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1. Introduction

For hundreds of years, the people’s need for mobility has con-

tributed to the development of various types of vehicles, which were 

usually powered by draught animals or humans. However, rapid in-

dustrial development in the 19th century resulted in numerous solu-

tions, which used mechanical drives powered mainly by heating fuels. 

Initially, these were steam vehicles, and later on, the whole range of 

various internal combustion engines was developed. The vehicle so-

lutions powered by electric engines also appeared during that period, 

but electric drive systems were hardly used in vehicles because of 

limited abilities to store electric energy in mobile systems. For this 

reason, the 20th century is the period dominated by vehicles powered 

by heating fuels [16].

However, the use of non-renewable energy sources has this one 

obvious disadvantage that such sources someday will be exhausted. 

For this reason, wind power plants and photovoltaic panels appear at 

single-family houses, wind and photovoltaic farms are built on fields 
and almost all well-known companies that manufacture cars boast 

with the offered electric and hybrid ecological vehicles [5, 16, 19, 21]. 

In comparison with internal combustion engine vehicles, they have 

many advantages – they do not emit substances detrimental to the 

environment, are much more efficient (their efficiency exceeds 90%, 
while internal combustion engine vehicles are characterised by the 

efficiency ranging between 20% and 30%), their construction is much 
simpler and cheaper to operate and – what is also important – they can 

regenerate energy during the braking process [16, 21].

Not only do the electric vehicles become more and more popular 

for ecological reasons, but also as a consequence of the technologi-

cal development of systems used for energy storing. The recent years 

mark the appearance of the whole range of various kind of batteries 

whose parameters allow their use in numerous mobile systems, in-

cluding cars. Unfortunately many of these solutions are much more 

expensive than popular lead-acid batteries. Additionally, modern 

batteries often require the application of systems that control their 

performance (values and distribution of voltages and currents on the 
respective cells and quite importantly, also the temperature). Failure 
to observe the limit parameters may lead to their premature aging, 

and also to a dangerous fire. For this reason, and also because of their 
low price, lead-acid batteries, whose construction technology is also 

subject to continuous improvement, are still used. Owing to this, they 

become more durable and resistant to operating conditions that devi-

ate from nominal operating conditions [16].

Unfortunately, the main disadvantage of the lead-acid batteries is 

the significant impact of high currents on their life. So far, the solution 
for this problem included just an increase the number of cells (total 
capacity), however, in the case of the mobile solutions, this is related 
to a cumbersome increase in weight. Another solution is the use of 

the system allowing for the reduction of high currents that have a 

deteriorating effect, for instance, the hybrid energy storage consist-

ing of a battery and a supercapacitor. Such a system does not have 
great abilities to store energy (energy density), yet it can return it at 
a relatively short time (power density). In view of differences in the 
principle of operation of both storages, voltages on their terminals 

in various states may differ significantly, therefore, power electronics 
systems which control their performance are required for cooperation 
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between these storages [8,10]. In such solutions, it is possible to use 

various algorithms which control the energy flow and which can be 
supervised in professional solutions by complex optimization algo-

rithms [17] using e.g. genetic algorithms [3, 13, 14]. In order to design 
and control energy storages, it is necessary to be familiar with the 

behaviour of such storages (especially the dynamics of changes in the 
values of currents, voltages and present amount of stored energy). In 
view of the diversity of electrochemical processes, which take place 

in the lead-acid battery – being the main energy source in such sys-

tems – this is a very difficult issue, especially with regards to vehicles, 
whose power demand is quasi-stochastic.

For this reason, many scientific works are presently devoted to 
the analysis of energy consumption in electric vehicles, and also to 

the creation of mathematical models for estimation of the vehicle 

power demand [21]. Contemporary scientific works concentrate on 
mathematical-physical models intended for analysis of energy con-

sumption of vehicles and optimization of energy management in ve-

hicle power supply systems. A frequently applied methodology which 

serves the purpose of estimation of the vehicle energy consumption is 

the development of the model based on vehicle dynamics equations 

and data measured during the real driving sessions. Such an approach 
was applied in works [4, 21, 12]. The works present vehicle models 
intended for energy consumption analysis and demonstrate that the 

electric vehicle power demand may be described by means of the nor-

mal distribution in a specific range of variability of parameters such 
as velocity, acceleration or road slope [21]. A different approach was 

presented in paper [7], in which the quantitative correlations between 

the kinematic vehicle parameters were discussed to estimate the en-

ergy consumption of the electric vehicle.

