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Abst r act

Many of t oday' s el ect r o- mechani cal devi ces ex-

hi bi t bot h cont i nuous and di scr et e behavi or .

Model i ng t hese hybr i d syst ems pr esent s speci al

chal l enges f or aut omat ed model i ng and si mul a-

t i on . We show how nonst andar d anal ysi s over -

comes t hese chal l enges, pr ovi des a f i r m mat he-

mat i cal f oundat i on, and sat i sf i es our i nt ui t i ons

about t he behavi or of hybr i d syst ems .

Many of t oday' s el ect r o- mechani cal devi ces exhi bi t bot h

cont i nuous and di scr et e behavi or . Model i ng t hese hybr i d

syst ems pr esent s speci al chal l enges f or aut omat ed mod-

el i ng and si mul at i on . Wor k i n di scr et e event si mul at i on

[ Cassandr as, 1993] assumes t hat al l change i s di scr et e ;

wor k i n quant i t at i ve and qual i t at i ve si mul at i on assumes

t hat al l change i s ( at l east pi ecewi se) cont i nuous . The

behavi or of hybr i d syst ems, such as di gi t al l y cont r ol l ed

copi er s, chemi cal pl ant s, aut omobi l es, et c . , i s not appr o-

pr i at el y char act er i zed as ei t her cont i nuous or di scr et e .

A hybr i d model of a syst em i s of t en t he r esul t of an

abst r act i on t hat si mpl i f i es anal ysi s and t he pr edi ct i on of

behavi or . For exampl e, we of t en vi ew cl osi ng a swi t ch

as causi ng t he vol t age di f f er ence acr oss t he swi t ch t o be-

come 0 i n an i nst ant ; a l evel sensor i n a r eact or vessel

causes a pump t o shut of f and a val ve t o cl ose i n an

i nst ant . I n pr i nci pl e, i t i s possi bl e t o const r uct cont i nu-

ous model s of t hese behavi or s, but t hey ar e consi der abl y

mor e compl i cat ed . I n pr act i ce, t he use of di scont i nu-

ous abst r act i ons i s bot h ubi qui t ous and necessar y . For

i nst ance, t he t r ansi ent behavi or of cont r ol el ect r oni cs i s

of t en i r r el evant t o t he t ask of anal yzi ng t he over al l sys-

t em. Compl ex sequences of di scr et e act i ons ar e al so pos-

si bl e, such as when an aut omobi l e i gni t i on i s t ur ned on

( r el at i ve t o t he vehi cl e' s mot i on) or a camer a' s shut t er

i s depr essed .

Asat i sf act or y model f or hybr i d syst ems must suppor t :

Model i ng Ti me i n Hybr i d Syst ems :

How Fast I s " I nst ant aneous" ?zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

" di scr et e act i ons occur r i ng i n t he pr esence of cont i n-

uous change ;

" compl ex sequences of di scr et e act i ons ;

" t he abst r act i on t hat di scr et e act i ons ar e i nst ant a-
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We can r ef i ne t he t hi r d cr i t er i on : i t must not be possi -

bl e t o measur e t he dur at i on of a di scr et e act i on wi t h a

cont i nuous r eal - val ued cl ock .

Ther e have been sever al at t empt s t o i nt r oduce di scr et e

changes i nt o a st andar d cont i nuous model [ For bus, 1989 ;

Ni shi da and Doshi t a, 1987 ; I wasaki and Low, 1992] .

Pr obl ems wi t h t he mat hemat i cal semant i cs ar i se, how-

ever , because di scr et e changes vi ol at e t he assumpt i on of

cont i nui t y . Gi vi ng sound semant i cs t o t he r epr esent at i on

of di scr et e changes whi l e empl oyi ng t he r eal number l i ne

as t he model of t i me ( as i s usual l y empl oyed i n model -

i ng of cont i nuous syst ems) and r espect i ng t he under l yi ng

semant i cs of cont i nuous change t ur ns out t o be ver y di f -

f i cul t .

We pr ovi de a sound mat hemat i cal basi s f or model i ng

hybr i d syst ems t hat sat i sf i es t he t hr ee desi der at a l i st ed

above. The hybr i d syst ems ar e speci f i ed by di scr et e ac-

t i ons as wel l as qual i t at i ve or quant i t at i ve cont i nuous

f unct i ons . Our sol ut i on i s based on t he cal cul us of hy-

per r eal s, i . e . nonst andar d anal ysi s [ Hoski ns, 1990] . We

empl oy a nonst andar d model of t i me, whi ch capt ur es

t he i nt ui t i ve di st i nct i on we woul d l i ke t o make bet ween

di scr et e and cont i nuous changes . Mor e i mpor t ant l y, i t

al l ows us t o model bot h cont i nuous and di scr et e changes

uni f or ml y wi t hout cont r adi ct i ons or i nt r oduci ng unnec-

essar y compl exi t y .

Thi s paper i s or gani zed as f ol l ows . I n Sect i on 2, we

di scuss t he pr obl ems t hat ar i se when di scr et e changes ar e

i nt r oduced i nt o si mul at i on of cont i nuous syst ems . Sec-

t i on 3 r evi ews sever al f undament al def i ni t i ons f r omnon-

st andar d anal ysi s t hat ar e i mpor t ant f or our pur poses .

Sect i on 4 shows how nonst andar d anal ysi s can be used

t o pr ovi de a basi s f or model i ng hybr i d syst ems . Sect i on

5 pr esent s an exampl e of a l ogi c const r uct ed f or t he pur -

pose of model i ng hybr i d syst ems . Sect i on 6 di scusses

r el at ed wor k .
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Di scr et e Act i ons i n Cont i nuous

Syst ems

Consi der t he si mpl e ci r cui t shown i n Fi gur e 1, i n whi ch

el ect r i c power i s pr ovi ded t o a l oad ei t her by a sol ar

ar r ay or a r echar geabl e bat t er y. The char ge on t he bat -

t er y i s al so mai nt ai ned by a sol ar ar r ay . When t he char ge

l evel of t he bat t er y exceeds a t hr eshol d, a char ge- cur r ent

cont r ol l er opens a r el ay, al l owi ng t he bat t er y t o pr ovi de



SA: Sol ar ar r ay

	

RA: Rel ay

LD: El ect r i cal l oad

	

BA: Rechar geabl e bat t er y

CCC: Char ge cur r ent cont r ol l er

Si gnal connect i on

El ect r i cal connect i on

- - - ' '

	

Sensor dat a connect i on

Fi gur e 1 : A si mpl e ci r cui t

C0 : ( Shi ni ng Sun) A ( Cl osed Rel ay) =~' I l = i l

When t he sun i s shi ni ng and t he r el ay i s cl osed, t he sol ar ar r ay act s

as a const ant cur r ent sour ce .

C1 : ( Cl osed Rel ay) =~, h + 12 = 0

When t he r el ay i s cl osed, i t act s as a si mpl e conduct or .
C2 : - ( Cl osed Rel ay) = : >. h = 12 = 0

When t he r el ay i s open, i t conduct s no cur r ent .

C3 : - I 2
= a

The bat t er y accumul at es char ge .

Fi gur e 2 : Axi oms t o descr i be t he cont i nuous behavi or of t he r echar ger ci r cui t .

