remains non–negative 
at all compositions (results not shown). 
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Figure 3.6. Entropy constraint [Eqn. (3.2.20)] showing a non–negative entropy production rate. 

40 44 48 52 56 60 64
-500

-400

-300

-200

-100

0

100

200

0 1 2 3 4
-4
-2
0
2
4
6
8

10

1043 K

  ÐK-Li

  ÐLi-Cl

  ÐK-Cl

M
S

 D
iff

us
iv

ity
  (

10
-9
 m

2 /s
)

KCl Mole Fraction (%)

 Ð-m

 Ð+m

Ð
 (1

0-1
0  m

2 /s
)

Molality (mol/kg)

 

Figure 3.7. MS diffusivities for different compositions at 1043 K. (Inset) Experimental MS diffusivities in 
an ion exchange membrane (data from [62]). 
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3.2.6 Concluding Remarks 

While experiments and simulations [50, 56, 57] do confirm that MS diffusivities are composition 
dependent, the current investigation shows that they can also be temperature dependent. Thus, in 
general, MS diffusivities can be regarded to be strongly dependent on the thermodynamic state 
which somewhat negates the original motivation for developing the multicomponent MS framework 
[71]. Further investigations are needed on strongly non-ideal systems to assess the postulated 
benefits of MS framework in experimental and theoretical analyses. Negative MS diffusivities are 
somewhat counter–intuitive in the sense that diffusion takes place with a negative friction 
coefficient. Nevertheless, as observed in the current investigation and in several experiments with 
electrolytic systems, negative as well as diverging MS diffusivities are within the constraints of the 
II law of thermodynamics. While negative MS diffusivities occur only for like–like ions in the 
simulations, as in experiments, a rational physical basis for the negative coefficients has been 
elusive [72]. To our knowledge the divergence of MS diffusivities has also not gained much 
attention. From the definition given in Eqn. (3.2.11), a single negative or divergent MS diffusivity 
does not imply vanishing gradients in the chemical potential. It would however, be interesting to 
investigate whether a diverging MS diffusivity corresponds to the critical point of the mixture [43] 
which is also dependent on the thermodynamic state of the system. In principle, the thermodynamic 
matrix and the non–ideality factors can be evaluated using the KB theory [58] and molecular 
simulations, even though the evaluation of KB integrals of highly non–ideal, multicomponent 
systems is non–trivial [57].  

3.2.7 Recommendations 

Given the possibility of encountering the mixture critical point and/or diverging MS diffusivities, it 
is recommended that users of eutectic salts be aware that some changes in thermophysical 
properties associated with this behavior might occur at temperatures around 1100K.  
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3.3 Free Energy Simulations Development/Analysis 

In this investigation, we show that the absolute thermodynamic properties of LiCl/KCl molten salts 
with and without actinides can be accurately determined from the 2PT method. The 2PT free energy 
is in excellent agreement with that determined from the thermodynamic integration (TI) method, 
with relative errors of 1% or less, typically. The melting point of ionic KCl (1025 K) compares 
favorably with the experimental data (1041 K); the entropy of the melt phase also show good 
conformity with the recommended data from NIST. We then determine the absolute free energy and 
entropy which are currently unknown for a eutectic mixture of LiCl and KCl for temperatures 
ranging from 773 K to 1300 K. From the partitioning of the DoS, which is uniquely possible in the 
2PT method, we show that the Li+ ions in the LiCL-KCl mixture are dominantly solid-like even at 
temperatures as high as 1300 K. For chemical and nuclear applications the solid-like states can 
potentially impose practical limits, for example, to the amount of dissolved species that can be 
practically accommodated during reprocessing. Finally, we evaluate the free energies of dissolved 
U, La and Sr in Eutectic LiCl-KCl mixtures.  

3.3.1 The Two-Phase Thermodynamic (2PT) Method 

The thermodynamic properties in the canonical ensemble can be evaluated from the canonical 
partition function (Q); for example, the internal energy (E), entropy (S), specific heat at constant 
volume (Cv), and the Helmoholtz free energy (A) can be evaluated as [73] 

( )2 lnBE k T Q
T
∂ =  ∂ 

                    (3.3.1a) 

( )ln lnBS k T Q Q
T
∂ = + ∂ 

                    (3.3.1b) 

( )2 lnv BC k T Q
T T

 ∂ ∂ =   ∂ ∂  
                    (3.3.1c) 

 

( )lnBA k T Q= −                      (3.3.1d) 

where kB is the Boltzmann constant and T is the absolute temperature. The thermodynamic 
properties are seldom evaluated through the partition function as it is exactly known only for 
idealized systems such as harmonic oscillators and ideal gas. Using a normal mode analysis, a solid 
state can be approximated as a system of non-interacting harmonic oscillators (HO), which in this 
case the total canonical partition function (QHO) can be expressed as [74] 

3HO

1

N
i

i
Q q

=
= ∏                       (3.3.2) 
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where qi is the partition function of the ith  harmonic oscillator mode, and N is the total number of 
oscillators. The total partition function can be shown to be related to the density of states as [74] 

( ) ( ) ( )HO

0
ln lnQ d G qυ υ υ

∞
=  ∫                       (3.3.3) 

where ( )G υ  is the density of states, which is given by [26] 

( ) ( ) 2

0

4 i t

B
G dt t e

k T
πυυ

∞
−= Ψ∫                      (3.3.4) 

where ( )tΨ  is the mass-weighted velocity autocorrelation function, [73] which can be directly 
computed from a molecular dynamics (MD) simulation (ab-initio or classical). Since an exact 
quantum-mechanical expression is known for ( )q υ , the total  partition function can be evaluated 
using Eqs. (3.3.3) and (3.3.4), and the thermodynamic properties such as given by Eqs. (3.3.1a) to 
(3.3.1d) can be assessed for the solid states with reasonable accuracy [74]. For a liquid state, the 
system cannot be considered as a collection of harmonic oscillators and a direct application of the 
above approximation will lead to non-physical results. The 2PT method [26] extends the above idea 
to the liquid state by assuming a superposition of two idealized states – hard spheres (HS) that 
correspond to a gas-like state, and harmonic oscillators that correspond to a solid-like state. First it 
is hypothesized that the total density of states of the system, which is now regarded to be a non-
interacting mixture of hard spheres and harmonic oscillators, can be decomposed as 

( ) ( ) ( )HS HO
k k kG G Gυ υ υ= +                      (3.3.5) 

where k denotes the different species in the mixture. A key step in the 2PT method is in defining 
and evaluating a fluidicity parameter (f) given by the following expression for partitioning the 
system into the idealized states.  
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                    (3.3.6) 

where HS
kN  is the effective number of hard sphere atoms or ions of the kth component of the mixture. 

Note that the integral of the total density of states over all frequencies is simply3 kN . Thus the 3 kN  
degrees of freedom of the kth component is assumed to be composed of HS3 kN or equivalently, 3 k kf N  

hard sphere or diffusive degrees of freedom, and ( )HS3 k kN N− or equivalently, ( )3 1k kN f−  solid-like 

or non-diffusive degrees of freedom [29]. With this approximation, the thermodynamic properties 
are formally expressed as [29] 

( ) ( ) ( ) ( )0 HS HS HO HO

0 0
kk k B k E k EE E k T d G W d G Wυ υ υ υ υ υ

∞ ∞ 
= + +∫ ∫ 

 
                (3.3.7a) 
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                (3.3.7d) 

where W is a weight function for the appropriate property, and 0
kE  is the reference energy which is 

given by [29] 

0 MD 3 1
2
k

k k k B
fE E N k T  = − − 

 
                                    (3.3.8) 

where MD
kE is the total energy from MD simulations for the kth component. Thus each extensive 

thermodynamic property, for each mixture component, comprises of two contributions – one from 
diffusive (hard spheres) degrees of freedom, and the other from vibrating (harmonic oscillator) 
degrees of freedom. The distinguishing part of the 2PT method is in deriving an exact expression 
for HS

kG given by [26] 
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                           (3.3.9) 

Thus the density of states for the hard sphere phase can be calculated as a function of the fluidicity 
parameter and ( )0kG which is just the zero-frequency value of the system (total) density of states. 
MD simulations are employed to calculate ( )kG υ from the velocity autocorrelation function. With a 
known HS

kG , the density of states of the HO phase is then evaluated as ( ) ( ) ( )HO HS
k k kG G Gυ υ υ = −  

. 

The weight functions are known exactly for the HO and HS idealized states, and are given by [13, 
29] 
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where β-1 = kBT, h is the Planck constant and sHS is the entropy of the hard sphere phase (per 
atom/ion), which in the 2PT model is evaluated as 
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                 (3.3.12) 

The first term of the above equation denotes the ideal gas entropy, however, weighted only for the 
HS phase. It is given by [13]: 
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5 2ln
2

k B k
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                 (3.3.13) 

 where mk and Nk are the mass and the total number of ions/atoms of the kth species, respectively. 
The term ( )/k k k Bz PV N k T≡  in Eqn. (3.3.12) delineates the compressibility of the hard sphere phase, 
which is determined from the Carnahan-Starling equation given by 
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where ˆky  is the weighted  hard sphere packing fraction (by the fluidicity parameter) for the kth 
component, and is given by ˆk k ky f y=  where ky  denotes the packing fraction which is expressed as 

( )3

6

HS
k k

ky
πρ σ

=                                          (3.3.15) 

where kρ is the number density and HS
kσ is the hard sphere diameter of the kth species that in turn 

influences the fluidicity parameter (fk). In the 2PT methodology it is assumed that the fluidicity 
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parameter is simply a ratio of the self diffusivity (Dk) to the hard sphere diffusivity at zero pressure 
( )HS

kD• , which can be written as 

( )
( )

,

, ;HS HS
k

D T P
f

D T P σ•
=                                  (3.3.16) 

The self-diffusivity can be evaluated from MD simulations as the time integral of the velocity 
autocorrelation, and is expressible as 

( ) ( )0
,
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B k

k
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k TG
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m N
=                                  (3.3.17) 

where ( )0kG is evaluated from the expression 
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We invoke the stationary principle of classical correlation functions [75], and thus only the real part 
of the Fourier transform needs to be used for calculating the integral in the previous equation. Note 
that ( )tΨ  is the mass-weighted velocity autocorrelation function defined as 
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where ( )k tψ is the velocity autocorrelation function of the kth component. The hard sphere 
diffusivity in the limit of zero pressure/density is computed exactly from the Chapman-Enskog’s 
theory, which is given by  
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The velocity autocorrelation for HS phase decays exponentially in time and hence the HS 
diffusivity can be expressed as [26] 
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The above expression can be related to the zero-pressure hard sphere diffusivity through the 
following relationship 
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where ˆk ky f y= . After a few algebraic steps the following relationship can be established [29] 

9/2 15/2 3 5 3/2 7/2 3/2 5/22 6 6 2 2 0k k k k k k k k kf f f f f− − − −∆ − ∆ − ∆ + ∆ + − =                (3.3.23) 

where  
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                 (3.3.24) 

Equation (3.3.24) contains the details of the physical state as well as the zero-frequency density of 
states that can be evaluated from MD simulations. Eqn. (3.3.23) now can be iteratively solved to get 
the fluidicity parameter (fk) for each component of the mixture. Once f is known, the density of 
states and the weight functions of the HS phase can be computed, and the HO density of states can 
be determined as ( )HO HS

k k kG G G= − . Thus, all the properties given by Eqs. (3.3.7a) to (3.3.7d) can be 

determined, for each component of the mixture. 