Problems related to the determination of parameters of the electric 

energy storage model are also important and valid subjects. These is-

sues constitute an important part of the topics regarding modelling, 

because in order to carry out the analysis of behaviour of a selected 

energy storage with as high accuracy as possible (in particular, this 
refers to electrochemical storages), the parameters of its model must 
be calibrated. As examples of works dealing with these issues, one can 

present [1, 9, 11, 15, 22].

It must also be emphasised that an important aspect of operation 

of electric vehicles is the proper management of electric energy flow 
between the electric power train and the electric energy storage, es-

pecially in the systems with the hybrid energy storage. The example 

of such solutions is presented in works [8, 9, 10], where the dynamic 

models of energy storages such as batteries or supercapacitors are de-

scribed.

Therefore, this paper deals with the issue of modelling of lead-

acid batteries and optimal selection of the hybrid energy storage, as 

well as energy flows in electric vehicles. The mathematical model of a 
battery and the method of estimation of its parameters are described in 

detail. The calculation algorithm takes into account the driving char-

acteristics of a real vehicle moving within an urban area, recorded by 

means of the developed and designed drive recorder.

2. Energy consumption vehicles 

In order to estimate the energy demand of a vehicle, it is neces-

sary to analyse forces acting on it. In the case of vehicles moving 

with variable velocity (e.g. in the case of cars), a significant amount 
of the energy results from the necessity to accelerate and brake. Addi-

tionally, each moving vehicle is affected by forces resulting from the 

aerodynamic resistance force as well as rolling friction force. Both of 

these forces depend on many factors such as the shape of the vehicle, 

its frontal surface, type of pavement and even tyre width and pressure 

[15, 20].

The resultant force acting on the vehicle, which causes a change 

in its velocity, is relatively easy to estimate based on the instantaneous 

velocity of the vehicle under consideration, therefore the energy de-

mand analysis for vehicles is usually carried out, by starting with the 

determination of the driving force (F) understood as the difference 
between the resultant force (FD) and the aerodynamic resistances (FA) 
and rolling resistances (FR):

 D A RF F F F= − −  (1)

The rolling resistance can be estimated on the basis of the following 

equation [12,15,16,21]:

 2
0 1R tF = mgf  ( + Kv )  (2)

where: m – vehicle mass, g – standard gravity acceleration, v – speed 

of the vehicle,K – additional rolling resistance coefficient (for asphalt 
surfaces K = 5⋅10-5 s2/m2),ft0 – rolling resistance coefficient at low 

speeds, which is determined by performing the drag racing test and 

calculated by the following formula [12, 15, 16, 21]:
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where: vb – initial speed of the vehicle, St – the rolling distance of the 

vehicle.

Usually, for a passenger vehicle moving on an asphalt road, the 

rolling resistance coefficient for low speeds is assumed to range be-

tween 0,012 and 0,014 [15].

 F =   AvA x r

1

2

2ρc  (4)

where: ρ – air density (for normal conditions of 0°C and the pressure 

of 1013 hPa, dry air density is about 1.29 kg/m3),  cx – air resistance 

coefficient in the longitudinal direction – it depends on the shape of 

the vehicle and ranges between 25% and 45%,  A – coefficient of a 

vehicle frontal surface area, vr – the speed of the vehicle in relation 

to the air.