D1 : ( Hi gh Si gnal ) A ( Cl osed Rel ay) - - > - - - ( Cl osed Rel ay)

When t he si gnal f r om t he cont r ol l er goes hi gh, t he r el ay opens .
D2 : - ( Hi gh Si gnal ) A - ( Cl osed Rel ay) - - } ( Cl osed Rel ay)

When t he si gnal f r om t he cont r ol l er goes l ow, t he r el ay cl oses .

D3 : QBA > q2n - ( Hi gh Si gnal ) - ( Hi gh Si gnal )

When t he cont r ol l er det ect s t he char ge l evel i n t he bat t er y has r eached q2,

i t t ur ns on t he si gnal t o t he r el ay.

Fi gur e 3 : Di scr et e act i ons f or t he r echar ger ci r cui t .



power t o t he l oad . When t he char ge l evel dr ops bel ow

anot her t hr eshol d, t he char ge- cur r ent cont r ol l er cl oses

t he r el ay, al l owi ng t he sol ar ar r ay t o r echar ge t he bat -

t er y . I t i s nat ur al t o model t hi s syst em by a mi xt ur e of

cont i nuous and di scr et e behavi or .

Fi gur e 2 def i nes t he cont i nuous behavi or of t he syst em.

A cont i nuous change i s speci f i ed by a f or m C : c #,

e, wher e C i s t he name of t he cont i nuous change, c i s

t he condi t i on f or t he change t o t ake pl ace, and e i s i t s

consequences . The ant ecedent s, c, and t he consequences,

e, hol d si mul t aneousl y . We wi l l use t he not at i on c( t ) t o

denot e t hat c hol ds at t i me t . Thus, gi ven C : c =* ~ e, i f

c( t ) , t hen e( t ) .

Li kewi se, Fi gur e 3 def i nes t he di scr et e behavi or s of t he

r el ay and cont r ol l er . A di scr et e behavi or i s speci f i ed by

a f or m D : c - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" e, wher e D i s t he name of t he di scr et e

change, c i s t he condi t i on f or t he change t o t ake pl ace,

and e i s i t s ef f ect .

Si nce each one of D1 - D3 r epr esent s an act ual ac-

t i on of a physi cal component , i t does t ake some non-

zer o amount of t i me f or t he consequences t o t ake ef -

f ect af t er t he condi t i on becomes t r ue . However , t he di s-

cr et e act i ons ar e ext r emel y f ast r el at i ve t o t he cont i n-

uous changes, and t hei r dynami cs ar e uni nt er est i ng f or

t he pur poses of model i ng t he over al l ci r cui t . Thus, we

woul d l i ke t o model t hem as bei ng i nst ant aneous. I n

ot her wor ds, we woul d l i ke t he model t o capt ur e t he no-

t i on of al most i nst ant aneous change t aki ng pl ace wi t hout

any measur abl e dur at i on .

Whi l e i nt ui t i vel y pl ausi bl e, t hi s i nt er pr et at i on of i n-

st ant aneous changes r ai ses a f undament al pr obl em i n

model i ng of cont i nuous syst ems . Typi cal l y, t i me i s t aken

t o be i somor phi c t o t he r eal number l i ne . Thus, any

t empor al behavi or can be vi ewed as a sequence of st at es

t hat hol d al t er nat el y over an i nst ant and an open i nt er -

val ( t he r epr esent at i on t hat i s al so used i n qual i t at i ve

si mul at i on) . I t wor ks ver y wel l when t her e ar e no di s-

cr et e changes . Wi t hout t he di scr et e behavi or s speci f i ed

by Dl t hr ough D3, qual i t at i ve behavi or of t he syst ems

may be somet hi ng l i ke what i s shown i n Fi gur e 4( a) . I n

t he por t i on of t he behavi or shown i n Fi gur e 4, QBA i s

st eadi l y i ncr easi ng, unt i l i t r eaches t he t hr eshol d q2 at

t i me t = t 2 . St at es s o and 52 ar e i nst ant aneous st at es at

t i me poi nt s t o and t 2 ; sl and 53 ar e st at es cor r espondi ng

t o t he open i nt er val s ( t i t 2) and ( t 2 + 00) -
Add t o t hi s behavi or t he act i ons of t he cont r ol l er and

t he r el ay r epr esent ed by t he act i ons D1- D3. The an-

t ecedent of D3 becomes t r ue i n t he i nst ant aneous st at e

s2 . Thus, at t he t i me t 2 . 1, i mmedi at el y f ol l owi ng t 2, t he

si gnal goes hi gh . At yet anot her t i me ( t 2 . 2) i mmedi at el y

f ol l owi ng t 2 . 1, t he r el ay opens due t o act i on Dl . Our i n-

t ui t i ve not i on about t hese i nst ant aneous changes i s t hat

t hey happen so f ast t hat t he val ues of cont i nuous var i -

abl es do not measur abl y change dur i ng t he shor t t i me

r equi r ed f or t he consequence of an act i on t o t ake ef f ect .

Thi s i nt ended sequence of st at es ar e shown i n Fi gur e

4( b) . The cont ent s of t he st at es ar e summar i zed bel ow.

52 at t i me t 2 QBA = q2n ( Cl osed Rel ay) n

	

( Hi gh

Si gnal )

The ant ecedent of D3 hol ds, whi ch makes t he con-

t r ol l er t ur n on t he si gnal t o t he r el ay .

96

S2 . 1 at t i me t 2 . 1 ( Hi gh Si gnal ) n ( Cl osed Rel ay)

The consequence of D3 hol ds . Al so, t he ant ecedent

of Dl hol ds, whi ch makes t he r el ay st ar t t o open .

S2 . 2 at t i me t 2 . 2

	

( Cl osed Rel ay)

The Consequence of Dl hol ds .

I f we use t he r eal number l i ne as t he model of t i me, i t i s

i mpossi bl e t o pr oduce a descr i pt i on t hat mat ches exact l y

our i nt ended i nt er pr et at i on of t he di scr et e act i ons . On

t he r eal number l i ne, t her e i s no wel l - def i ned not i on of

a poi nt i mmedi at el y f ol l owi ng a poi nt . Even t hough we

woul d l i ke t o say t hat t her e i s a t i me poi nt at whi ch

Si gnal goes hi gh and whi ch " i mmedi at el y f ol l ows" t 2,

we cannot because t he poi nt t 2 must be f ol l owed by an

open i nt er val of non- zer o l engt h . Thi s f or ces us t o t ake

one of t he f ol l owi ng appr oaches :

1 . Si nce act i ons ar e supposed t o t ake l i t t l e t i me, as-

sume t hat t hey t ake no t i me . I n ot her wor ds, r ul es

such as D1 t hr ough D3 ar e t r eat ed j ust l i ke or di nar y

l ogi cal i mpl i cat i ons wi t h r espect t o t i me .

2 . Al ways i nser t a smal l , open i nt er val of unspeci -

f i ed l engt h bet ween t he t i me poi nt s at whi ch conse-

quences of act i ons become t r ue . Thi s cor r esponds

t o t he st at e sequence i n Fi gur e 4( c) . St at es 52 . 0 . 1

and 52_1 . 1 l ast over smal l open i nt er val s .