3.3.2 Partial Volumes and Mixture Properties 

In this investigation, the partial volume (Vk) in Eqn. (3.3.24) is calculated from the relative ionic 
radii, which is as given by  

3
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                                  (3.3.25) 

where kσ and kx are the ionic radius and mole fraction, respectively, of the kth component. The 
Kirkwood and Buff (KB) theory [58] gives a better approximation for partial volumes but it entails 
the evaluation of somewhat ill-convergent KB integrals. We have used a fixed ionic radius of 0.152 
nm, 0.167 nm and 0.09 nm for K+, Cl– and Li+ ions, respectively [76]. As shown later, the ionic 
radius approximation works quite well for the current application. Finally, the molar (m) 
thermodynamic properties of the mixture are determined as 
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where R̂ is the universal gas constant, and n is the total number of components in the mixture. 
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3.3.3 Molecular Dynamics Simulations 

MD simulations are principally employed for calculating the velocity autocorrelation function. The 
molecular system typically consists of 1000 ions interacting through a long–ranged electrostatic 
potential and a Born–Huggins–Mayer (BHM) short–ranged potential. The MD simulations are 
performed using the LAMMPS software [77] with periodic boundary conditions at zero pressure 
using a timestep of 1 fs. Particle-particle-particle-mesh is used for columbic interactions, and the 
temperature and pressure are controlled using the Nose-Hoover algorithm. From the velocity data 
collected from MD simulations, the velocity autocorrelation function (VACF) is constructed, 
typically with a correlation time of 25 ps, using an overlapped data structure [70]. From the Fourier 
transform of the VACF, the 2PT thermodynamic properties are computed using an in-house 
computer program. 

3.3.4 Results and Discussion 

We will first discuss (1) the numerical convergence of the fluidicity parameter with correlation 
time, followed by (2) a benchmark investigation of 2PT method against published results from 
thermodynamic integration (TI) method for KCl, (3) computation of the molar free energy and the 
entropy change across melting in KCl along with a comparison to NIST data[78], and (4) an 
assessment of the density of states and thermodynamic properties of a eutectic mixture of  LiCl-KCl 
for different temperatures.  

3.3.4.1 Numerical convergence of the fluidicity parameter 

The fluidicity parameter for each component of the mixture is iteratively solved using Eqn. (3.3.23). 
The partitioning of the system into solid-like and gas-like states depends on resolving the zero-
frequency value of the density of states. To assess the optimal correlation time (for VACF), we have 
first computed kf using Eqn. (3.3.23) and then compare with the reconstructed k̂f  from the equation 
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 43 

0 10 20 30 40 50
0

5

10

15

20

25

 

 

R
el

at
iv

e 
E

rr
or

 (%
)

VACF Correlation Time (ps)
 

Figure 3.8. Relative error in reconstructing the fluidicity parameter for the K+ ions in molten KCl. 

Insufficient sampling and numerical errors in the evaluation of VACF and the density of states will 
be reflected as a difference between k̂f  and kf . Figure 3.8 shows the error in the reconstruction, 
expressed as a percentage, for the K+ ions in molten KCl at a temperature of 1100 K and at a density 
of 20 nm–3. At short correlation times that are less than 5 ps, the numerical errors are significant; 
they however, reduce almost exponentially with increasing correlation time. It is interesting to note 
that the rate of decrease of the fluidicity parameter is considerably weaker beyond ~20 ps; in our 
simulations, we have used a fixed correlation time of 25 ps, which generally results in a 
reconstruction error of 3 to 4%. 

3.3.4.2 Benchmarking of 2PT free energy with thermodynamic integration (TI) method 

We will now turn to benchmarking the predictions from the 2PT method with published data on free 
energy of molten KCl determined from the thermodynamic integration (TI) method. Absolute free 
energy has been computed by Rodrigues and Fernandes using a coupling TI method using the BHM 
potential [18]. The Einstein crystal method is used to compute the absolute free energy of the solid 
state, while a two-step procedure is employed for the liquid state. First the BHM potential is 
converted to a half-wing repulsive Gaussian potential with the repulsive barrier kept close to that of 
the original potential. Next the Gaussian potential is converted into a null potential to transition into 
the ideal gas reference state with known thermodynamic properties. For the liquid states, checks 
have been made to ensure that the TI paths are reversible and no phase change occurs along them 
[18].  
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Figure 3.9. Comparison of absolute (molar) free energy of molten KCl from the 2PT and TI [18] 
methods at a temperature of 1100 K and a density of 20 nm–3 . 

The free energy computed by the 2PT method (circles) and coupling TI method [18] (squares) 
shown in Figure 3.9confirm the accuracy of the 2PT method against a well-established method; the 
relative error between the predictions is typically less than 1%. Unlike the coupling TI method, the 
2PT method requires only modest computing time to derive the free energy with comparable 
precision. Also shown in the figure is the reconstructed free energy (dotted line) from a 
thermodynamic integration approach using the internal energy computed from the 2PT method [13]. 
First the entropy at a certain temperature (T2) is computed as 

2
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2 1
2

1( ) ( )
T

k
k k

T PT

dES T S T dT
T dT

 = + ∫  
 

                  (3.3.28) 

where Ek is the internal energy determined from the 2PT method as shown in Eqn. (3.3.7a) for the 
kth component of the mixture. The internal energy is next linearly fitted to temperature which gives 
a constant derivative for Ek (the specific heat at constant volume). Then Eqn. 3.3.28 is integrated 
(numerically or exactly) to evaluate the entropy at different states, followed by the reconstruction of 
the free energy as k k kA E TS= − . As evident from Figure 3.9, the reconstructed free energy is in close 
agreement with the original estimate; somewhat better agreement can be obtained from a higher 
order fit to the energy variation with temperature. 



 45 

3.3.4.3 Free energy and entropy change across melting in KCl 
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Figure 3.10. Molar free energy change across melting of KCl with the 2PT method. (Inset) Entropy jump 
from 2PT and comparison to NIST standard entropy data (open circles) [78]. 

A first-order phase transition occurs at the thermodynamic melting point, which is exemplified by a 
slope change for the free energy along with a discontinuity in properties such as entropy. In Figure 
3.10, the free energies of the solid and liquid phases are plotted as a function of temperature – a 
discernible change in the slope occurs at ~1025 K, which corresponds to the melting point of KCl. 
This 2PT estimate compares favorably with the experimental melting point of 1041 K with a 
relative error of 1.5%, approximately. It may be noted that the fluidicity parameter for the solid 
states are negligible. 

The melting point is also measurable from other properties from a MD simulation such as from the 
change in the structure function; the 2PT method, however, is particularly advantageous as it can 
compute the properties such as entropy and specific heat which undergo a discontinuity across the 
phase change. The inset shows an entropy jump of 0.0273 kJ/(mol-K) across melting which agrees 
very well with the NIST data of 0.0269 kJ/(mol-K) [78] at standard conditions, incurring a relative 
error of 1.5%. However, there is a systematic over-prediction by the 2PT method leading to a 
relative error of 2-3% between the absolute entropy values for the liquid states and somewhat higher 
for the solid states; the difference can partly arise from the inaccuracy of the interionic potential. 
The dotted lines in the inset are the reconstructed entropy values by integrating Eqn. (3.3.28) – the 
close agreement again highlights the self-consistency of the 2PT methodology.  

3.3.4.4 Molar free energy and entropy of eutectic LiCl-KCl mixture 

Lithium ions in the LiCl-KCl mixtures behave very differently from the potassium or chlorine ions; 
earlier discussion shows that the molar flux correlations for the Li+ group (Li+–Li+, Li+–Cl– and 
Li+–K+) behave very differently from the K+ group [79]. Of particular interest is the formation of 
long lived dynamical cage for the Li+–Li+ and Li+–Cl– interactions, even at high temperatures, 
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which has been ascribed to the intermediate-ranged ordering of the Li+ ions [35, 66]. An incomplete 
mixing of LiCl and KCl has been put forward as a plausible mechanism for the intermediate-ranged 
ordering, which manifests as a pre-peak in the structure function at 1 Å, approximately. In the 
current study, we investigate the density of states, particularly the partitioning into solid-like and 
gas-like components, and probe the dynamical characteristics that determine the thermodynamic 
properties.  
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Figure 3.11. Density of states (DoS): total (left column), solid-like (HO, middle column), and gas-like (HS, 
right column) for Li+ (top row) and K+ ions (bottom row) at different temperatures (773 K to 1300 K). The 

DoS plots for different temperatures – 773 K, 850 K, 950 K, 1043 K, 1100 K, 1150 K, 1200 K, 1300 K) – are 
off-set by 40 ps for visual clarity. 

The total DoS for the K+ ions is similar to that observed in typical liquids with a discernible zero-
frequency component that augments with increasing temperature, and a single peak at a frequency 
that is O(1) THz. In contrast the total DoS for the Li+ ions portrays a plateau-like peak region 
spanning a broad range of frequencies, which are well-preserved even at high temperatures. 
Interestingly, the magnitude of the total DoS for the Li+ ions is almost zero indicating a solid-like 
behavior, which is further affirmed by the  DoS partitions – the HO contribution practically 
accounts for the total DoS with negligible contribution from the hard spheres. The Li+ behavior is 
consistent with the persistent and prolonged backscattering observed in the molar flux correlations 
[79], as well as the presence of the intermediate-ranged ordering [66]. The total DoS for the K+ ions, 
on the other hand, is dominated by the contribution from the harmonic oscillators at low 
temperatures; as temperature increases, the contribution from the hard spheres also increases 
significantly. Interestingly, the total and partial DoS characteristics for the Cl– ions are very similar 
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to those of the K+ ions; however, with a more prominent contribution from the hard sphere phase. 
Thus in the molten LiCl-KCl state, even at high temperatures, Li+ ions depict a predominantly solid-
like characteristic, while the K+ and Cl– ions portray a more conventional fluid-like behavior with a 
significant contribution from the hard sphere phase. 