Having the thermal resistance value, the given value of the instan-

taneous velocity v of the car and assuming the given level of the drive 

system efficiency η, it is possible to estimate the driving forces acting 

on the vehicle, the instantaneous power P and the energy E (equations 
5 and 6) needed to take a given route S in the specified time t [15].
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3. Modelling of lead-acid batteries

The task of mathematical models is to solve a broad range of is-

sues from many fields of science and different situations in everyday 
life. In the case of batteries, they allow the determination of desired 

values during the simulation which maps the real conditions with sat-

isfactory accuracy, without a need to establish any measuring sys-

tems. They also allow the estimation of the state of charge and the 

degradation of the batteries, and even the determination of parameters 

which would be difficult or even impossible to measure in real ob-
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jects. Values obtained as a consequence of performed analytical 

calculations on the mathematical model are often used to select 

and optimize the efficiency of energy storages irrespective of the 
nature of the device, which cooperates with the storage and its 

structure [1, 9, 11, 16].

The mathematical model of energy storages constitutes an 

electric circuit which represents a single cell of the modelled 

storage. In order to obtain a higher capacity of the storage, the 

cells are connected in serial-parallel configurations. For loads 
characterised by the power consumption with a constant value 

at a relatively short time, it is possible to apply a simplified 
mathematical model, which treats the battery as an ideal or real 

voltage source. However, when there is a need to consider the 

operating conditions of the real battery, the model turns out to 

be insufficient.
The electric circuit which reflects the operation of the real 

battery in a representative manner is the electric circuit which 

contains the serial connection of the voltage source (E) and the 
non-linear resistor (R) (Fig. 1).

Inner resistance represents the resistance of electrode plates and 

electrolyte, which map the chemical phenomena taking place in elec-

trode plates and electrolyte, and also the polarization resistance, which 

expresses the relative change in the polarization voltage on the cell 

terminals during the current flow, referred to rated voltage [2, 6]. The 
non-linearity of the resistor results from a high variability of chemical 

processes taking place in the cell (which depend on the load current, 
current flow time, temperature and electrical capacity) [2, 6]. 

Very frequently, in engineering applications, there is a need to de-

termine the properties of electrochemical sources while applying the 

current load with the amplitude variable in time, at the set temperature 

and known value of the available charge accumulated in the battery. 

For this purpose, the equivalent circuit of the cell, which addition-

ally contains the branch of RC elements connected in parallel is used. 

Owing to this branch, it is possible to map the inertial behaviour of 

the battery in dynamic states. The electric circuit which enables the 

determination of operating parameters of the battery in dynamic states 

is presented in figure 2 [2, 6].
In long-lasting analyses of the behaviour of a cell or at long-

lasting load of high currents with a value that significantly varies in 
time, it is necessary to use the mathematical model which takes into 

consideration the thermal phenomena (the effect of temperature on 
parameters), as well as phenomena related to the self-discharge pro-

cess occurring in the battery. The accuracy of the applied model is 

also affected by the number of selected RC branches (dependent on 
the degree and dynamics of load variation). However, it must be em-

phasised that as a consequence of the appearance of a large number 

of RC branches in the model, the difficulty in solving the system of 

equations that describes the wiring diagram and the difficulty in the 
proper estimation of initial values of parameters increase (model esti-
mation). The electric circuit of the n-th order lead-acid battery cell is 

presented in figure 3.
In order to carry out the analysis of the battery’s behaviour, it is 

necessary to know the useful capacity of the battery, which depends on 

the load current, current flow time and temperature – formula [2,6]:
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where: KC, C0* , ε, δ – constants determined on the basis of battery 

specifications, Te – electrolyte temperature, Tf  – electrolyte freezing 

point, I – battery load current, In – battery rated current.

The parameters which have the decisive influence on the battery 

performance are values related to the equivalent circuit. Their number 

depends on the selected circuit, and for the model variant with two 

branches, (the model presented in figure 3), they are determined by 
the following relationships [2, 6]:
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where: R00 , R10 , R20 , A0 , A21 , A22 , KE – constants which depend on 

the construction and state of the battery, determined on the basis of 

the estimation (described in section 4), τ1, τ2 – time constants of the 

RC branch, Im – the current of the battery’s main branch (see Fig. 3), 

Fig. 1. Simple model of lead-acid battery

Fig. 3. Battery electric equivalent model with a parasitic branch (n-th order) [2, 6]

Fig. 2. Battery electric equivalent model
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Em0 – open circuit battery voltage at 0˚C, and the battery state of 
charge (SOC) and depth of charge (DOC) during the discharging or 
charging are described by equations (14) and (15) [2, 6]: 
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where: im – current flowing through the main branch, C(0,T) – no-load 

battery capacity at temperature T, C(Iavg,T) – battery capacity referred 

to the average discharge or charge current Iavg at set temperature T.