3 . Make t he consequences of an act i on t r ue i n ei t her

t he poi nt or t he i nt er val t hat i mmedi at el y f ol l ows

t he cur r ent st at e . Thi s cor r esponds t o t he st at e se-

quence i n Fi gur e 4( d) . St at es 52 and 52 . 2 ar e i nst an-

t aneous whi l e 52 . 1 l ast s over a smal l open i nt er val .

Ther e ar e pr obl ems wi t h al l of t hese appr oaches . Op-

t i on 1 i s obvi ousl y pr obl emat i c - i f act i ons ar e t aken as

l ogi cal i mpl i cat i on, t hen any of t he r ul es D1 t hr ough D3

di r ect l y pr oduces a cont r adi ct i on . I n gener al , t her e ar e

many cont r ol act i ons t hat t ake pl ace onl y i f t he desi r ed

ef f ect i s not al r eady i n pl ace . The ant ecedent f or such

act i ons must i ncl ude t he negat i on of t he consequence,

and t hi s wi l l i mmedi at el y l ead t o a cont r adi ct i on i f such

r ul es ar e t aken as l ogi cal i mpl i cat i ons .

Wi t h bot h Opt i ons 2 and 3, t he val ue of " cont i nuous"

var i abl es wi l l be unknown af t er a sequence of act i ons .

Ther e ar e t wo possi bi l i t i es f or t he val ue of QBA at t i me

t 2 . 2 as shown i n Fi gur e 4( a) . Si nce t he sun r emai ns up

and t he r el ay r emai ns cl osed unt i l st at e 52 . 2, QBA con-

t i nues t o i ncr ease past q2 unt i l 52, 2 . Si nce t her e i s a

non- zer o amount of t i me t hat passes bet ween 52 and 52 . 2,

QBA must have some val ue over q2, say q2 +b, wher e b i s

some posi t i ve quant i t y of unknown magni t ude. As si m-

ul at i on cont i nues and ot her di scr et e act i ons t ake pl ace,

var i abl es can accumul at e a number of such unknown Vs,

unnecessar i l y compl i cat i ng val ue comput at i on .

I f we i gnor e such Vs ( si nce act i ons happen so f ast

t hat any change i n t he val ues of ot her cont i nuous var i -

abl es over t he t i me i s negl i gi bl e) , we i nt r oduce a con-

t r adi ct i on . I n t he above exampl e, i f we asser t t hat

QBA( S2) = QBA( S2 . 2) = q2, i t wi l l be i nconsi st ent wi t h

t he basi c assumpt i on t hat QBA i s a cont i nuous quant i t y

and t he f act t hat , i n t he gi ven si t uat i on, t he condi t i on

of C3 hol ds and t her ef or e QBA shoul d be cont i nuousl y

i ncr easi ng over t he i nt er val bet ween 52 and 52, 2 .



st at e sequence

QBAk

q2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Opt i on 3 has t he addi t i onal di sadvant age of ar bi t r ar i l y

assi gni ng an i nst ant or an open i nt er val t o t he dur at i on

of an act i on dependi ng on wher e i t happens t o appear

i n a sequence . I f t he f i r st act i on i n a sequence occur s at

a t i me i nst ant , t hen al l odd- number ed act i ons wi l l occur

at an i nst ant . I f i t had occur r ed over an i nt er val , t hen

al l odd- number ed act i ons woul d occur at i nt er val s . Thi s

i s an undesi r abl e and bi zar r e ar t i f act of t he par t i cul ar

model of t i me empl oyed and has not hi ng t o do wi t h what

t he act i ons r epr esent .

Thi s exampl e demonst r at es pr obl ems whi ch ar i se

when one t r i es t o r epr esent hybr i d syst ems whi l e usi ng

t he r eal number l i ne as t he model of t i me . The pr obl ems

can be summar i zed as f ol l ows :

1 . We cannot have a sequence of i nst ant aneous st at es

one i mmedi at el y f ol l owi ng t he ot her .

2 . We cannot i gnor e t he change, i f any, i n t he val ue of

cont i nuous var i abl es over t he t i me i n whi ch di scr et e

act i ons t ake pl ace .

We pr opose t o use t he hyper r eal s as our model of t i me .

Thi s al l ows us t o r epr esent di scr et e act i ons i n a nat ur al

way and t o over come t hese t wo pr obl ems . The mai n

advant ages of usi ng hyper r eal s ar e as f ol l ows :

1 . Hyper r eal s al l ow us t o have a sequence of t i me

poi nt s one f ol l owi ng t he ot her such t hat t he gap

bet ween t he poi nt s ar e i nf i ni t el y smal l .

2 . Hyper r eal s al l ow us t o i gnor e any change i n t he

val ue of cont i nuous var i abl es over a f i ni t e sequence

of di scr et e act i ons .

. . . . . . . . . . . . . . . . . . . . . . . . ~- - - - - - - - ~. -

	

I

J

S2 S2 . 2

Fi gur e 4: Behavi or of t he ci r cui t i n Fi gur e 1 .

S2. 2

t 2 t 2 . 1 t 2 . 2

J

S2

S2 52. 1 S2. 2

52. 0. 1 52. 1 . 1
0_~- i - 10- 61-

S2 S2 . 1 S2 . 2
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Cal cul us of Hyper r eal s

Thi s sect i on br i ef l y r evi ews t he f undament al concept s i n

nonst andar d anal ysi s t hat ar e r el evant t o our appr oach .

The cal cul us of hyper r eal s i s def i ned over t he set * R,

such t hat * R i s a t ot al l y or der ed f i el d and * R cont ai ns

R as i t s pr oper subf i el d . The member s of R ar e cal l ed

st andar d member s of * R. Nonst andar d member s of * R

i ncl ude i nf i ni t e and i nf i ni t esi mal number s . The el ement s

of * R can be gener al l y cl assi f i ed as f ol l ows : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

" An el ement w of * R i s cal l ed an i nf i ni t e hyper r eal

number i f b' a E R, w > a . We wi l l denot e t he set of

al l i nf i ni t e hyper r eal number s as * Ro, , .

" An el ement e of * R i s cal l ed an i nf i ni t esi mal hyper -

r eal number i f ba E R, I cl <_ j al . We wi l l denot e t he

set of al l i nf i ni t esi mal hyper r eal number s as * Ro .

Not e 0 i s t he onl y st andar d member of * Ro .

" An el ement b of * R i s cal l ed a f i ni t e hyper r eal num-

ber i f t her e i s a posi t i ve number a E R, such t hat

obi < a. We wi l l denot e t he set of al l f i ni t e hyper r eal

number s as * Rf . Not e * Ro C * Rf .

We wi l l use l ower case al phabet l et t er s t o denot e a

member of * Rf , e wi t h or wi t hout a subscr i pt t o denot e

a member of * Ro, and w wi t h or wi t hout a subscr i pt t o

denot e a member of * Roo .
The st andar d ar i t hmet i c oper at or s ar e def i ned over * R

i n an i nt ui t i ve manner . The f ol l owi ng axi oms f ol l ow f r om

t hei r def i ni t i ons .

E1+E2=E3

aE * Rf =: >, a* e1=e2



The val ue of w* E can be a member of * Rf , * R, or * Ro .