Next we show the free energy and entropy of LiCl-KCl mixture at eutectic composition for different 
temperatures in Figure 3.12 (for 1 mole of LiCl and 1 mole of KCl). With the addition of LiCl to 
KCl, the melting point reduces from 1043 K and attains the lowest value of 626 K at the eutectic 
composition (xKCL = 0.42). As expected the entropy increases with increasing temperature and 
shows a somewhat linear behavior from ~1050 K, which perhaps, is related to the occurrence of 
melting of pure KCl around this temperature (1041 K); the results in the previous section also show 
an instability in the K+–Li+ Maxwell-Stefan (MS) diffusivity at ~1100 K [79]. Further investigations 
are needed to ascertain the physical significance, if any, for this behavior. 
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Figure 3.12. Free energy/entropy for LiCl-KCl mixture at eutectic composition (xKCL = 0.42). 

3.3.5 Concluding Remarks 

The 2PT method is a robust and accurate methodology for determining absolute thermodynamic 
properties of fluids and fluid mixtures. We have applied this method to calculate the absolute free 
energy and entropy of molten KCl, and LiCl-KCl mixture at eutectic composition. The 2PT 
predictions show excellent agreement with those from a coupling thermodynamic integration (TI) 
method; for comparable states, the relative error is typically less than 1%. Further the 2PT method 
accurately predicts the melting point of molten KCl and the entropy change across melting with 
errors not exceeding few percents.  

The 2PT method is less reliant on prior judgment – as pointed out [17], the TI method generally 
benefits from the judicious choice of potential parameters/optimal paths for determining the 
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absolute properties, which are not always known, a priori. As shown in this investigation, the 2PT 
method is robust and can handle complex liquids and mixtures with relative ease. These desirable 
features make the 2PT method very appealing for chemical and nuclear reprocessing applications 
where the processes entail a large number of dissolved species. Further there is a satisfying physical 
basis for the 2PT method, which allows the extraction of dynamical characteristics that determine 
the thermodynamic properties; as elucidated before, the 2PT method is unique in this aspect.  

3.3.6 Recommendations 

We have shown that the Li+ ions in molten LiCl-KCl have very dominating solid-like and practically 
negligible fluid-like characteristics, unlike the K+ and Cl– ions. This could have practical 
implications, in particular, it is easier for the dissolved species in the presence of solid-like ions to 
change the solvent characteristics, say to highly viscous, glassy states [25]. Thus there may be a 
trade-off in having a eutectic mixture of LiCl-KCl – on one hand, a significantly lower melting point 
can be achieved that is of immense value from a practical point of view, while on the other, the 
presence of solid-like ions, particularly close to the melting point, may not be optimum for 
reprocessing and waste recovery applications. 
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3.4 Prediction of Properties with Sr/La/U solute 

In this section, we apply the 2PT method to the eutectic LiCl-KCl mixture with Sr2+ ions (Sr solute), 
La3+ ions (La solute) and U3+ ions (U solute). For the Sr solute, a BHM potential is used with 
parameters developed at the University of Wisconsin. For the La and U solute systems, we have 
chosen the potential developed by Salanne et al. [4] without the polarization term, which is not 
considered significant. A temperature of 773 K is chosen for the systems, which is the typical 
reprocessing temperature. For the Sr/LiCl/KCl mixture, a total of 990 ions are used with 280 Li+ 
ions, 200 K+ ions, 500 Cl- ions and 10 Sr2+ ions, while for the U/LiCl/KCl mixture, 980 ions are 
employed with 274 Li+ ions, 196 K+ ions, 500 Cl- ions and 10 U3+ ions. For the La solute ions in the 
LiCl-KCl mixture, 980 ions are employed with 274 Li+ ions, 196 K+ ions, 500 Cl- ions and 10 La3+ 
ions. The ionic radius for Sr2+ and U3+ ions are 0.132 nm and 0.1165 nm, respectively [76]. Due to 
the small number of solute ions, 20 independent runs are employed to obtain a respectable statistical 
average for mass-weighted VACF/DoS.  

3.4.1 Sr Solute 
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Figure 3.13. Mass-weighted velocity autocorrelation (JACF) for the Sr solute system. (Inset) JACF for Sr2+ 
ions. A total of 990 ions are used with 280 Li+ ions, 200 K+ ions, 500 Cl- ions and 10 Sr2+ ions. 
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The mass weighted velocity autocorrelation (JACF) for each species in the Sr solute system is 
shown in Figure 3.13. The density of states (DoS) of the Sr solute system at 773 K and 0 pressure is 
shown in Figure 3.14. As expected, the solid-like component for Li ions is small relative to K and 
Cl ions. Interestingly, the DoS for Sr ions has a significant solid-like component, which outweighs 
the HS gas-like component. Thus we show that Sr ions, even at very low number/volume fraction, 
have a significant solid-like dynamic response. In Table 3.1, we depict the absolute thermodynamic 
properties of the Sr solute system.  
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Figure 3.14. The density of states (DoS) of the Sr solute system at 773 K and 0 pressure. The total DoS (G) 
is shown in black, the hard sphere phase (HS) in red and the harmonic oscillator (Solid) in blue. A total of 

990 ions are used with 280 Li+ ions, 200 K+ ions, 500 Cl- ions and 10 Sr2+ ions. 
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Table 3.1. The 2PT results of Sr solute system at 773 K and 0 Pa. A total of 990 ions are used with 280 Li+ 
ions, 200 K+ ions, 500 Cl- ions and 10 Sr2+ ions. 

Species Li+ K+ Cl- Sr2+ Sr mixture 
E (kJ/mol) -416.692 -218.158 -362.625 -1178.09 -356.898 

S (kJ/mol-K) 0.0466 0.0796 0.0743 0.0759 0.0764 
A (kJ/mol) -452.721 -279.689 -420.004 -1236.75 -415.969 

E: Total energy, S: Entropy, A: Free energy 

3.4.2 La Solute 

In Table 3.2, the absolute thermodynamic properties for the La solute system are delineated. A total 
of 980 ions are employed with 274 Li+ ions, 196 K+ ions, 500 Cl- ions and 10 La3+ ions. 

Table 3.2. The 2PT results of La solute system at 773 K and 0 Pa. 

Species Li+ K+ Cl- La3+ La mixture 
E (kJ/mol) -86.234 -591.321 -253.024 -2534.624 -297.321 

S (kJ/mol-K) 0.028 0.049 0.043 0.053 0.049 
A (kJ/mol) -107.593 -629.303 -286.515 -2575.665 -334.739 

3.4.3 U Solute 

In Table 3.3, the absolute thermodynamic properties for the U solute system are delineated. A total 
of 980 ions are employed with 274 Li+ ions, 196 K+ ions, 500 Cl- ions and 10 U3+ ions. 

Table 3.3. The 2PT results of U solute system at 773 K and 0 Pa. 

Species Li+ K+ Cl- U3+ U mixture 
E (kJ/mol) -422.517 -121.56 -252.595 -2541.09 -297.241 

S (kJ/mol-K) 0.0278 0.049 0.043 0.061 0.050 
A (kJ/mol) -443.934 -159.435 -286.131 -2588.48 -334.738 

3.4.4 Recommendations 

A small number/volume fraction of actinides generally results in augmenting the solid-like dynamic 
characteristics of the base LiCl-KCl mixture. Since Li ions also have a dominant solid-like 
response, it is possible that pure KCl will be more suitable at higher temperatures for actinide 
recovery.  

  



 52 

4. Technical Report from the University of Wisconsin-Madison (Task 1 & 
2) 

Researchers: Amelia Bengtson, Hyo On Nam, Saumitra Saha, Ridwan Sakidja, Katharina Vӧrtler 
and Dane Morgan 

This section reports on results from Tasks 1 and 2  

4.1 Introduction 

In this research, we firstly explore the applicability of first-principles molecular dynamics (FPMD) 
simulations to the prediction of properties of LiCl-KCl molten salt system with various 
compositions (mole fraction of LiCl=1, 0.58, and 0). In particular we seek to obtain converged 
liquids with stable structure factors from FPMD, calculate volumes, coefficients of thermal 
expansion, bulk moduli, species diffusion, and the Gibbs free energy of mixing as a function of 
temperature, and determine if error bars (precision) and accuracy are adequate with present 
simulation tools to guide experiments. 

Measurements on molten salts can be limited by costly and demanding experiments and 
computational simulations provide a low cost alternative to experiments and can rapidly explore 
many different temperatures and salt compositions.  However, FPMD methods have been applied 
only rarely to direct calculation of salt properties. Detailed calculations, with careful assessment of 
uncertainties and comparison to experiments, are needed to establish the optimal approaches and 
their limitations. 

We focus the LiCl-KCl as it is a system of considerable interest for the nuclear community with 
both extensive quality data for validation and yet many open questions that can be investigated with 
the methods being considered here.  Eutectic LiCl-KCl (58% LiCl, 42% KCl), is a common molten 
salt used in electrorefining of spent nuclear fuel to separate actinides and other fission products [80-
83]. While the basic salt properties are known and can be used to validate our approaches, the 
thermokinetics of solutes within LiCl-KCl are not well characterized and can be a subject of future 
modeling [80, 81, 84-86].   

The primary goal of the present work is to validate the practicality of direct FPMD approaches for 
molten salt studies, which are an increasingly viable alternative to the more commonly used 
interatomic potential molecular dynamics (IPMD) simulations. 

In classical IPMD simulations, Newton’s equations of motion are solved in a system where 
interactions between atoms are described by an interatomic potential, which typically contains the 
physics of ionic repulsion, attraction, dispersion and polarization.  IPMD can be used to predict 
many properties of salts and their solutes [87-91] and is computationally many orders of magnitude 
faster than FPMD.  However, each new salt and each solute and charge state requires fitting a 
different potential, which can be time consuming and is subject to the inevitable uncertainty of 
fitted potentials.  Furthermore, such potentials do not typically treat the electronic structure 
explicitly, and therefore cannot easily be used to track electronic properties (e.g., magnetic 
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moments) or redox reactions that might occur between species (although relative stabilities of 
equivalent impurities have been studied [92]). 

