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ABSTRACT This papermreviews somerecentwork in which Lévy processeareusedto modelandana-
lysetime seriesfrom financialeconometricsA mainfeatureof the paperis the useof positive Ornstein-
Uhlenbeck(OU) type processefmsidestochastiosolatility processesThe basicprobability theoryasso-
ciatedwith suchmodelsis discussedn somedetail.

1. Intr oduction

This paperreviews somerecentwork in which Lévy processeareusedto modelandanalysefinan-
cial time seriesat the “microscopic”tick-by-tick scaleandat the larger “macroscopic’time scaleof
hourly or daily data.The modelsaim to incorporateasmary aspossibleof the mainstylizedfeatures
of financial series,be they stock prices,foreign exchangeratesor interestrates,while maintaining
mathematicatractability

On the macroscopicscalesprototypicalstochasticvolatility modelsfor one-dimensionabariates

areof theform
dz*(t) = {p + Bo*(t) } dt + o(t)dw(t) (1.1)
in the caseof log stockpricesor log foreignexchangerates,andof theform
dz(t) = {u + Bo?(t) — ¢=(t)} dt + o(t)dw(t) (1.2)

for shortinterestrates. In bothcasesyw(t) is Brownianmotionando?(t) is a non-ngative station-
ary stochastigprocessfor simplicity assumedndependendf w(t). The solutionz*(¢) of (1.1)is a
stochastigrocesof “integrated”type whereaghe solutionsof (1.2),in which we areinterestedare
stationaryModelsof thetype (1.1) and(1.2) arereferredto as SV (stochastiosolatility) modelsand
SSV(stationarystochasticrolatility) models respectrely.

Of particularinterestarecasesvheres?(t) is of OU type (Ornstein-Uhlenbeckype)or is a super
positionof suchprocesses— suchmodelswereintroducedin this contet by Barndorf-Nielsenand
Shephard1999).In theformerinstanceg? satisfiesa stochastidifferentialequationof theform

do?(t) = —\o?(t)dt + dz(\t)
wherez(t) is aLévy processwith positive incrementsthusz(t) is a subordinatdf.

1in theinterestratecontext it may make senseo replacethe Brownianmotionw(t) by aLevy processwith non-ngjative incrementga
subordinator)in orderto guarante¢solong asu andf arenon-ngatie) thatthe proces(t) is non-ngatie.
2Theratherunusaltiming in the subordinatohasbeenselectedsothatas\ changeshe maginal distribution of o2(t) doesnot.



Someaspectof studiesof turbulencewill alsobe discussedmotivatedby the factthatthereare
several striking similarities - as well asimportantdifferences- betweenkey empirical featuresof
obserationalseriesin financeon the onehandandturbulenceon the other Seein particularSection
2,whichsummarizesndcompareshestylizedtraitsin question Sections3-9review theprobabilistic
theoryneededor the constructiorandanalysisof thefinancialmodels,andin Section10 we take up
the discussionof thosemodels,necessarilyalsoin summaryform. The final Sectionl11 considers
somefurtherissuesandpossiblefuturework.

In the sequelwe shallusethefollowing notationfor cumulanttransformsof a randomvariatex

C{Ctz} =logE{e®®}, K{01z}=1logE{e?*} and K{#1z} =logE{e "} (1.3)

with straightforvard extensionof the notationto moregenerarandomvariates.

2. Stylized featuresof financeand turb ulence

A numberof characteristideaturesof obserational seriesfrom financeand from turbulenceare
summarisedn table 1. Thefeaturesarewidely recognizedasbeingessentiafor understandingnd
modellingwithin thesewo, quitedifferent,subjectareasin financetheobsenrationalseriesconcerned
consistof valuesof assetssuchas stocksor (logarithmic) stock returnsor exchangerates,while
in turbulencethe seriestypically give the velocitiesor velocity derivatives (or differences)jn the
meanwind directionof alarge Reynoldsnumberwind field. For sometypical examplesof empirical
probabilitydensitiesof logarithmicasseteturnsseeEberleinandKeller (1995)andShephard1996),
while for velocity differencesin large Reynolds numberwind fields see,for instance,Barndorf-
Nielsen(1998a).

Finance | Turbulence
varyingactvity volatility | intermitteny
semiheay tails + +

asymmetry + +
aggrgationalGaussianity + +
0 autocorrelation + —
quasilong rangedependence + +
scaling/selfsimilarity [+] +

TABLE 1. Stylisedfeatures.

A very characteristidrait of time seriesfrom turbulenceaswell asfinanceis thatthereseemso
beakind of switchingregime betweerperiodsof relatively smallrandomfluctuationsandperiodsof
high’activity’. In turbulencethis phenomenois knovn asintermitteng, seee.g.Frisch(1995,Ch. 8)
for athoroughdiscussionywhereasn financeonespeakf stochasticolatility or conditionalhetero-
scedasticityFor theintegratediog-priceprocess:* (¢) in financea basicexpressiorof thevolatility is
givenby the quadutic variation processe*[t], whichis definedas

2" [t] = p-lim Y _{a*(t]y1) —2* ()} (2.1)
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for ary sequencef partitionsty = 0 < ] < --- < t, = t with sup;{t;,, —t;} — 0forr — oo.
For SV models

t
2l = /0 o2 (u)du = o2 (1),

theintegratedvolatility of theprocessA similarconceptcalledintermitteng, is usedn theturbulence
literature.If we write u = u(z,t) asthevelocity at positionz in the meandirectionof thewind field
attimet, thenintermitteny is definedasthe enepgy dissipatiornrateperunit massaroundpositioné:

SUENE A
er(&) = 7"_1/ <—> dzx
() erjp \Oz

measurediver a symmetricintenal of lengthr and centredat ¢ (sincew is consideredas being
stationaryin time, ¢t hasbeensuppresseth the notationfor e,.).

The term“semiheay tails”, in table1, is intendedto indicatethatthe datasuggesimodelling by
probability distributionswhosedensitiehehae, for r — +o0, as

const. |z|P* exp(—o 4 |z|)

for somep,,p_ € Rando;,o0 > 0.

Velocity differencesn turbulenceshav aninherentasymmetryconsistentvith Kolmogora’'s mod-
ified theoryof homogeneoukigh Reynoldsnumberturbulence(cf. Barndorf-Nielsen (1986)).Dis-
tributions of financialasseteturnsaregenerallyrathercloseto beingsymmetricaround0, but there
is a definitetendeng towardsa dynamicversionof asymmetrystemmingfrom the factthatthe mar
ket is proneto reactdifferently to positve asopposedo negative returns,cf. for instanceShephard
(1996,Subsectiori.3.4)).Thisreactionpatternor atleastpartof it, is referredto asa‘leverageeffect’
wherebyincreasedolatility tendsto be associateavith negative returns.

By aggr@ationalGaussianitys meanthefactthatlong termaggr@ationof financialasseteturns,
in the senseof summingthe returnsover longer periods,will leadto approximatelynormally dis-
tributed variates,and similarly in the turbulencecontet®. For illustrationsof this, seefor instance
EberleinandKeller (1995)andBarndorf-Nielsen(1986).

The estimatedautocorrelatiorfunctionsbasedon log price differenceson stocksor currenciesare
generally(closely)consistentvith anassumptiorof zeroautocorrelation.

Neverthelessthis type of financial dataexhibit 'quasi long rangedependenceivhich manifests
itself inter alia in the empiricalautocorrelatiorfunctionsof the absolutevaluesor the square®f the
returns,which staypositive for mary lags.

For discussion®f scalingphenomenidn turbulencewe referto Frisch(1995).As regardsfinance,
seeBarndorf-Nielsen and Prause(1999) and Mantegna and Stanlg (2000), and referencegiven
there.Thelatterwork also,morebroadly discusseselationsbetweerfinanceandturbulence.

In addition,it is relevantto mentionthe one-dimensionaBurgersequation

ou ou 0%u

ot "or ~ Vos?
which relatesthe velocity changesn time to velocity changesn position. This nonlinearpartial
differentialequationmay be viewed asa ‘toy model’ versionof the Navier-Stoles equationsof fluid

SHowever, in turbulencea small skewnessgenerallypersistsjn agreementwith Kolmogora/'s theoryof isotropicturbulence.
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dynamicsand, as such,hasbeenthe subjectof extensve analyticaland numericalstudies,seefor
instanceFrisch (1995, pp. 142-3),Barndorf-Nielsenand Leonenk (2000)andBertoin (2000),and
referencegiventhere.In finance Burgersequationhasturnedup in work by Hodgesand Carerhill
(1993)andHodgesandSelby(1997).However, theinterpretatiorof the equationin financedoesnot
appeato have ary relationto therole of the equationin turbulence.

3.Lévyprocesseand random fields

In this sectionwe recall the definition of a Lévy processanda randomfield. The latterwill be used
extensiely in the developmentof long-rangedependenprocessem Section9 of this paper We then
studythecumulantgeneratindunctionsof integralsdefinedwith respecto Lévy processeandfields.