We wi l l al so use t he not at i on N t o mean " i nf i ni t el y

cl ose" def i ned as f ol l ows :

Def i ni t i on 3. 1 :

	

a : t : b = l a - bI - E

The f ol l owi ng t heor em hol ds :

Theor em 3. 2 :

	

Each member of * Rf i s i nf i ni t el y cl ose
t o a uni que member of R.

I n ot her wor ds, ' da E

	

' Rf , 3r E R such t hat a - r + E

and r i s uni que . We wi l l cal l such r t he st andar d par t of

a and denot e i t as oa .

Cor ol l ar y 3. 3:

	

Each i nt er val of an i nf i ni t esi mal l engt h

cont ai ns at most one el ement of R. Some exampl es ar e
( t - E, t + E) , ( E, 2E) , and ( w, w + E) .

I n summar y, a syst em * R of hyper r eal number s i s R
ext ended wi t h i nf i ni t e number s of i nf i ni t esi mal and i nf i -

ni t e el ement s, and i t i s cl osed under addi t i on and mul -

t i pl i cat i on . A si gni f i cant aspect of * R f or our pr esent

pur pose i s t hat i t gi ves us t he not i on of i nf i ni t esi mal di f -

f er ences bet ween t wo poi nt s of t i me ( or quant i t y val ues)

t hat ar e smal l er t han t he di f f er ence bet ween any t wo

st andar d r eal number s . Fur t her mor e, i nf i ni t esi mal di f -

f er ences never add up t o a st andar d number as l ong as

t her e ar e onl y a f i ni t e number of t hem.

I n or der t o make * R our model of t i me ( and t he r ange

of cont i nuous f unct i ons) , we must have a def i ni t i on of

cont i nui t y i n * R. I n st andar d anal ysi s, cont i nui t y of a

f unct i on f at a i s def i ned as

Def i ni t i on 3. 4 :

	

f i s cont i nuous i n R i f f

` dead bx[ I x - al < d - I f ( x) - f ( a) ) < e] .

I n nonst andar d anal ysi s, cont i nui t y' of a f unct i on * f i s

def i ned i n an anal ogous manner as :

Def i ni t i on 3. 5 :

	

* f i s Q- cont i nuous i n * R i f f

dx [ x t i a =>

	

* f ( x) ^

	

f ( a) ] .

The der i vat i ve * f ' of * f i s def i ned as f ol l ows :

Def i ni t i on 3. 6 :

	

I f E1, E2 54 0 and E1, E2 E* Ro,

f l ( a)
= 0

( * f
( a+

E1) - * f ( a) 1

E) 1

and

o ( * f ( a+E1) - * f ( a) 1 - o ( * f ( a+E2) - * f ( a) 1

Cl	 E J2

I n ot her wor ds, t he der i vat i ve i s def i ned t o be a st an-

dar d number and t he der i vat i ve i s const ant i n t he vi ci n-

i t y ( a - E, a + E) of a .

4

	

A Nonst andar d Model of Hybr i d

Syst ems

We now descr i be our model of hybr i d syst ems based on

cal cul us of hyper r eal s . We wi l l al so show how t he ap-

pr oach over comes t he di f f i cul t i es di scussed i n Sect i on 2 .

We use t he hyper r eal s as t he model of t i me as wel l as

of t he domai n of cont i nuous f unct i ons . We assume t hat

' Ther e ar e act ual l y sever al di f f er ent not i ons of cont i nui t y

t hat can be def i ned i n * R. Q- cont i nui t y i s one of t hem.

t he f unct i ons used t o descr i be t he cont i nuous par t of t he
behavi or ar e Q- cont i nuous i n * R. As f or di scr et e act i ons

D : c - e i nt r oduced i n Sect i on 2, we f or mal l y def i ne

t hei r semant i cs as f ol l ows :

Def i ni t i on 4. 1 :

	

A : c - + e means t hat c( t o) =* 3t l
such t hat t l > t o and t o ~ t l and e( t l ) .

I n ot her wor ds, when t he ant ecedent of an act i on be-
comes t r ue at t i me t o, t he consequence of t he act i on

becomes t r ue at t i me t i , whi ch comes af t er t o but i s

i nf i ni t el y cl ose t o t o .

Thi s def i ni t i on of an act i on al l ows us t o have a se-

quence of i nst ant aneous st at es one af t er anot her , each of

whi ch i s di st i nct but i nf i ni t el y cl ose t o i t s pr edecessor .

Fur t her mor e, t he val ue of a cont i nuousl y changi ng var i -

abl e changes onl y by an i nf i ni t el y smal l magni t ude over

a sequence of such i nst ant aneous st at es as l ong as t he
sequence i s f i ni t e . Thus, i n comput i ng t he st andar d par t

of t he val ue of a cont i nuousl y changi ng var i abl e, we can

al ways i gnor e t he nonst andar d par t as l ong as t he num-

ber of di scr et e changes i s f i ni t e, because t he nonst andar d

par t can never become l ar ge enough t o make a di f f er ence

i n t he st andar d par t .

Not e t hat t he def i ni t i on 4. 1 i t sel f does not r equi r e t hat

e ent ai l - c ( as i s t he case i n al l t he exampl es of di scr et e

act i ons i n Fi gur e 3) . However , i t i s i n gener al a good i dea

t o r epr esent act i ons i n such a way t hat t he consequence

i nval i dat es t he condi t i on because, ot her wi se, t he act i on

wi l l end up bei ng r epeat ed an i nf i ni t e number of t i mes .

The exampl e i n Fi gur e 1 yi el ds a st at e sequence as de-

pi ct ed i n Fi gur e 5, wher e t he x- ( t i me) and y- axes ( QBA)

ar e now hyper r eal number l i nes . The st at es s2, s2 . 1, and

s2 . 2 ar e di st i nct st at es, but t he gaps bet ween t hemar e of

i nf i ni t esi mal magni t udes . Thus, we can saf el y say t hat

t he st andar d par t of t he val ue of QBA i n st at e $2 . 2 i s

equal t o t hat i n st at e s 2 wi t hout cont r adi ct i ng t he con-

t i nui t y assumpt i on or t he equat i on i n C3 .

Not i ce t hat t hi s semant i cs of cont i nuous and di scr et e

behavi or based on nonst andar d model of t i me al l ows us

t o capt ur e i n t he most nat ur al way what we mean i n-

t ui t i vel y by di scr et e act i ons wi t hout vi ol at i ng t he basi c

cont i nui t y assumpt i ons . I t al so al l ows us t o avoi d i n-

t r oduci ng S' s of an unknown magni t ude i nt o t he val ue

of cont i nuousl y changi ng var i abl es, unnecessar i l y com-

pl i cat i ng comput at i on .

4. 1

	

Tempor al Pr oj ect i on

The t ask of model i ng hybr i d syst ems r equi r es bot h a

mat hemat i cal f oundat i on t hat al l ows t he behavi or of a

hybr i d syst ems t o be descr i bed and al gor i t hms t hat pr e-

di ct t he behavi or f r omsuch a descr i pt i on . I n t hi s sect i on,

we di scuss t he pr obl em of pr edi ct i on, par t i cul ar l y wi t h

r egar d t o pr edi ct i ng behavi or acr oss di scr et e changes .