FPMD simulations are similar to IPMD in that Newton’s equations of motion are also solved, but 
the atomic interactions are calculated directly from first-principles in FPMD calculations.  FPMD 
therefore requires no fitting to experimental or computed data and provides access to the full 
electronic structure of the material at every step.  The main disadvantage is that FPMD calculations 
are very computationally intensive and therefore limited to much smaller systems and shorter 
simulation times than IPMD.  

FPMD simulations have successfully modeled liquids such as CaAl2O4 [93], CaMgSi2O6 [94], 
MgSiO3 [95], Ni alloys [96] and ionic liquids [97]. The NaCl and KCl molten salt systems were 
studied with density-functional-based tight-binding methods (DFT-TB) [98]. While DFT-TB 
methods are similar to FPMD, they are not fully self-consistent. Furthermore, volumes within the 
work of Hazebroucq, et al. [98] were fixed to experimental values rather than predicted. FPMD 
simulations were conducted in the liquid Flibe (Li2BeF4) using the Car–Parrinello method [99], but 
the focus was primarily on diffusion, again at a fixed experimental volume.  These limited studies to 
date show that these methods can be used effectively, but do not provide an extensive enough study 
of basic properties to establish optimal approach or assess limitations (e.g., in the ability to predict 
volumes). 

Our research is the first full FPMD study on molten salt systems with fully relaxed volumes. 
Specifically, we will study the LiCl-KCl system and extend previous FPMD work on molten salt 
systems [99] to include calculations of equilibrium volume, convergence testing on key parameters 
as a function of unit cell size and simulation time, statistical errors on all values, and rigorous 
comparison to experiments, when possible. The LiCl-KCl molten salt system has been studied 
extensively with classical interatomic potential molecular dynamics [87-91] and this data was used 
for comparison. 

With the developed FPMD approaches, behavior of Sr/La/U solutes, which represent actinides (U), 
lanthanides (La) and fission product (Sr), in LiCl-KCl at 500ºC is investigated. From the FPMD 
simulations, local structure surrounding solutes is predicted by analyzing the radial distribution 
function. And self-diffusion a coefficient of solutes in molten LiCl-KCl is calculated from the 
mean-squared displacement (MSD) analysis as performed in case of constituents of the LiCl-KCl. 
The redox potential for each element, which is important property in partitioning technology of 
nuclear wastes, was also predicted from the FPMD simulations.  
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4.2 FPMD Calculations for Pure Li, KCl 

4.2.1 Details of Computational Methods 

A combination of first-principles molecular dynamics (FPMD) and interatomic potential molecular 
dynamics (IPMD) was used in this research. All liquids were equilibrated with IPMD and the final 
converged structure was used to start the FPMD calculation. FPMD calculations starting from the 
IPMD liquid reach equilibration within 0.3 ps. The technique of starting FPMD calculations from 
the liquid created with IPMD has been used successfully in the literature [96, 100].  Note that it 
might seem to defeat at least part of the purpose of using FPMD if a potential needs to be developed 
for IPMD to initiate the FPMD calculations.  However, while we do not demonstrate it here, it is 
reasonable to expect the FPMD is quite insensitive to the quality of the IPMD initiation, provided it 
gets qualitative structural features approximately correct.  Thus we expect that no significant time 
will have to be spent on potential development for IPMD simulations provided they are used for no 
more than initiating a FPMD simulation.   

For the pure LiCl and KCl, we started simulations with crystalline LiCl and KCl structure. In case 
of the LiCl-KCl eutectic mixture (58% LiCl, 42% KCl), initial configuration of atoms was created 
from Packmol [101], a code designed to randomly pack atoms into a given volume. While IPMD 
was typically initiated with a crystalline structure for LiCl and KCl, a randomly distributed 
initialization of the LiCl system from Packmol (see Computational methods section) also shows a 
converged liquid structure after the IPMD equilibration and showed same radial distribution 
functions as initialization from a crystal structure. All IMPD simulations were run with the 
LAMMPS [102] using the Born-Mayer-Huggins potentials for LiCl and KCl [88] with a radial 
cutoff of approximately half the lattice parameter for a given unit cell (6, 7, 9, 11, 15 Å for 64, 100, 
216, 400, and 1000 atom unit-cells). Formal charges were used for Li (+1), Cl (-1), and K (+1). 
Simulations, unless otherwise noted, contained 216 atoms. The timestep was 0.001 ps and thermal 
data was outputted every 100 steps.  

A series of ensembles was used to equilibrate the liquid structures. The NVE ensemble with 
velocities generated from random numbers was run for 5,000 steps to bring the system to the correct 
temperature. Next, a crude Berendsen barostat [103] for 50,000 steps brought the system to the 
target pressure.  Then, simulations with the NPT ensemble (using the Nosé-Hoover thermostat and 
barostat) were run for 50,000  time steps for pure LiCl and KCl (500,000 for LiCl-KCl) to 
equilibrate system at desired pressure and temperature. The lattice was averaged over last quarter of 
the NPT time steps and used to start the NVT simulation. The NVT ensemble was run for 100,000 
time steps for LiCl and KCl (600,000 for LiCl-KCl) for a final equilibration. The resulting structure 
file was resized for multiple volumes around the experimental volume. Each volume was run with 
the NVT ensemble for an additional 100,000 time steps. The resulting structure and velocities were 
used to initialize the VASP NVT simulations.  

All FPMD simulations were run with the Vienna Ab-Initio Simulation Package VASP version 
5.2.11 [100, 104, 105]. PAW-PBE potentials supplied with the VASP package were used for Li 
(s1p0 17Jan2003), Cl (s2p5 17Jan2003) and K (p6s1 K_sv 06Sep2000). All simulations were run 
with the canonical ensemble (NVT) using a Nosé thermostat [106] with a Nosé-mass with a period 
of 40 time steps.  Note that the NPT ensemble is not available for VASP versions earlier than 5.3.2, 
which was recently released. Energy cutoff of 420 eV and a 1×1×1 k-point mesh were used. 
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Charges were calculated within the VASP code. A time step of 0.002 ps was used, which gave an 
energy drift of < 1 meV/atom/ps, a value similar to that seen in other FPMD simulations [96]. 
Simulations were run for 3,000 time steps (unless noted). Dispersion was added through the semi-
empirical DFT-D2 method [107]. The DFT-D method has been shown to work well for ionic liquids 
[97]. Three compositions are considered within the 64-atom unit cell: LiCl (32 Li atoms, 32 Cl 
atoms), KCl (32 K atoms, 32 Cl atoms) and LiCl-KCl near the eutectic composition (19 Li atoms, 
32 Cl atoms, 13 K atoms; 59.4% LiCl). Within the 216-atom unit cell, the eutectic composition is 
63 Li atoms, 108 Cl atoms, and 45 K atoms (58.3% LiCl). 

Periodic boundary conditions were used in both IPMD and FPMD and simulations represent an 
infinite bulk material. The pressure, temperature, volume and energy of the ensemble are the 
statistical averages over many time steps. The standard deviation in the mean was calculated from 
the autocovariance function [108]. To calculate the equilibrium volume with the NVT ensemble, 
calculations were run at multiple fixed volumes. The resulting pressures, volumes and their 
associated errors were fit with a Murnaghan equation of state [109] to determine the equilibrium 
volume and bulk modulus.   

The pressure at a finite temperature includes both a kinetic energy and virial force term [110]: 

          (4.1) 

VASP (versions prior to 5.3.2) does not automatically include the kinetic energy term in the 

pressure. The kinetic energy term, , was added in post-processing to the pressure for each 

simulation. This term is usually on the order of 0.35-0.52 GPa in the temperature range 800-1096 K 
for the LiCl-KCl system.  

Diffusion is related through the slope of the mean squared displacement (MSD) by the Einstein 
equation [110, 111]:  

          (4.2) 

In practice, D was determined by fitting a linear function to MSD(t) for a subset of the times, as 
described below. The MSD is determined by a multiple time origin average [111]:  

      (4.3) 

where N is the number of atoms in the system, nt is the number of time origins, t is time, and t0j is 
the initial timestep originating at time j [110, 111]. 

Unless noted, all diffusion simulations were run with FPMD in VASP at the equilibrium volume 
with the NVT ensemble and 216 atoms for 12 ps. Mean squared displacements were calculated after 
the first 200 time steps (0.4 ps) to avoid any initial equilibration period. The remaining time steps 
were divided into four equal blocks and the mean squared displacement was calculated as a function 

 

MSD(t) = ∆r2(t) =
1
N

1
nt

ri t0 j + t( )− ri t0 j( )( )2

i= 0

N

∑
j= 0

nt

∑



 56 

of time for each block. In this study, the number of time origins (nt) is fixed to the half of the block 
size in order to avoid the noise that is otherwised observed at the last part of time steps. The use of 
half the block size for nt ensures that each MSD values at the time of (t) are obtained from the same 
length of trajectory data. The diffusion coefficient is calculated for each block by fitting the slope of 
the MSD vs. time. To obtain a robust linear region of the MSD data in the block, the first 25 time 
steps, which often show the expected quadratic MSD(t) dependence [110] are excluded. An error on 
D from a given block is then estimated from the fitting error in the slope of MSD vs. time following 
the statistical equations [112]. The final diffusion coefficient is the average of the diffusion 
coefficients of each block. The error of each diffusion coefficient from the linear fitting is 
propagated through the averaging over blocks to the final standard deviation of the mean. This 
block averaging method is similar to that of Rapaport [113].  

One approximation made within density functional theory is the treatment of the exchange 
correlation between electrons. Common choices include the local density approximation (LDA), 
which considers only the local electron density, and the Generalized Gradient Approximation with 
the PBE parameterization (PBE), which considers the gradient of the electron density. Additionally, 
the PBEsol [114] potential improves upon PBE for solids and is effective for alkali metals and 
alkali halides. 