Recallthata Lévy processs a continuousn probability cadlagstochastiprocess: = {z(t) };>0
with independenandstationaryincrementsandz(0) = 0. For suchaprocessve have C{¢ { z(¢)} =
tC{¢ 1 z(1)} andz(1) hastheLévy-Khintchinerepresentation

C{¢t2(1)} = iac — %bCQ + /R [ 1 —i¢r(a)} U(de) (3.1)

wherethe Lévy measurdJ is suchthatit hasnoatomat0 and

/ min{1,z*}U(dz) < oo
R

andwherer is a centeringfunctionthatwe chooseas

z for |z| <1
T(z) = { (3.2)

@ for |z| > 1.

Correspondinglythe process:(t) is asumz(t) = at + vVbw(t) + z(t) of adrift termat andwhere
w(t) andzy(t) areindependenprocessesy(t) beingBrownianmotionandz(t) aLévy processith
C{¢t2(1)} = [z {e"® — 1 —i(r(x)} U(dz). If b = 0, andwe shallmainly considersuchcases,
thenz is saidto beaLévyjumpprocessandif alsoa = 0 it is aLévy pure jumpprocesslf z hasonly
non-ngative incrementsthenit is a subodinator (cf. Bertoin(1996,Ch. IIl)).

A Lévy field on aregion S is arandommeasurez on S suchthatthe valuesof z corresponding
to a countablenumberof disjoint (measurablejubsetof S areindependenandsuchthatfor every
subsetA of S therandomvariablez(A) is infinitely divisible. Hence,for sucha field, z will have
infinitesimalL évy-Khintchinerepresentation

C{¢ 1 2(dw)} = iCa(dw) — %QQb(dw) + / {ei<$ 1 iCT(x)} v(de; dw) (3.3)

R

wherethe (generalized).évy measure’ satisfies/({0}; A) = 0 and
/ min{1, |z|*}v(dz; A) < oo (3.4)
R

for all A. Thequantity(a, b, v) is referredto asthe characteristidriplet of thefield z.
In the presentpaperwe will only considercaseswvherez hasno Gaussiarcomponentsi.e. the
measuré is identically0. Thenz is termeda Lévyjumpfield.
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Thereis no essentialossof generalityin assuminghatv factorizesas
v(dz; dw) = U(dz; w)v(dw) (3.5)
for somemeasure onS. We shallusethe notation
U (z;w) =U((—00,z];w) and UT(z;w) = U([z,00);w) (3.6)

for the tail massef the measure/(+;w). Furthermorejn mostof the casego be consideredthe
Lévy measurdJ(-; w) is, for eachw, absolutelycontinuouswith respecto Lebesguemeasureon S,
with adensityu(z; w). WhenU (+; w) doesnotdepenconw we write U(dz), U™ (z), etc.

Any Lévy process:(t) inducesa Lévy randommeasurez on R, whereR; = (0, 00), starting
from the definition

z((a,b]) = z(b) — z(a). (3.7)

Corversely if z is a Lévy randommeasureon § = R with characteristidriplet of the form
(0,0,U(dz)dw) thenthe prescription

2(t) = z((0,1]) (3.8)

determinesi L évy process.
Functionsf onS can,undersuitableregularity conditiong, beintegratedwith respecto therandom
field z. We usethe notation

foz= /‘S £ (@)z(dw) (3.9)

for theintegrals.In theLévy processase(3.7)-(3.8)f e z coincideswith theusualstochastiéntegral
of f with respecto the process(t) andwe write

fez= [ [(t)z(dt)

Ry
For Lévy processea key resultfor mary calculationds embodiedn the formula
C{(ffez}= o C{¢f(7) t2(1)}dr (3.10)
+
Thisratherwell-known resultfollows essentiallyfrom thefollowing formal calculation,usingproduct

4A brief review of therelevant mathematicatheoryis givenin Barndorf-NielsenandPérez-Abrey(1999).
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integrationandtheindependenscatteringoropertyof z:

exp{C{(tfes}} = E {exp (z'c A + fdz>}

= E [ 11 exp{in(T)dz(T)}]

ceR;

= I Blexpfics(r)dz(r)}]

TER

= H exp [C{¢f(7) 1 dz(7)}]

TER 4

= H exp [C{¢f(7) { z(1)}d7]

TER 4

— exp [ A DL

More generally for ary Lévy randommeasure: with characteristigriplet (0, 0, U (dz)v(dw)) we
have

ofct [ sz} = [ nicren v (3.11)
where
K(C) = /R {em —1- ’iCT(.Z‘)} U(dz) (3.12)

is the cumulantfunctionof aninfinitely divisible randomvariablewith characteristidriplet (0,0, U).
Now considerthe casewherez is nonngatie. For suchfields, integrals f e z of functionsf with
respecto z have representatiofseeJacodandShiryae (1987,Ch. I, §4C))

foz:foa—i—/RJr/Sf(w)mH(dx;dw) (3.13)

with ¢’ (dw) ameasuren S andwhereH (dz; dw) follows the Poissoraw with meanv(dz; dw). In
this casethe cumulantfunctionalof thefield is of theform

C{ftz}=C{lifez}=ifed +/R /S{eifw - 1}y(dx;dw) (3.14)

Supposédn particularthatv (in (3.5)) is a probability measurenhich we thereforedenoteby 7.
Thenequation(3.14)mayberewritten as

R{0tfez}=—Ofed — /S /R {1 — e—(’f(f)x} U(dz; €)m(de) (3.15)

and,for simplicity lettinga’ = 0, this canbe giventhe symbolicform
6



R0} fez)= /S R{6f(€)  yl€}m(de) (3.16)

wherey and¢ areinterpretedasa pair of randomvariableswith ¢ having law determinedoy 7 and
suchthaty given ¢ is a positive andinfinitely divisible randomvariablewith characteristidriplet
(0,0,U(+;€)). For apositive infinitely divisible randomvariabley formula(3.15)specializego

R{0ty} = —a'0— /R {1 - e*"w} U(dx). (3.17)

Extensionto multivariateLévy fields z = (z1, ..., zi,) IS immediate Lévy-Khintchine$ infinites-
imal representatiotakestheform

C{¢ 1 2(dw)} = i{a(dw), ) — = (b (dw), / { iGa) iCT(x)}V(dav;dw) (3.18)

wherenow ¢ = ({1, -..,(,,), @ iSanm-dimensionameasure) anm x m matrix valuedmeasureand
(3.2)and(3.4) applywith |z| interpretedasEuclideandistance.

In extensionof formula(3.17)we have thatanm-dimensionatandomvariatey = (y1, ..., ym,) all
of whosecoordinatesrepositive is infinitely divisible if andonly if thecumulantfunctionK is of the
form

R{O 1y} = —(d',0) — / (11— e 00 () (3.19)

whered' is anm-dimensionalvectorwith all coordinatesionn@ative andU is aLévy measuresatis-
fying U(R™\RT') = 0 and

/||<1 (U (dz) < oo. (3.20)

For a proof, seeSkorohod(1991,pp. 156-157).

4. Selfdecomposabilityand L évy processes

4.1.Selfdecomposability

A probability measureP on R is saidto be selfdecomposabler to belongto Lévy’'s classL, if for
each)\ > 0 thereexistsa probabilitymeasure), onR suchthat

B(¢) = p(e *()$a(C) (4.1)

where¢ and¢, denotethe characteristidunctionsof P and@,, respectiely. A randomvariablez
with law in L is alsocalledselfdecomposabl@ndit is infinitely divisible. The concepiof selfdecom-
posabilityis closelyrelatedto thatof stationarylinearautorgressie time seriesof orderl, i.e. AR(1)
processedndeed;for suchaprocess

Ty = PTp_1 + Un,
7



with i.i.d. innovations{u,, }, we have

C{Ctzn} =C{pCtzn1}+ C{{Tun} (4.2)

andsince,by stationarity C{¢ { z,,} = C{(  z»—1} therelation(4.2)is acumulantversionof (4.1).
Essentiallythen,theonly possibleA R(1) processearethosefor whichtheone-dimensionahaginal
law is selfdecomposablédnd similarly for the OU processes,e. “AR(1) processe# continuous
time”, to bediscussedn Section6.

TheclassL is alsocharacterizedsthe classof possibldimit laws for normalizedsequencesf the
form

by (21 + 22 + -+ T) — ap
wherezxy, g, ..., Z,, ... IS asequencef independentandomvariablessatisfyingthe uniform asymp-
totic negligibity condition(see for example,Loéwe (1955,pp. 319-326)).