4. Estimation of the battery model parameters

The battery model presented in the preceding section is used to 

analyse the operation of various batteries in dynamic states, but its 

respective parameters differ significantly depending on many factors 
related to the type, construction, and state of the battery. In order to 

analyse the performance of a specific battery while driving an electric 
vehicle, it is necessary to carry out a series of tests which allow for de-

termination of the respective elements of the battery equivalent circuit 

and the constants related to it (discussed in section 3) [12].
For the purposes of the tests, the NPCG18 12 V 18 Ah Gel Deep 

Cycle traction battery manufactured by TOYAMA was selected. The 

measurements were made using Potentiostat VMP3 BioLogic. The 
tests were started with the determination of the real battery capacity 

for different discharge times by means of the constant current method 

(CC) under rated conditions – the 20-hour capacity was estimated at 
the level of 20.25 Ah.

As the temperature of electrolyte has a significant impact on the 
behaviour of electrochemical batteries, during the analysis of the 

battery operation, it is necessary to take into account the thermal 

conditions (heating and cooling) of the battery, related both to the 
electrochemical processes taking place inside the battery and result-

ing from the heat transfer to the surrounding environment. In order 

to estimate the amount of heat transferred to the surrounding envi-

ronment, the heat capacity of the battery and its thermal resistance 

were determined. The precise determination of these parameters in 

real conditions of battery performance is extremely difficult. In the 
case of vehicles, they depend on many conditions such as ambient 

temperature, tightness of the housing inside which there is the battery, 

vehicle velocity, and even wind velocity. Moreover, the so-called bat-

tery managing systems (BMS) are also used frequently; they enable 
the additional cooling or heating of the batteries if required. Despite 

this, laboratory tests consisting in the estimation of the value of ther-

mal parameters were conducted in order to verify the model correct-

ness – by comparing the obtained electrolyte temperature results and 

the measured values. The heat capacity of the battery was determined 

by means of the heat balance method (using the calorimeter), and the 
thermal resistance was determined by analysing the time constant of 

the battery cooled down to the temperature of 4.2°C in the laboratory 

premises with the constant temperature of 27°C (Fig. 4). The tem-

perature was measured by the Graphtec GL800 temperature recorder 
equipped with ceramic PT100 probes, by fixing them nearby the bat-
tery terminal (so as to approximate the temperature as closely to the 
electrolyte temperature as possible). The determined value of the heat 
capacity of the battery amounts to about 1.2 kJ/K, and thermal resis-

tance is 5K/W.

In the next part of the tests, the voltage on battery terminals and 

electrolyte temperature were recorded during the cyclic (fourfold) 
discharge at current with the value of 4.07 A for 3600 s, then the dis-

charge process was interrupted for 3600 s. The battery current and 
voltage measurements were presented in figures 5 and 6 with the dot-
ted line.

In view of the fact that in the situation under consideration the 

battery, whose model parameters were determined, is supposed to 

power the electric vehicle, the parasitic branch, which represents the 

self-discharge effect, was omitted during the estimation. The process 

is no significance to the obtained simulation results, as it is very slow 
in comparison to the considered travelling time of the electric vehicle 

– currents flowing through this branch are measured in micro- or even 
nanoamperes [2, 6].