Differences amongst these exchange-correlation functions are often well known in solids, e.g., 
GGA typically overestimates volumes and LDA underestimates volumes [115]. These differences 
are not as well established in high-temperature molten salts. Multiple volumes were run for PBE, 
PBEsol and LDA in LiCl (64 atoms) and the resulting pressure-volume curves are shown in Figure 
4.1. Without dispersion, PBE yields the largest volume, the volume with PBEsol is ~ 5 % less than 
with PBE, and the volume with LDA is almost 30 % less than with PBE. The inclusion of 
dispersion corrections (see Computational methods section) lowers the pressure by up to 1 GPa. For 
PBE and PBEsol, adding dispersion decreases the volume by ~ 15-20 %. In the LiCl-KCl system, 
the best match to experimental volumes for all compositions is obtained with the PBE exchange 
correlations run with the inclusion of dispersion (DFT-D2 method). Therefore, unless noted, all 
future FPMD calculations in this work are done with PBE and DFT-D2 to include dispersion.  
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Figure 4.1. Comparison of FPMD computational choices at 1096 K in VASP. All simulations were run with 
64 atoms. PBE, PBEsol and LDA are different choices controlling the exchange correlation within a density 

functional theory calculation. EXP is experimental data from Janz et al. [116] either at 1096 K or 
extrapolated to 1096 K. 

4.2.2 Testing Convergence for FPMD Simulations 

4.2.2.1 Creating converged liquid structures 

Equilibrating a liquid molten salt from a solid, crystalline structure was not feasible within 
timescales of up to 18 ps at 1000K with FPMD (Figure 4.2(a)). Radial distribution functions (RDFs) 
confirm that FPMD simulations starting from a solid structure still retain long-range order (Figure 
4.2(a)). While more disordered starting conditions and higher temperatures could certainly 
accelerate the convergence, we chose to simply initiate the FPMD results with IPMD data. IPMD 
simulations were used to equilibrate all liquid structures by the approach discussed in the 
Computational methods section and showed converged stable liquid RDFs (Figure 4.2(b)) after 
equilibration following the approach described in the Computational methods section. The resulting 
equilibrated IPMD liquid was used as the starting structure for the FPMD calculations and stable 
liquid RDFs were obtained with FPMD (Figure 4.2(c)). RDFs show the same liquid structure in 
IPMD and FPMD and longer simulations in the FPMD do not significantly alter the RDFs (although 
they do get smoother). The slight variations in Li-Li interactions between IPMD and FPMD are 
probably due to the differences between interatomic potentials and the full density functional theory 
of FPMD.  
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Figure 4.2. Structural parameters for the 64-atom LiCl structure. (a) FPMD calculations started from solid, 
crystalline structure and run at 1000 K for 18 ps. Long-range order is not lost, suggesting the material is not 

molten. (b) Classical IPMD simulations using the LAMMPS code run for 100 ps. (c) FPMD calculations 
starting from liquid structure equilibrated in LAMMPS from part (b) run for 6 ps. 

4.2.2.2 Testing convergence with simulation time 

One concern of running FPMD for only 5-10 ps is that the time scales are not long enough to yield 
converged results for temperature, volumes, energies, pressures, and diffusivities. To test the 
convergence of these properties with simulation time, IPMD NVT simulations were started from the 
same converged IPMD simulation that would be used to start a VASP simulation (represented by 
t=0 in Figure 4.3). Simulations with 64 atoms at 1096 K were run with IPMD for 6, 12, 20, 50, 100 
and 200 ps (Figure 4.3).  We assess convergence by considering if the predicted value and errors at 
some smaller time are consistent with the value at the longest time, which we take to be essentially 
the exact prediction.  This approach does not mean the shorter simulation has a small error bar, only 
that the values and errors are estimated robustly enough that they are consistent with the exact 
prediction. 

Starting from an equilibrated liquid, a simulation time of 6 ps is long enough to obtain temperatures 
and energy values that are within the standard deviation of the mean of the values at 200 ps. The 
pressure at 6 ps is not within one standard deviation of the pressure at 200 ps; the pressure at 6 ps is 
slightly higher than the pressure at 200 ps by 0.07 ± 0.05 GPa. To obtain diffusion coefficients that 
are within a standard deviation of the diffusion coefficients at 50 ps, a simulation time of at least 12 
ps is needed, especially for Cl (Figure 4.3(d)). The standard deviation of the diffusion coefficient is 
still ~10% or more of its value of the self-diffusion coefficient, even after 50 ps.  
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Figure 4.3. Convergence of (a) temperature (b) pressure (c) total energy and (d) self-diffusion coefficients 
with simulation time. Simulations were run for 6, 12, 20, 50, 100, and 200 ps. All simulations were run as 

NVT with IPMD (using LAMMPS) for LiCl with 64 atoms at 1096 K with a timestep of 2 fs. All simulations 
started from the same converged IPMD simulation that would be used to start a VASP (FPMD) simulation. 
Desired simulation times for VASP are 5-10 ps. Errors were calculated from the autocovariance function. 

Averaging started after 0.5 ps so as to use only the equilibrated region. 

4.2.2.3 Testing convergence with unit cell size 

Additional convergence testing was run in IPMD to test if unit cells of ~50-200 atoms are large 
enough to give the same results as up to 1000-atom unit cells during the reasonable simulation time 
(100 ps) (Figure 4.4). Simulations for 64, 100, 216, 400, and 1000 atoms were equilibrated in IPMD 
using NVE (crude barostat), NPT (P=0) for 100,000 time steps, and the NVT for 100,000 time 
steps. Volumes and errors in Figure 4.4(a) were obtained from NPT and pressure (b), energy (c) and 
temperature (d) were obtained from NVT simulations. Properties estimated using a unit cell size of 
64 atoms and 100 atoms have larger error bars compared to the values at a bigger cell. Volume and 
pressure values estimated from a cell size of 64 atoms deviate ~1 % and 0.04 GPa, respectively, 
from the 1000-atom values. Estimated energies using a smaller cell also deviate ~5 meV/atom from 
the 1000-atom value. A unit cell of at least 216 atoms is therefore needed for accurate energies on 
this scale. Temperature changes little with unit cell size however, the standard deviation decreases 
as the unit cell size increases. As can be seen in Figure 4.4, a unit cell size of at least 216 atoms is 
preferable to obtain results that are converged with respect to larger unit cells. However, given a 
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speed-up of an almost 8 times for a 64-atom unit cell over a 216-atom unit cell, 64-atom unit cells 
can be used for quicker testing without sacrificing significant accuracy.  

 

Figure 4.4. Convergence of (a) volume (b) pressure (c) energy and (d) temperature with unit cell size in 
LiCl. Simulations were run with IPMD with the method outlined in the Computational methods section 
(NVE, crude barostat, NPT (P=0) for 100,000 steps, NVT for 100,000 steps). Volumes and errors in (a) 

come from NPT simulation analyzed over last 90% of data set.  (b, c, d) results are from NVT simulations 
where the last 90% of simulation was analyzed. Errors are from analytical method.  

4.2.3 Results for Pure LiCl-KCl Salts 

4.2.3.1 Equilibrium volumes, thermal expansion, bulk modulus 

In order to determine equilibrium volume (V0) from NVT simulations, multiple volumes were run 
for LiCl, KCl and the eutectic composition at multiple temperatures (Figure 4.5). Experimental data 
are plotted as open markers for reference. The resulting pressure-volume data and resulting errors 
were fit to the Murnaghan equation of state to obtain V0 and the equation of state properties (Table 
4.1). In LiCl-KCl eutectic, the equilibrium volumes agree well with available experimental data for 
all temperatures, but equilibrium volumes are slightly underestimated or overestimated for LiCl and 
KCl (Figure 4.5, Figure 4.6, and Table 4.1). 

Coefficients of thermal expansion [96, 117]: 
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           (4.4) 

at a specific volume were calculated for each composition and temperature from the slope of the 
volume vs. temperature plot (Figure 4.6 and Table 4.2). Volumes as a function of temperature from 
FPMD are shown in comparison to experimental data (Figure 4.6). Experimental data in the LiCl-
KCl eutectic composition has the most variability. Calculated volumes for the eutectic composition 
fall within the error bars of the experimental data (dashed line). Volumes for LiCl are 
underestimated by about 4-5 % (~1 Å3/atom) and volumes for KCl are overestimated by about 2-3 % 
(~1 Å3/atom) by the calculations compared to the experiments.  

Bulk modulus (B) decreases with increasing temperature (Figure 4.7), consistent with Garai and 
Laugier [118]. LiCl has highest B; KCl has the lowest B. The eutectic B is between LiCl and KCl, 
as would be expected. The bulk modulus for these liquids is quite low (< 8 GPa) compared to solid 
LiCl (B ~30 GPa at room temperature) [119] and solid KCl (B ~17 GPa at room temperature) [118].  
B’, the change in B with pressure, was difficult to constrain with values ranging from 4-12 and 
uncertainties of up to about ±2.   

Table 4.1. Equilibrium volume (V0) from FPMD with 216 atoms. Simulations were run at multiple volumes 
for the NVT ensemble. V, P were fit to a Murnaghan equation of state to obtain V0 (Experimental V0: Janz et 
al. (1979) [116] (extrapolated for some temperatures))  

 % 
LiCl 

T 
(K) 

V0 
Experiment 
(Å3/atom) 

V0 (Å3/atom) B (GPa) B' 

LiCl 
100 

 

1096 24.93 23.73 ± 0.005 4.95 ± 0.02 9.30 ± 0.16 

1000 24.25 23.03 ± 0.001 5.41 ± 0.19 7.42 ± 1.35 

900 23.54 22.39 ± 0.052 7.01 ± 0.28 12.32 ± 1.70 

KCl 0 
1200 43.10 Could not fit with EOS* 

1096 41.42 42.52 ± 0.167 2.79 ± 0.18 6.90 ± 1.91 

LiCl-
KCl 

eutectic 

58.3 

 

1096 31.32 31.72 ± 0.064 3.64 ± 0.07 5.88 ± 0.90 

1000 30.54 30.89 ± 0.037 4.67 ± 0.11 3.69 ± 0.51 

800 28.67 Could not fit with EOS* 
* Due to the lack of P(V) data, EOS fit could not be made 

Table 4.2. Coefficient of thermal expansion, αV at 1096 K from FPMD with 216 atoms. 

 % LiCl Temperature (K) αV FPMD  (1/K) X 10-4 αV Experiment  (1/K) X 10-4 

LiCl 100 1096 2.87 2.94 ± 0.00 
KCl 0 1096 -  3.94 ± 0.02 

LiCl-KCl 58.3 1096 2.73 2.93 ± 0.05 
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Figure 4.5. Pressure-volume curves from VASP FPMD simulations with the NVT ensemble for of (a) LiCl 
(b) KCl and (c) LiCl-KCl with the eutectic composition. Experimental volumes are from (*extrapolated 

from) Janz et al. [116]. 
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Figure 4.6. Volume vs. temperature for (a) LiCl (b) KCl and (c) LiCl-KCl with the eutectic composition at 
multiple temperatures. LiCl-KCl volumes are plotted per Cl atom. EXP1 = Janz et al. (1979) [116]. EXP2 = 

Van Artsdalen and Yaffe (1955) [120], EXP3 = Ito et al. (2001) [121]. Dashed lines indicate the 
experimental error between the experimental datasets.  
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Figure 4.7. Bulk modulus vs. temperature for the LiCl-KCl system. 