Furtherimportantcharacterizationsf classL asa subclas®f the setof all infinitely divisible laws
is givenby thefollowing theorem

Theorem4.1 Let U(dz) denotethe Lévy measuref aninfinitely divisible probability measureP
on R.. Thenthefollowing threestatementsreequialent:

(i) P is selfdecomposable
(i) ThefunctionsonR.; givenby U™ (e®) andU ~ (—e?®) arebothconvex
(iii) U is of theform U(dz) = u(z)dz with
a(z) = [2] u(z) (4.3)
increasingon (—oo, 0) anddecreasingn (0, o).
If u is differentiablethenthe necessargandsufficient condition(ii) maybereexpresseds
u(z) + zu'(z) <0, (4.4)
forz # 0.
SupposeP is concentratedn R, with O the lower boundof the supportof P. Then P is self-

decomposablé@ andonly if P is absolutelycontinuouswith a densityp for which there exists a
monotonicallydecreasindgunction« suchthat

oo(e) = [ ple—n)a)y
for (almostall) = > 0. O

The equivalenceof (i), (ii) and(iii) is dueto Lévy (1937).A proof may befoundalsoin Bar-Lev,
Bshouty andLetac (1992); seealso Sato(1999). The final resultin the theoremwas establishedn
the form given hereby Steutel(1970),cf. Sato(1999,p. 385and426). Herewe restrictdiscussion
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to a proof that (iii) implies(i). Let (a,b,U) bethe characteristidriplet of P andassumethat (iii) is
satisfied Verifying (i) amountgo shaving that,for ary ¢ € (0, 1), thefunction

Pe(¢) = log ¢(¢) — log p(cC)

canbewrittenin the Lévy-Khintchineform (3.1). Now
1 .
Pe(() = 51— )¢ +al - )i

e 1 —itr(x) u(z)dx
+/R\{O}{ 1— iCr(a) puo)d

—/ {e!%® — 1 —iclr(z) Yu(z)ds
R\{0}
andthelasttermmayberewritten as

/ {e" =1 —icT(a) bu(z)dz = / {e" — 1 —iCer(c™ o) e ulc a)da
R\{0} R\{0}

Furthermoreletting

we have
0 for |z|<c
de(z) = z—csignz  for c<|z| <1
(1 —c)signz  for |z|>c
It follows that
1 .
PO = aci¢ = 50?4 [ {48~ 1~ iCr(a)ucla)da
R
wherethedrift of theinnovationsis
sc=a(l=0) [ blaucle)da,
R{0}
while thevarianceof the Wienercomponento theinnovationsis
be = b(1 — ¢?).
Finally the Lévy densityof theinnovationsis

1

ue(z) = u(z) — ¢ tu(c ).

To seethis notefrom (4.3)
uc(z) = |z|~Ha(z) — a(c ™ z)}

by the monotonicitypropertyof u(z) it follows thatu.(x) is aLévy density O
Yetanotherkey characterizationf selfdecomposabilityill begivenin Theoremé4.3below.

Example 4.1 GIG laws.All thegeneralizednverseGaussianaws areselfdecomposabl@resultdue
to Halgreen(1979).Seefurtherin Subsectiorb.1 below. O
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4.2.Multi variate case

An m-dimensionalinfinitely divisible randomvariatex andits distribution are calledselfdecompos-
ableandaresaidto be of classL if for ary ¢ € (0, 1) thereexistsanm-dimensionafandomvariate
z., iIndependentf z, suchthat

C{¢ta} =C{¢ter}t + C{CTxc}

T 2 CT + X (4.5)

where2 meanddentityin law. It canbeshawvn thatthenz, is necessarilynfinitely divisible, seeSato
(1999, Propositionl5.5).Furthermoreye have

Theorem 4.2 Letz beanm-dimensionainfinitely divisible randomvariate.Thenz is selfdecom-
posableaf andonly if its Lévy measurd’ is of theform

U(B x E) = / (do) /0 (), o) dr (4.6)

B

for B € B(S™ 1), E € B(R,), andwherer is a probability measureon S™ ! andthe function
k(r,o) is nonngative andBorel measurablén o, nonincreasingn r, and

o
/ k(r,o)r(1+r3)~'dr= K < oo 4.7)
0
with K independenof o (m—almosteverywhere). O

Theorem4.2 is given in Sato(1980); seealso Urbanik (1969) and Wolfe (1982) for alternatve
representations.

Extensiorof theconcepbf multivariateselfdecomposabilitjo operatoselfdecomposabilityvhere
cin (4.5)is changedo a matrix, is discusse@xtensvely in JurekandMason(1993).

Remark 4.1 UnlessU is concentrate@n an (m — 1)-dimensionahyperplaneof R™ it possessea
densityu with respecto LebesguaneasurdSato(1982)andSato(1999)). O

Caseswvherethe function & doesnot dependon o, sothatU is a productmeasurepften occurin
practice.

Example4.2 Stablelaws. For all the multivariateinfinite variancea-stabledistributions (0 < a <
2), U is of productmeasurdorm with k(r) = @ (cf. Samorodnitsk andTaqqu(1994,p. 66)). O

Example4.3 (IG,NIG)Lévymotion.Considerapair of independenBrownianmotions(b; , b,) with

drift vector(~y, 0) wherey > 0. Let z(¢) denotethefirst passagéimeto level 6¢ of b, anddefiney(t)

asby(z(t)). Thenz(t) = (z(t),y(t)) is a bivariate Lévy processand z(1) hasprobability density
function

1
p(x,y;0,7) = (2#)_15657x_2 exp {—5(523:_1 + ’)’256 + x_lyz)} (4.8)
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andcumulantfunction

C{v,n fu,y} = 6y[1 — {1 — (2iv +n?) /y* /2. (4.9)

The mamginal processes:(t) andy(t) are,respectiely, IG (inverseGaussianand NIG (normal
inverseGaussian).évy motions.Hencethename(IG, NIG) Lévy motionfor z(t).
Thecharacteristidriplet of (4.8)is ((d+, 0), 0, U) wherethe bivariateLévy measurd/ hasdensity

1
u(z,y) = (2m) 1oz 2 exp {—5(’)’2.% + x_lyQ)} (4.10)
with respectto Lebesguemeasure(A dervation of the formula for the Lévy densityis given in

Barndorf-Nielsen(2000)).
Reepressingu(z, y) in polarcoordinates: > 0, ¢ € (—n/2,7/2) we have

u(¢,r) = (2m)"'r g(¢, ) (4.11)

where

g(p,r) = d(cos ¢)*2 exp {—%T‘(COS qﬁ)*l(y2 cos? ¢ + sin? ¢)} .

As afunctionof r, g(¢,r) is decreasingandhencethe law of z(1) is selfdecomposablén other
words,the process(t) is of classL.

Someapplicationof the (/G, NIG) Lévy motionandcertaingeneralizationsf thisin the context
of financearediscussedn Barndorf-Nielsen(2000). O

4.3.Relation betweenselfdecomposabilityand L évy processes.

Thefollowing theoremis dueto JurekandVervaat(1983)(cf. alsoJurekandMason(1993)).

Theorem4.3 A randomvariablex haslaw in L if andonly if z hasarepresentatioof theform

_ > —t
= /0 etda(t) (4.12)

wherez(t) is aLévy process.
In this casethe Lévy measure$’ andW of x andz(1) arerelatedby

U(d) = /0 " W (etda)dt. (4.13)
0

The processz = {z(t)}+>o is termedthe badkground driving Lévy processor the BDLP corres-
pondingto z.
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Remark 4.21If z(¢) is aLévy procesghentheintegral

/0 ~ etda(t)

exists,asthelimit of fOT e tdz(t) for T — oo, if andonly if

/ o log(1 + |u|)W (du) < oc.

Thisholdsirrespectrely of whetherthelimiting proceduras takento beconvergencen law or almost
surely For a proof, seeJurekandMason(1993,Thm. 3.6.6). O

Remark 4.3 The cumulantiransformsof z andz(1) arerelatedby

o0 ¢
Clta) = [ Clectads = [ Cletae i (4.14)
0 0
and
ofctan) =21 @15
asfollows directly from (4.12)and(3.10). O

From(4.13)we find (recallthe notationintroducedby (3.6)) thatfor z > 0

Ut(z) = /OOOW(et[a:,oo))dt
= /IOOSIW([sx,oo))ds

or, equialently

Ut(z) = /oo sTIWT(s)ds (4.16)

with asimilar expressiorfor U~ (z). It follows thatwe have theimportantrelations

z'Wt(z) for >0

u(z) = (4.17)
|z|*W—(z) for =z <O.

Proposition4.1 Supposehatthe Lévy densityu is differentiable Thenthe Lévy measurd? hasa
densityw, andu andw arerelatedby

w(r) = —u(z) — zu'(z). (4.18)



O
PROOF. Straightforvard, by differentiationof formula(4.17). O

Example 4.4 Inverse Gaussianaw. The inverseGaussiardistribution with parameter$ and-y is
denoted/G(4,+). It is concentratedn R, andhasprobability density

p(z) = (2m) /265732 exp {—(6%z ' ++%2)/2} (4.19)
andLévy density
u(z) = (2m) V262732 exp (—7*z/2). (4.20)

It follows immediatelyfrom this expressiornthat IG(d, ) is selfdecomposablé specialcaseof the
Halgreen(1979)result)andthatthe Lévy densityof the correspondind3DLP is

w(z) = (2#)71/22(:1:71 + 72):1:71/26772‘”/2. (4.21)

O

Note4.1 Relationto exponentiatilting. Letu bethelLévydensityof aselfdecomposablgrobability
measureP and supposefor simplicity, that P is concentratecbn R andthat is differentiable.
Furthermorelet Py denotethe negative exponentialttilt of P, i..e.

dp, b
d—lj(a:) = a(f)e™*

with > 0. TheLévy measurasy of Py thenhasadensityuy satisfying
ug(z) = u(z)e .