The next step was the development of the computer application 

in the MS Visual Studio environment, which is supposed to serve the 
purpose of estimation of the battery model parameters. The applica-

tion carries out the analysis of the values of momentary currents and 

voltages in the electric circuit which represents the equivalent circuit 
Fig. 4. Electrolyte temperature vs time

Fig. 5. Battery current vs time

Fig. 6. Voltage on battery terminals vs time
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of the battery, for different values of model parameters. Ultimately it 

optimizes the sought parameters in such a way as to bring the voltage 

values on the battery terminals resulting from the analysis as close as 

possible to the measured values – using the mean square approxima-

tion. Because of high values of time constants of the electric circuit, 

the analysis of the electric values of this circuit must be treated as the 

analysis of transients, which, according to the electric circuit methods 

require that the system of differential equations be solved (16). These 
equations have been solved on many occasions, each time changing 

the values of parameters of the mathematical model by means of the 

range searching method using decreasing step sizes. The obtained 

results of the determined model parameters are included in table 1, 

while figure 6 presents the results of the analysis of voltages on ter-
minals of the battery equivalent circuit (the measured ones with the 
dashed line and the calculated ones with the continuous line). The cal-
culated values were determined on the basis of parameters obtained 

during the optimization:

 

1 1

2 2

1 2 0

1 1
1

1

2 2
2

2

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )

m R C

m R C

m m m m

i t i t i t

i t i t i t

u t e t i t R i t R i t R

du t u t
C

dt R

du t u t
C

dt R

= +
 = +
 = − − −

 =



=


 (16)

5. Analysis of the lead-acid battery operation while 

driving an electric vehicle

The exemplary analysis of the lead-acid battery operation while 

driving an electric vehicle was carried out using the presented battery 

model and the estimated power demand of the vehicle. The estimation 

of the power demand was performed by recording the driving velocity 

(Fig. 8) of a real vehicle moving at the distance of 24.8 km at a time of 

heavy traffic, with the average velocity of about 
27 km/h. The course of the route during which 

the recording was made, is presented in figure 9.
Having the velocity, the vehicle accelera-

tions were calculated and, by using the relations 

presented in section 3 (equations 1-6), all forces 

Table 1. Parameters archived during the estimation

Em0 [V] R00 [Ω] A0 R10 [Ω] R20 [Ω] A21 A22 τ1 [s] τ2 [s] Ke [V/°C] KC

2.18 0.0124 -0.013 0.009 0.21 -6.6 -0.7 450 50 10.5⋅103 1.166

Fig. 9. The route on which the driving velocity was recorded

Fig. 7. Calculated battery state and depth vs time

Fig. 8. Recorded velocity during a drive

Fig. 10. Acceleration of the car vs drive time

Fig. 11. Single cell power vs drive time – the positive power means that the 

car is speeding up (battery is discharging), while negative power 

means that the caris slowing down (battery is charging)
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acting on the car as well as momentary power required to move on the 

asphalt surface with the vehicle with the assumed weight of 1000 kg 

and frontal surface equal to 2 m2 were determined. The accelerations 

and single cell momentary power demand are presented in figure 10 
and 11, respectively.

During the analysis of the battery operation, voltages and currents 

on the respective elements of the equivalent circuit as well as the bat-

tery state and depth of charge were determined for the assumed initial 

battery charge level equal to 90%. These values are presented in fig-

ures 12 - 14. 
The next step was the determination of the total energy consumed 

by the vehicle under consideration, both the positive one – needed to 

speed up the vehicle, the negative one – recoverable during the brak-

ing process, and the resultant one – being the sum of both of these 

energies (the energy which would be consumed by the vehicle during 
its movement, with the system that allows for charging of the battery 

during the regenerative braking). The results of the obtained calcula-

tions are presented in figure 15.
The calculated voltage on battery terminals presented in figure 12 

is characterised by numerous variations of values, resulting from the 

heavy regenerative braking, which adversely affects the battery and 

would cause the shortening of its life. Therefore, in real systems, such 

overvoltages are not allowed and traditional mechanical brakes are 

used during heavy braking (without the possibility of regeneration of 
the vehicle’s kinetic energy). 