4.2.3.2 Self-diffusion coefficients 

The self-diffusion coefficients were calculated for Li, Cl and K in LiCl, KCl and LiCl-KCl with the 
eutectic composition (Figure 4.8, Figure 4.9 and Table 4.3). Experimental and IPMD computational 
data exists in the literature for comparison in both LiCl [88, 116, 122, 123] and KCl [88, 89, 98, 
123, 124], but only IPMD computational data exists for self-diffusion in eutectic LiCl-KCl [88, 89].  

Thre are a range of values in the experimental self-diffusion coefficients, with different 
experimental studies showing up to one order of magnitude difference (Morgan and Janz in Figure 
4.8 (c) and (d)). For Li diffusivity in LiCl, the FPMD diffusion coefficients fall between the 
experimental diffusivity and IPMD (literature) results. Cl diffusivity in LiCl calculated from FPMD 
is slightly lower than the experimental values by Janz et al. [116] and previous IPMD calculations, 
and show a somewhat larger slope vs. temperature with temperature than data with the widest 
temperature range [122]. K and Cl diffusion in KCl from FPMD calculations are near experimental 
and previous IPMD results. The experimental data from Janz et al. [116] in KCl is significantly 
lower than any other study.  

FPMD self-diffusion coefficients for Li, Cl and K in eutectic LiCl-KCl (Figure 4.9) agree well with 
previous IPMD simulations [88, 89], although trends with temperature for Li are slightly steeper 
than the IPMD results. No error bars were reported in the IPMD simulations.  

 

 

 

 



 65 

Table 4.3. Self-diffusion coefficients for Li, Cl and K in LiCl, KCl and eutectic LiCl-KCl. Mean squared 
displacement (MSD) were calculated at the volume closest to equilibrium volume from the set of FPMD 
simulations for the EOS analysis. Each simulation was performed with the NVT ensemble and 216 atoms for 
6 ps. MSD analysis started after the first 200 time steps (for equilibration). The remaining time steps were 
divided into 4 equal blocks. The MSD vs. time curve was fit for all but the initial 25 steps of each block in 
order to avoid the quadratic region. 

 % 
LiCl 

Volume 
Å3/atom   Temp (K) Diffusion Li  

cm2/s × 10-5 
Diffusion K  
cm2/s × 10-5 

Diffusion Cl  
cm2/s × 10-5 

LiCl 
100 

 

23.76 1096 14.04 ± 0.66 - 7.18 ± 0.58 
23.15 1000 11.58 ± 0.39 - 5.26 ± 0.27 
22.55 900 8.10 ± 0.30 - 3.77 ± 0.20 

KCl 
0 

 

44.74 1200 - 12.11 ± 0.39 11.38 ± 0.74 

42.88 1096 - 8.39 ± 0.36 8.6 ± 0.25 

LiCl-
KCl 

eutectic 

59.4 

 

31.26 1096 10.23 ± 0.84 9.78 ± 0.63 7.99 ± 0.68 
31.26 1000 8.83 ± 0.40 6.93 ± 0.24 6.29 ± 0.16 
29.31 800 4.37 ± 0.27 4.89 ± 0.50 3.70 ± 0.08 
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Figure 4.8. Self-diffusion coefficients from FPMD simulations for (a) Li in LiCl (b) Cl in LiCl (c) K in KCl 
and (d) Cl in KCl. Experimental values for LiCl are from Lenke et al. [122] and Janz et al. [116] and 

references within Lantelme and Turq [88] and Morgan and Madden [123]. Computational IPMD values for 
LiCl are taken from Lantelme and Turq [88], Caccamo and Dixon [89], and Morgan and Madden [123] and 

references within. Experimental values for KCl are from Morgan and Madden [123] and Janz [124] and 
references within. Computational IPMD values for KCl are from Lantelme and Turq [88], Caccamo and 

Dixon [89], Hazebroucq et al. [98], and Morgan and Madden [123]. All simulations were run with FPMD in 
VASP at the volume closest to equilibrium (LiCl: 23.76 Å3/atom at 1096K, 23.15 Å3/atom at 1000K, 22.55 
Å3/atom at 900K; KCl: 44.74 Å3/atom at 1200K, 42.88 Å3/atom at 1096K) with the NVT ensemble and 216 
atoms for 6 ps1. Analysis started after the first 200 time steps (for equilibration). The remaining time steps 

were divided into 4 equal blocks. The MSD vs. time curve was fit for all but the initial 25 steps of each block 
in order to avoid the quadratic region. 

  

                                                 
1 Simulations in KCl were run for 5.4 ps (2689 time steps) at 1200K and 7.3 ps (3641 time steps) at 1096K. 
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Figure 4.9. Self-diffusion coefficients from FPMD simulations for (a) Li, (b) Cl and (c) K in eutectic LiCl-
KCl. All simulations were run with FPMD in VASP at the volume closest to equilibrium (31.26 Å3/atom at 
1096K, 31.26 Å3/atom at 1000K, and 29.31 Å3/atom at 800K) with the NVT ensemble and 216 atoms for 6 

ps2.  Analysis started after the first 200 time steps (for equilibration). The remaining time steps were divided 
into 4 equal blocks. The MSD vs. time curve was fit for all but the initial 25 steps of each block in order to 

avoid the quadratic region. Results are plotted with IPMD simulations from the literature: Lantelme and Turq 
[88] and Caccamo and Dixon [89] . 

4.2.3.3 Gibbs free energy of mixing 

The Gibbs free energy of mixing (ΔGmix) at a given temperature can be estimated from an ideal 
solution model as [117]: 

     (4.5) 

where x is the concentration of LiCl. Total energy values from FPMD with 64-atom unit cell (19 Li, 
32 Cl, 13 K; x=0.594) were used to estimate the free energy of mixing at the eutectic composition at 
1096 K.  ΔGmix from FPMD is in good agreement with the experimental fit (Figure 4.10). The 
FPMD data is only lower than experimental fit by ~ 0.9 kJ/mol (< 10 meV/Cl atom), which is 
within our error tolerance for the FPMD simulations. This shows that the excess entropy of mixing 
for this molten salt system is close to zero at high temperature and the free energy of mixing can be 
estimated from the ideal solution model.   

 

                                                 
2 Simulations at 800K were only run for 5.5 ps (2744 time steps). 
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Figure 4.10. Gibbs free energy at 1096 K. The fit to experimental data (dashed line) comes from the FTsalt - 
FACT salt database (FactSage) [125]. 

4.2.4 Discussion and Conclusions 

FPMD calculations were used to calculate the equilibrium volume at multiple temperatures, thermal 
expansion, bulk modulus, and self-diffusion coefficients for LiCl, KCl and eutectic LiCl-KCl 
molten salts as well as the Gibbs free energy of mixing. Convergence testing proved unit cells of 
216 atoms and simulation times of 6-12 ps are sufficient for adequately converged results that 
overall agree well with experimental data and classical IPMD simulations. Convergence errors on 
FPMD data with these settings are small enough to provide useful information on salt properties 
while still being practical.  

The results show that FPMD calculations are able to reliably calculate the equilibrium volume, 
using NVT simulations, with reasonable agreement with experiments (agreement to within 5 % for 
LiCl, agreement to within 3 % for KCl and 1 % LiCl-KCl). Statistical convergence errors on FPMD 
volumes are typically less than 0.1 Å3/atom (less than 0.5 %). Previous simulations with IPMD and 
DFT-TB fixed the volume to experimental values [88, 89, 98, 99]. The Tosi-Fumi potentials used in 
IPMD simulations [88, 89] overestimate the experimental volume by 6-7 % (Figure 4.1(a)) 
corresponding to a pressure of 0.31 GPa in the simulations [88]. The FPMD simulations, which 
calculate the equilibrium volume independent of experiments, can be extended to predict volumes 
and densities in systems where little or no experimental data exists.  

Calculations can provide guidance when experimental measurements have a wide range of value, as 
in the self-diffusion coefficients shown in Figure 4.8. Our FPMD results with 216-atoms have good 
agreement with most of the experimental measurements [88, 116, 122, 123] and the IPMD 
calculations [88, 89, 98, 123]. Although the results are not provided, even with just a 64-atom unit 
cell and simulations times of only 12 ps, FPMD can calculate diffusion coefficients with errors of 
less than 10 %.   

FPMD simulations are a useful predictive tool for properties like bulk modulus, where no 
experimental data exists on the LiCl-KCl system. Even more complex thermodynamics, such as the 
Gibbs free energy of mixing, can be estimated with a simple ideal solution model, which makes 
aspects of phase stability accessible with FPMD. 
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With the exception of finding equilibrium volumes, the FPMD simulations shown here do not 
significantly improve upon IPMD simulations. Given the significant speedup of IPMD simulations 
relative to FPMD, IPMD simulations are most efficient for systems where quality potentials can be 
developed. The real benefit of FPMD simulations is for use in systems where accurate potential 
fitting proves problematic or there is interest in electronic properties, like redox chemistry or 
magnetic moment, that are difficult to simulate without full electronic structure methods. The 
validation shown in this work of FPMD simulations on LiCl-KCl system provides confidence in 
applying the same techniques to additional systems, including impurities in the LiCl-KCl system or 
entirely different salts. 
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4.3 FPMD Calculations for Sr/La/U Solutes 

The first principles molecular dynamics (FPMD) modeling of Sr, La and U solutes in the LiCl-KCl 
eutectic molten salt at 773K (500 °C) has conducted, because the Sr, La and U represent fission 
product, lanthanides and actinides, respectively. In order to ionize the solute, we put SrCl2, LaCl3, 
UCl3, and UCl4 molecules in the 64 atoms of LiCl-KCl molten salt (19 Li atoms, 13 K atoms, 32 Cl 
atoms; 59.4% LiCl). From the FPMD simulations, local structure surrounding solutes is predicted 
by analyzing the radial distribution function. And self-diffusion a coefficient of solutes in molten 
LiCl-KCl is calculated from the mean-squared displacement (MSD) analysis as performed in case 
of constituents of the LiCl-KCl. The redox potential for each element, which is important property 
in partitioning technology of nuclear wastes, was also predicted from the FPMD simulations. 