Denotingthe Levy densitiesof the BDLPs correspondingo P and Py respectiely by w andwy, we
find, from formula(4.18),

wy(z) = w(z)e % + Ozug(z). (4.22)

It follows thatthe BDLP correspondindo Py is a sumof two independentevy processeghe first
beingthe BDLP of P andthesecondwith Levy densityuy(z) = 6zug(z), beingacompoundPois-
sonprocessThelatterresultis aconsequenceuy(z) beingintegrableon R ;. (cf. (3.20)). O

Example4.5 %-stablelaw. TheLévy densityof the positive stablelaw with index % is
u(z) = (2r) "1/ 2573/2

andtheexponentiatilt of thatlaw is the IG(1,+/—26) distribution. By Proposition4.1we have

w(z) = %u(m)

andhencefrom Note 4.1 we obtainthatthe Lévy densityof theBDLP of IG(1,7) is

1
w(z) = (2%)_1/25@_1 + 72)x_1/26_72z/2 (4.23)
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in agreementvith formula(4.21). O

Theorem4.4 Letz = (z1,...,2,) be anm-dimensionakelfdecomposableandomvariate. Then
thereexists anm-dimensional évy process: = (z1, ..., z;,), Uniqueup to identity in law, suchthat
x is representablas

T = /000 e *dz(s). (4.24)
O

Theoremé.4is dueto SatoandYamazatq1984).

5.GIG and GH laws

Having discussedhebasicprobabilitytheoryassociatewith Lévyfieldsandtheself-decomposabiijt
of probability measuresve arenow in a positionto becomemore specificin our modelling frame-
work. We will beinterestedn constructinghon-ngative processe orderto modelchangingvolat-
ility. A rathergeneralandflexible modellingsetupfor distributionsarethe GIG (generalizednverse
Gaussianjaws andthe G H (generalizedhyperbolic)laws, the latter determinedcasnormalvariance-
meanmixture$ using GIG’s as mixing distributions. Thesedistributions are all selfdecomposable
(Halgreen(1979))andmay sene asbuilding blocksin the variousdynamicmodelsdiscussedn this
paper

A review of thedefinitionsandpropertieof theclasse<7 /G andGH is givenin Eberlein(2000).
Hence,in this section,we review just a few facts,mainly concerningthe specialcasesof the IG
(inverseGaussianpndthe NIG (normalinverseGaussianyistributions. In the presentpaperthese
casesareusedfor illustrative purposesut we emphasisehat mary otherdistributional patternsare
comprisedby the GIG and GH laws (including the gamma,the reciprocalgamma,the reciprocal
inverseGaussianthe hyperbolic,andthe Studenistributions).

5.1.GeneralizedinverseGaussiandistrib utions

The generalizednverseGaussiardistribution GIG(A, 6, ) is thedistribution on R, givenin terms
of its density

(7/5))‘ A—1 Lo 1 2
— W) — 3 —— (5 . 51
p(z) = p(z; A, 6,7) TR 58727 +7°w) (5.1)
The parameters\,y andd aresuchthat A € R while v andé areboth nonngative andnot simul-
taneously0. FurthermoreK, is the modifiedBesselfunction of the third kind andwith index \. For
dv = 0 theexpression(5.1) shouldbeinterpretedn thelimiting senseusingtheformula

T(\)221z=* for A >0
Ki(z) ~ (5.2)
—logzx for A=0

5A randomvariablez is saidto be of variance-meamixture typeif 2 canberepresenteih law asz = p + fo? + ou whereu and
o areindependentandomvariableswith u having the standarchormaldistribution.

14



valid for z | 0. Werecallthat K (z) = K_,(z).
It follows from the exponentialform of therepresentatioks.1) thatif z ~ GIG (), 4§, ) therf

R{0; 2} = Aog{1 + 20/72}1/2 — log K»(87) + log K {57 (1+ 29/72)1/2} (5.3)

As already mentioned,the randomvariable z with law (5.1) is selfdecomposableThe Lévy-
Khintchinerepresentationf the cumulantgeneratingunctionof z hasLévy density

u(z) =z [52 /00 e " g5 (262€)d¢ + max{0, A}] exp (—'72:1;/2) (5.4)
0
where

0@ = [ /22 {7,/ + N (v} (55)

andJ, andN, areBesselfunctions.A deriation of the factthatthe characteristidunctionof z has
thestated_évy-Khintchinerepresentatiomaybefoundin Barndorf-Nielsen(2000).Oncethisresult
hasbeenestablishedhe selfdecomposabilitpf  follows directly from Theorem4.1”

Thespecialcaseof GIG correspondingo A = —% istheIG(4, ) distribution. Otherspecialcases
of the GIG laws arethe recipiocal inverse Gaussiandistribution that corresponds$o A = 1 andis
denotedRIG(4, ), the gammadistribution I'(v, «) thatobtainsfor 6 = 0 andwith v > 0, A = v
anda = ¥%/2, andthe recipocal gammadistribution '~ (v, o) which occursfor y = 0 andwith
v >0, = —vanda = §%/2 . Notethatif z ~ IG(d,7) thenz~ ~ RIG(v, ), andif z ~ T'(v, )
thenz=! ~ T~ (v, ).

5.2.Normal inverseGaussiandistrib ution

If we take ao? ~ IG(6,v) andindependentlydrav ane ~ N(0,1), thenz = u + Bo? + oe
hasa normalinverseGaussiardistritution. It hasparametersy = /3% + 2, 3, u andé is denoted
NIG(a, B, p, d). Therandomvariableexistson R having thedensityfunction

p— 71 p—
stoiapond) =ales bty (T51) Ko ea (5]} 68

whereg(z) = v1 + z? and
a(a, B,p,0) = 'aexp {5 a? — % — 5#} (5.7)

andwhereK is the modifiedBesselfunction of thethird kind andindex 1. The domainof variation
of theparameterss givenby u € R, §d € R4, and0 < 3 < a.

It follows immediatelyfrom (5.6) and (5.7) that the cumulantgeneratingunction of the normal
inverseGaussiartistribution is

K(us 0 8, 1, 6) = 8 {\/az PR (B ¥ u)?} + (5.8)

6We useherethefactthatfor anexponentialmodelwith densitiesexp{({f, =) — h(z) — k(6)} (with respecto someo-finite measure
onR™) thecumulantfunctionis of theform K{- { z} = k(- + 8) — k(9).

7In this connection seealsoPitmanandYor (1981,p. 346) wherea connectiorto Besselprocessess establishedor GIG laws with
A<0.
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Thus,in particular if x4, ..., z,,, areindependenhormalinverseGaussiarrandomvariableswith
commonparameterse andg but having individual location-scalgarameterg,; andd; (i = 1, ...,m)
thenz, = z; + ... + z,, is againdistributed accordingto a normal inverse Gaussiarlaw, with
parameter$a, 3, 1, ,0.4).

It is often of interestto consideralternatve parametrisationsf the normalinverseGaussiaraws.
In particular letting @ = da andB = 3, we have thata and 3 areinvariantunderlocation—scale
changesandwhena, 3, i, § constitutethe parametrisatiowf interestwe shallwrite NIG|a, 3, i1, 6]
insteadof NIG(«, 3, i1, 6). In termsof this alternatve parametrisatiorihe first four cumulantsof
NIG[a, B, p, 6] are

op 52
mEET = P T el e ©9)
and
3 4 2
s — 36°p o — 30%(1 + 4p*) (5.10)

o a2(1 — p?)5/2’ a3(1— p?)7/2’

wherep = B/a, which is invariantsince 3/a. = 3/a. Further the standardisedhird and fourth
cumulantsare

2
xR e R e o)
Thus
2 2
z—i h f4p2 (5.12)
is afunctionof p only.
We notethatthe NIG distribution (5.6) hassemiheay tails; specifically
g(z; a, B, 1, 8) ~ const. |x|_3/2 exp(—alz|+pz) as z — too, (5.13)
asfollows from thewell known asymptoticrelationfor the BessefunctionsK, (z):
K,(z) ~ \/gcc_lﬂe_“C as r — 0. (5.14)

The characteristidriplet of the normalinverseGaussiardistribution is (a,0,U) wherethe Lévy
measurd/ hasdensity

u(z) = 7 1o |z| 7! Ky (a|z)|)e’” (5.15)

while
1
a=p+ 27r1(5a/ sinh(fz) K (az)dz . (5.16)
0

For aderiation of theseformulae,seeBarndorf-Nielsen(1998b).

Remark 5.1 An importantcharacterizatiorf the normalinverseGaussiaaw NIG(a, 83, 4, 6) IS
thefollowing. Let b(t) = {b1(¢), b2(t)} bea bivariateBrownian motion startingat (1, 0) andhaving
drift vector (g, y) wheregg € R and~y > 0. Furthermorelet u denotethetime whenb;, first reaches

level § > 0 andlet z = by(u). Thenz ~ NIG(a, B, i, 6) with a = /6% + 2. O
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6. OU processes

6.1.General setup

Financialtime seriesmodelsareusuallyspecifiedn continuougime. In this sectionwe will develop
continuoudime processewith valuesconstrainedo fall immediatelyon the positve half-line.