Pr edi ct i ng behavi or r equi r es us t o sol ve t he " t empor al

pr oj ect i on" pr obl em. Dur i ng phases of cont i nuous be-

havi or , t empor al pr oj ect i on i s st r ai ght f or war dl y sol ved

by di f f er ent i al cal cul us . The equat i ons descr i bi ng a sys-

t emt oget her wi t h t he val ues of var i abl es can be sol ved t o

det er mi ne f ut ur e behavi or . Di f f i cul t i es may ar i se when

a di scr et e act i on occur s si nce a si ngl e di scr et e change

may cascade t hr ough equat i ons and ot her const r ai nt s,

r esul t i ng i n di scont i nui t i es i n t he val ues of many ot her



st at e sequence

* QBA

si

cont i nuous quant i t i es . For i nst ance, dumpi ng hot wa-

t er i nt o a cont ai ner hol di ng some col d wat er r esul t s i n

di scont i nuous changes i n t he mass of wat er , i t s l evel ,

t emper at ur e, pr essur e at t he bot t om, and so on . I t does

not , however , change t he speci f i c heat of t he wat er , t he

l ocat i on of t he pot , i t s col or , and so on . I n t he ci r cui t

of Fi gur e 1, openi ng t he r el ay may i mmedi at el y r esul t i n

di scont i nuous changes i n t he val ues of t he cur r ent and

vol t age at var i ous poi nt s but not i n t he char ge l evel of

t he bat t er y .

What we ar e f aced wi t h i s a speci al case of t he pr ob-

l emof r et ai ni ng pr edi cat i ons acr oss an act i on, whi ch has

been wi del y st udi ed i n t he AI l i t er at ur e . Ther e ar e t wo

basi c appr oaches : ei t her expl i ci t f r ame axi oms ar e r e-

qui r ed t o car r y pr edi cat i ons acr oss di scr et e changes ( e . g . ,

STRI PS [ Fi kes and Ni l sson, 1971] ) , or t he l ogi c i s ex-

t ended wi t h some sor t of accessi bi l i t y r el at i on and pr ef -

er ence r el at i on bet ween possi bl e wor l ds ( e . g . , Act i on-

Augment ed Envi si onment [ For bus, 1989] or any of t he

non- monot oni c l ogi cs f or expr essi ng act i on) . Unf or t u-

nat el y, nei t her appr oach i s al t oget her sat i sf act or y . Pr o-

vi di ng expl i ci t f r ame axi oms i s er r or - pr one and di f f i cul t

because t he f r ame axi oms cannot be speci f i ed f or i ndi -

vi dual act i ons or pr edi cat es i n i sol at i on . Pr ovi di ng an

accessi bi l i t y and pr ef er ence r el at i on t hat el i mi nat es i m-

pl ausi bl e consequences ( but not pl ausi bl e ones) whi l e be-

i ng comput at i onal l y t r act abl e r emai ns el usi ve . Fur t her -

mor e, as For bus poi nt s out i n [ For bus, 1989] , t her e i s no

f or mal st andar d f or cor r ect ness her e ; t her e ar e onl y i nf or -

mal desi der at a . The pr i mar y one i s t hat changes shoul d

be mi ni mal and causal l y r el at ed t o t he act i on . Never t he-

l ess, i n t he case of pr edi ct i ng behavi or of hybr i d syst ems,

combi nat i ons of t he t wo appr oaches appear t o be qui t e

pr omi si ng .

The Devi ce Model i ng Envi r onment ( DME) [ I wasaki

and Low, 1992] combi nes expl i ci t f r ame axi oms wi t h a

pr ef er ence r el at i on . DME uses an al gor i t hm f or t em-

por al pr oj ect i on over di scr et e changes t hat appear s r ea-

sonabl y ef f i ci ent l y and avoi ds i mpl ausi bl e consequences .

DME i s a model i ng and si mul at i on pr ogr am f or hybr i d

syst ems wher e cont i nuous changes ar e descr i bed by a set

S2 . 2

S3

Fi gur e 5 : Behavi or of t he ci r cui t i n Fi gur e 1 wi t h a nonst andar d model of t i me .

of al gebr ai c and or di nar y t i me di f f er ent i al equat i ons and

di scr et e changes ar e descr i bed by act i ons as di scussed

t hr oughout t hi s paper . When a di scr et e change t akes

pl ace, DME pr ef er s among al l t he st at es t hat can r esul t

f r om t he act i on t hose st at es t hat sat i sf y t he f ol l owi ng

cr i t er i a :

1 . The consequence of t he act i on i s t r ue i n t he st at e .

2 . The val ues of a var i abl e t hat i s exogenous, i nt e-

gr at ed, or di scr et e r emai ns t he same unl ess t he var i -

abl e i s expl i ci t l y changed by t he act i on .

3 . The val ues of t he var i abl es t hat ar e speci f i ed not

t o change acr oss di scr et e changes i n user - pr ovi ded,

domai n- speci f i c f r ame axi oms r emai n t he same .

I nt egr at ed var i abl es ar e t hose quant i t i es whose val -

ues at t i me t i s t he i nt egr at i on of changes up t o t hat

t i me ; unl ess changed expl i ci t l y, t hei r val ues shoul d not

change i nst ant aneousl y. Li kewi se, exogenous var i abl es

ar e t hose cont r ol l ed by ent i t i es ext er nal t o t he model ;

unl ess changed expl i ci t l y, t hei r val ues ar e not l i kel y t o

change . Fi nal l y, si nce DME assumes t hat al l mecha-

ni sms f or change ( cont i nuous or di scr et e) ar e r epr esent ed

as equat i ons or act i ons, and cont i nuous equat i ons cannot

change t he val ue of a di scr et e var i abl e, t he val ue of such

a var i abl e i s l i kel y t o r emai n t he same unl ess changed

expl i ci t l y by an act i on .

Based on t he pr oj ect ed var i abl e val ues, DME det er -

mi nes what equat i ons shoul d be i n ef f ect and r ecomput es

t he val ues of al l ot her var i abl es usi ng t he equat i ons . Thi s

may or may not r esul t i n di scr et e changes i n t he val ues

of r ecomput ed var i abl es . I f t her e i s not enough i nf or ma-

t i on t o compl et e t he st at e descr i pt i on af t er pr oj ect i ng

val ues f r om t he pr evi ous st at e, t he behavi or pr edi ct i on

wi l l br anch and DMEwi l l pr oduce al l possi bl e successor

st at es . DME al so al l ows t he user t o speci f y expl i ci t l y

what quant i t i es can be pr oj ect ed over di scr et e changes,

si nce t he user or t he model bui l der of t en has knowl edge

t hat al l ows her t o pr ovi de such domai n- speci f i c f r ame

axi oms a pr i or i .