For better understanding of Sr/La/U behaviors in the LiCl-KCl, the FPMD simulations for 
additional solutes (Eu, Nd, Ce and Zr) were also conducted.  

4.3.1 Local Structure Surrounding Solutes in LiCl-KCl  

4.3.1.1 Local structure analysis for Sr/La/U solutes 

Local structure of Sr, La, U ions in the LiCl-KCl molten salts were studied by analyzing the FPMD 
simulation trajectory. VMD [126] is used to visualize the trajectory of FPMD simulation. Figure 
4.11  shows snapshots of FPMD trajectory of LiCl-KCl salt with the dissolved solutes.   

 (a)  (b)  (c)  (d) 

Figure 4.11. Snapshots of molecular dynamics simulation trajectory, (a) FPMD simulation of the LiCl-KCl 
with SrCl2 showing bonding between Sr and Cl ions; (b) local structure of La from the FPMD simulation of 
the LiCl-KCl with LaCl3; (c) local structure of U from the FPMD simulation of the LiCl-KCl with UCl3; (d) 

local structure of U from the FPMD simulation of the LiCl-KCl with UCl4  

Figure 4.11(a) and (b) were captured from the FPMD trajectory of the LiCl-KCl with SrCl2 and 
LaCl3, respectively. Blue balls are Li ions and orange balls are K ions. White balls, yellow ball, and 
red ball are Cl, Sr and U ions, respectively. Figure 4.11(c) is the snapshot of local structure of U3+ in 
the LiCl-KCl. Figure 4.11(d) is showing the local structure of U4+ in the salt. 

To quantify the local coordination of solutes with surrounding chlorine ions, RDF (radial 
distribution function) analysis were conducted. Figure 4.12 shows RDFs of the LiCl-KCl with SrCl2, 
LaCl3, UCl3 and UCl4, respectively. When solute has higher oxidation states, it will make more 
bonds with Cl ions and the first peak is greater. Coordination number of solute with surrounding Cl 
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ions can be estimated by integrating the radial distribution function (RDF) from zero to the first 
minimum. Calculated coordination numbers of Sr(2+), La(3+), U(3+) and U(4+) are about 6.9, 7.4, 
7.0 and 7.1, respectively.  

  
(a) (b) 

  
(c) (d) 

Figure 4.12. Radial distribution functions (RDF) of the LiCl-KCl (64 atoms) with (a) SrCl2; (b) LaCl3; (c) 
UCl3; (d) UCl4 between each solute and Cl ions. 

4.3.1.2 Local structure analysis for other solutes (Eu/Nd/Ce/Zr) 

Local structure of Eu, Nd, Ce and Zr ions in the LiCl-KCl molten salts were also studied by 
analyzing the FPMD simulation trajectory. Figure 4.13 shows snapshots of FPMD trajectory of 
LiCl-KCl salt with the dissolved solutes.   

Figure 4.13(a)-(d) were captured from the FPMD trajectory of the LiCl-KCl with EuCl3, NdCl3, 
CeCl3 and ZrCl4, respectively. Blue, orange and white balls are Li, K and Cl ions. As each solute 
dissolved in the salt is cation, it makes bonds with surrounding anions, i.e. Cl- ions. Although 
bonding behavior of solutes can be observed from the trajectory movies, radial distribution function 
(RDF) is used to analyze the bonding behavior quantitatively.  
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(a) (b) (c) (d) 

Figure 4.13. Snapshots of molecular dynamics simulation trajectory, (a) FPMD simulation of the LiCl-KCl 
with EuCl3 showing bonding between Eu and Cl ions; (b) local structure of Nd from the FPMD simulation of 
the LiCl-KCl with NdCl3; (c) local structure of Ce from the FPMD simulation of the LiCl-KCl with CeCl3; 

and (d) local structure of Zr from the FPMD simulation of the LiCl-KCl with ZrCl4  

Figure 4.14 shows radial distribution functions (RDFs) of the LiCl-KCl with EuCl3, CeCl3, NdCl3, 
and ZrCl4, respectively. In general, the solutes with higher oxidation state make more bonds with Cl 
ions and the first peak is greater. However, we observed that the coordination number of Zr(4+) ion 
is smaller than the Eu(3+), Ce(3+) and Nd(3+) ions. The coordination number of each solutes 
(Eu(3+), Ce(3+), Nd(3+) and Zr(4+)) with surrounding Cl ions is about 7.2, 7.1, 7.1 and 6.2, 
respectively. As can be seen in Figure 4.14(d), integral of g(r) shows plateau which represents the 
strong Zr(4+)-Cl(1-) bonds.  Typical octahedral coordination geometry between Zr and Cl were 
rigidly maintained during the simulation. 
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(a) (b) 

  
(c) (d) 

Figure 4.14 Radial distribution functions (RDF) of the LiCl-KCl with (a) EuCl3; (b) CeCl3; (c) NdCl3; (d) 
ZrCl4 between each solute and Cl ions. 

Table 4.4. First-peak radius and height, and first-shell coordination numbers for solutes and F pairs in LiCl-
KCl. 

Ion pair First-peak radius (Å) First-peak height Coordination number 
Sr2+  ̶  F 2.89 6.2 6.9 
La3+  ̶  F 2.85 8.5 7.4 
U3+  ̶  F 2.77 9.0 7.0 
U4+  ̶  F 2.67 10.4 7.1 
Eu2+  ̶  F 2.85 6.3 6.8 
Eu3+  ̶  F 2.78 7.9 7.2 
Nd3+  ̶  F 2.77 8.7 7.1 
Ce3+  ̶  F 2.80 8.0 7.1 
Zr4+  ̶  F 2.49 13.1 6.2 
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4.3.2 Diffusion Coefficient of Solutes 

Self-diffusion coefficients of solutes (Sr, Eu, La, Nd, Ce, U and Zr) in the LiCl-KCl at 773K were 
analyzed and compiled together. As the accuracy is limited by the number of solute atoms in the 
cell and simulation time, longer simulation time is needed for more precise answers. Nine separate 
simulations for 4ps (4,000 timesteps) were conducted for each solute system. The mean-squared 
displacement (MSD) analysis is used to calculate the diffusion coefficient. The diffusivity values, 
which were determined from the slope of the MSD for each simulation, are averaged to determine 
the diffusion coefficient of solute ions for the total simulation time of 36ps.  

 

Figure 4.15. Estimated diffusion coefficients of solutes in the LiCl-KCl at 773K. Square marks are 2+, 
circles are 3+, and triangles are 4+ ions. Experimental diffusion coefficients (diamonds) are also shown for 

comparison. Error bars represent one sigma standard error of the mean from 9 simulations. 

Figure 4.15 shows the estimated diffusion coefficients of various solutes in the LiCl-KCl at 773K 
from FPMD simulations (Table 4.5). It includes the experimentally measured diffusion coefficients 
for La, Ce and U for comparison [127, 128]. As shown in measured U(3+) diffusivities from Janz 
and Masset, experimental data can contain uncertainty. However, calculated diffusion coefficients 
of solutes are generally about five times smaller than experimental measurements.  
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Table 4.5. Estimated diffusion coefficients of solutes in the LiCl-KCl at 773K from FPMD simulations. 
Error ranges represent one sigma standard error of the mean from 9 simulations. 

D × 106  
(cm2/sec) Sr2+ Eu2+ Eu3+ La3+ Nd3+ Ce3+ U3+ U4+ Zr4+ 

XCln 
5.09  

±1.20 
8.49  

±2.12 
8.37  

±1.99 
5.24  

±9.52 
5.25  

±1.52 
2.54  

±0.88 
5.59  

±1.40 
4.76 

±1.16 
7.53  

±2.54 

This underestimation of solute diffusivity can potentially be explained by the effect of solute 
concentration. Martin and Sridharan et al. observed that the diffusion coefficient drops off 
significantly with lanthanide chloride concentration [129]. The concentration of LaCl3 in our 
simulation cell with 64 atoms of LiCl-KCl is about 120,000 ppm and our data shows excellent 
agreement with the experimental diffusivity data measured at higher concentration of lanthanide as 
shown in Figure 4.16. However, the simulations seem to show little or no increase in D with lower 
concentration, although agreement at lower concentrations of La is less clear due to large 
uncertainties in the simulations. The concentration dependence of the diffusivity is an area that 
wants more detailed study. 

 

Figure 4.16. Comparison of diffusion coefficient of La(3+) from FPMD (Red rectangular with standard error) 
with the experimental measurements [129]. 

4.3.3 Standard Redox Potential for Solutes in Molten LiCl-KCl Eutectic Salt 

Partitioning process of spent nuclear fuels in eutectic LiCl-KCl has been developed to recycle the 
spent fuels and reduce the toxicity/volume of disposable nuclear waste. Most countries are now 
pursuing closed fuel cycle and hence the importance of pyroprocessing research is growing. For the 
modeling of partitioning process, it is essential to start with accurate data on the thermochemical 
properties of solutes in molten salt. However, the desired data is often not available, either due to 
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there being no experimental studies or the existing studies showing a large scatter due to the 
different experimental conditions. 

For the modeling of solute behavior in molten LiCl-KCl salt, we employed quantum mechanical 
first principles molecular dynamics (FPMD), which do not rely on experimental input and can 
generate essential thermokinetic information for solutes. We formulated the equation to estimate the 
redox potential from the ensemble average of energy from FPMD and a proper choice of reference 
state. The predicted redox potentials are then compared with measured or theoretical redox 
potentials that can be predicted from the free energy of formation for pure solid phase chlorides. 

We calculated the standard redox potential for various redox couples from FPMD modeling 
following the general electrochemical referencing approach developed by Nørskov and 
collaborators [130]. The original target was the redox reaction for Sr(II)/Sr(0), La(III)/La(0), 
U(IV)/U(III),  and U(III)/U(0) couples in molten LiCl-KCl eutectic salt at 773 K (500 ºC), which is 
the operating temperature of the electro-refining system. In addition, we further simulate the 
systems for the Li(I)/Li(0), Zr(IV)/Zr(0), Eu(III)/Eu(II), Eu(II)/Eu(0), Nd(III)/Nd(0), and 
Ce(III)/Ce(0) couples at 773K in order to get more data to compare with the measurements and 
theoretical redox potentials. 