Forary ¢t > 0 and\ > 0 we may rewrite the representatioif4.12) of a randomvariablez in the
classL asfollows

o
r = / e *dz(As)
0

00 t
= / e dz(Xs) + / e ¥dz(Xs)
t 0
= e Myg+uy (6.1)

where
[e.e]
Ty = / ez (\(s + 1))
0

and
t
up = e_’\t/ eMdz (At — s))
0
o andu; beingindependentNotethatzg 2 and

o [t
ut:/ e =9 dz(\s). (6.2)
0

In fact, a strongerstatements true, namelythat for ary A > 0, the solution to the stochastic
differentialequation

dz(t) = —Az(t)dt + dz(At) (6.3)

is a stationaryprocess{z(t) },~, suchthatz(t) 22 A stationaryprocesse(t) of thiskind is saidto
be an Ornstein-Uhlenbdctype processor an OU processfor short. The processz(t) is termedthe
badgrounddriving LévyprocesgBDLP) correspondingo the processe(t).

More specifically givenaone-dimensionalistribution D thereexistsan Ornstein-Uhlenbeckype
stationaryprocessvhoseone-dimensionatamginal law is D if andonly if D is selfdecomposable.
The precisestatemenof existencels asfollows, cf. Wolfe (1982),JurekandVervaat(1983)andSato
andYamazatd1983)(seealsoSato(1999,Sectionl7) andBarndorf-Nielsen,Jensenand Sgrensen
(1998)).

Theorem 6.1 Let ¢ bethecharacteristidunction of arandomvariablez. If z is selfdecomposable
thenthereexistsastationarystochastiprocess z(t) }+>o andaLévy procesy z(t) };>¢, independent

of z(0), suchthatz() 2+ and

z(t) = e Mz(0) + /t e M=) dz(\s) (6.4)
0
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forall A > 0.

Corversely if {z(t)}+>0 is a stationarystochastigrocessand{z(t) }:+>o is a Lévy processjnde-
pendentof z(0), suchthat {z(¢)} and{z(¢)} satisfythe equation(6.3) for all A > 0 thenz(¢) is
selfdecomposable. O

Remark 6.1 Let 2 be a squareintegrable OU process.Then z has correlationfunction r(u) =
exp{—Alu|}. O

Remark 6.2 A necessargndsuficient conditionfor the stochastidifferentialequation(6.3) to have
astationarysolutionis that

E{log™ |z(1)|} < o0 (6.5)
wherelog™ |z| = max{0, log |z|} (cf. Wolfe (1982)andSatoandYamazatq1983)). O

Thestationaryprocess z(t) }+>¢ canbeextendedo astationaryprocessnthewholerealline. To
dothisweintroduceanindependentopy of the process: but modify it to be caglad thusobtaininga
process, say

Now, for ¢ < 0 definez(t) by z(¢t) = Z(—t), andfor ¢ € R let

z(t) = e M /t e*dz(As). (6.6)

Then {z(t) }+er is a (homogeneous;adlag)Lévy process;and {z(t) }+er IS a strictly stationary
proces®of Ornstein-Uhlenbeckype.
Notethatequivalentformsof (6.6) are

and

z(t) = / e’dz(s + At). (6.7)

Remark 6.3 Let x beanOU processandlet z bethe correspondind®3DLP. Thenthe cumulanttrans-
formsof z(t) andz(1) arerelatedby

oi¢ e} = [ ofe 1 =eag ©8)
and
O e
asfollows directly from (4.14)and(4.15). 0
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From the above discussionit follows, in particular that thereexists a {z(¢) }+er StationaryOU
processuchthatz(t) ~ IG(d,) for everyt € R, whateverthevalueof theautorgressie parameter
A. We referto this processastheinverse GaussianOU processor the IG OU processfor short. The
charactenf this processs studiedbelow.

Similarly, we shall considerthe characterof the stationarynormal inverse GaussianOrnstein-
Uhlenbecktype processor NIG OU process i.e. the stationaryOrnstein-Uhlenbeckype process
having NIG(«, S, u, 0)-distributedone-dimensionainaginals.

However, asafurtherillustration,we first considetthe gammaOU processthe OU processvhose
one-dimensionamaginalsfollow theT'(v, «) law.

6.2.The gammaOU process
FortheT'(v, ) distribution the probability densityandthe Lévy densityare:

v te o, (6.9)

u(z) = ve le 2. (6.10)
Hence by (4.18),the correspondind3DLP z hasLévy densityfor z(1) givenby

w(z) = —u(z)— zu'(z)
= —vr e 4 vz le ™ 4 vae™®®

= aqve %%,

Exceptfor thefactorv, thisis a probability densityfunctionandit follows thatz(t) is the compound
Poissorprocess

N(t)
z(t) = Z T
n=1
whereN (t) is thePoissorprocesswith E{N(¢)} = vt andz,, haslaw I'(1, ).

6.3.The IG OU process

ThelLévydensityw(z) of the BDLP for the IG OU processs givenby formula(4.21).Thisimplies
(Barndorf-Nielsen(1998b))

Proposition 6.1 The BDLP z(t) driving the inverseGaussianOU processwith one-dimensional
IG(d,~) maginalsis asumof two independent évy processes;(t) = y(t) + p(t), wherey(t) isan
inverseGaussiarévy processwith parameterg /2 and-y for y(1), while p(¢) is of theform

Ny
p(t) =~ uf (6.11)
=1

with N, aPoissomprocesf ratedy/2 andthewu; beingindependenstandarchormalandindependent
of theprocess\Vs. O
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6.4.The NIG OU process

In discussinghe charactewof the NIG OU processve assumefor simplicity thaty, = 0 and,since
z(t) ~ NIG(«, 3,0,6 ) impliesthat—z(t) ~ NIG(«, — 03,0, ¢ ), we furtherrestrictattentionto the
cases > 0.

We first derive the Lévy measuref the BDLP {z(t) };cr correspondingo the NIG OU process,
usingtherelation(4.18).Sincethe Bessefunctionssatisfy K (z) = Ky(z),

w(z) = —u(z)
+77 60 {|z| T K1 (a]z]) — asign(z) K| (alz]) — Bsign(z) K1 (a)z]) } e’
= 7 Y« [{\x|_1 — Bsign(z) } Ki(a|z|) + aKo(a|z|)] el
= (1—pz)u(z) + 7 t0a’Ko(alz|)e’™. (6.12)
Proposition 6.2 The BDLP z(t) for the normal inverse GaussianOU processwith parameters
(a, 3,0,0) is, for 8 > 0, representablas the sum of threeindependent.évy processesz(t) =

y(t) + p(t) + q(t). Thefirst procesgy(t) is the normalinverseGaussiar évy processwith paramet-
ers(a, 3,0, (1 — p)d), andtheseconchastheform

Ny
p(t) = %a‘l(l =)y (uf —u?) (6.13)
=1

where N; denotesa Poissonprocesswith rate [{(1 — p)/(1 + p)}'/?6a]~" andtheu; andu! (i =
0,1,2,...) areindependenstandarchormally distributedandindependenof the processV; . Finally,
the LaplacetransformE exp(fq(t)) of ¢(t) is

exp {tpd [B{(a— B)/(a+ B} — 0+ Al(a-0-P/la+0+ Y]} (614)
O

For thederwvation of this result,seeBarndorf-Nielsen(1998b).

7.BDLP modelling

Insteadof specifyingthelaw of the one-dimensionahamginal distribution of anOU process:(t) and
working out the densityfor z(1) of theBDLP, asabove for the /G OU and NIG OU processest is
possibleto go the otherway andconstructhe modelthroughthe BDLP.

Of coursethereareconstrainton valid BDLPswhich mustbe satisfied More specificallywe have

Proposition 7.1 Let z beaLévyjump processdenotethe Lévy measuref z(1) by W, anddefine
thefunctionu onR by u(0) = 0 and

zT ' WH(z) for x>0
u(z) = (7.2)
|z|*W=(z) for z <O.
If u satisfies
/ min{1, 2 }u(z)dz (7.2)
R
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thenu is thedensityof aLévy jump process: andthereexistsanOU process: suchthatz(t) 2 z(1)
(for all t) andsuchthatz is the BDLP of z. O

ProoF This follows directly from the characterizatiomf the Lévy measure®f selfdecomposable
distributions(Theoremd.1) togethemwith formula(4.17)andTheoremg. 1. O

Corollary 7.1 Letw bethedensityof aLévy measurd¥ on R, andsupposehat
/ log zw(z)dz < o0 (7.3)
1

ThenProposition7.1applies. O

PrROOF We only needto checkthat condition(7.2) is satisfied,andthatis a consequencef using
(7.1)andthefactthatw mustsatisfy

o0
/ min{1, z?}w(z)dz < co
0
More specifically notingthat

u(z) = /100 w(rz)dT (7.4)

we find

/Ooomin{l,x2}u(x)dx = /loo/:min{l,ﬁ}w(m)dxdT

* o o
= / / min{l,’r*?yQ} 7 w(y)dydr
1 0+

1 0
= / y*w(y)dy / T73dr
0+ 1
oo y [e'9)
+/ w(y) (/ 7_1d7+y2/ 7'_3d7'> dy
1 1 Y

1 1 ) o0 1 oo
= —/ y w(dy) +/ log yw(y)dy + —/ w(y)dy.
2 Jy 1 2 1

_|_
In thelatterexpressiorthefirst andthird integralsarefinite sinceW is aLévy measurandthesecond
integral s finite by assumption. O

Becauseof the resultsto be discussedn Section8 below, it may be numericallyadvantageouso
definetheLévy measuré¥V of theBDLP in termsof thetail massratherthanby the densityw.