Thi s st r at egy avoi ds pr oduci ng i nconsi st enci es by be-

i ng conser vat i ve about val ue pr oj ect i on whi l e al l owi ng

3
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i mpr oved ef f i ci ency when domai n- speci f i c f r ame axi oms

ar e avai l abl e .
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A Logi c f or Hybr i d Syst ems

Sect i on 4 has def i ned a model of hybr i d syst ems based

on nonst andar d anal ysi s t hat sat i sf i es t he desi der at a out -

l i ned i n t he i nt r oduct i on . Thi s model may be empl oyed

i n sever al ways . I t may be embedded i nt o f i r st or der

l ogi c . A common met hod f or r epr esent i ng act i ons and

change i n f i r st or der l ogi c i s t o t ake t i me- var yi ng pr ed-

i cat es and augment t hem wi t h an addi t i onal ar gument

t hat r anges over t he t i mes t hat t he pr edi cat e hol ds . Thi s

ar gument may be al l owed t o r ange over t he hyper r eal s

i nst ead of t he r eal s . I f t he mat hemat i cal def i ni t i ons of

cont i nui t y, et c . , over t he hyper r eal s ar e added, t hen one

can r eason about t he behavi or of syst ems so descr i bed .

I t i s of t en desi r abl e, however , t o const r uct a sl i ght l y r e-

st r i ct ed l ogi c t hat wi l l enf or ce t he common i di oms and

al l ow t hem t o be mor e succi nct l y expr essed . For exam-

pl e, t empor al l ogi cs t ypi cal l y pr event expl i ci t r ef er ence

t o and quant i f i cat i on over t i me, as wel l as maki ng t em-

por al st at ement s much mor e succi nct . I t i s possi bl e t o

def i ne a t empor al l ogi c si mi l ar t o Henzi nger ' s HTL [ Al ur

et al . , 1993] , and r epl ace t he r eal l i ne wi t h hyper r eal s .

We wi l l pur sue yet anot her possi bi l i t y her e and const r uct

a l ogi c speci f i cal l y f or t he pur pose of pr edi ct i ng and an-

al yzi ng t he behavi or of hybr i d syst ems . The key i dea i s

t hat t he denot at i on of sent ences wi l l be gi ven by possi -

bl e t empor al behavi or s wher e t i me can t ake on hyper r eal

val ues .

Our l ogi c i s based on t he appr oach of concur r ent con-

st r ai nt pr ogr ammi ng [ Sar aswat , 1993] . Concur r ent con-

st r ai nt pr ogr ammi ng uses t he i dea of a st or e as t he set

of possi bl e val ues of t he var i abl es . Pr ogr ams can t hen

add const r ai nt s t o t he st or e, and ask t he st or e i f some

const r ai nt s ar e val i d .

Our l anguage modi f i es t he st andar d concur r ent con-

st r ai nt l anguages, whi ch ar e at empor al , by al l owi ng t he

l anguage const r uct s t o ext end acr oss t i me . Thus, t he

st or e al so var i es over t i me . The l anguage i s bui l t over

a const r ai nt syst em, and we assume t hat t he const r ai nt

syst em i s power f ul enough t o expr ess t he desi r ed pr op-

er t i es . I n par t i cul ar , t he const r ai nt syst em can expr ess

di f f er ent i al equat i ons and pr oposi t i onal l ogi c .

The synt ax of t he l anguage i s :

A : : =cI c=~. AI c- +E AI A11AI f i r st c

c r epr esent s t he const r ai nt bei ng added t o t he st or e . We

wi l l assume t hat i t st ays t her e unt i l a di scr et e act i on

adds i t s negat i on t o t he st or e . c =: > A i s used t o r epr e-

sent si mul t aneous act i ons, f or exampl e t hose i n Fi gur e 2.

c - - . E Ar epr esent s a di scr et e act i on, so A hol ds an e t i me

af t er c becomes t r ue . A11B i s used t o put t oget her sev-

er al such const r uct s t o f or m a pr ogr am. f i r st c i s used

t o speci f y t hat c i s t r ue at t he st ar t of an i nt er val .

The model we have f or t hese pr ogr ams i s a set of f unc-

t i ons f r om t he hyper r eal s t o set s of const r ai nt s . Each

such f unct i on r epr esent s a possi bl e evol ut i on of a pr o-

gr am, descr i bi ng t he const r ai nt s t hat ar e pr esent i n t he

st or e at any t i me i nst ant . The onl y r est r i ct i on t hat we

pl ace on t hese set s of f unct i ons i s t hat t hey be det er -

mi nat e . That i s, f or any evol ut i on o up t o t i me t , t he
set { f ( t ) I f ext ends o} i s cl osed under gr eat est l ower

bounds . Thi s enabl es us t o det er mi ne uni quel y t he out -

put of a pr ocess gi ven as a set of f unct i ons .

The denot at i on of a pr ogr amP i n our l anguage, wr i t -

t en [ P] , i s t he set of al l of i t s possi bl e evol ut i ons . We can

def i ne t he denot at i on composi t i onal l y as f ol l ows . [ c] i s
t he set of al l f unct i ons wher e f ( t ) Dc unt i l some t when

f ( t ) Q - c . [ c =~- A] i s t he set of al l f unct i ons i n whi ch

whenever c i s t r ue at t i me t , t hen t he f unct i on st ar t i ng

at t i s i n [ A] . [ c - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" E A] cont ai ns t hose f unct i ons f i n

whi ch whenever c i s t r ue at t , t hen f st ar t i ng at t +e i s

i n [ A] . Not i ce t hat i n or der t o get det er mi nacy, we need

t o know a f i xed e, and al so si nce e i s an i nf i ni t esi mal ,

we need hyper r eal f unct i ons her e . [ A11B] = [ A] ( l [ B] .

Thi s l ast def i ni t i on pr ovi des t he mot i vat i on f or i ncl udi ng

al l of t he f unct i ons f ( t ) 2 c, r at her t han somet hi ng l i ke

f ( t ) = c . I ncl udi ng t he super set s al l ows composi t i on t o

be def i ned as i nt er sect i on .

As an exampl e, consi der t he f ol l owi ng pr ogr am:

x' = l 11f i r st ( x = 0) I l power - onl l

x = 3 - +
E,

r el ay- openl l r el ay- open - + E, power - of £l l

power - of f - +E, x' = 0.

For any f unct i on f i n i t s denot at i on, we must have

" f ( 0) Q { x' = 1, x = 0, power - on} ,

" f ( 3) 2 { x' = 1, power - on} ,

" f ( 3 + ei ) -={ x' = 1, power - on, r el ay- open} ,

" f ( 3 + ei + e2) ; { x' = 1, power - of f , r el ay- open} ,

and so on . Thi s gi ves us al l t he i nf or mat i on we need

about t he pr ocess, and we can use i t t o deduce var i ous

t hi ngs as shown bel ow.

Once we have a denot at i onal model f or our pr ogr ams,

we i mmedi at el y get a l ogi c f or t he l anguage . Gi ven pr o-

gr ams A, B we say A ~- B i f [ A] g [ B] , t hat i s ever y

possi bl e evol ut i on of A i s a possi bl e evol ut i on of B. We

t hen bui l d up an i nf er ence syst emf or t hi s l ogi c . We can

use t hi s l ogi c t o r eason about pr ogr ams . For exampl e, i f

Bi s known never t o get i nt o a bad st at e, and A~- Bt hen

we know t hat A can never get i nt o a bad st at e . Thus, i n

t he above exampl e we can pr ove t hat P f - x <_ 3, whi ch

mi ght be a desi r ed saf et y pr oper t y .