We formulated the equation to calculate the redox potential from FPMD based on the redox reaction. 
For example, corresponding chemical reactions for the redox couple of U(IV)/U(III) is shown 
below;  

2UCl4 dissolved in salt = 2UCl3 dissolved in salt + Cl2(g)      (4.6) 

Based on the above reactions, we estimate the redox potential for U(IV)/U(III) using Eq. (4.2) [131],  
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where <E> is the ensemble average of total energy as calculated from FPMD, e the absolute value 
of the electron charge, G(Cl2) the free energy of a chlorine gas [132], and CS the entropy correction 
term [133] as shown in Eq. (4.3), 
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UCl

pure
UCl

S /)(
34

⋅−⋅−=         (4.8) 

where T is the temperature and F the Faraday constant. This term compensate the entropy term for 
the dissolved chlorides because the energy from the FPMD do not include the entropic contributions 
in it. 

In order to obtain a reliable statistical average for the energy of the solute system, nine independent 
FPMD simulations for 4~8 ps were performed for each solute. All simulations were run with the 64 
atoms of pure LiCl-KCl simulation cell (19 Li, 13K, and 32 Cl atoms). For the modeling of solute 
ion (e.g. for Sr(II) in LiCl-KCl),  SrCl2 molecule was introduced into the 64 atoms of LiCl-KCl to 
ionize the Sr(0) to Sr(II).  
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Figure 4.17 shows the comparison of calculated redox potential of several redox couples in molten 
LiCl-KCl salt at 773K by FPMD with the (a) experimentally measured redox potential (vs. Cl2/Cl- 
reference) and the (b) predicted redox potential for solid form of chlorides [133]. Table 4.6 
summarizes the calculated values of redox potential for those couples in molten LiCl-KCl salt at 
773K. Due to the scarcity of reliable redox potential measurements for solutes in LiCl-KCl at 773K, 
only four redox points are compared. As the predicted redox potential is obtained from the 
chloridizing reaction of pure solid phase substance, the values can be different with the actual 
measurements of redox reaction in the molten salt. However, these predicted redox values are useful 
for comparison because they are generally quite close to the potentials measured in the salt. 

  
(a) (b) 

Figure 4.17 Comparison of calculated redox potential of several redox couples in molten LiCl-KCl salt at 
773K by FPMD (y-axis) with the (a) experimental redox potential and the (b) predicted redox potential from 
the thermodynamic database for pure solid form of chlorides [133]. Red dashed lines are showing ±0.5V 
range from the guide line. The error bars represent the two sigma standard error of the mean. 

Although calculated redox potential for solutes are not perfectly matched with the measurements 
and the prediction, most of the calculated redox potentials are within the range of ±0.5V from the 
experimental data. Various reasons can be proposed to explain the difference between the 
calculation and references (measurements or prediction), including DFT errors, statistical issues in 
FPMD, and several approximations that we have made in the approach to keep the study practical. 
In this approach, we took energy from the FPMD simulations instead of enthalpy in the redox 
formulation (assuming P=0). And it is assumed that the entropy difference between solutes (X) in 
LiCl-KCl and chlorides (XCln) in LiCl-KCl is same with the difference of entropy between solid 
phase X and solid phase XCln. We believe that further refinement is possible with exploration of 
additional first-principles exchang-correlation functionals as well as more extensive simulation 
employing larger simulation cells, longer simulations, more sampling of simulation runs, and 
running simulation at the most accurate equilibrium volume for solute systems.  
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Table 4.6 Calculated redox potential of several redox couples in molten LiCl-KCl salt at 773K with the 
predicted redox potential from the thermodynamic database [133]. 

Redox couples Prediction [133] 
(eV) 

FPMD (this study) 
(eV) 

2 Sigma Std. Error 
(eV) 

Sr(II)/Sr(0) -3.663 -3.266 0.204 
La(III)/La(0) -3.043 -3.091 0.255 
U(IV)/U(III) -1.056 -0.958 0.284 
U(III)/U(0) -2.393 -3.069 0.258 
Li(I)/Li(0) -3.574 -3.445 0.261 

Zr(IV)/Zr(0) -1.946 -2.494 0.299 
Eu(III)/Eu(II) -0.394 0.265 0.296 
Eu(II)/Eu(0) -3.625 -3.241 0.312 

Nd(III)/Nd(0) -2.946 -2.967 0.238 
Ce(III)/Ce(0) -2.983 -3.029 0.204 
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4.4 Interatomic Potential Development for Sr/La/U Solutes 

We have discovered that the interatomic potential for La and U in the LiCl-KCl was already 
developed in the literature [1]. In this project, therefore, we focused on the development of 
interatomic potential for Sr solute in the LiCl-KCl. 

The force-matching algorithm as implemented in POTFIT [134] was used to generate the 
interatomic pair potential for Sr in the molten LiCl-KCl. The potential has the Tosi-Fumi (or Born-
Huggins-Meyer) form [135, 136] as shown below: 
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whereby the five parameters are used for each pair potential with the inclusion of electrostatic 
potential.   

4.4.1 Fitting of Potential Parameters  

As part of the effort to yield a transferable pair potential model for the LiCl-KCl molten salt that 
incorporates Sr, we generate the parameterized potential model based on the results from the first-
principle molecular dynamics calculations. In particular, we utilized the potential fitting code 
(POTFIT) to extract the Hellman-Feynman Cartesian force acting on each atom, the stress tensor on 
the simulated MD cell and the cohesive energy obtained from the results from ab-initio-based 
equation of state (EOS) calculations. For this purpose, a weighted target function Z(ξ ) was defined 
and minimized  to quantify the deviations of the forces, stresses and energies from the (ab-initio-
based) reference values: 

          (4.10) 

         (4.11) 

         (4.12) 

where ZF represents the contributions of the forces Fk , and ZC those of the collective quantities i.e. 
the total stress tensors and cohesive energies.  is the reference component value for the forces on 
each atom whereas  is the reference value for the collective quantities. The force weighting factor 

 was set to account for the relative rather than absolute deviations from the reference forces 
whereas were the weights of the different collective terms. The optimization process implements 
a least square minimization module, using a combination of a deterministic conjugate gradient 
algorithm and a stochastic simulated annealing algorithm. 
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As an initial stage of the potential fitting, we implemented a simpler form of Morse potential and 
utilized the data from both the LiCl-KCl (64 atoms total in each cell) and Sr-doped LiCl-KCl (217 
atoms including 1 Sr atom in each simulated MD cell) FPMD simulations. As exemplified in Figure 
4.18, there is a very good agreement between the forces (acting on the potassium atoms) calculated 
from ab-initio molecular dynamics and those resulted from the fitting potential obtained by 
POTFIT. 

 

 

Figure 4.18. Comparison between Cartesian force components on individual K atoms (unit is meV/Å). 

While there is a reasonable comparison that can be made to the case of Sr forces as shown in 
Figure 4.19, due to the limited number of Sr atoms used in the simulated MD cell currently, 
the matching is not as robust.  

 

 

Figure 4.19. Comparison between Cartesian force components on individual Sr atoms (unit is meV/Å). 

The preliminary results show that the approach we employed to generate ab-initio based potential is 
quite promising and applicable to the molten salt systems. To improve the Sr potential model, we 
conducted additional ab-initio MD simulations that incorporate higher percentage of Sr dopants to 
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better model the Sr-Sr short intercations. In addition, a more realistic interaction potential of the 
Tosi-Fumi form for the molten salt was explored (see Sec 4.4.2). 

 

4.4.2 Interatomic Potential for Sr in LiCl-KCl 

We fit a Tosi-Fumi pair potentialfor Sr-X using the previously optimized parameters [1] for the 
LiCl-KCl molten salt system (Table 4.7). For the validation of Sr potential, IPMD simulation was 
conducted with the same cell size (67 atoms) of FPMD simulation. For more sampling of Sr in the 
LiCl-KCl, longer simulation (400ps) was conducted than the FPMD (36ps).  

Table 4.7. Parameters for Tosi-Fumi potential for the LiCl-KCl system with Sr 

  p1 p2 p3 p4 p5 

Li
+
-Li

+
 0.26091 0.33706 1.800 0.04780 -0.01673 

Li
+
-K

+
 0.21767 0.33706 2.420 0.83058 -0.53546 

Li
+
-Cl

-
 0.17292 0.33922 2.570 1.24886 -1.50597 

Li
+
-Sr

2+
 0.10463 0.36958 3.615 1.00938 -15.67553 

K
+
-K

+
 0.19015 0.33922 3.040 15.1656 -14.97603 

K
+
-Cl

-
 0.13741 0.34141 3.190 29.9606 -45.56394 

K
+
-Sr

2+
 0.48670 0.22208 2.271 38.24447 -19.75263 

Cl
-
-Cl

-
 0.17412 0.34587 3.340 132.80918 -1247.52831 

Cl
-
-Sr

2+
 0.66094 0.34694 2.851 4.06901 -29.72559 

Sr
2+

-Sr
2+

 0.17457 0.26387 2.842 100.29902 -182.67930 

The comparison of Sr-X RDFs between IPMD (LAMMPS) and FPMD (VASP) are shown in Figure 
4.20. Solid and dashed lines are RDFs obtained from the IPMD and FPMD, respectively. RDFs 
show a reasonable agreement between the results from the FPMD and the IPMD. As only one Sr 
atom exists in the cell, the RDFs between Sr-X are not smooth, especially the RDFs from the FPMD 
(dashed). As can be seen in Figure 4.20, even the RDF between Li and Li (19 atoms in the cell) is 
not perfectly superimposed onto each other between the IPMD and the FPMD. The disagreements 
may be caused by the small differences in the cell size which were used in each IPMD (lattice 
constant: 12.422Å) and FPMD simulations (12.264Å).   
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Figure 4.20. Comparison of RDFs of Sr-X showing a reasonable agreement between the results from the 
IPMD (solid line) and the FPMD (dashed line) 

We further compared the self-diffusion coefficients of Li, K, Cl and solute Sr ions (Figure 4.21). 
Calculated IPMD diffusivities are shown as square marks and the diffusivities from FPMD are 
shown as open circles with standard errors. As longer simulations were conducted, the diffusivities 
from IPMD have smaller errors than the diffusivities from FPMD.  The comparison of diffusivities 
shows a reasonable agreement.  

 

Figure 4.21. Comparison of estimated diffusion coefficients from IPMD (squares) and the FPMD (circles). 
The error represents the one sigma standard error 

We should note that, as has also been found by other studies, the p[4] and p[5] parameters may be 
sensitive to the concentration of LiCl-KCl molten salt as well as the concentration of the solutes and 
the sizes of the simulation cells. 
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