Example7.1 Supposehelévy measurd¥ is concentratedn R andhastail integral
WH(z) =cz (1 +z) Pexp (—%723:)
wherec is apositve constant) < e < 1,0 < £,0 <~y andmax{(8 — 1),v} > 0. Then
wle) = cles™ 461 +2) + 3251+ )P exp (507 )
— cfer '+ B+ 1) + %72}W+(m) (7.5)
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andwe have
w(z) =z 'WH(z) =cz (1 4+ 2) Pexp (—%’y%) (7.6)

which clearly satisfieq7.3).
Notethatfor ¢ = 3 andg = 0, (7.6) reducego the Lévy densityof the IG law. O

8. Seriesrepresentations

Lévy processeandfieldsandrelatedintegralswerediscussedn Section3. In the presensectionwe
briefly review someseriesrepresentationsf randomobjectsof this kind, for simplicity restricting
the treatmentio positive fields. The representationare useful,in particular for simulationof such
processeandintegrals,whereadlirectsimulationis not really practicaldueto thejump characteof
the processeBondessorf1982)wasthefirst to discusghetype of approactwe shallconsidermore
recentwork beingdueto Marcus(1987),Rosinski(1991), Asmussen1998, Sect.VIIl.2), Wolpert
andlckstadt(1998)and Wolpertand Ickstadt(1999).Rosinski(2000) givesan up to datesuney of
seriesrepresentations.
Recallthedefinition (3.6) of U™ (x; w) andlet

U a;w) =inf{z >0: U (z;w) < a} (8.1)

Theorem8.1 Letz beapositve Lévyjumpfield onaregion S andwith cumulantfunctional

C{f 2} = /R /S (1@ _ 1)U (dz; ) (dw) (8.2)

for someprobabilitymeasurer onS. Furthermoreleta; < as < --- < a; < --- bethearrival times
of a Poissonprocesawith intensity 1, let wy, wo, ..., w;, ... beani.i.d. sequencdrom the law =, and
supposehatthesequence$a;} and{w;} areindependent.

For nonn@ative integrablefunctionsf we thenhave

foz2 Y flw)U™ (aswi) (8.3)
=1

PROOF Let r beapositve numbeyletn, bethelargestinteger: for which a; < 7, andwrite
o
o= flw)U *(asw)
i=1

and

nr

or = Zf(wi)U_l(ai;wi)

=1

Conditionallyon n, the joint law of a1, ..., an, is equalto the joint law of 7(r(), ..., 7(,,)) where

T

Ty < - < T(n,) arethe orderstatisticsof a sample(ry, ..., ry,,) from the uniform law on (0,1).
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Hence by conditioningonn- and{w;} andusingproductintegration,we find for the Laplacetrans-
formL{ffo,} =expK{Oio,}

L{6to,} = E {ﬂ exp [K{f(w:)0 1 U *(aswi)}] }

=1

- E {H exp [K{f(w:)01 U *(rruy;wi)}] }

i=1

= F {ﬂexp [R{f(@i)6 1 U (rrswi)}] }

i=1

= E {exp [nTK{f(wi)e I Uﬁl('”ﬂ w)}] }

with w andr distributedasthe w; andr;, respectiely. Sincen., follows a Poissondistribution with
meanl we consequentihave

L{fto;} = E {e_T Z Z—T exp [nK{f(w)0 1 U (rr;w)}] }

n=0
= exp [7 (L{f(w)0 1 U (rr;w)} —1)]. (8.4)
A directcalculationshaws that
L{tU (tr;w)} :E{T_1 /00 (1—6_0w)U+(dIB;w)} +1
U-1(1;w)

andhenceast — oo,

exp [7‘ (E{Hi U™ (ru; w)} — 1)] —E {/R (1— e_em)U"'(d:c;w)} . (8.5)

+

Thereforepy (8.4) and(8.5),
K{fioc} = Tli)rgo K{0fo:}
= / / (1 — e~ W) U (da; w)m(dw)
SJRy

orequivalentlyK{# 1 o} = K{0f t z} = K{0 1 f 2} aswasto beshawvn. O

In essencethe methodof proof of Theorem8.1is adoptedrom Marcus(1987).
Corollary 8.1 Considera subordinatorz with positve incrementsandLévy measurd’/. Let {a;}
and{r; } betwo independensequencesf randomvariablessuchthatry, r,, ... areindependentopies

of auniform randomvariabler on [0, 1] whilea; < --- < a; < --- arethearrival timesof a Poisson
processwith intensityl. TheLévy process: is representabli law, onthetimeintenal [0, 1], as

{2(5) : 0<s <1} ={2(s): 0< s < 1} (8.6)



where
5(5) = Z Uﬁl(ai)l[o’s} (TZ) (8.7)
O

Corollary 8.2 Lettheprocessz(t) be asaboe andlet f be a positve andintegrablefunction on
[0,T]. Then

T 00

| ) 2 U @ agp(r). (8.8)
=1

O

It shouldbe notedthatthe corvergenceof the serieg(8.3),(8.7) and(8.8) will oftenbe quite slow.

Example8.1 OUgamma[ (v, a) mamginals)processWe needamethodo samplefrom e~ fo’\t e*dz(s).

In thegammacase
1 T
—1 _ - e
W™ (z) = max {0, ” log (1/)} .

Thus,defininge; < ¢2 < ... asthearrival timesof a Poissorprocesswith intensityv A\t andN (1) as
the correspondingiumberof eventsup until time 1, then

At
e_)‘t/ e’dz(s) = £ A ZW (a;i/At)e Atri
0
= —ale M Z 1)0,u1(ai/At) log(a; /vAt)eMT

i=1

[e.e]
= a le ™ Z 130,17(cs) log(cgl)eAtri
i=1

- a —At Z log /\tn

Example8.2 BDLPofIG. Whenthelaw of z is IG (4, y) theuppertail integral of theLévy measure
for thecorrespondin@DLP is

J 1
W(z) = \/T_ﬂm 172 exp (—572:3)

cf. formula(4.17). Theinversefunction W —! of W+ satisfies

2
W(y) ~ 5—y_2 for y — oo.
2w
Hencethe serieg(8.7) and(8.8) (with W ! insteadof U ~!) will only corverge slowly. O
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Example 8.3 TheBessefunction Ky(x) is positve anddecreasingwith

~ —logz as .0
Ko(z)

— 0 as z — oo.

Thus, lettingw(z) = —K{(z) = K;(z) wefind, by Proposition7.1andCorollary 7.1, thatw is the
Lévy densityof aBDLP of a positive OU processwith Lévy densityu(z) = z~ 1 Ky(z). In this case,
sinceW~l(y) ~e™¥ as y — oo, theserieg8.7)and(8.8)will corverge rapidly. O

9. Supermositionsof OU processes

At first sightmodelling dynamicprocessesisingOU type processeseemsyery restrictve asthese
processesire linear and Markov. However, we could think of thesemodelsas building blocks for
more generalprocessesThesericher processesan be achieved by simply addingand weighting
differenttypesof OU processesThetheorybehindsuchsuperpositionsf processess consideredn
this section.

In the notationof Section3, letS = R x R, with pointsw = (s,£), andlet z beaLévy jump
field suchthata(dw) andb(dw) (of the Lévy-Khintchinerepresentatio(3.3)) areidentically0 while
thegeneralized_évy measure- is of theform

v(dz; dw) = W(dz)dsw(dE) (9.2)

whereW is aLévy measuref aninfinitely divisible distribution on R andr is aprobabilitymeasure
on R . Thenwe have thefollowing theoremwhichis provedin Barndorf-Nielsen(1999).

Theorem9.1 Supposehatthetail masse$¥ ~— andW* areof theform
W~ (z) = |z|u(z) and WT(z) = zu(z), (9.2)

u beingthe Lévy densityof a selfdecomposabldistribution on R..
Definethefamily z(-, d§) = {z(¢,d¢) : t € R} of randommeasuresn R by

z(t, B) / ﬁt/ z(ds, d€) (9.3)

z(t) = z(t, Ry). 9.4)

andlet

Then {z(t) }+cr is a well-defined,infinitely divisible and stationaryprocessand the cumulant
transformsof thefinite dimensionalistributionsof  aregivenby

CGssonGm Flt)rmalt)} = [ [ {Zlm €t s}ﬁdsﬂdﬁ) (9.5)

wherek is the cumulantfunctioncorrespondingo the Lévy measurd¥ andt; < - -« < ty,. O
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Remark 9.1 Formalcalculationfrom the formulae(9.4) and(9.3) gives

do(t) = | {~€a(t.de)dt + =(dt, d6)) (9.6)

shaving that z is a superpositiorof, perhapsnfinitesimally determined Ornstein-Uhlenbeclkype
processedlVe shallreferto any suchprocessasa supOUprocess

PROOF We first note that (as verified in Barndorf-Nielsen (1999)) the randommeasurez(t, -) is

well-definedin accordancavith thetheoryof independenthscatteredandommeasures.
To derive (9.5) we write

Sty = [ ¢t [ esasag
R
j=1 -

where

Hence by formula(3.10),

C{Cr oo Con L2(11)s s 2(tm)} = /R /R K{che@u(oo,gtj](s)eS}dsﬂd&)

The stationarityandinfinite divisibility of the processe follow immediatelyfrom this expression
andtheinfinite divisibility of . O

Note that condition (9.2) implies that W is the Lévy measureof the BDLP correspondingo the
selfdecomposabliew whoseL évy densityis .