The l anguage descr i bed her e i s, of cour se, not a f ul l -

f l edged model i ng l anguage . I t does not pr ovi de a suc-

ci nct way of char act er i zi ng t empor al evol ut i on usi ng de-

f aul t s such as TCC [ Sar aswat et al . , 1994] , nor does i t

pr ovi de a succi nct synt ax f or descr i bi ng physi cal syst ems

and t he pr ocesses t hat ef f ect t hem such as t he CML

[ Fal kenhai ner et al . , 1993] . However , i t does i l l ust r at e

t he basi c i deas descr i bed i n t hi s paper .
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Rel at ed Wor k

Ther e has been a consi der abl e amount of wor k t hat ad-

dr esses t he pr obl ems of r easoni ng about hybr i d syst ems

2 f ext ends o i f f ( x) = o( x) f or al l x < t , wher e o i s def i ned
up t o t .

3See [ Sar aswat et al . , 1994] f or det ai l s .



or has l ooked at t he i ssues of usi ng nonst andar d anal -

ysi s t o r epr esent pr ocesses act i ng at di f f er ent or der s of

magni t ude .

Rayner [ Rayner , 1991] suggest ed use of nonst andar d

anal ysi s t o model cont i nuous syst ems wi t h di scr et e

changes i n hi s def ense of cl assi cal l ogi c as means of mod-

el i ng cont i nuous syst em behavi or .

Henzi nger ' s hybr i d t empor al l ogi c [ Al ur et al . , 1993]

al l ows t he behavi or of pi ecewi se- cont i nuous syst ems t o

be descr i bed and enabl es pr oper t i es of t hese behavi or s

t o be ver i f i ed ( by hand) . Thi s wor k uses a r eal model

of t i me t oget her wi t h l i mi t s t o descr i be di scont i nui t i es .

HTL does not al l ow f or a sequence of act i ons . The wor k

has been most l y " descr i pt i ve" , r at her t han " pr edi ct i ve" .

For bus i nt r oduced t he not i on of an " act i on augment ed

envi si onment " [ For bus, 1989] t hat i ncor por at es di scr et e

i nst ant aneous act i ons i nt o hi s Qual i t at i ve Pr ocess t he-

or y [ For bus, 1984] . I t appear s l i kel y t hat t hi s appr oach

i s consi st ent wi t h t he r epr esent at i on t hat we have de-

scr i bed . I t i s di f f i cul t t o be cer t ai n, because t her e i s no

commi t ment t o a model of t i me .

Ther e ar e sever al l i mi t at i ons of For bus' appr oach .

Fi r st , onl y a si ngl e act i on may occur at a t i me . For -

bus obser ves t hat t hi s i s not a f undament al l i mi t at i on,

as compound act i ons may be def i ned . Thi s i s, however ,

an i mpor t ant pr act i cal l i mi t at i on - i t makes i t i mpos-

si bl e t o def i ne any act i on i n i sol at i on of ot her s . Thi s

may seem pal at abl e when consi der i ng act i ons t aken by

a si ngl e agent , but when t her e ar e mul t i pl e agent s i t

becomes pr obl emat i c . Second, t her e cannot be any se-

quences of act i ons . Thi r d, act i ons can onl y change t he

t r ut h of at omi c gr ound f or mul ae ( t he STRI PS act i on

model ) . Thi s means t hat act i ons cannot i nt r oduce new

obj ect s i nt o t he syst em dependi ng on i t s st at e . Four t h,

t he al gor i t hms pr esent ed t o i nf er t he behavi or of a sys-

t emt o whi ch act i ons mi ght be appl i ed do not scal e . They

ef f ect i vel y appl y each act i on whenever i t can be appl i ed

t o al l possi bl e st at es t hat t he syst em mi ght ever be i n .

For bus suggest s t hat i ncr ement al al gor i t hms shoul d be

possi bl e, but t hey have not been f ur t her devel oped . One

can vi ew t he al gor i t hms descr i bed i n t hi s paper and i m-

pl ement ed i n t he DMEsyst emas i ncr ement al al gor i t hms

f or achi evi ng t hi s pur pose . Fi nal l y, t he st at e t hat r esul t s

f r omappl yi ng an act i on i s det er mi ned heur i st i cal l y. The

st at e t hat r esul t s f r om appl yi ng an act i on i s t he st at e

t hat i s consi st ent wi t h t he act i on and most l i ke t he one

i n whi ch t he act i on was appl i ed . I n hi s i mpl ement at i on,

" most l i ke" means shar i ng t he maxi mal number of as-

sumpt i ons . Ther e i s no pl ace i n t he r epr esent at i on f or

expl i ci t l y st at i ng f r ame axi oms, but t hey ar e al l i mpl i c-

i t l y def i ned by t he " near est nei ghbor " heur i st i c . For bus

obser ves t hat t her e i s no f or mal st andar d f or cor r ect -

ness - onl y an i nf or mal set of cr i t er i a t hat shoul d be

sat i sf i ed . I n par t i cul ar , an act i on shoul d r esul t i n no ex-

t r aneous changes and t hat onl y t he mi ni mal necessar y

changes shoul d be pr edi ct ed .

Ni shi da and Doshi t a pr oposed t wo met hods, cal l ed ap-

pr oxi mat i on and di r ect met hods, t o handl e di scont i nu-

ous changes i n si mul at i ng t he behavi or of a most l y con-

t i nuous syst em [ Ni shi da and Doshi t a, 1987] . The ap-

pr oxi mat i on met hod model s a di scont i nuous j ump i n a

cont i nuous var i abl e val ue as a gr adual change and car -

r i es out envi si onment of t he behavi or dur i ng t he gr adual

change usi ng i nf i ni t esi mal s . The appr oxi mat i on met hod

wor ks wel l when di scont i nuous change i s i n an i nput var i -

abl e val ue, and t he var i abl e i s a cont i nuous- val ued var i -

abl e . However , Ni shi da and Doshi t a st at e t hat i t i s not

cl ear how wel l t he met hod wi l l per f or m i n ot her cases

wher e a di scont i nuous change i s caused by a mode t r an-

si t i on, posi t i ve f eedback wi t hout t i me del ay, or a change

i n t he val ue of a di scr et e- val ued var i abl e .

The di r ect met hod pr edi ct s a sequence of myt hi cal i n-

st ant aneous st at es bet ween nor mal st at es when a di s-

cont i nuous change t akes pl ace . The myt hi cal i nst ances

ar e st at es wher e t he var i abl es do not sat i sf y al l t he sys-

t emconst r ai nt s ; t he met hod pr oduces a ser i es of t hem

as i t sear ches f or a consi st ent st at e by r el axi ng assump-

t i ons t hat cause i nconsi st enci es one by one. Thi s met hod

seems t o pr edi ct cor r ect l y t he consequences of di scr et e

changes whi l e pr oduci ng a causal account of what hap-

pens when such di scr et e changes t ake pl ace f or any t ypes

of di scr et e changes . De Kl eer and Br own al so uses t he

not i on of myt hi cal st at es t o pr oduce a causal account of

how di st ur bances pr opagat e t hr ough a model t o cause

a change, t hough t hey do not handl e di scr et e changes

[ de Kl eer and Br own, 1984] . The pr obl em wi t h t he no-

t i on of " myt hi cal " st at es i n bot h cases i s t hat i t i s not

cl ear what t hey act ual l y r epr esent . I n ot her wor ds, i t i s

not cl ear whet her myt hi cal st at es r epr esent ver y shor t

but r eal i nst ances or ar e an ar t i f act of t he r epr esent a-

t i on and r easoni ng pr ocedur es . I f t hey do r epr esent r eal

i nst ances, t he semant i cs of t he under l yi ng model of t i me

becomes uncl ear .