For this reason, the use of an additional energy storage which 

would allow for taking over high currents flowing during the heavy 
regenerative braking (storages with high power density) is proposed 

Fig. 12. Calculated voltage on a single cell vs drive time

Fig. 13. Calculated current flowing through a single cell vs drive time

Fig. 14. Calculated battery state and depth of charge vs drive time

Fig. 15. Energy balance during the vehicle movement 1) speeding-up energy, 

2) recoverable energy during the braking process, 3) resultant en-

ergy

Fig. 16. Calculated power on a battery and supercapacitor vs drive time

Fig. 17. Calculated voltage on a single cell vs drive time

Fig. 18. Calculated voltage on the supercapacitor vs drive time
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in innovative solutions. In the present article, the BMOD0006 E160 

B02 supercapacitor module manufactured by Maxwell was selected 

for this purpose. Its rated voltage amounts to 160 V, its capacity is 

11.6 F (0.35 Wh), and its inner resistance (ESRDC) is equal to 0.34Ω. 

The module is adapted to operation within a broad temperature range 

(from -40 to +60°C). Then, the calculations related to the recorded 
driving route were repeated for the selected hybrid energy storage. An 

assumption was made during the analysis that the power electronics 

systems enable the use of the supercapacitor within the voltage range 

from 60 to 160 V. The calculated power and voltage values on the 

respective energy storages are presented in figures 16-18.
While comparing voltages on a single cell of the battery operat-

ing independently and in the hybrid system with the supercapacitor 

(Fig. 12 and 17) it is possible to notice that the addition of the super-
capacitor caused a significant reduction in high voltages on the bat-
tery terminals (only a few characteristic peaks were left). This follows 
from the fact that the supercapacitor takes over high flowing currents 
during the regenerative braking. This effect is visible in figure 16, in 
which power values on the respective energy storages were presented. 

Owing to the more effective use of energy during the regenerative 

braking, also the energy drawn from the battery was decreased, which 

can be noticed by comparing the average voltage value on cell ter-

minals presented in figures 11 and 17. The result is that the superca-

pacitor was used while driving in the majority of cases of regenerative 

braking, and then its energy was used during the vehicle acceleration. 

This provides evidence of the proper selection of the hybrid energy 

storage for the electric vehicle.

6. Summary and conclusions

The article presents methods of analysis of operation of energy 

storages used in electric vehicles. The modelling of the operation of 

energy storages is an important and valid issue, which concerns the 

electric vehicles, but also the systems which operate together with 

renewable energy sources and all types of electronic mobile devices 

(telephone sets, portable computers, etc.) sensitive to instabilities of 
the energy source performance.

Particular attention was paid in the paper to the issues concerning the 

estimation of the parameters of the mathematical model. For this pur-

pose, the author has developed his own computer application, which 

enables the calculations of the equivalent circuit parameters based on 

the conducted measurements of voltage and current flowing through 
the battery. The performed computer calculations were confirmed by 
comparing them to the measured values (Fig. 6).

The main body of the paper also presents the problems related to 

energy consumption of vehicles and the energy storage load result-

ing from it. The recording of the velocity of the vehicle, which was 

moving along a route characterised by heavy traffic allowed for the 
modelling of the tested battery behaviour. The analysis demonstrated 

that the regenerative braking process may cause excessively intensive 

battery charging (Fig. 12), which would cause the systematic degrada-

tion of cells, and as a consequence of this, fast reduction of their abil-

ity to accumulate and transfer electric energy. In reality, such states in 

vehicles are not allowed owing to the use of mechanical brakes during 

the braking process, and the reduction of the amount of recovered 

energy.

The paper also presents the analysis of the hybrid storage con-

sisting of an identical battery and a supercapacitor, which constitutes 

an energy storage of the vehicle moving along the same route. The 

conducted calculations demonstrated that the use of additional storage 

(supercapacitor) with much higher power density than the basic stor-
age (battery), may significantly reduce high currents flowing through 
the battery and thus extend its life. Such a solution during an invest-
ment would require increased expenditure related to the purchase, but 

may turn out to be advantageous during operation both in the econom-

ic and ecological aspects. Further studies related to energy storages 

in electric vehicles will be aimed at improvement of the performance 

and life of various types of lithium batteries.
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