Corollary 9.1 Wehave C{( 1 z(t)} = £(¢) wherek is thecumulantfunctionof the selfdecompos-
ablelaw with Lévy densityu. O

ProorF Formula(9.5)implies,in particular that
C{cta)} = [ m(ce)as
andtheresultnow follows from formula(4.14). O
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Corollary 9.2 Assumingthatz is squarentegrable theautocorrelatioffunctionr of x is givenby

r(t) = /000 e_T§7r(d§) =expK{r1¢} (9.7

for 7 > 0 andwherefor the lastconclusionwe interpreté asa (non-ngative) randomvariablewith
distribution 7. 0

Example9.1 Supposehatr is thegammaaw I'(2H, 1) whereH > 0. Then

r(r) = (14 7)727. (9.8)
In particular then,the process z(t) };cr exhibits secondrderlong rangedependencd H € (%, 1)
whereH =1 — H. O

Note 9.1 Corollaries9.1 and9.2 togethershav thatto arny selfdecomposabldistribution D with fi-
nite secondnomentandto ary Laplacetransformof a distribution = on R, thereexistsa stationary
proceson R whoseone-dimensionainaginal law is D andwhoseautocorrelatiorfunction equals
thegivenLaplacetransform. O

Example 9.2 IG supOUprocesseskor v > 0 thereexistsa supOUprocesswith one-dimensional
mawginal distribution IG(4, v) andautocorrelatioriunction(9.8). O

Example 9.3 NIG supOUprocessesThe normalinverseGaussiaaw NIG(a, 83, u,6) is self-
decomposabland hencethereexists a supOU processwith one-dimensionamaiginal distribution
NIG(«e, B8, s, 6,7) andautocorrelatioriunction (9.8). O

It shouldalsobe notedthatquestionsof moduli of continuity andlarge incrementsf infinite sums
of classical,i.e. GaussianOrnstein-Uhlenbeclprocessesiave beendiscussedn papersby Csaki,
Crgo, Lin, andRévesz(1991)andLin (1995).SeealsoWalsh(1981).

10.Return to financial economics

10.1.Background

Continuoustime modelsbuilt out of Brownian motion play a crucial role in modernmathematical
finance providing the basisof mostoptionpricing, assetllocationandtermstructuretheorycurrently
beingused.An exampleis the socalledBlack-Scholeor Samuelsomodelwhich modelsthe log of
anasseprice by the solutionto the stochastidifferentialequation

dz*(t) = {u + Bo?} dt + odw(t), te€[0,5], (10.1)

wherew(t) is standardBrownianmotion.Herey + Bo? representshedrift of thelog-price,while o
is thevolatility. Thereasorthesizeof thedrift dependsiponthevolatility is thatinvestorsareusually
thoughtto requirea“risk premium”for holdingstochasti@assetscomparedo holdingtheirwealthin
arisklessinterestbankingaccountHenceif thevolatility is high, we would expectthedrift alsoto be
high. Overall, this modelimpliesaggregatereturnsover intervals of lengthA > 0 are

nA
Y = / dz* () = 2" (nA) — 2" ((n — 1) A) (10.2)
(n—1)A
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implying returnsare normalandindependentlydistributed with a meanof uA + B0?A anda vari-
anceof Ag?. Unfortunately for moderateto large valuesof A (correspondindo returnsmeasured
over 5 minuteto oneday intenvals) returnsaretypically heary-tailed, exhibit volatility clustering(in
particularthe |y, | are correlated)and are skew (seethe discussionin, for example,Campbell,Lo,
andMacKinlay (1997)andBollersley, Engle,andNelson(1994)),althoughfor highervaluesof A a
centrallimit theoremseemso hold andso Gaussianitypecomesa lesspoor assumptiorfor {y,} in
that case.This meansthat at this “macroscopic”time scaleevery singleassumptiorunderlyingthe
Black-Scholesnodelis routinelyrejectedby thetype of datausuallyusedin practice.

One possibleresponsdo the empirical rejectionof (10.1) is to replaceBrownian motion by a
heavier tailed Lévy process— suchasthe generalisechyperbolic(see,for example,Eberleinand
Keller (1995)andRydbeg (1999);questionf pricing andhedgingfor Lévy processess discussed
by Chan(1999)andHubalekandKrawczyk (1999)).This will allow returnsto be both heary tailed
andskewed, however thesereturnsare going to be independenand stationary by the definition of
Lévy processeddencethesemodelsarealsoeasilyrejectedempirically aswell asmissinga major
conceptin financialeconomics— thatof changingvolatility or risk in financialmarlets.

In orderto improve thesé'macroscopic’modelswe canallow thevolatility procesgo changeover
time accordingo anOU processr asuperpositiorof suchprocesseaswassuggestetby Barndorf-
NielsenandShephard1999).In thesestochastio/olatility (SV) modelswe write

dz*(t) = {p+ Bo*(t)}dt+o(t)dw(t) + pdz(Nt), t€[0,5], (10.3)
do?(t) = —Xo?(t)dt + dz(\t) (10.4)

wherez(t) = z(t) — Ez(t), the centredversionof the BDLP (which is hereto captureleverage,
seeBlack (1976) and Nelson(1991)). SV modelsdriven entirely by Brownian motionshave been
extensvely studiedin the econometricditerature,seeTaylor (1994), Ghysels,Harvey, and Renault
(1996)and Shephard1996)for reviews, however the useof Lévy basedOU type processess new
andpowerful.

Whenfinancialeconomistdook at returnswith very smallvaluesof A eventheseSV modelsare
not sufficiently rich. Assetsare neithercontinuouslytradedin time nor, generally in price (see,for
example,Engleand Russell(1998)). Insteadtradesoccurirregularly in time and usually at discrete
prices(e.g.1/16 of a US dollar on the New York stockexchange)In orderto dealwith these*mi-
croscopic’datasetfRydbeg and Shephard2000)have suggestedhe useof compoundorocessesA
stylisedversionof this model,basedon OU type processess

N(?)

) = 3
k=1

t
o?* = o?(u)du
(1 /0 (u)du,
do?(t) = —=Xo?(t)dt+dz(\t),

with N (t) beingmodelledasthenumberof tradedn [0, ¢] of a Cox proceswith instantaneousitens-
ity {o?(t) }. Wewill write 7, asthetime of thek ¢h eventandsor ;) is thetime of thelastrecorded
eventwhenwe arestandingat calendatime ¢. Further we let {u, } be somestationarysequencevith
conditional(on theintensity)mean

pe = p(Th = Tho1) + B0k + pzi,
op = B{o¥ (k) — o™ (1h1)},
2y = p{Z(Tk)—Z(Tk_l)}.
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If the supportof {uy} is discretethenthe price processwill move atirregularly spacedimesandthe
pricesatwhich tradesarerecordedwill bediscrete.

In this sectionwe will give someof the basicpropertiesof the macroscopienodels.Dueto space
limitationsit is not possibleto give afull discussiorof all of theissuegsuchasthe non-istenceof
arbitrage)jnsteadwe referthereadetto Barndorf-NielsenandShepharq1999)andNicolato(1999).
Thefirst of thesepapersliscussesn particular theconnectiorbetweermicroscopiandmacroscopic
models.

10.2.The SV model

We first discussthe distributional propertiesof the stochastiovolatility processz* given by (10.3).
Thosepropertiesareembodiedn theclassof integralsof the form

fort = /0 (s (1) (10.5)

where f is a deterministicreal function andwe interpret f e x* asa stochastidntegral (asdefined,
for instance,in Protter(1992)). We thereforeproceedto determinethe cumulantfunction of such
integrals (whenthey exist). In particular by suitablechoiceof f oneobtainsthe cumulantfunctions
of the multivariatemaiginal distributionsof z* in termsof the cumulantgeneratingunction k() of
z(1).

Theorem 10.1 Thecumulantfunctionof f e z* is expressibleas

Cfctrea’) = A [ {H-Je) + k() fds
G (1 — ApE) /0 f(s)ds (10.6)
where
1=/ N {1c2f2<u) = iCﬁf(u)} ey (10.7)
0 2
and
H(s) = /000 {%g%ﬂ(s +u) —iCBf (s + u)} e Mdu —iCpf(s). (10.8)

PrRoOF From(10.1)we have

fez* = (fo) .w+ﬂ/ f@)o*(t)dt + pf(A't) @ 2+ (u — pf)\/ f(t)dt. (10.9)
Now
Blexp(ig(fo) s wl()} = exp{ ~3¢* [ P02 0ar}
andhence

E{exp(iCf o 2")} = E{exp G[f]} exp {ié(u - | ” f(t)dt}
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where

/ / { t) +iCBf (1 )}02(t)dt+z’gp/ooof()\—1t) dx(t).