Rai man used nonst andar d anal ysi s as t he basi s f or hi s

t heor y of or der of magni t ude r easoni ng [ Rai man, 1991] .

Hi s wor k on or der of magni t ude r easoni ng i s t ot al l y

wi t hi n t he r eal mof cont i nuous syst ems . Even t hough we

bel i eve t hat some t ypes of di scont i nuous changes can be

model ed as cont i nuous changes usi ng or der of magni t ude

r easoni ng, as Ni shi da and Doshi t a showed, ot her t ypes of

di scont i nuous changes such as changes i n symbol i c var i -

abl es, do not l end t hemsel ves easi l y t o t hi s appr oach .

Wel d has devel oped a qual i t at i ve si mul at i on al gor i t hm

based on nonst andar d model of t i me and quant i t i es i n

det ai l [ Wel d, 1990] . The mot i vat i on f or hi s wor k i s t o an-

swer compar at i ve anal ysi s quest i ons about t he behavi or

of dynami c syst ems by changi ng t he val ue of a model pa-

r amet er t o an ext r eme ( i nf i ni t e or an i nf i ni t esi mal ) val ue

and si mul at i ng t he behavi or . Davi s has al so devel oped a

t heor y t hat combi nes or der of magni t ude r easoni ng and

envi si onment of qual i t at i ve di f f er ent i al equat i ons based

on nonst andar d anal ysi s ( Davi s, 1989] . Davi s' mot i va-

t i on i s t o r eason about t he behavi or of dynami c syst ems

cont ai ni ng par amet er s of wi del y r angi ng magni t udes . A

not abl e di f f er ence bet ween Wel d' s f or mul at i on and our s

i s t hat whi l e Wel d al l ows der i vat i ves t o have nonst an-

dar d magni t udes ( i ncl udi ng i nf i ni t e and i nf i ni t esi mal ) ,

we def i ne der i vat i ves t o be st andar d number s, f ol l ow-

i ng t he def i ni t i ons i n sever al t ext books on nonst andar d

anal ysi s ( e . g . [ Hoski ns, 1990] ) . Exact l y why Wel d al -

l ows der i vat i ves t o have nonst andar d magni t udes i s un-

cl ear si nce i t i s not essent i al f or hi s f or mul at i on and onl y



i ncr eases t he compl exi t y of hi s t r ansi t i on t abl es unnec-

essar i l y . Despi t e t hi s di f f er ence, our f or mul at i on seems

gener al l y consi st ent wi t h t hose of Wel d and Davi s, and

t he wor k descr i bed i n t hi s paper can be seen as expl or i ng

yet anot her use of t he nonst andar d model , namel y si mu-

l at i on of bot h cont i nuous and di scont i nuous changes . I t

i s i nt er est i ng t o not e t hat Wel d and Davi s r esor t ed t o

nonst andar d anal ysi s i n or der t o r eason expl i ci t l y about

i nf i ni t esi mal ( and i nf i ni t e) val ues, whi l e we di d so i n or -

der t o i gnor e i nf i ni t esi mal di f f er ences .

Tanaka and Tsumot o [ Tanaka and Tsumot o, 1994]

pr esent a qual i t at i ve cal cul us empl oyi ng r anked hyper -

r eal s t hat i s qui t e si mi l ar t o t he one pr esent ed her e .

They show how i t can be used t o do qual i t at i ve or der -

of - magni t ude as wel l as t i me- scal e anal ysi s . Unf or t u-

nat el y, t he anal ysi s and al gor i t hms pr esent ed r emai n at

t he qual i t at i ve symbol i c l evel . The semant i cs of t he sys-

t emi s not def i ned i n t er ms of t he pr oper t i es of f unct i ons

on r anked hyper r eal s ( such as cont i nui t y) . They do not

di scuss t he use of r anked hyper r eal s t o model di scr et e

changes, but l i mi t i t s use t o descr i bi ng physi cal syst ems

t hat ar e descr i bed as cont i nuous down t o t he l owest l evel

of det ai l . The syst em i s an ext ensi on of Kui per s' t i me

scal e abst r act i on [ Kui per s, 1987] , whi ch al l ows a syst em

t o be decomposed and each t i me scal e si mul at ed i nde-

pendent l y .

7 Concl usi on

Whi l e hybr i d syst ems have become ever mor e common-

pl ace, anal ysi s met hods have f ai l ed t o keep pace and have

f ocussed on ei t her ( pi ecewi se) cont i nuous or di scr et e sys-

t ems . Acont r i but i ng f act or has been t he l ack of an ade-

quat e model f or t he behavi or of hybr i d syst ems . We have

shown t hat appr oaches i n whi ch t i me i s model ed by t he

r eal number l i ne f ai l t o sat i sf y key desi der at a . For t u-

nat el y, we have al so shown t hat an appr oach i n whi ch

t i me i s model ed by t he hyper r eal l i ne can sat i sf y t hese

desi der at a . Our model f or hybr i d syst ems suppor t s :

di scr et e act i ons occur r i ng i n t he pr esence of con-

t i nuous change . Cont i nui t y i s wel l def i ned on t he

hyper r eal l i ne and t he st andar d par t of t he val ue of

a cont i nuous f unct i on i s unchanged acr oss any i n-

f i ni t esi mal i nt er val . Thus, val ues can be pr oj ect ed

acr oss act i ons wi t hout i nt r oduci ng any cont r adi c-

t i ons .

compl ex sequences of di scr et e act i ons . Ar bi t r ar y

f i ni t e sequences of act i ons may occur i n our model .

t he abst r act i on t hat di scr et e act i ons ar e i nst ant a-

neous . A r eal val ued cont i nuous cl ock cannot mea-

sur e t he i nf i ni t esi mal dur at i on of a sequence of ac-

t i ons .

Fur t her mor e, our model al l ows act i ons t o t ake di f f er ent

amount s of t i me bef or e t hei r consequences t ake ef f ect

( e . g . one act i on can be t wi ce as f ast as anot her ) .

We have used our model i n t wo ways : t o pr ovi de a

semant i cs f or DME' s al gor i t hm f or pr edi ct i ng behavi or

of hybr i d syst ems, and t o def i ne a si mpl e l ogi c f or t he

pr edi ct i on and anal ysi s of behavi or . We ar e wor ki ng

t o ext end t he l ogi c t o suppor t def aul t s and t he pr oper -

t i es necessar y t o succi nct l y sol ve t he t empor al pr oj ect i on
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pr obl em. Thi s wi l l enabl e us t o pr ovi de a cl ean composi -

t i onal semant i cs f or r i ch devi ce model i ng l anguages such

as CML and, wi t h appr opr i at e comput at i onal suppor t ,

al l ow f or pr oper t i es of hybr i d syst ems t o be ver i f i ed .
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