Furthermoreysingtherepresentation

o?(t) = e M /t e*dz(\s)

—00

we find for anarbitraryfunctionh

/ TRt (W)dt = I + I
0

where
00 0
I, = / h(t)e_’\t/ e*dz(\s)dt
0 —00
[ed] 0
= / e)‘th(t)dt/ e’dz(s)
0 —0o0
and

L = /000 /00 (t)dtdz(As)

o0 o
= / / “Mh(s 4 u)dudz(As).
0 0

Blep(icfea)) = B|exp{-7 [Teaxo}]

«E [exp {_ /0 ” H(s)dz()\s)}]

It follows that

o
X exp {i((u — p€A) / f(t)dt} (10.10)
0
whereJ and H(s) aregivenby (10.7)and(10.8).Application of the key formula (3.10) now yields
(10.3). O
In particular letting { = 1 and

f(t) = Ciljo “+ G0t (10.11)

(where0 < t; < --- < t,,,) we obtainthejoint cumulantfunctionof z*(¢1),- - - , z*(t,).

Let usconsiderthe specialcaseof m = 1, ¢; = t andy = 8 = p = 0 in moredetail. For thiswe
have

Corollary 10.1 Inthecaseu = 3 = p = 0, thecumulantfunctionof z*(¢) is

C{¢Ctz*(t)} = ,\/ { (l—e_’\t)e_)‘s}ds

+2 / k {—§g2xl(1 - e*@s))eM} ds. (10.12)
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O

From this formula the cumulantsof z*(¢) areexplicitly expressiblein termsof the cumulantsof
z(1) or, alternatvely, of o2(t). More specifically with

KO) = 3 w1
m=1

and

()™

m!

C{{iz*(t)} =D bm

m=1

asthe seriesrepresentationsf the cumulantfunctionsof z(1) andz*(t), we find thatthe even order
cumulantf z*(t) are(all the odd ordercumulantseing0)

(2m)!

Fom = Km - 27m AT e (8 )) (10.13)
where
t

em(t:N) = / (1= e MDY mds 4 (mA) (1 — e Mym (10.14)

0 m
= t+ A D (D)1 —e M) 4 (mA) (1 —e )™ (10.15)

v=1

In particular

ci(t;N) =co(t; N) =t (10.16)

Furthermorewe find for the kurtosisof z*(t)

K
o = =5 =3pA 7'
Ky

wherey, = ky/K3.
In otherwords

39, =7y ' AL,

Example 10.1 Supposer?(t) ~ IG(d,7). ThenK{6 { o%(t)} = dv{1 — (1 + 26/4?)'/?} andso,
by formula(4.15),

k(0) = 5—79(1 +20/42)71/2,

Consequently

k1 =0/y and Ky, =m13---(2m — 3)(5/7)7—2(771—1).
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In particular wefind, by (10.3)and(10.16)
o = (6/y)t and F4=6(5/y3)A" 1.
As aresultthekurtosisis

49 = 6y It while 345! =271t

10.3.The SSVmodel

In this subsectionwve shall indicatehow a stationaryprocessof the form (1.2) lies imbeddedin a
stochastiovolatility modelfor the term structureof interestrates.The model, which is discussedn
detailin Nicolato (1999),is an extensionof the Heath-Jarrav-Morton (HIM) model,with the Hull-
White factorisatiorof the volatility.
As in the HIM setup,we assumehattheforwardrate
dlogp(t,T)
T)=-—-—"2"7""¢
satisfiesa stochastidifferentialequationof theform
df(t,T) = a(t,T)dt + o(t,T)dw(t)

wherew is Brownianmotionandthedrift «(¢,7") andvolatility (¢, T") arerestrictecby therelation

T
o(t, T) = o (L, T) /t o(t, v)dv — o (t, T)g(t)

for somefunction g(¢) which hastheinterpretationof the market price of risk. The Hull-White spe-
cificationof thevolatility is
o(t,T) = o(t)e ?T—D

¢ beingapositive parameter
A widely adoptedroughapproximatiorspecifieghatthe shortrates(t) = f(¢,t) follows amean-
revertingdynamics
ds(t) = {®(t) — ¢s(t)}dt + o(t)dt
for somefunctionor processd(t). If, in particular®

O(t) = p+ fo’(t)

andif o2(t) is now assumedo bea stationarystochastigrocesgratherthanadeterministicunction)
thens(t) obeysanequatiorof theSSVtype(1.2).A preliminarystatisticalnalysisof LIBOR datahas
indicatedthat,undercertainregimes thistypeof dynamicdor theshortrate,with thevolatility process
o2 (t) definedasa superpositiorof 7G-OU processegrovidesa fairly realisticmodel.Moreover, in
that setting, the cumulantfunctional of the processs(t) is available in a form similar to that for
integratedprocesses* givenin Theoreml0.1.

8this correspondso assuminghatthe market price of risk satisfieshe equation
t
o®9(®) =7 ®) + [ o*we ¢ au - a(t)
0

wherevy*(t) = # + af*(t) and f* denotegheinitially obseredforwardratecurwe,i.e. f*(t) = f(0,t).
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11.Discussion:Further issuesand futur e work

¢ We have herefocussedon GH laws as a flexible classof distributions for describingasset
returnsin financeand velocity differencesin turbulence.An alternatve approachis to seek
to capturethe obsered distributional behaiour by specificationof Lévy densitiesratherthan
probabilitydensitiesFor somecasestudiesseeNovikov (1994) Koponen(1995),Cont,Potters,
andBouchaud1997),MantggnaandStanle (2000,Sect.8). Levendorskii(2000)developsthis
approaclconsiderablyincludingapplicationgo optionpricing.

e Pricingof derivativesunderthetype of stochastio/olatility modelsgivenby (1.1)with o2(t) of
OU typeis discussedby NicolatoandPrausg2000).

e In view of therolesof the conceptf selfsimilarity andscalingin financeandturbulenceon
the one handandthe applicability of the generalizechyperbolicdistributions on the otherit
seemaaturalto askwhetherfor ary given GH law D, say thereexistsa selfsimilarprocessy
with stationaryincrementsuchthatthelaw of y(1) is D andall theone-dimensionahamginals
of y belongto the classG H. In particular onemay askwhetherthereis suchay whoseone-
dimensionamainalsarenormalinverseGaussianThisis still anopenproblem.However, by
relaxingthe requirementsomevhat, eitheraskingonly for secondorderstationaryincrements
or only for secondorder selfsimilarity it is possibleto make someheadvay, seeBarndorf-
NielsenandPérez-Abrey1999)andBarndorf-Nielsen(1999),respecitiely.

* A simpleg-dimensionalersionof the SV modelfor log-pricessetsz* (t) = {x}(t), ...,z (¢) }
with

dz*(t) = {u+ B2(t)} At + 2(¢) 2 dw(t),

whereX(t) is atime varying stochasticovariancematrix andg is a vectorof risk premiums.
We canestimateX*(¢) usingquadraticvariation

[2*](t) = p-lim {o*(tf,y) — 2" ()Y {a" (t5) — " ()}
= Z)*(t):/0 Y(u)du

asz*(t) is acontinuous;—dimensionalocal martingale An importantproblemis to specifya
modelfor £*(¢). Oneapproachs to do this indirectly via a factorstructure

S(u) = diag(o}(w), .., o5 (w)) + ¢'¢og 4 (u).

Here¢ = (¢, ..., ¢,) areunknavn parameterandtheo, oy, ..., 0441 aremutuallyindepend-
ent OU processesvhich are squareintegrable and stationary— a modelfirst suggestednd
analysedy Barndorf-NielsenandShephard1999).The processc*(¢t) hasacommon,scaled
stochastiosolatility componentin addition,eachelementof the vectorprocesss hit by anin-

dependenstochastiwolatility processlt generalizestraightforvardly to allow for two or more
factors.This style of modelis in keepingwith the latentfactormodelsof DieboldandNerlove

(1989),King, Sentanaand Wadhwani (1994)and Pitt and Shephard1999).Its motivationis

thatin financialassetst is oftenthecasethatreturnsmove togetherwith afew commondriving

mechanismsThe commonfactorsallow usto pick this up in a straightforvard andparsimoni-
ousway. This modelcouldbegeneralisedby allowing thevolatilities to be dependentisingthe
multivariateOU typeprocessesdiscussedn Barndorf-NielsenandShephard1999).
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e Extensionsof thetype of stochasticsolatility modelsdiscussedn the presenpaperto settings
wheret insteadof time denotesa multi-dimensionalindex, suchas positionin the planeor
in space-timeareof considerablenterest.In thatcontet the focusof formulationis on Lévy
randonfieldsratherthanLévyprocessessomerelevantreferencesreBrix (1998)andWolpert
andlckstadt(1998).
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